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Abstract
We construct polynomial solutions of the KZ differential equations over a finite field
IF, as analogs of hypergeometric solutions.
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1 Introduction

The KZ equations were discovered by physicists Vadim Knizhnik and Alexander
Zamolodchikov [6] to describe the differential equations for conformal blocks on
sphere in the Wess—Zumino—Witten model of conformal field theory. As Gelfand
said, the KZ equations are remarkable differential equations discovered by physi-
cists, defined in terms of a Lie algebra and whose monodromy is described by the
corresponding quantum group. It turned out that the KZ equations are realized as suit-
able Gauss—Manin connections and its solutions are represented by multidimensional
hypergeometric integrals, see [1,3,8—11]. The fact that certain integrals of closed dif-
ferential forms over cycles satisfy a linear differential equation follows by Stokes’
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theorem from a suitable cohomological relation, in which the result of the application
of the corresponding differential operator to the integrand of an integral equals the
differential of a form of one degree less. Such cohomological relations for the KZ
equations associated with Kac—Moody algebras were developed in [11].

The goal of this paper is to construct polynomial solutions of the KZ differential
equations over a finite field I, with p elements, where p is a prime number, as analogs
of the hypergeometric solutions constructed in [11]. Our construction is based on the
fact that all cohomological relations described in [11] are defined over Z and can be
reduced modulo p. We learned how to construct polynomial solutions in this situation
out of hypergeometric solutions from the remarkable paper by Manin [7], see a detailed
exposition of Manin’s idea in Section “Manin’s Result: The Unity of Mathematics”
in the book [2] by Clemens.

In the remainder of the introduction we consider the example of one-dimensional
hypergeometric and p-hypergeometric integrals as an illustration of our constructions
and results. The multidimensional case is considered in Sects. 2—4.

1.1 Case of field C

Let «,my, ..., m, be nonzero complex numbers, z = (z1,...,z2,) € C",t € C.
Denote |m| = m1 + - - - + m,,. Consider the master function

n
Ot 21,z =[] Ga—a)" ] —za) "
a=1

1<a<b<n
and the n-vector
1) = (11 (2), ..., o (2)), (1.1)
where
dr .
Ij= | ®(,z1,...,20) -, j=1,...,n. (1.2)
[ - Z]
The integrals are over a closed (Pochhammer) curve y in C — {zy, ..., z,} on which
one fixes a uni-valued branch of the master function to make the integral well defined.
Starting from such a curve chosen for given {z1, ..., z,}, the vector V) (z) can be

analytically continued as a multivalued holomorphic function of z to the complement
in C" to the union of the diagonal hyperplanes z; = z;.

Theorem 1.1 The vector 1) (z) satisfies the algebraic equation

mil(z) + - +muly(z) =0 (1.3)
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and the differential KZ equations:

_— = = i=1,...,l’l, 1.4
aZl Z ( )

Z[_Z/
where
i J
m;—2)m;
oL iz my m;
Qij = : ;

all other diagonal entries are m,-2m L and the remaining off-diagonal entries are all zero.

Remark The vector 1) (z) depends on the choice of the curve y. Different curves
give different solutions of the same KZ equations and all solutions of Egs. (1.3) and
(1.4) are obtained in this way, if x, m1, ..., m, are generic.

Remark The differential equations (1.4) are the KZ differential equations with param-
eter « associated with the Lie algebra sl, and the singular weight subspace of weight
|m| — 2 of the tensor product of sl;-modules with highest weights my, ..., m,, see
Sect. 2.

Remark The KZ equations define a flat connection over the complement in C" to the
union of all diagonal hyperplanes,

1 Q0 1l %
0’ . ) = (15)
Zi K‘j#l’ ZI_Z] Zk Kj#ka—Z]

for all j, k.

Theorem 1.1 is a classical statement probably known in nineteenth century. Much
more general algebraic and differential equations satisfied by analogous multidimen-
sional hypergeometric integrals were considered in [11]. Theorem 1.1 is discussed as
an example in [13, Sect. 1.1].

Below we give a proof of Theorem 1.1. A modification of this proof in Sect. 1.2
will produce for us polynomial solutions of Egs. (1.3) and (1.4) modulo a prime p.

Proof of Theorem 1.1 Equations (1.3) and (1.4) are implied by the following cohomo-
logical identities. We have

—m dt mi dt
—o(t, ) —+ -+ (1, 2) =d,®(t, 2), (1.6)
K r—2z K r—z

n
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where d; denotes the differential with respect to the variable 7. This identity and Stokes’
theorem imply equation (1.3).

Denote
dr dr
Vt,x)= . (1.7)
t— 21 t— 2z

Foranyi = 1,...,n, let Wi(t,z) be the vector of (O,...,O, %,O,...,O) with
nonzero element at the ith place. Then

ol 1 Q; ;
— =) — | P, )V, x) =d (P, )W (2, 2)). (1.8)
07; K —~zi —2Zj
J#i
The proof of this identity is straightforward. For much more general identities of this
type, see [11, Lemmas 7.5.5 and 7.5.7], cf. identities in Sect. 2.4.
Identity (1.8) and Stokes’ theorem imply the KZ equation (1.4). O

Example1.1 Let «k = 2, n = 3, m; = mo = m3z = 1. Then IV (z) =
(11(2), I(2), I5(z)), where

1 d
Ii(z) = 1_[ \4/Za_Zb/ L (1.9)

I<a<b<3 y@ N =z —22)(t —23) 1 — 2

In this case, the curve y (z) may be thought of as a closed path on the elliptic curve
V= =2 — 2)( - 23).

Each of these integrals is an elliptic integral. Such an integral is a branch of analytic
continuation of a suitable Euler hypergeometric function up to change of variables.

1.2 Case of field I,

Let k, my, ..., m, be positive integers. Let p > 2 be a prime number, p { «. The
algebraic equation (1.3) and the differential KZ equations (1.4) are well defined when
reduced modulo p. The reduction of the KZ equations satisfies the flatness condition

(1.5). We construct solutions of Egs. (1.3) and (1.4) with values in (IF,[z])". Notice that
[7

. . . . az!
the space of such solutions is a module over the ring p[zf e z,’,’ ] since % =0.
J
Choose positive integers M, fora = 1,...,nand M, for 1 <a < b < nsuch
that
mg mamp
M, =——, My = (mod p).
K 2K

That means that we project mg, k, 2to I ,, calculate — =, ==

positive integers M,, M, j, satisfying these equations.

inF, and then choose
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Solutions of KZ differential equations modulo p 659

Fix an integer ¢q. Consider the master polynomial

oV, =[] Ga—zp)"[]—z™,

1<a<b<n a=1

and the Taylor expansion with respect to the variable ¢ of the vector of polynomials

1 1 . .
P,z ( ): 1, q)(t —q),
D= Z @)t —q)
where the 19(z, q) are n-vectors of polynomials in z with integer coefficients. Let
1D(z,q) € (F,[z])" be the canonical projection of 19z, q).

Theorem 1.2 For any integer g and positive integer , the vector of polynomials
1=V (z, q) satisfies Eqs. (1.3) and (1.4).

The parameters g and /p — 1 are analogs of cycles y in Sect. 1.1.

Proof To prove that [ Up=1(z, q) satisfies (1.3) and (1.4), we consider the Taylor
expansions at t = ¢ of both sides of Egs. (1.6) and (1.8), divide them by d¢, and then
project the coefficients of (r —¢)/?~ ' to F plz]. The projections of the right-hand sides
equal zero since d(¢'P)/dt = Ipt'P~! = 0 (mod p). O

Example 1.2 Letk =2, m| = --- = m, = 1, cf. Example 1.1. Given p > 2 choose
the master polynomial

» p+)? p—1
P, = [] G-—m * [Je-z07" (1.10)
s=1

1<a<b<n

Consider the Taylor expansion

- 1 1 1 L

where & = (¢, ..., ¢). Let ¢ be the projection of & to (F,[z])". Then the vector of
polynomials

1(z) = (I1(2), - .., In(2)

p-ﬁ—l2 — _
= 1_[ (Za—Zb)% (cf Y@, l(Z)) (1.12)

1<a<b<n

is a solution of the KZ differential equations over F,[z] and 11 (z) + - - - + I,,(z) = 0.
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Example 1.3 Letk =2, m; =---=m, = 1, p = 3. We have
Qi (I, ..., Iy)
1
=5(11,...,11‘71,—11'~|—2]j,1i+1,...,1j,1,2]i—Ij,]j+1,...,ln)
=1y, .., —Lio, i+ 1, =Ly, oo =1y, L+ 1, =1y, .o, —1y)

(mod 3). Equation (1.3) has the form I1(z) + - -- + I,,(z) = 0. We may choose the
master polynomial

"=,y = [] G-z ][] -2
s=1

1<a<b<n

Choose a nonnegative integer /. Then the vector I(z, q) := 18Dz, q9) = (I1 (z, 9),
..., In(z, q)) of Theorem 1.2 has coordinates

n—3-3[

L= ] G- > [T @-z0 13

1<a<b<n 1<iy < <ip3-3<n, a=l
J&lin,in—3-31}

and is a solution of (1.3) and (1.4) with values in (F3[z])" for any ¢ = 0, 1, 2.
Expanding these solutions into polynomials homogeneous in z we obtain solutions in
homogeneous polynomials, which stabilize with respect to n as follows. The vector
V(7)) = (Il[r](z), ..., I"(2)), with coordinates

.
M= J] Ga—w > Tz (1.14)
1<a<b<n 1<iy<<ip<n, a=1

J#lin,.ir}

is a solution of (1.3) and (1.4) with values in (IF3[z])" if r = n (mod 3) and r < n.
Thus, the vector 119 (z), with coordinates

M= J] G-z, (1.15)

1<a<b<n

is a solution with values in (F3[z])" for n = 0 (mod 3); the vector IV (z), with
coordinates

Moo= [] @-w] Y (1.16)
1<a<b<n 1<i<n, i#j

is a solution for n = 1 (mod 3) and so on. Note that the sum in (1.14) is the mth
elementary symmetric functionin zy, ..., Zj, ..., Zn.
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Solutions of KZ differential equations modulo p 661

Solutions provided by Theorem 1.2 depend on parameters g, /p — 1. In this example
all solutions 7V"1(z) can be obtained by putting ¢ = 0 and varying [p — 1 only.

1.3 Relation of polynomial solutions to integrals over [,

For a polynomial F(t) € IF,[¢] define the integral

/}F F(t) = Z F(1).

telf,
Recall that

the sum Z /! equals — 1 if (p — 1)|i and equals zero otherwise. (1.17)

tefF,
Theorem 1.3 Fix x1, ..., xn, q € IFp,. Consider the vector of polynomials
1 1
F(t,X1, ..., Xp) = d>(p)(t,x1,...,xn)( > e Fplr]
r— X t—Xxp

of Sect. 1.2. Assume that deg, F(t, x1, ..., x,) < 2p — 2. Consider the polynomial
solution I'P~V(zy, ..., 24, q) of Egs. (1.3) and (1.4) defined in front of Theorem 1.2.
Then

1P VG0, xe q) = _/ F(t, X1, ..., Xp). (1.18)
Fp

This integral is a p-analog of the hypergeometric integral (1.2).

Proof Consider the Taylor expansion F(t, x1, ..., x,) = 2?263 ID(xy, ..., %0, q)

(t—q)i.Byformula(1.17),Wehave ZtE]Fp F(t,x1, ..., x)=—1P"D(x1, ..., x,, q).

o

Example 1.4 Givenk,n,m| = --- =m, = 1,assume thatn < 2k and« |(p—1). Then
p=1

F(0) = [TuepGa—z)Mer [Ty (t=x0) % (75, -, =) anddeg, F (1) < 2p—2.

1.4 Relation of solutions to curves over [,

Example 1.5 Let x1, x2, x3 € F),. Let I'(x1, x2, x3) be the projective closure of the
affine curve

y2 = (t —x1)(t — x2)(t — x3) (1.19)

@ Springer



662 V. Schechtman, A. Varchenko

over [F,. For a rational function & : I'(x1, x2, x3) — T, define the integral

/

f h= Z h(P), (1.20)
I'(x1.x2,x3)

Pel'(x1,x2,x3)
as the sum over all points P € I'(xy, x2, x3), where h(P) is defined.

Theorem 1.4 Let p > 2 be a prime. Let (cf_l(xl,xz,)g),cé)_l(xl,xz,xg),cg_l

(x1, x2, xg)) be the vector of polynomials appearing in the solution (1.12) of the KZ
equations of Example 1.2 for n = 3. Then

1 p—1 .
=—c; (,x,x3), j=123. (1.21)
r

(r1x2,x3) = X

Remark Theorems 1.2 and 1.4 say that the integrals . (X1.32.33) # are polynomials

in x1, x2, x3 € IF, and the triple of polynomials

I(x1,x2,x3)

(p+1? 1 1 1
= ]_[ (xq —xp)~ 4 . ’
o) =X JPag ) = X2 Jragagag T — X3

1<a<b<3

in these discrete variables satisfies the KZ differential equations! Cf. Example 1.1.

Proof of Theorem 1.4 The proof is analogous to the reasoning in [7, Sect. 2] and [2].
The value of 1/(t — x;) at the infinite point of I"(x1, x2, x3) equals zero. It is easy to
see that

1 1 I ot
/r = 2 t—x‘+Zt—ij1:[1(t_xS)p2

r—Xxj
(¥1,%2,%3) I teF,, t#x; 7 teF,
=Y —x)PP+ Yy e, x, x)r
telf, tef, i

-1
= —cf 7 (x1,x2, x3),

where the last equality is by formula (1.17). O

Remark In [7, Sect. 2] and in [2], an equation analogous to (1.21) is considered, where
the left-hand side is the number of points on I'(x1, x2, x3) over IF, and the right-hand
side is the reduction modulo p of a solution of a second order Euler hypergeometric
differential equation. Notice that the number of points on I"(x1, x2, x3) is the discrete
integral over I'(x1, x2, x3) of the constant function 7 = 1. See details in Section
“Manin’s Result: The Unity of Mathematics” in [2].
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Solutions of KZ differential equations modulo p 663

Example 1.6 This example is a variant of Example 1.5.
Let x1, x2, x3, x4 € F,. Let I'(x1, x2, X3, x4) be the projective closure of the affine
curve

Y= (= x1)(t — x2)(t — x3)(1 — x4) (1.22)

over IF,.
Let p > 3 be a prime. Let

—1 -1 -1 —1
(Cf (X1, X2, X3, X4), €5 (x1, X2, %3, x4), ¢§ (x1, X2, X3, X4), €} (xl,xz,x3,x4)>

be the vector of polynomials appearing in the solution (1.12) of the KZ equations of
Example 1.2 for n = 4. Then

1 _
/ = ), = 1L2,3.4 (123)
r

— . J
(x1,x2,x3,04) = X

Example 1.7 Letk = 3,n =3, m| = my = m3 = 2. Assume that 3|(p — 1). Choose
the master polynomial

3

p+2 p=l

oM, = [] G-w7 [Je—20"7.
s=1

1<a<b<3

Consider the Taylor expansion

3

-1 1 1 1 . .
[T -2 (5 )= @, (124
s=1

—z1t—2 t—23 l.

where & = (¢!, ¢, ). Let ¢’ be the projection of ¢ to (F,[z])*. Then the vector

1(z) = (11(2), 1(2), I3(2))
= 1 G- (@00 @) a29)

1<a<b<3

is a solution of the corresponding KZ differential equations over IF,[z] and 1;(z) +
L(z) + I3(z) = 0.

For distinct x1, x2, x3 € ), let I'(x1, x2, x3) be the projective closure of the affine
Y =t —x)(t — x)(t — x3) (1.26)
over [F,. The curve has 3 points at infinity.
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Theorem 1.5 Let p be a prime such that 3|(p —1). Let

-1 1 1
(Cf (x1,x2,x3), b (x1, %2, x3), ¢ (xl,xz,x3))

be the vector of polynomials appearing in the solution (1.25) of the KZ equations.
Then for j = 1,2, 3 we have

1 o1
=—c; (x1,x2,x3). (1.27)
- .

(r.xpx3) L= Xj
Proof The value of 1/(t — x;) at infinite points of I" equals zero. It is easy to see that

3

1 1 1 p=1
/l“ - Z t—x~+Zt—xj}_[(t_xS)l3

t—Xxj
(x1,%2,X3) J 1€, t#x; J 1€l s=1

+Zl

3 1
r—1
—— [le-x)"5
— X
tel, J s=1

Z(I —x)P 7+ Z Zc;(xl, x2, x3)1'

tel), tefF, i

= —Cffl(x“xz,m). (1.28)

-1
Notice that ), cF, % ]_[521 (t — xs)pT = 0 since the polynomial under the sum is

of degree p — 2 which is less than p — 1. The last equality in (1.28) is by formula
(1.17). O

Example 1.8 Letk =3,n =3, m; = my = 1, m3 = 2. Assume that 3 divides p — 1.
Choose the master polynomial

Sp+l 2p+1 2p+1
oP(t,2) = (21 — zz)pT(m - zz)pT(m - 23)”T

p=1 =l p=1
x(t—z1)F (t—22)3 (t—230%7 .

Consider the Taylor expansion

(r—zo”al(z—zzﬁ’?(r—zg)z”?( Lot )

t—z1't—2 t—23

= b (z1.22. 231", (1.29)
i

where b’ = (b, 53, 153). Let b' be the projection of b to (Fp [z])3. Then the vector
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Solutions of KZ differential equations modulo p 665

1@) = G@1—2) % @1 —23) 5 (a—23) 5 (bp '@, by (z),bf_l(z))
(1.30)

is a solution of the corresponding KZ differential equations over F[z] and 1 (z) +
L(z) +215(z) = 0.

Similarly let « = 3,n =3, m| = my = 2, m3 = 1. Assume that 3 divides p — 1.
Choose the master polynomial

2p+1

P (1,2) = (21 —22)"F (Zl—zz) - (Zz—zs)

x (t —z1)? T(t —22)? T(I—Z3)T-

Consider the Taylor expansion

1 1 1
(t —z1)° 5 (t—zz) BB (t—z3)3 < , , )
t—2z1

t—20 t—23

= (a1, 22, )t (1.31)
i

where & = (¢4, ¢}, ¢;). Let ¢! be the projection of & to (Fp[z])*. Then the vector

+1 _ — —
10=@-2%F@-% @-27 (0.4 0.4 o)
(1.32)
is a solution of the corresponding KZ differential equations over IF,[z] and 21, (z) +
2I(z) + I3(z) = 0.

For distinct x1, x2, x3 € IF, let I'(x1, x2, x3) be the projective closure of the affine
curve

Y == x)t —x)(t — x3) (1.33)
over [F,. The curve has genus 2 and one point at infinity.

Theorem 1.6 Let p be a prime such that 3 divides p — 1. Let

-1 -1 -1
(bf (x1,x2, x3), b5~ (x1, x2, x3), BY (X1,X2,X3))

be the vector of polynomials appearing in the solution (1.30) of the KZ equations with
n=3 k=3 m =my=1 m3=2. Let

-1 1 1
(Cf (x1,x2,x3), b (x1, x2, x3), (xl,xz,x3))
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be the vector of polynomials appearing in the solution (1.32) of the KZ equations with
n=3k=3m =my=2 m3=1.Thenfor j =1,2,3 we have

1 —1 —1
/ o= b ) - ax). (134
Crpxg,x3) © 7 A4 '

Proof The value of 1/(t — x;) at infinite points of I" equals zero. It is easy to see that

/ 1
T(xixox3) L= Xj

- Y Y

pr=l p=l p=l
(t—z2) 7 (t—2)" 7 (t —23)*

t—Xxj
1€F,, 15#x; 1 teF, J
1 pt p=1 p=l
Y - - 2T (- )t
r—x;
tel)
=D (=24 Y b x x)r!
telf, telf), i
1 Pyt op=l pot
+ Y (=203 (1—2)" 7 (t—23) 3
I —x;
telf,

-1 . .
= =07 (x1, x0,03) + Y Y e, xa, x3)t!

telF, i

p—1 p—1
= —by (x1,x2,x3) —¢; (x1, X2, x3).

1.5 Resonances over C and IFp,

Under assumptions of Sect. 1.1 assume that
mp+ - +my, =«. (1.35)

Then the vector %) (z), defined in (1.1), in addition to the algebraic equation (1.3)
and differential equations (1.4) satisfies the algebraic equation

zimi L (2) + -+ zumu L, (2) = 0. (1.36)

Equation (1.36) follows from the cohomological relation:
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Solutions of KZ differential equations modulo p 667

n
4 () = ddi -0y T ITH Ty,
- K 1=z
j=1
= |1 Zn:m" ddr Zn: Mg 4 (1.37)
= 2 j_lzj" . .

Relation (1.36) manifests resonances in conformal field theory, where solutions
of KZ equations represent conformal blocks and conformal blocks satisfy algebraic
equations analogous to (1.36), see [4,5], Sect. 3.6.2 in [13]. In conformal field theory
the numbers my, ..., m,, k are natural numbers. In that case the master function
d (¢, z) is an algebraic function and the hypergeometric integrals become integrals of
algebraic forms over cycles lying on suitable algebraic varieties. The monodromy of
the hypergeometric integrals /) (z) in that case was studied in Sects. 13 and 14 of
[12].

Relation (1.36) has an analog over F .

Theorem 1.7 Under assumptions of Theorem 1.2 let IP~V(z, q) € F,lz]" be the
polynomial solution of Egs. (1.3) and (1.4) described in Theorem 1.2. Assume that

M|+ +M,=—-1 (mod p). (1.38)
Then
ML) + -+ 2aMy 1, (2) = 0. (1.39)

Proof The theorem follows from (1.37) similarly to the proof of Theorem 1.2. Namely,
we consider the Taylor expansions at t = ¢ of both sides of Eq. (1.37), divide them
by dr, and then project the coefficients of (r —¢)'? " to F plz]. The projection coming
from d,(r®) equals zero since d(s/?)/dr = Ipt'?~! = 0 (mod p). The projection
coming from (1 -y %) ®dr equals zero by (1.38). The projection coming from

j=1
_2?21 Zj%Cth—’Zj gives (1.39). O
Example1.9 Letk =2.mj=---=m, =1, p=3 M = =M, =1,

"V, = [] Ga—-zw)[[¢—2)
s=1

1<a<b<n

asin Example 1.3. Letn = 2 (mod 3), and then M| +- - -+ M,, = —1 (mod 3). Choose
a positive integer r, such that » = n (mod 3) and r < n. Then the vector 1"1(z) given
by (1.14) satisfies Egs. (1.3), (1.4), and

2@+ 4 2,0(2) =0 (mod 3).
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668 V. Schechtman, A. Varchenko

1.6 Exposition of material

In Sect. 2 we describe the hypergeometric solutions of the KZ equations associated
with s, and explain their reduction to polynomial solutions over IF,. In Sect. 3 we
describe the resonance relations for s[> conformal blocks and construct their reduction
over IF,. In Sect. 4 we explain how the results of Sects. 2 and 3 are extended to the
KZ equations associated with simple Lie algebras.

2 sl; KZ equations

In this section we describe solutions of the KZ equations associated with the Lie alge-
bra sly. The solutions to the KZ equations over C in the form of multidimensional
hypergeometric integrals are known since the end of 1980s. The polynomial solu-
tions of the KZ equations over [, in the form of IF ,-analogs of the multidimensional
hypergeometric integrals are new.

2.1 sl; KZ equations
Let e, f, h be standard basis of the complex Lie algebra sl, with [e, f] = h, [h, e] =
2e, [h, f1 = —2f. The element

1
Q=c®f+[®cth®h € sh@sh 2.1)

is called the Casimir element. Given n, for 1 < i < j < n let QU7 e (U(slp))®"
be the element equal to €2 in the ith and jth factors and to 1 in the other factors. For
i=1,...,nanddistinct 7y, ..., z; € Cintroduce

Q)
€ (Ush)®", (2.2)

Hi(zls'-~7zil):Z —

j#_izi Zj

the Gaudin Hamiltonians. For any x € C* and any i, k, we have

0 1 d 1
— — —Hi(z1,...,20), — — —Hy(z1, ..., z0) | =0, (2.3)
0z;  « 0Zk K

and for any x € slp and i we have
[Hi(z1,--320),xQ1Q® @1+ - +1®---@1®x] =0. 2.4)

Let ®!_, V; be atensor product of 5,-modules. The system of differential equations
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ol 1 QD
— == I, i=1,...,n, (2.5)
9zi K EETY

on a ®?:1 V;-valued function I(z1, ..., z,) is called the KZ equations.

2.2 Irreducible s(;-modules

For a nonnegative integer i denote by L; the irreducible i + 1-dimensional module with
basis v;, fuvi, ..., flv; and action h. fXv; = (i —2k) f*v; fork =0, ..., i; f.f*v; =
fly fork =0,...,i — 1, f.flv; =0 ev; =0, e.fRo; = k(i —k + 1) fF 1y,
fork=1,...,1i.

Form = (my,...,m,) € Z”>0, denote |m| = m; + --- + m, and L®" = Ly, ®
-+~ ®Ly,.For J = (j1,..., jn) eZ;O,WithjS <mygfors =1, ..., n, the vectors
Frvm = "0, ® - ® firuy, (2.6)

form a basis of L®™. We have

fofrom =Y frerom . from = (m| =2|J]) frvm,

s=1

n
e.frum = Zjv(mv —Js + 1)fJ—l;vm-

s=1

For A € Z, introduce the weight subspace L& [A] = { v € L®" | h.v = Av} and the
singular weight subspace SingL®"[A] = { v € L®"[A] | h.v = Av, e.v = 0}. We
have the weight decomposition L®" = @L@OL@””Hml — 2k]. Denote

T ={J €Zhy | lJ| =k js <ms s=1,....n}

The vectors (fjv) jez, form a basis of L®"[|m| — 2k].

Remark The sl,-action on the sum of singular weight subspaces SingL®" [|m| — 2k]
generates the entire sly-module L™ If I(zy, ..., z,) is an L®"-valued solution of
the KZ equations, then for any x € sl the function x./(z1, ..., z,) is also a solution,
see (2.4). These observations show that in order to construct all L®"-valued solutions
of the KZ equations it is enough to construct all Sing L®"[|m| — 2k]-valued solutions
for all k and then generate the other solutions by the sl-action.

2.3 Solutions of KZ equations with values in SingL®™[|m| — 2k] over C

Given k,n € Zso, m = (my,...,my,) € Z,, k € C*, denote t = (11, ..., ),
z=1(z1,...,2n), define the master function
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(Dk,n,m(h 7) = cI)k,n,m(l‘ls e e 2 ey Tns K)
= [T —zpmm TT @ -1 ]"[H(r — )
i<j 1<i<j<k I=1i=1
2.7)
For any function or differential form F (¢, ..., tx), denote
Sym [F(t1, ..., 1)1 = Y Flloy, -, o),
oSy
AG[F @, )] = Y (=D, 1)
o €Sy
For J = (j1, ..., jn) € Zk define the weight function
1 no b 1
Wy(t,z) = ——— Sym _— . (2.8)
]1‘]11’ 4 EE tj1+...+jkl+,'—zs
For example,
W 1 W 1 1
1,0,...,0) H—z1 2,0,..., 0)_t1—zl ——
W 1 1 n 1 1
(4100 n—zihh—2 hH—z21t—2
The function
Winm(t,2) =Y Wi(t,2) f1m (2.9)

JeTy

is the L&"[|m| — 2k]-valued vector weight function.
Consider the L& [|m| — 2k]-valued function

1P, z0) = / O (t, 2, O Wim (£, 2)dty A--- Adt,  (2.10)
y(2)

where y (z) in {z} x (Cﬂ‘ is a horizontal family of k-dimensional cycles of the twisted
homology defined by the multivalued function @y, , (¢, z, m), see[11-13]. The cycles
¥ (z) are multidimensional analogs of Pochhammer double loops.

Theorem 2.1 The function 1) (z) takes values in SingL®™[|m| — 2k] and satisfies
the KZ equations.

This theorem and its generalizations can be found, for example, in [1,3,9—-11].
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The solutions in Theorem 2.1 are called the multidimensional hypergeometric solu-
tions of the KZ equations. The coordinate functions

I;y)(m,...,zn):/‘@k’n,m(l‘,Z)Wj(l,Z)dll A Ady, J eIy, (2.11)
14

are called the multidimensional hypergeometric functions associated with the master
function &y ;..

The fact that solutions in Theorem 2.1 take values in SingL®"[|m| — 2k] may be
reformulated as follows. For any J € 7;_1, we have

3 s+ DOmg — jI (2) =0, (2.12)
s=1

where we set I%r)ly (z) =01t J + 1 ¢ Z.

The pair consisting of the KZ equations (1.4) and hypergeometric solutions (1.2)
is identified with the pair consisting of the KZ equations (2.5) and hypergeometric
solutions (2.10) with values in Sing L®"[|m| — 2]. In this case the system of equations

in (2.12) is identified with Eq. (1.3).

2.4 Proof of Theorem 2.1

We sketch the proof following [11]. The reason to present a proof is to show later in
Sect. 2.5 how a modification of this reasoning leads to a construction of polynomial
solutions of the KZ equations over IF,.

The proof of Theorem 2.1 is a generalization of the proof of Theorem 1.1 and is
based on cohomological relations.

It is convenient to reformulate the definition of the hypergeometric integral (2.10).
Given k,n € Z-o and a multi-index J = (ji, ..., j,) with |J| < k, introduce a
differential form

1 d(t; — d(t;, — d(tj,+1 —
Antt|:(1 Zl)AmA (tj, Zl)A (tj+1 Zz)/\

ny = - :
Gl gn! -2z L — 21 L+l — 22
gy — ) A, = Zn)} ,
tjl+"'+j/1—1+l — Zn tj|+"'+jn —Zn

which is a logarithmic differential form on C" x Ck with coordinates z, ¢. If |J| =k,
then for any z € C" we have on {z} x C¥ the identity

ny =Wy, 2)dig A Ady.
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Example 2.1 For k = n = 2 we have

dt —z1) A d(t — z1)

12,0 = 1 — 21 h—2z1
- d(t — z1) A d(n —z2) d(2—z1) R d(n —22)
@D nh—2z1 h—22 1 —21 n—-2 '

The hypergeometric integrals (2.10) can be defined in terms of the differential forms
ns:

I(y)(le-wZn) = Z <f( cDk,n,m'?l) frvm. (2.13)
y(2)

JGIk

Introduce the logarithmic differential 1-forms

5 mim; d(zi —2)) 5 2d(r,— +” a msda,—s)

o = )
2k i — 2 K K -
1<i<j<n T 1<i<j<k J s=1i=1 Zs
o — Z Zd(ll—l] Zz—mv d(tt_Zc)
K ti—tj —
1<i<j<k J s=1i=1 Zs

We shall use the following algebraic identities for logarithmic differential forms.

Theorem 2.2 [11] On C" x C¥ we have

n .

. —J
o Anp=) s+ 1D 0741, (2.14)

s=1
forany J with |J| =k — 1, and

i, /)d(Z’ — %
a0 from == ZQ A ifrom (215

—Z,

JeTy l<] |J|=k

Proof Identity (2.14) is the special case of Theorem 6.16.2 in [11] for the Lie alge-
bra slp. Identity (2.15) is a special case of Theorem 7.5.2” in [11] for the Lie
algebra sl. O

Corollary 2.3 On C" x CF we have

i d(zi —
Zd(cbknmnj)flvm:_zg( Ra ke /\ Z(q)knmnj)flvma

Zi —Zj
Jely i<j ! J JeTy

(2.16)

where the differential is taken with respect to variables z, t.
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Now we deduce from identity (2.14) the following formula (2.20). Since | J| = k—1,
we can write

k
n,=Zc,,l(t,z)dr1A-.-AcTt,A-.-Adtk+-~-, (2.17)
=1

where the dots denote the terms having differentials dz; and c; (¢, z) are rational
functions of the form

-1

n k
P | J] @-zp J] a-o]]]le-=] . @18

1<i<j<n 1<i<j<k I=1i=1

where Pj (¢, z) is a polynomial in ¢, z with integer coefficients. Also for any s =
1,...,n we have

nj+1, = Wy dbg Ao Adtg 4+ -+, (2.19)

where the dots denote the terms having differentials dz;. Formula (2.14) implies that
for any J with |J| = k — 1 we have the identity

k
d; <<I>k,n,m ZCJ,J(I, d Ao AdG A A dtk)
=1

- . Mg — Js
= E s+ 1 p O pmWysr,diy A -+ Adiy, (2.20)
s=1

where d; denotes the differential with respect to the variables ¢.
Now we deduce from identity (2.16) the following formula (2.23). Fix i €
{1,...,n}. Forany J € I, write

D nmng = P pmWydty A+~ Adlg

k
+dzi A <<I>k,n,m ZCJ,i,z(t, DAt A AdG A A dtk> 4
I=1

(2.21)

where the dots denote the terms which contain dz; with j # i, and the coefficients
c¢y.i.i(t, z) are rational functions in 7, z of the form

-1

n k
Prat. ol [] @-zp [] a—p][[Ja-=] . @22

1<i<j<n 1<i<j<k I=1i=1

where Py ; (¢, z) is a polynomial in ¢, z with integer coefficients.
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Formula (2.16) implies that for any i € {1, ..., n} we have

d
Z (3_ (q)k,n,m WJ) dig A -+ Adig
JGIk i

n
+d, (®k,n,m ch,i,l(t, dty A Adl A A dfk)) frvm

-

Q)

> PknmWidts A+ Adig f1, (2.23)

4~ j JEZk

where d; denotes the differential with respect to the variables ¢.
Integrating both sides of Egs. (2.20) and (2.23) over y (z) and using Stokes’ theorem,
we obtain Egs. (2.12) and (2.5) for the vector /) (z) in (2.10). Theorem 2.1 is proved.

2.5 Solutions of KZ equations with values in SingL®™[|m| — 2k] over Fp

Givenk,n € Z-g,m = (my, ..., my) € Z>0, k € Q*, let p > 2 be a prime number
such that p does not divide the numerator of «. In this case Egs. (2.12) and (2.5)
are well defined over the field IF,, and we may discuss their polynomial solutions in
Fplz1, ..., 2al.

Choose positive integers My fors = 1,...,n, M; jfor1 <i < j < n, and MO,
such that
m m;m;
My=-—, M j=—-2 M= (mod p).
K 2K
Fix integers ¢ = (¢q1,...,qx). Lett = (t1,...,%), z = (21, ..., 2n) be variables.

Define the master polynomial

(p) (p)
q>p M(t 7): =q>p M(tla~~7tk7117~-~,Zn)
0 n k
M; ; M M,
= I @-=p™7 [] @=p" [][]@—z0".
1<i<j<n 1<i<j<k s=li=1

(2.24)

Consider the Taylor expansion of the vector

S oW AW D from= Y T )0 — g — g

JEZk I1yeney lk

(2.25)
Notice that each coordinate <I>,(f ,2 u . 2)Wy (2, z) is a polynomial in #, z with integer
coefficients due to the positivity of the integers My, M; ;, M 0 and the definition of the

weight functions W (¢, z). Hence the Taylor coefficients Tt (7 q) are vectors of
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polynomials in z with integer coefficients. Let /(1) (z, ¢) € (Fp [z])dim LEMm =28
be their canonical projection modulo p.

Theorem 2.4 Forany integers q = (q1, . . . , qx) and positive integers| = (Iy, ..., Ix),
the vector of polynomials I(z, q) := I0P=1lr=D (2 ) satisfies Egs. (2.12) and
2.5).

The parameters g, I1p — 1, ..., [y p — 1 are analogs of cycles y in Sect. 2.3.

Proof Toprove that I 1P=1--lkP=1 (7 4 satisfies (2.12) and (2.5), consider the Taylor
expansions at (1, ..., t%) = (q1, - - . , gx) of both sides of Egs. (2.20) and (2.23), and
divide them by d#; A - - - A df. Notice that the Taylor expansions are well defined due
to formulas (2.18) and (2.22).

Project the Taylor coefficients of (t; — ¢)!'""~'...(tx — q)*?~ ' to
(F p[z])‘]lim LE"[Im|=2k] Then the terms coming from the d;()-summands equal zero

since d(17)/dt; = I; pt"”~" = 0 (mod p), and we obtain Eqgs. (2.12) and (2.5). O
1 1

Example2.2 Letp =3,k =4,n =5,k =2,m = --- = ms = 1. Notice that in this
case k = 1 (mod 3) and we may set k = 1.
The set Zy consists of ten elements J = (ji, ..., j5) with j; € {0, 1} and j; +---+

js5 = 2. The space L®™[|m|—2k] = (L1)®>[1] hasbasis fjv, = flv®---@ fh5vy,
J € Zy. We have

Q(l’z)v1®v1/\...z—v1®v1/\...,
QY@ fur A= —fu® fuiA...,
Q(l’z)fvl®U1/\...Efl)]®l)1/\"'+l)1®fl)1/\...,
Q(l’z)m@fvl/\...Efv1®v1/\-~-+v1®fv1/\...

(mod 3). The other ¢/ act similarly. The system of equations (2.12) on
1(z) = ZJeIk 17 (z) fjvm, consists of five equations. The first is

1(1,1,0,0,0)(2) + 1(1,0,1,0,0)(2) + 1(1,0,0,1,0)(2) + 1(1,0,0,0,1)(z) =0 (mod 3),

where z = (z1, ..., 25); the others are similar. Let r = (¢, t2). We may choose the
master polynomial

2 5
=3
o =m-n)* [] G- [[]]e-*
1<i<j<s i=1s=1

Fix integers ¢ = (0, 0) and / = (4, 3). Then the vector

19 = 3" 18"V @) fro, (2.26)
JeTy

with
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11,8 11,8
I((I,I,O),O,O)(Z) = —23 — 24 — 15, I((I,O,l),O,O) (Z) = —32 — 34 — 15, (227)

and similar other coordinates satisfy Egs. (2.12) and (2.5).

Example2.3 Letk = 4,n =2,k =2, m; = my = 2. The space L?z[O] has basis
f 207 @ v, fro® fr, e f 295. The system of equations (2.12) takes the form:

l2,0)(2) + 1a,1)(2) =0, I1,1)(2) + Lo,2(@) =0.
Let p = 4l 4 3 for some /. We may choose
+1 +1 2 2 1
Pl Pl p=1
o)yt .z =@ —w) 2 (-0 [[[Je -7 .
i=1s5=1

Notice that ”TH is even, the polynomial CDg” 2) w1, 12, 21, 22) is symmetric with respect
to permutation of 1, t2, and the solution

1P71P=D (2, 25)

+1
= (z1 — Zz)pT(C(z,O)(Zl, 2) frua ® va + e (21, 2) fr2 ® fuo
+c@.0)(z1, 22)v2 ® f2v2) (2.28)

is nonzero. Here cj(z1, z2) are the polynomials determined by the construction of
Sect. 2.5.
For example, for p = 3,

199(2) = (21 — 22> (P @ — fu® fu+n® fun). (2.29)

2.6 Relation of solutions to integrals over ]F’;

Forapolynomial F (1, ..., %) € Fplt1,...,fxk] andasubset y C IF’; define the integral
/ Fti,....t)== Y F(ti,....1).
14 (t1,enth)EY
Theorem 2.5 Fix xy,...,x, € F,. Consider the vector of polynomials

— oW
Ft) =) (o texn, X)) Y Wt i, X1, Xn) frUm,
JeZy

of formula (2.25). Assume that degtl_ F(ty,...,tx) <2p—2fori =1, ..., k. Consider
the solution 1P~L--P=D (4 q) of Egs. (2.12) and (2.5), described in Theorem 2.4.
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Then

[P L P=De 0 xg) = (= DF /k F(t1, ..., t). (2.30)
-

p
This integral is a p-analog of the hypergeometric integral (2.11).

Proof Theorem 2.5 is a straightforward corollary of formula (1.17), cf. the proof of
Theorem 1.3. O

Example 2.4 The polynomial F(¢1, ;) of Example 2.3 satisfies the inequalities
degli F(t;,tn) <2p—2fori=1,2.

2.7 Example of a p-analog of skew-symmetry

For J € 7k, the differential forms W (¢, z)d#; A - - - A dt; are skew-symmetric with
respect to permutations of 71, .. ., #;. Here is an example of a p-analog of that skew-
symmetry. For another demonstration of the skew-symmetry, see Example 2.5.

Consider the KZ differential equations with parameters n, k, k,my, ..., m, € Z-o,
where k, my, ..., my are even, k = 2k’,my =2m/, ..., m, = 2m;,. Assume that «’
is even and the prime p is such that fc" (p—1)and (p — 1)/«’is 0dd, cf. Example 2.5.
Choose

k n
(p) M ; -1 m, 5t
ohmt =TI @=p" [T @G- [T]Te-z0"™ %
I<i<j<n 1<i<j<k i=1s=1

p=1

k n «’
= l_[ (zi — Zj)Mi'/ ( l_[ (i — lj)KLl l_[l_[(li - Zs)mQ) 1_[ (ti —1).
1 k

1<i<j<n <i<j< i=1s=1 1<i<j<k
(2.31)
Notice that
k n
’_ /
ot.2)= ] @—tp'[][] —2z0™ (2.32)
1<i<j<k i=1s=1

as well as the product [ [, <i<j<k(ti —1j) are skew-symmetric with respect to permu-
tations of 11, ..., I%.

Let a be a generator of the cyclic group Fj. Let x = (x1,...,x,) € I',. For
¢=1,...,«’, denote
k L Ny 7 =4 k
nw ={reFsloen =a'T ), pw ={reF o0 =0].
(2.33)

The partition of IF’I‘, by subsets (y¢ (x))g/:O is invariant with respect to the action of
the symmetric group Sk of permutations of #1, .. ., ;. For every ¢, the subset y,(x) is
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invariant with respect to the action of the alternating subgroup Ay C Si.For J € Zj the
restriction of the function Wy (¢, x) [ ], <i<]<k(t,- —1;) to the set y;(x) is Ag-invariant.
We have

[ ol amien
I

P
K'/2

. p-1
= [ G-zp™i > 2" f W) [] @—1p.
=1 ve(x)

I<i<j<n 1<i<j<k
2.8 Relation of solutions to surfaces over I,

Example 2.5 For distinct x1, x2 € F, let I' (x1, x2) be the closure in P! (F,) x PL(F))
of the affine surface

y2 = (t1 — )t — x1)(t2 — x1)(1 — x2) (12 — X2), (2.34)

where PL(F p) is the projective line over I ,. For a rational function 4 : I'(xy, x2) —
I, define the integral

h=S"np, (2.35)
/F(XMQ) Z

Pel

as the sum over all points P € I'(x1, x2), where h(P) is defined.
Recall

1 1 1 1
Wo,2)(t1, 12, X1, X2) =

W@,0)(t1, 12, X1, x2) =

l‘]—xltz—x17 tl—xztz—xz’

1 1 1 1
+ .
I —x1hh—x2 h—Xx1t1—x2

Wa n(t, t2, x1,x2) =
Theorem 2.6 Let p = 41 + 3 for some [. Let

c.0)(z1, 22) fP02 ® va + 1.1y (21, 22) f2 ® fua + c.0)(21, 22)v2 @ frua

be the vector of polynomials appearing in the solution (2.28) of the KZ equations of
Example 2.3. Then

n—=n

c@,0)(x1, x2) = /

Py (B — x1) (2 — x1)°

n—n n—=n
c,n(xr, x) = + ,
Txx) (B —x1) (2 — x2) T(xx) (22— x1) (1 — x2)

n—n
c,2)(x1, x2) =/

Py (B — x2) (1 — x2)

(2.36)
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Proof The values of W;(t1, 12, x1, x2) at infinite points of I"(x1, x,) are equal to zero,
so the integrals are sums over points of the affine surface. We prove the first equality
in (2.36). We have

/ t—nh
Tx) (1 —x1)(2 — x1)
= 2 1o n
(t1 — x1)(2 — x1)

1, #x]

2 2
In—n
S e

1,1 i=1s=1

= Y [t—x)P =@ —x)"

p—1

tl,tzE]Fp
1,0 i1,02
+ Y Y R, ) 1 = cp.0)(x1, %),
t1,0eF, i1,in

O

Remark Consider the projection I'(xy, x3) — IF%,, (t1,t2,y) — (t1,12). For any
distinct #1, 1, € ¥}, exactly one of the two points (1, f2), (2, t1) lies in the image of
the projection, since (f; — t2)(f] — x1)(f2 — x1)(f] — x2)(f2 — x2) is skew-symmetric
in t1, t» and —1 is not a square if p = 4/ 4 3.

3 Resonances in sl; KZ equations

3.1 Resonances in conformal field theory over C

Letmy,...,mpy, k € Zsg, L®" = Ly, ®---®L,,,. Assume that « > 2 is an integer.
Assume that

o<my,....my,my+---+my, —2k <k —2.
Consider the positive integer
=Kk —1—|m|+ 2k. 3.1
For z = (z1, ..., z,) € C" with distinct coordinates define

Binm(z) = [w € L% | haw = (jm| — 20)w, ew =0, (ze)'w = o},

where ze : L& — L®™M is the linear operator defined by the formula

n
W Q- @wy > Zzsw1®~--®ews®-~-®wn,

s=1
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for any w; ® --- ® w, € L®™. This vector space is called the space of conformal
blocks.

Example3.1 Letk = 1, |m| = «, ¢ = 1, Then

n
Bk,n,m(z) = {levml ®"'®fvms Q- Qvm,
s=1

n n
stls =0, Zzsmsls =0}.
s=1 s=1

Theorem 3.1 [4,5] The family of subspaces
Binm(z) C SingL®"[|m| — 2k],

depending on z, is invariant with respect to the KZ equations. O

Theorem 3.2 [4,5] All the hypergeometric solutions of the KZ equations with values in

Sing L®™[|m|—2k], constructed in Sect. 2.3, take values in the subspaces of conformal
blocks.

Proof Theorem 3.2 is proved in [4]. Another proof for arbitrary simple Lie algebras
is given in [5]. Let 1) (z) = Y Jer, I;V)(Z)Fj v, be a hypergeometric solution. We
need to check that (ze)¢ 1) (z) = 0. This equation is a system of algebraic equations on
the coefficients (1 ;V) (2)) rez; - The equations of the system are labeled by basis vectors
of L®"[|m| — 2(k — £)]. Namely, for any Q € Zj_, one calculates the coefficient of
Fovp in (ze)“ 1) (z) and equates that coefficient to zero, cf. the second equation in
Example 3.1. Such an equation follows from a cohomological relation. Namely, the
corresponding differential k-form, whose integral over y (z) has to be zero, equals the
differential with respect to the z-variables of some differential k —1-form n,, « ¢, o (¢, 2).
Then the desired equation holds by Stokes’ theorem, see this reasoning on pp. 182-184
in [4]. This proves Theorem 3.2. O

Remark That k — 1-form 1, 1 ¢,0(t, z) is determined by the numbers n, k, £ and the
index Q and has the form

Nnk,e,0(, 2)

_ qu,n,m(ta 2) Lo & t,2)
- k n n, ,Z,Q ’ 9
[li<ici<n@ =2 Thcicjcu @ = 1) TTizi =i (i — 29)

(3.2)

where (1, k¢, 0(t, z) is a polynomial differential &k — 1-form in ¢, z with integer coef-
ficients determined by n, k, £, Q only, see pp. 182—184 in [4].

3.2 Resonances over [Fp,

Givenk,n € Z-o,m = (my, ..., my) € Z , k € Z=0, let p > 2 be a prime number
such that p does not divide k. Choose positive integers M fors = 1,...,n, M; ; for
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1 <i<j<n M°and K such that

mg m;m 0 2 1
My=—-—", M;;= , M"=—-, K=-— (mod p).

K 2K K K
Fix integers ¢ = (q1, . . ., qx). As in Sect. 2.5 for any nonnegative integers /1, .. ., lx
define the vector 101+ (z, g) € (F ,[z])4im LEM[jmi—2k]
Theorem 3.3 Let £ € Z~ be such that

n
(E—DK =Y M;—(k-1)M" =1 (mod p). (3.3)
s=1

Then for any integers q = (q1, ..., qx) and positive integers | = (l1, ..., 1), the

vector of polynomials 111P~1-P=V (7 gy satisfies the equation
(ze) 1N P=blir =Dz ) = 0. (34
Remark The resonance equation (3.1) has the form

-1 im| 2
K K

K
Equation (3.3) is the reduction modulo p of that equation.

Proof The proof of Theorem 3.3 is similar to the proof of Theorem 2.1 and uses the
universal differential kK — 1-forms 7, ¢, o (¢, z) of Sect. 3.1 instead of the differential
k — 1-forms 5y (t, z) in (2.17). O

Example3.2 Let p =3,k =4, n =5,k =2, m; = --- = ms = 1. Consider the
vector I(”’S)(z) = ZJeIk 1511’8)(z)fjvm of Example 2.2, which is a solution of (2.5)

and (2.12). The resonance equation (3.3) in this case takes the form £ 4+ 1 = 0 (mod
3) and is satisfied for £ = 2. The condition (ze)?1"®(z) = 0 means

5
3 1M [[ z =0 (mod3). (3.5

J=(j1seerJ5) €Lk i=l1; ji=1

Equation (3.5) takes the form

—z2122(z3+ 24 +25) — - —zazs(zi + 22+ 23) = =3 Z zizjzk =0
1<i<j<k<5

(mod 3).
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4 KZ equations over [, for other Lie algebras

The KZ equations are defined for any simple Lie algebra g or more generally for any
Kac—Moody algebra, see for example [11]. Similarly to what was done in Sects. 2 and
3, one can construct polynomial solutions of those KZ equations over F;, as well as
of the singular vector equations and resonance equations over I ,.

The construction of the polynomial solutions over ), in the sl; case was based
on the algebraic identities for logarithmic differential forms (2.14), (2.15) and the
associated cohomological relations (2.20), (2.23) as well as on the cohomological
relations associated with the differential forms 1, x ¢, x (¢, z) in (3.2). For an arbitrary
Kac—Moody algebra the analogs of the algebraic identities in (2.14) and (2.15) are
the identities of Theorems 6.16.2 and 7.5.2” in [11], respectively. For an arbitrary
simple Lie algebra, the construction of analogs of the cohomological identities for the
differential forms 7,k ¢ k (¢, z) is the main result of [5].

Remark For the I ,-analogs of multidimensional hypergeometric integrals associated
with arrangements of hyperplanes, see [14]. For Remarks on the Gaudin model and
Bethe ansatz over I, see [15].
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