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Abstract This short paper derives the relationship between solutions of ¢-difference
equations and generating functions for g-orthogonal polynomials. The key of the
method is to obtain the expression of certain g-orthogonal polynomials as solutions of
q-difference equations. In addition, we show how to generalize Ramanujan’s integrals
by the technique of ¢g-difference equation. More over, we find two generalized ¢-Chu—
Vandermonde formulas from the perspective of the method of g-difference equations.
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1 Introduction

The objective of this paper is to extend the work of Liu [14,15] and Liu and Zeng [17].
These authors have found a g-difference equation related to Rogers—Szegé polyno-
mials [21] which can be used to find interesting transformation formulas. We do the
same analysis for the more general Al-Salam—Carlitz polynomials [8]. We apply this
approach to provide a generating function for Al-Salam—Carlitz polynomials, gener-
alize Ramanujan’s g-beta integrals and the g-Chu—Vandermonde summation formula.
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64 J. Cao

For further information about basic hypergeometric series and g-orthogonal polyno-
mials, see [2,11,12,23].

In this paper, we follow the notations and terminology in [9] and suppose that
0 < g < 1. The basic hypergeometric series , ¢

00
a,az,...,da Cll az,...,ar;q)n [ n (n)]1+s—r n
3 s —1 2
r¢é[blvb2’-~ b qz} g (q¢.b1.b2.....bs:q), e :
(1.1

converges absolutely for all z if » < s and for |z| < 1 if r = s 4 1 and for terminating.
The compact factorials of ¢, are defined, respectively, by

n—1 o0
@q@o=1 @q.=[]0-ag"), @@u=[]0-agy 12

k=0 k=0

and (ay,az,...,am; Qn = (a1;@n(@; Qn - (@n; @n, Where m € N =
{1,2,3,...}andn € No := N U {0}.

The Rogers—Szegd polynomials were introduced by Szeg6 in 1926 but were already
studied earlier by Rogers in 1894—-1895. A good definition can be found in the book
by Barry Simon [20, Ex. (1.6.5), pp. 77-87].

The homogeneous Rogers—Szegd polynomials [18, p. 3]

n n

hn<b,c|q>=2mbkcn—k and gn<b,c|q)=quk<"—">bkcn—k. (13)

k=0 k=0

The Al-Salam—Carlitz polynomials were introduced by Al-Salam and Carlitz in 1965
[1, Egs. (1.11) and (1.15)]

n n

A (xlg) = [ﬂ (@; @ex* and Y (xlg) =) [Z} q" x5 aqg" " .

k=0 k=0
(1.4)

They play important roles in the theory of g-orthogonal polynomials. In fact, there are
two families of these polynomials: one with continuous orthogonality and another with
discrete orthogonality. They are given explicitly in the book of Koekoek—Swarttouw—
Lesky [13, Eqgs. (14.24) and (14.25), pp. 534-540].

The generalized Al-Salam—Carlitz polynomials [7, Eq. (4.7)]

n
: . b; .
¢\0)(x, ylg) = Z |:Z] (@b 4k q)kxky” kK and

= (G

" (a, b; @)k Kt
(a,b,c) 7 — 1 k ("7)— nk k. .n— k 15
U ylg) ;[k]—@ o V' xty (1.5)
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whose generating functions are [7, Egs. (4.10) and (4.11)]

> g e T vt Ixel} < 1, (1.6)
Eocbn YD Ggn = org2®| Lo x | max{lye] e} < 1 (1L

o n

b, yg®r a.b
> v ”(x,qu)%:(yt;q)mzm[ . ;q,xr], el < 1. (17)
n=0

Liu [14,15] obtained several important results by using the following g-difference
equations. Liu and Zeng [17] provide further applications of these g-difference meth-
ods to g-orthogonal polynomials.

Proposition 1 ([17, Egs. (1.7) and (1.8)]) Let f(a, b) be a two-variable analytic
function at (0, 0) € C%. Then

(A) f can be expanded in terms of hy,(a, blq) if and only if f satisfies the functional

equation
bf(aq,b) —af(a,bq) = (b —a)f(a,b). (1.8)
(B) f can be expanded in terms of g, (a, blq) if and only if f satisfies the functional
equation
af(aq,b) —bf(a,bq) = (a — b) f(aq, bq). (1.9)

The method of g-difference equation is an effective way to obtain many results in
g-series. For more information, please refer to [6,7,14,15].

Theorem 2 Let f(a, b, c, x, y) be a five-variable analytic function in a neighbour-
hood of (a,b,c,x,y)=(0,0,0,0,0) € C.
M If f(a,b,c, x,y) can be expanded in terms ofd),(,”’b’c) (x, ¥|q) if and only if
y [f(a, b,c,x,y) — (1 + qilc)f(a, b,c,qx,y)+ qilcf(a, b,c,q°x, y)]
= X{[f(a, b,c,x,y)— fla,b,c x, qy)]

—@+b)[f(@b.e.gr,y) = flab.e.qx.qv)]

—I—ab[f(a, b,c, qzx, y) — f(a, b,c, q2x, qy)]}. (1.10)

(D) If f(a, b, c, x,y) can be expanded in terms of ¥, (x, y|q) if and only if
g~y [f(a, boe.x.y)— (14q7'¢) fla.b.c.qx.y) +q 'cf(a. b. c. g, y)]
:x{[f(a,b,c,x,y) —f(a,b,c,x,q”y)]
—(a +b)[f(a,b, c.qx,y) — f(a.b,c, qx,q_ly)]

+ab[f(a, b, c, qzx, y) — f(a, b, c, qzx, qu)]}. (1.11)
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Remark 3 Fora = b = ¢ = 0 in Theorem 2, Egs. (1.10) and (1.11) reduce to (1.8)
and (1.9), respectively.

To determine if a given function is an analytic function in several complex variables,
we often use the following Hartogs’s theorem. For more information, please refer to
Taylor [22, p. 28] and Liu [16, Theorem 1.8].

Proposition 4 (Hartogs’s theorem [10, p. 15]) If a complex-valued function is holo-
morphic (analytic) in each variable separately in an open domain D C C", then it is
holomorphic (analytic) in D.

In order to prove Theorem 2, we need the following fundamental property of several
complex variables.

Proposition 5 ([19, p. 5, Proposition 1]) If f(x1, x2, ..., Xx) is analytic at the origin

(0,0, ...,0) € Ck then, f can be expanded in an absolutely convergent power series,
o0
ny._n ng
fOLx )= Y X X5k

Proof of Theorem 2 From the Hartogs’s theorem and the theory of several complex
variables (see Propositions 4 and 5), we assume that

o
fla.b.c.x.y) =) Ai(a,b,c, y)x*. (1.12)
k=0

On one hand, substituting Eq. (1.12) into (1.10) yields
o0 o0
y[z Ag(a, b, c, y)xk — (1 + q71c> ZAk(a, b,c, y)(qx)k
k=0 k=0

[e e
+ C]_ICZAk(av b’ ¢, Y)(qzx)k]
k=0

= x{ I:Z Ai(a, b, c, y)xk — ZAk(a, b,c, qy)xki|

k=0 k=0

—(a+b) [Z Aia,b, ¢, y)(g0)" =) Axla, b, c, qy)(qx)"]

k=0 k=0

+ab [Z Ag(a, b, c, y)(qzx)k - Z Ar(a, b, c,qy) (qzx)kj| } (1.13)
k=0

k=0
By equating coefficients of x* on both sides of Eq. (1.13), we have

(1 _ aqk—l) (1 _ bqk—l)
(1—¢*) (1 —cq*)

Ara,b,c,y) = DyAx_1(a, b, c,y). (1.14)
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Iterating, we have

(a, b; )k

Ax(a,b,c,y) =
(q,c; @k

DyAo(a.b.c.y). (1.15)

Letting f(a, b, c,0,y) = Ao(a, b, c,y) = > oo tny", we have

(@ b; Dk v (4:9)
Ap(a.b.c,y) = 22 LRNA DD gk, (1.16)
@, ¢ D = (@ Dn—k

By Eq. (1.12), we have

@bk g (459)
f(a’hv c, X, y) = — = 123 ’—”ynkak
X_: (@ ¢ @i ,12:(:) "G Dk

—ZWZ[ ](ab—q)kxk "k Zurﬂb("bc)(x ylg).

= (q.c; gk

On the other hand, if f(a, b, ¢, x, y) can be expanded in terms of ¢."*° (x, y|q), we
can verify that f (a, b, c, x, y) satisfies Eq. (1.10). The proof of Eq. (1.10) is complete.
Similarly, we can deduce Eq. (1.11). The proof of Theorem 2 is complete. O

This paper is organized as follows. In Sect. 2, we generalize two generating func-
tions for Andrews—Askey polynomials. In Sect. 3, we deduce generalizations of
Ramanujan type g-beta integrals. In Sect. 4, we generalize g-Chu—Vandermonde for-
mula.

2 Two generating functions for generalized Al-Salam—Carlitz
polynomials

In this section, we generalize generating functions for Al-Salam—Carlitz polynomials.

Theorem 6 We have

= s/r; r’ . r
¢((l,b,€)(x’ | )(/ q)n — (Sy, ‘])oo3¢2 a,b,S/r; rxl,
" ylg)—— ' q
n=0 (45 9)n (ry; @)oo L 6 SY

max{|rx|, |ryl} < 1, 2.1

- (a,b,c) (V/S;q)ns ("y Q)oo _a b }"/S . ﬂ]
Zw" (v yla) @ Dn Y @oo 32 | ¢.q/(sy) » 4 ’

max{|sy|, |gx/y|} < 1. (2.2)
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Corollary 7 We have

o n
n S ’b
Y PO, yig)(—1)'g D —— = (sy;q)oom[“ ;q,sxi|, 2.3)
=0 (45 @n c, sy
o n
. 1 b,0 qx
@hO) (1 ylg)— = |:a, : ; _}
;f”” D = e L ey
max{|sy|, [gx/y|} < 1. 2.4)

Remark 8 Forr = 01in Theorem 6, Egs. (2.1) and (2.2) reduce to Eqgs. (2.3) and (2.4),
respectively. For s = 0 in Theorem 6, Egs. (2.1) and (2.2) reduce to Eqgs. (1.6) and
(1.7), respectively.

Proof of Theorem 6 By the Weierstrass M-test, series Y .-, M, is convergent when

MAj’I:‘ < 1. We check that both sides of Eq. (2.1) are convergent if

max{|rx|, [ryl} < I, thatis,

lim, s oo ’

b.c
. B e V) /75 D" /(@ D
lim 50 =|ry| <1,
o0 w5 YIS/ @t /(G5 @n
@by s/r Qup rx)" T (g, ¢, sy @t
lim = |rx| < 1.
n—00 (a,b,s/r;q)n(rx)"/(q,c,sy; @)n

We denote the right-hand side of Eq. (2.1) by f(a, b, ¢, x,y), we can verify that
f(a,b,c,x,y) satisfies Eq. (1.10), so we have

o0
f@be,x,y) =Y up"(x, ylg) 2.5)
n=0

and

(2.6)

- YD o (s/r59),(r)"
b0 = Sy = B0 $5 (IO
s ryi@oo = (@ @n

So f(a, b, c, x, y) is equal to the left-hand side of (2.1). Similarly, we can obtain Eq.
(2.2). The proof is complete. O

3 Generalizations of two of Ramanujan’s integrals
The following two integrals of Ramanujan [3] are quite famous.

Proposition 9 ([3, Egs. (2) and (3)]) For 0 < g = exp(—2k2) < land m € R
Suppose that labq| < 1, we have
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fOO e_x2+2mx e ﬁemz (_aqEkai7 _bqe—kai; q)oo
( %

oo (aq'2e2kx  bg2e=2ikx; g) (abq; @)oo

3.1
Suppose that max {’aql/zezmk| , |bql/26_2mk’} < 1, we have

e 2
f e +2mx (_aqukx’ _bqe—ka; q> dx
— 0 00

2 (abq; ¢)oo
= Jm" . 3.2
Jr (aq'/2e2mk bg1/2¢=2mk; g) (3.2)

o0

Derivations of (3.1) and (3.2) for real values of the parameter m have been deduced
by Askey [3]. Later on it became clear that these integrals are in fact valid for arbitrary
complex values of the parameter m and they are thus instances of the standard Fourier
transform with the exponential kernel by Atakishiyev and Feinsilver [5].

In this section, we have the following generalization of Ramanujan’s integrals.

Theorem 10 Form e R,0 < g = exp(—2k2) < 1. Suppose that max{|abq| , |qc/al}
< 1, we have

/oo efx2+2mx ¢ |: r,s,0 in|d
32 Doikx 34, — |[dx
— (aq1/2e2ikx’ bql/2e=2ikx, q) 1, q\2e=2kx 1q P,

o0

—aaeXki _pge—2mki. ) .
Zﬁemz( aqe , qge . q ~ P |:r,s, _e2mkl/b. gc

iq, — . (33
(abq: 9o ] e
Suppose that max Haql/zezmk| , |bq1/ze_2’”k| , \cql/zez’"kH < 1, we have

* 4 2k —2k r,s 2k
/ e mx(—aqe Y, —bge xQC]) 202 ‘ 2%kx » 4> —Cqe Tldx
—00 o] , —agqe

: 1/2,—2mk
=ﬁe”’2 (abq; @)oo b r,s,bq'/?e=m - g, cq' 2|
b
(aql/Zeka, bql/2e=2mk, q) t,abg

oo

(3.4)

Remark 11 For ¢ = 0 in Theorem 10, Egs. (3.3) and (3.4) reduce to Egs. (3.1) and
(3.2), respectively.

Proof of Theorem 10 Tt is easily seen that

(

7}/a:q), = |(ahe azq)
n n

= (~|atralsa) 63
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and

(Il Is]: 9), e
=0 (—lal. =1t~ [a"/a]:q)

r,s,0 qc
= 3¢2|:t g\2e=2kx 1g 349, —]

a

fi (—Irl —Isl:q), ’qc

a0 (1al. 111, |q"/2/al q)
(3.6)
Thus, we have
2 ~ .
/ x“4+2mx dxl. (|r|,|s|,q)n ‘En
aq1/2e2th bg!/2e=2ikx, q>oo ~ (_ ’;q)n
2 —
o0 e~ X +2mx r 5.0 qc]
= 12,2 iq, — |dx
- /—00 (aql/ze%kx,bql/Ze—Zikx;q) 3¢2_t,q1/2e 2ikx 1047,
oo
- /oo e_x2+2mx ‘ i —1rl = s q ‘qc
- X
—o0 (aql/2e2ikx,bql/2672ikx; CI) o (|q| 7], ‘q1/2/a| (])
oo
(3.7

Denoting the right-hand side of Eq. (3.3) by f (7, s, t, ¢, a) and utilizing Egs. (3.1) and
(3.7), we have

(_aqe2mki’ —bge—2mki q)
m2 (e8]

|f(r,s, t,c,a)l < |J/me

(abg; q)oo
(~Irl. —1Isl:q), e
X
(Iql g2 /al; q)
(~lagl. = 1bal:q)
=V bl q)oo
< (=Irl.=Islig), (gep
X (3.8)
Z(m |+ [g"2/a; q) q

From the Weierstrass M-test, we know that for max{|abgq|, |gc/a|} < 1, the function
f(r,s,t,c,a) is uniformly absolutely convergent, so f(r,s,t, c,a) is an analytic
function of r, s, t, ¢ and a for max{|abq|, |gc/al} < 1 (see also [[17], p. 516]). Thus
f(r,s,t,c,a)is analytic near (r, s, t, c,a) = (0,0, 0, 0, 0) (see also [[4], p. 220] and
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[[17], p. 511]). We can check that f(r, s, t, ¢, a) satisfies Eq. (1.11), so the left-hand
side of Eq. (3.3) equals

o0
fOs te,a) =" w0 (e, alg), (3.9)

n=0

where

2mki —2mki .
2(—(16]6 mki —bqe m l,Q)

o0
f@r,s,t,0,a) = Upa = Jmwe" X py (3.1)
nX:(:) ! (abq: q)oo
oo —x24+2mx
=/ ¢ dx

— (aq1/262ikx’ bq!/2e=2ik, q)
o0

_ /oo efx2+2mx {i (aql/262ikx)" } e

o (bq1/2ef2ikx;q) = (@ Dn
o

So we have

00 e—x2+2mx S (q]/ZeZikx)"
f(r,s,t,c,a):/ Zwy(lr’s’t)(C,alq)— dx,

oo (bql/Ze—Zikx; q) = (q; @n
> (3.10)
which is equal to the left-hand side of Eq. (3.3) by Eq. (2.4). Similarly, we can gain
Eq. (3.4). The proof of Theorem 10 is complete. O
4 Generalizations of ¢-Chu-Vandermonde formula
The g-Chu—Vandermonde formula is [9, Eq. (I.6)]
. a c/asq
z¢>1[q ;q,q] = (,—)”a”. 4.1)
¢ (Cv Q)n
In this section, we now extend the g-Chu—Vandermonde formula.
Theorem 12 For n € Ny, we have
Xn: (¢ a; q)qu " [ r,s,aqk @i|
g edigy L tgaled)’ T d
(cd/a; q)na" r,s,a qg
=—2" 1=, i q, — |, dl <1, 4.2
(cd: q)n 2[ toag'"/(cd) T g } lg8/dl < *2)
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n

s Y

(qin»a;Q)qu " |:r,s,aqk. Cgi|

. k _
k=0 (Qv cd; Cl)k L, qu

(cd/a;q)na” r. s aq" ngn
—n o 4 : L. 4.3
ed D 3 2[ tedg" ' g ] lcg/al < 4.3)

Remark 13 For g = 0in Theorem 12, Egs. (4.2) and (4.3) reduce to (4.1), respectively.
Proof of Theorem 12 First, we can rewrite Eq. (4.1) equivalently by

n

3 (¢7". a:q),4" (cdq*:q) o (cdq": q),

- . 4.4)
=0 (45 9k (Cd/a; q)oo (qun/a; q)oo (

We denote the right-hand side of (4.2) by F(r,s,t,g,d), we can check that
F(r,s,t, g,d) satisfies Eq. (1.11). By Eq. (4.4), we have

o
Frsitgd) =3 uib* (s dlg) @45)
Jj=0
and
Fros,t,0,d) =Y pud/ = o (cda"a)
j=0 (cdq"/as q)
_ Z (47" a:q)4" i (ag*; q) (cd/a)’
pr S CAX D @:q); :
So we have

" (g asq),qt S (adsq) (e/a)
F(r,s,t,g.d) =
ot d ,; (45 Dk ;) (@:9);

v (g.dlg), (4.6)

which is equal to the left-hand side of (4.2) by Eq. (2.2). Similarly, we can deduce Eq.
(4.3). The proof is complete. O
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