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Abstract Motivated by some recent works on BPS invariants of open strings/knot
invariants, we guess there may be a general correspondence between the Ooguri—
Vafa invariants of toric Calabi—Yau 3-folds and cohomologies of Nakajima quiver
varieties. In this short note, we provide a toy model to explain this correspondence.
More precisely, we study the topological open string model of C> with one Aganagic—
Vafa brane D;, and we show that, when t < 0, its Ooguri—Vafa invariants are given by
the Betti numbers of certain quiver variety. Moreover, the existence of Ooguri—Vafa
invariants implies an infinite product formula. In particular, we find that the 7 = 1 case
of such infinite product formula is closely related to the celebrated Rogers—Ramanujan
identities.
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1 Introduction

Topological string theory is the topological sector of superstring theory [72]. In math-
ematics, we use Gromov—Witten theory to describe the topological string theory, see
[27] for a review. Topological string amplitude is the generating function of Gromov—
Witten invariants which are usually rational numbers according to their definitions
[7,51]. In 1998, Gopakumar and Vafa [23] found that topological string amplitude
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is also the generating function of a series of integer-valued invariants related to BPS
counting in M-theory. Later, Ooguri and Vafa [64] extended the above result to open
string case, we name the corresponding integer-valued invariants as OV invariants.
Furthermore, the OV invariants are further refined by Labasitida, Marifio, and Vafa in
[48], the resulted invariants are called LMOV invariants [52], which have been studied
by many literatures, see [54,59] for the recent approaches.

A central question in topological string theory is how to define the GV/OV/LMOV
invariants directly. There have been many works, for examples [33,34,39,58,66],
devoted to the definition of GV invariants. However, to the author’s knowledge, no
direct related works study the definition of OV/LMOV invariants. But there are some
attempts to explain the integrality of OV invariants through different mathematical
models. In [43], Kucharski and Sulkowski related the OV invariants to the combina-
torics on words. In the joint work with Luo [54], we investigated the LMOV invariants
for resolved conifold which is the large N duality of the framed unknot [57]. Moreover,
we found that the (reduced) topological string partition function of C> is equivalent
to the Hilbert—Poincare polynomial of certain cohomological Hall algebra of quiver.
Very recently, a series of works due to Diaconescu et al. [14,16,17] showed that the
(refined) GV invariants can be expressed in terms of the Betti numbers of certain
character varieties of algebraic curves based on the main conjectures in [15,32]. By
the analogues of quiver varieties and character varieties showed in [30], it is natu-
ral to expect there will be an explanation of the integrality of GV/OV invariants by
using quiver varieties. It is also expected that a general toric Calabi—Yau/quiver variety
correspondence may exist in geometry.

1.1 Open string model on (C3, D;)

In this short note, we provide a toy model to state this correspondence through numer-
ical calculations. More precisely, we focus on the open topological string on (C3, D),
where D; is the framing T € Z Aganagic—Vafa A-brane [4,5]. Its (reduced) topological
string partition is given by

(_l)n(r—l)qin(";1)1+%

n 1
I—oi-a=gr @

Z©PI(g x=(x,0,0,...) = >

n>0

We define

(_1)n(r—1)q"("2_l)r+%

", 2
I—pd—gd)-(1—qn" @

i@ =" =g )"Log | Y

n>0

where [x"]g(x) denotes the coefficient of x” in the series g(x) € Z[[x]] and Log is the
plethystic logarithm introduced in Sect. 2.2. Applying the work of Ooguri and Vafa
[64] to this open string model (C3, D,), we formulate the following conjecture:
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Conjecture 1.1 For any t € Z, for a fixed integer m > 1, we have
k 1
fo@) = Npi(r)g? € ZIg*2]. 3)
kel

In other words, for a fixed integer m > 1, there are only finitely many k, such that the
integers Ny, i (T) are nonzero.

The rest of this paper is devoted to study the Conjecture 1.1. We start with the 7 = 0
case for warming up. Recall the classical Cauchy identity for Schur functions [55],

1
Y s =] ——. )
P iz (L= %))
where x = (x1,x2,...), Y = (1,y2,...), and P denotes the set of all the
partitions. We consider the specialization x = (x,0,0,...) and y = ¢ =
(q_1/2, q_3/2, q_5/2, ...), the left- hand side of (4) becomes
D o si(@si(x=(x,0,0,..0) = Y su(g”)x" )
rEP n>0
n2
. (—D"q 7 n
=X ot a=
n>0 q 4 q
and the right-hand side of (4) gives
[T —xg 73", ©)

j=1

Comparing to formulae (2) and (3) for when T = 0, by using the definition of plethystic
logarithm Log, we obtain

1, ifm=1andk =0,
N, m,k (O) = .
0, otherwise.

However, for general t € Z, the Conjecture 1.1 is nontrivial. The first result of this
paper is that, when T < 0, we find that the OV invariants N, i (7) can be expressed in
terms of the Betti number of certain quiver variety, which implies the Conjecture 1.1
for the case of T < 0.

1.2 Proof of the Conjecture 1.1 for the case of T < 0
We construct a quiver of one vertex with 1 — 7 infinite legs. Let Qp(1—r) be the asso-

ciated quiver variety of the representations in a dimension related to n and 1 — 7,
we refer to [31] and Sect. 4 for this construction. Let dj(1—;y = dim Qz(_q).
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There is a Weyl group S, which acts on the compactly supported cohomology

Hclfn+2d’~’(l’”7j (Qii(1—1); C). Then, we have the following:

Theorem 1.2 Ifn is odd

N, (D) 0, jisodd, 7
(1) = B .
" — (=D dim(H, 0Ty ©)S, is even.
Ifnis even
N, (0) 0, jiseven, @®)
(1) = _ I
"l — (=)D dim(H, T (Qa L ©)S), jis odd.

Therefore, as a direct corollary, we have shown
Corollary 1.3 The Conjecture 1.1 holds for t < 0.

Now the remain question is what about the case of t > 1?7 We do not know how
to prove this case, but we find it is closely related to celebrated Rogers—Ramanujan
identities (10) and (11).

1.3 A Rogers—Ramanujan type identity

Combing(2), (3), and the definition of plethystic logarithm Log, Conjecture 1.1 can
be rewritten in the form of infinite product (37).

Let us take a closer look at the case of t = 1. After some numerical computations
by Maple 13 (see Sect. 5 for some of these numerical results), we observe the following
rules for those integers N, x(1):

e If miseven, Ny k(1) > 0, and when m is odd, N,, (1) < 0.
e For a fix integer m > 4, we define the subset of Z,

In={m+1,m+3,....m>=2m—5m?>—=2m—3,(m— 17>} C Z

then Ny, (1) =0, if k € Z\ I,. Note that the last gap in I,, is (m — D2 —m? -
2m — 3) = 4. Moreover, we let I} = {0}, I, = {1}, Iz = {4}, according to the
computations in Sect. 5.

Based on the above observations, let n,, x = (—1)" Ny, « (1), we have the following
refined form of the infinite product Formula (37) for t = 1.

Conjecture 1.4 For a fixed m > 1, there are only finitely many positive integers n,, i
fork € I, such that

anan (1 _ a2mqk+l+2m)n2m,2k+2m—|

Z (1—g)1 —g?---(1—g™" - 1_[ l_[ (1 — @2m=1gk+l+2m=1ynom—1 2k2m—2 "

n>0 m>1,1>0keZ
©
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Remark 1.5 After the email correspondence with Ole Warnaar [71], he suggested the
author to rewrite the deformed Rogers—Ramanujan identity (57) into the form (9)
which is related to the Rogers—Selberg identity [25].

Note that, (9) can be regarded as a Rogers—Ramanujan type identity. Recall the two
classical Rogers—Ramanujan identities

2

q" - )
ng (] — q) e (1 — q”) - ’g) (1 _ q5n+l)(1 _ q5n+4)7 (10)
n*+n
A _ 1
;(1—9)'“(1—61”) _’g (1 — g +2)(1 — g5n+3)” an

Formulae (10) and (11) were first discovered by Rogers [68], and then rediscovered
by Ramanujan [26], Schur [69], and Baxter [6]. Now, there have been many differ-
ent proofs and interpretations for them [1,8,22,49,70]. We refer to [25,71] for most
modern understanding of the Rogers—Ramanujan identities.

These conjectural integers n, x appearing in (9) are important. We expect an explicit
formula for them. Let

gn(@) =Y nmiq". (12)

keZ

by using Maple 13, we have computed g, for small m as showed in Sect. 5.

By our numerical computations, if weleta = 1 and a = ¢ %, respectively, in For-
mula (9), then it recovers the Rogers—Ramanujan identities (10) and (11). Therefore,
(9) can be regarded as an one-parameter- deformed Rogers—Ramanujan identity. From
this point of view, integrality structures of topological string partitions provide a lot of
infinite product formulas, which largely extend the explorations of Rogers—Ramanujan
type formulae.

Finally, in order to give the reader some flavor of these numbers n,, , we compute
the value f7(1) of (3) at g = 1 from Marifio—Vafa formula [53,57] as follows:

1 dit+1)—1
T _ dt
f ) = — 3 nlm/d)(=1) ( i ) (13)
dlm
where (. (n) denotes the Mobius function. We prove that
Theorem 1.6 Foranym > 1,
1 sfdT+1—1
fr) == un/d)(=1) ( i ) € Z. (14)

dim

In particular, we obtain
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Corollary 1.7 Foranym > 1,

gn(D) =Y npi=(=D"f(1) € Z. (15)
k

The rest of this article is arranged as follows: in Sect. 2, we introduce the basic nota-
tions for partitions, symmetric functions, and plethystic operators. Then, we review
the mathematical structures of topological strings in Sect. 3. We formulate the gen-
eral Ooguri—Vafa conjecture by using plethystic operators and we present the explicit
form of Ooguri—Vafa conjecture for the open string model (C3, D, ). In Sect. 4, we
first review the main results of the work [31], as an application, we prove the Ooguri—
Vafa conjecture for (C3, D;) when t < 0. In Sect. 5, we focus on the Ooguri—Vafa
conjecture for (C3, D) for the special case T = 1. We propose the deformed Rogers—
Ramanujan type identity (9). Finally, we present a proof of the integrality of (14).

2 Symmetric functions and plethystic operators
2.1 Partitions and symmetric functions

A partition A is a finite sequence of positive integers (A1, A2, ...) suchthat A} > A, >
---. The length of A is the total number of parts in A and denoted by /(A). The weight
of A is defined by |1| = ngi Ai. If|A] = d, we say X is a partition of d and denoted as
A F d. The automorphism group of A, denoted by Aut(1), contains all the permutations
that permute parts of A by keeping it as a partition. Obviously, Aut(A) has the order
[Aut(L)| = ]_[f(:)‘; m; (A)! where m; (1) denotes the number of times that i occurs in A.
Define 35, = [Aut()] [T, A:.

Every partition is identified to a Young diagram. The Young diagram of A is a
graph with A; boxes on the ithrow for j = 1, 2, ..., [(A), where we have enumerated
the rows from top to bottom and the columns from left to right. Given a partition A,
we define the conjugate partition A’ whose Young diagram is the transposed Young
diagram of A: the number of boxes on jth column of A’ equals to the number of boxes
on jth row of A, for 1 < j < [(A). For abox x = (i, j) € A, the hook length and
content are defined to be hl(x) = A; —i—)\; —i—j+1andcn(x) = j —i, respectively.

In the following, we will use the notation P4 to denote the set of all the partitions
of positive integers. Let 0 be the partition of 0, i.e., the empty partition. Define P =
P+ U {0}, and P" the n tuple of P.

The power sum symmetric function of infinite variables x = (x, ..., xy,...) is
defined by p, (x) = ), x/'. Given a partition A, we define p; (x) = ]—[lj(i)l px;(x). The
Schur function s, (x) is determined by the Frobenius formula

u@zZﬁme, (16)

m "
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where ;. is the character of the irreducible representation of the symmetric group S
corresponding to A, we have x;(u) = 0 if || # |1|. The orthogonality of character
formula gives

Z X0.(1) x5 (V) . 17
)

du

We let A(x) be the ring of symmetric functions of x = (xy, x2, ...) over the ring
Q(q, 1), and let (-, -) be the Hall pair on A (x) determined by

(83.(%), 5, (X)) = 83 pe- (18)

For X = (x',...,x"), denote by AX) := A(x') ®z --- ®Z'A('x”) the ring of

functions separately symmetric in x!, ..., x", where X = (xi,xé, ...). We will
study functions in the ring A(X). For i = (u!,..., ") € P", we let az(X) =
aMI(X])'--aun(Xn) € A(X) be homogeneous of degree (|u!l, ..., |w"]). More-

over, the Hall pair on A(X) is given by (ar(xY) - ay (), by (xY) - by (x)) =
(@1 (x1), b1(x1) -+ (an(x"), by (x™)) for ai(x1) - - @y (x"), by (x1) - -+ by (x") € AX).

2.2 Plethystic operators
For d € Z., we define the dth Adams operator W, as the Q-algebra map on A (X)

W (f&q,0) = fF&5 ¢, 17). (19)

Denote by A(X)" the set of symmetric functions with degree > 1. The plethystic
exponential Exp and logarithm Log are inverse maps

Exp: AT > 1+ AX™T, Log: 1 + AT - AX)™, (20)

respectively, defined by (see [30])

v d
EXp(f) = exp Z# , Log(f) =Z§wdaog<m @1)

d=1 d=1

where u is the Mobius function. It is clear that
Exp(f + ) = Exp(f)Exp(g), Log(fg) = Log(f) + Log(g). (22)
and Exp(x) = ﬁ if we use the expansion log(l — x) = — Za’zl %L]
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3 Integrality structures in topological strings
3.1 Closed strings and Gopakumar-Vafa conjecture

Let X be a Calabi—Yau 3-fold, the Gromov—Witten invariants K% 2.0 is the virtual
counting of the number of holomorphic maps f from genus g Rlemann surface Cy to
X such that fi[C,] = O € Hy(X, Z) [27]. Define

FX(ge0) = Y g P FX (@), Z¥(gy. 0) = exp(F¥ (g, 0)).
g=0

Usually, the Gromov—Witten invariants K g}f p are rational numbers. In 1998, Gopaku-

mar and Vafa [23] conjectured that the generating function FX (g;, w) of Gromov—
Witten invariants can be expressed in terms of integer-valued invariants N gX o s
follows

F¥gpo0) =Y g 2 ) K ge @

=0 0#0
1 d 2g—2
Y Oyl <2 sin ;’x) 100 3
¢>0,d>1 Q%0 d

The invariants NX o are called GV invariants in literatures. A central question in
topological string is how to define the GV invariants directly. We refer to [33,34,39,58]
for some progresses in this direction.

Obviously, genus 0 part of the Gopakumar—Vafa formula (23) yields the multiple
covering formula [3]:

DK C =Y N> d%e*dQ'w. (24)

0#0 0#0 d=1

By using the principle of mirror symmetry, around 1990, Candalas et al [13] cal-
culated the numbers Néf SQ from formula (24) for quintic Calabi—Yau 3-fold X5, and

found that N(f SQ was equal to the number of rational curves of degree Q in X5 which
was hard to compute in enumerative geometry by classical method. This was the first
important application of the topological string theory in mathematics.

When X is a toric Calabi—Yau 3-fold which is a toric variety with trivial canonical
bundle [9]. Because of its toric symmetry, the geometric information of a toric Calabi—
Yau 3-fold is encoded in a trivalent graph named “toric diagram” [2] which is the gluing
of some trivalent vertices. The topological string partition function ZX(gy, w) =
exp(FX(gs, w)) of a toric Calabi—Yau 3-fold X can be computed by using the method
of topological vertex [2,45]. The integrality of the invariants N ;{ 0 for toric Calabi—
Yau 3-fold X determined by Gopakumar—Vafa formula (23) was later proved by P.
Peng [65] and Konishi [37].
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3.2 Open strings and Ooguri—Vafa conjecture

Now we discuss the open topological strings. Let X be a Calabi—Yau 3-fold with a

submanifold D, we assume dim H; (D, Z) = n with basis yy, . .. y,. Itis also expected
that there are open Gromov—Witten invariants K ;EI.X(;DQ) determined by topological data

g, &, O, such that K (X-D) i the virtual counting of holomorphic maps f from genus

g Riemann surface C ‘with boundary 9C, to (X, D), such that f.([Cgl) = O €
H,(X, D) and f*([an]) =y ]Z]>] ,u y; € H{(D,Z). There are no general
theory for open Gromov—Witten invariants, but see [38,50] for mathematical aspects
of defining these invariants in special cases.

The total free energy and partition function of open topological string on X are
defined by as follows

FAD L x g o)=—Y Y gt I (25
i |Aut( )|
§=0 fieP\{0}
X, D) —
x Z K( ) anpu ),
0#0
Z(X’D)(xl, X gg,w) = exp(F(X'D)(x oo X g, ).

We would like to calculate the partition function ZX Dixt, . X gs, w) or the open
Gromov—Witten invariants K ') For compact Calabi—Yau 3-folds, such as the quin-
tic Xs, there are only a few works devoted to the study of its open Gromov—Witten
invariants, for example, a complete calculation of the disk invariants of X5 with bound-
ary in a real Lagrangian was given in [67].

Suppose X is a toric Calabi—Yau 3-fold, and D is a special Lagrangian submanifold
named as Aganagic—Vafa A-brane in the sense of [4,5]. The open string partition
function ZX:P) (x1 , .., X"; gs, w) can be computed by the method of topological vertex
[2,45] or topological recursion developed by Eynard and Orantin [18]. The second
approach was first proposed by Marifio [56], and studied further by Bouchard et al.
[10]; the equivalence of these two methods was proved in [19,20].

The open Gromov—Witten invariants K ;L;’(g,’p) are rational numbers in general. Just
as in the closed string case [23], the open topological strings compute the partition
function of BPS domain walls in a related superstring theory [64]. Ooguri and Vafa

made the prediction that there are integers Nj.; ; (OV invariants) such that
di dj
(X.D) ;1 n u ijarq?r
FEP!, X" g 0) =) Z Z s (%), (26)
d=>1jePm\({ 2

where g = VI8 and g = e,
Cleanly, one can formulate Ooguri—Vafa conjecture by using the Plethystic loga-

rithm Log
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Conjecture 3.1 Let

filg,a) = (" =g V) (Log(z X P (x!, ... X" q,a)),5; ),  (27)

then we have
fila,a) =Y Najja*q® eZ|qt a*3]. 28)
i,j

Remark 3.2 These OV invariants N ; ; were further refined to be the invariants nj; , o
in [46-48]. See [54] for a more recent discussion about the LMOV invariants nj , o.

3.3 Open string model on C3

In this subsection, we focus on the open string model on C3 with Aganagic—Vafa
A-brane D;, where T € Z denotes the framing [4,5]. The topological (open) string
partition function of (C3, D) is given by the Marifio—Vafa formula [57] which was
proved by [53] and [63], respectively:

3
7@ Dy ¢) = Z H.(q; T)s3(X), (29)
reP
and where
(x)/2
. - N o qcn
Hi(g; 1) = (=D""g 2 H hi(x)/2 _ g=hi(x)/2’ G0
XEA q 1

where k; = Zf(:)‘% A — 20 +1).

The partition function Z© Do) (x; q) isin facta certain generating function of terms
which are the coefficients of highest order of a in the corresponding terms appearing in
the open string partition function of the resolved conifold. That is why the parameter

(C.D,

a does not appear in the expression Z )(x; q). We refer to [54] for more details.

Applying the Ooguri—Vafa Conjecture 3.1 to Z (©.Dr) (g5, X), it follows that for any
T € Zand p € P4, we have

F1@) = (@7 —q ) (Log(ZC P (x; g)), 5,0) € ZIg*?1. (31

In particular, if we let x = (x, 0,0, .. .), then

ZC P (g x = (x,0,0,..0) = ¥ Hn(gs D)x"
n>0

_a(r—1)  me=D a2
(=D q 2 2

= " 32
L pi g a gt @

n>0
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and

(_])n(rfl)q—”("{” T+%

X
(1 —g»---(1—¢g"

n

i@ =A@ = (aF — a7 ) W kog | 30
n>0

(33)
Therefore, formula (31) implies that for any t € Z andn € Z>1,
£1(@) € ZIg*21. (34)
Therefore, we formulate the Ooguri—Vafa conjecture for ((C3, D) as follows
Conjecture 3.3 For any t € Z, for a fixed integer n > 1, we have
L@ =Y Nax(@)q? € ZIg*2). (35)

keZ

In other words, for a fixed integer n > 1, there are only finitely many k, such that the
integers N, i (t) are nonzero.

Now identity (33) is equivalent to

;V.

n(n— l)+2 k

(—1)=Dg ™% Nuir(t)g?
Log Z(l—q)(l—qz)-n( n) ZZ )X. (36)

n>0 2

n>0keZ (612 —q 2

By using the properties of plethystic operators introduced in Sect. 2.2, we can write
(32) in the form of infinite product as follows:

n(n 1)

(1 ey Nk,
D (RS T PI) D (¢ -a)

n>0 n>0keZ (612 —q 2

B [~ Y Mg gt

n>0keZ >0
Ny k()
=TT (1-atat )™ on
n>0keZ >0
where we have used the formal series
1 2

—=14+qg+qg +---. (38)
l—g

Remark 3.4 When we write the formula (32) into the form of infinite product, one can
also use the formal series
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2

1
=1 -1 -
e +q  +g¢q

+ee 39)
In order to make the connections to the Rogers—Ramanujan identities, here we need
the infinite product form (37) by using the expansion (38).

In the following two sections, we will show that when 7 € Z and 7 < 0, these
integers N, r(7) can be interpreted as the Betti numbers of certain cohomologies of
quiver varieties, which finishes the proof of Conjecture 3.3 for T < 0. As to the case
of T > 1, we study carefully for the special case of T = 1, and we find that these
integers N, i (1) together with formula (37) give a deformed version of the famous
Rogers—Ramanujan identities (10) and (11).

4 Cohomologies of quiver varieties

Motivated by the previous works in Gauge theory [41,42], Nakajima [61,62] intro-
duced the quiver varieties and illustrated how to use them to construct the geometric
representations of Kac—-Moody algebras. From then on, quiver varieties became to
be the central objects in mathematics, we refer to [40] for the introduction to quiver
varieties. Quiver varieties have a lot of structures and applications, for example, they
can be used to prove the famous Kac’s conjectures [35].

4.1 Kac’s conjecture

We follow the notations in [30,31]. Take a ground field K, denote by I' = (1, Q) a
quiver with I = {1, ..., n} the set of vertices, and 2 the set of edges of I". For y € €,
let h(y), t(y) € I denote the head and tail of y. A representation of I" of dimension
v = {vi}ier € (Z=0)" over K is a collection of K-linear maps ¢, : K"® — K"
for each y € Q that can be identified with matrices by using the canonical base of
K™. A representation is said to be absolutely indecomposable over K, if it is nontrivial
and not isomorphic to a direct sum of two nontrivial representations of I" over K. A
indecomposable representation is said to be absolutely indecomposable over K, if it
is still indecomposable over any extension field of K.

In order to study the representation theory of general quiver I, Kac [35] introduced
Ay(q), the number of isomorphic classes of absolutely indecomposable representa-
tions of I" with dimension v = (vy, ..., v,) over finite field IF,. Following the idea of
[35], Hua firstly computed the Kac polynomial Ay(g) in the following form:

Y A@][r =@-1 (40)

veZl, {0} i=1

(! ) 7 h()y n )
q i
Log Z l_[yeQ l—[ Tiln | ’

ii ( i) .
(rl,..., Th)ePn Hie] q(” ) szl ]_[:‘niln (1 —q j) i=1
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where (, ) is the pairing on partitions defined by

(b, ) =Y min(, jym; Qm (). (41)

ij

Kac [35] proved that Ay (g) has integer coefficients and made two remarkable conjec-
tures:

(1) If " has no edge-loops, then the constant term of Ay (0) is equal to the multiplicity
of the root v in the corresponding Kac—Moody algebra g(I").

(i1) The Kac polynomial Ay(g) has nonnegative coefficients.

Conjecture (i) was proved by Hausel [29] and Conjecture (ii) was completely settled
by Hausel et al. [31] by using the theory of Nakajima quiver varieties and computing
via arithmetic Fourier transform. They introduced the following function which largely
generalizes Hua’s formula (40)

Hx',....x";¢):=(g — 1) (42)

W) 7h(y)
1—[ qu(n’ )y no '
L - i Hi l; )
0g > g PRED Y 1_[ (X5 q)
(l,....am)ePn Hielq l_[kzl Hj:l ( q ) i=1

where I:In,- (x'; g) is the (transformed) Hall-Littlewood polynomial introduced in [21].
For 55 (X) := 5,1 (x') sy (x), we let

HE (q) = (Hx',...,x"; q), sp(X). (43)

4.2 The quiver varieties Oy

Intheir remarkable work [31], Hausel et al. found the geometric interpretation of Hﬁ (9)
by computing, via arithmetic Fourier transform, the dimension of certain cohomologies
of Nakajima quiver varieties. Let us briefly recall the main results in [31].

We denote the space of all the representations of I over K with dimension v by

Repy (I, v) := @) Maty, ,, 1, (K). (44)
YEeR

Let GLy = [];; GL,, (K) and gl, = [;; gl,, (K). The algebraic group GLy acts on
Repy (I, v) as

(& D)y = &uny Py &ue,, (45)

for any ¢ = (gi)ier € GLy, ¢ = (¢y)yeq € Repg (I, v). Since the diagonal center
(Aly,)ier € GLy acts trivially on Repy (I, v), the action reduces to an action of
Gy = GLy/K*.

Let T be the double quiver of I', namely, " has the same vertices as I', but the
set of edges are given by Q := {y, y*|y € Q}, where h(y*) = t(y) and t(y*) =
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h(y). By the trace pairing, we may identify Repy (', v) with the cotangent bundle
T*Repg (T, v). We define the moment map

Uy :RepK(F, V) —> glg (46)
(xy)y€§ = Z[xya Xyx],

yeQ

where g = {(Xdier € glylY_;c; Tr(X;) = 0} is identified with the dual of the
Lie algebra of Gy. It is a Gy-equivariant map. For &€ = (&)ics € K’ such that
E-v=7);&v; =0,then

& ly)ier € gl (47)

For such a £ € K/, the affine variety My 1(£) inherits a Gy-action. The quiver variety
Qy is the affine GIT quotient

1y (€)//Gy. (48)

The (related) quiver varieties were studied by many authors in past two decades, for
example [11,44,61,62].

Let f‘v on vertex set fv be the quiver obtained from (I', v) by adding at each
vertex i € I aleg of length v; — 1 with all the edges oriented towards the vertex i.

Letv € Z[>Vo be the dimension vector with coordinate v; at i € I C Iy and with
coordinates (v; — 1, v; —2, ..., 1) onthe leg attached to the vertex i € I. We let Oy
be the quiver variety attached to the quiver I'y with parameter £ such that £ - ¥ = 0.
Denote by Cy the Cartan matrix of the quiver Ty, then

1.
dy i=1— Evfcvv (49)

equals % dim Qy if Qy is nonempty.

Let Wy (= 8, x --- x §,, be the Weyl group of the group GLy := GL,, x

- x GL,,, it acts on H}(Qy; C) by the work of Nakajima [61,62]. We denote by
Xﬁ = X“l oo x"" Wy — C* the exterior product of the irreducible characters x*
of the symmetric group S, in the notation of [55]. In particular, x W) is the trivial
character and X(lui) is the sign character ¢; : §,; — {£1}.

The main result of [31] is

Theorem 4.1 (Theorem 1.4 and Corollary 1.5 in [31]) We have

HS () = ) (0™ ex™)y.a' ™, (50)

where (p?, exﬁ)wv is the multiplicity of e)(’1 in the representation p* of Wy in

H2 (Qy; C).
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In particular, for it = (1Y) = ((1Y), ..., 1Y) € P", we have

o) = Y dim (2 (@5 €) gl D)
J

4.3 A special case

For the quiver I' = (/, ©2), we attach k; > 1 infinite legs to each vertex i € I of I'.
Letk = (ki,...,k,) € ZZ,. We set all the arrows on the new legs point towards
the vertex. Given a dimension vector v € ZZ \ {0}, one can also construct quiver
varieties similarly including the previous construction as the special case of all k; = 1.
More precisely, let I'(k) be the quiver obtained from (", v) by adding at each vertex
i € I k; infinite legs of the edges all oriented toward the vertex i. Denote by v (k)
the dimension vector with coordinate v; at i € I and with the same coordinates
(vi—1v,—2,...,1,0,0,...) on the k; legs attached to the vertex i € I. Now we
let Q5 ) be the quiver variety associated to quiver I'(Kk).

Corollary 4.2 ([31], Proposition 3.4, by changing g — q~') We have the identity

Ly (v +8(v(K)) n
_ q-? 5(v(K)) v;
(' =DLog| Y = — (-1 VO T, (52)
vezl, [l =)= (=g i=1
n
= > M@ HD YO T rm,
veZ’;o i=1
where
n n
yvK) =Y Q—k)v} =2 vivhe), SOVEK) =D kivi,  (53)
i=1 ye i=1
and (1V®) = ((1k | (15)kn) where 1Y)k denotes that (1V) appears k; times.
By Theorem 4.1, we obtain
: _ . 2j o —
Hw (@) = Y dim (H (Qsg: ©O) g0/, (54)
J

Now, we can finish the proof of Theorem 1.2.

Proof For the framing © € Z<o, we take k = 1 — v € Z>;. Consider the one vertex
quiver I' = e, we construct a new quiver I"(k) with the unique vertex attached with
k infinite legs as shown above. Associate a dimension vector 7 (k) to quiver I (k), we
have the quiver variety Qj ) by the construction showed previously. Now combining
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formulae (53) and (54) together in this special case, by the variable change x = ¢ 127,
we obtain

n(n—1)

2
_l)n(r—l)qu%
12 —1)2 (
@ a7 oe | 2 e S g
n>0

=" Z H g (@) /22 (—1) T Dnyn

n>0

= = 2> dim (HY (Qawy: O ) g 7T (1),

n>0 j

" (55)

Therefore,

. i 1-n 4 4. i _
fiq) == dim (H?%Qﬁu_f);@s")q G DA €10
J

Comparing to Formula (35), we obtain the formulae (7) and (8) in Theorem 1.2.
O

5 Deformed Rogers—Ramanujan identities

In the above section, we have interpreted and proved the integrality of Ooguri—Vafa
invariants N, j(t) for T € Z and t < 0. It is natural to ask how about the case 7 > 1?
As shown in Sect. 3, Conjecture 3.3 leads to the conjectural infinite product formula
37).
In the following, we study carefully for Formula (37) in t = 1. We find that if we let
Nk = (—1)" Ny i, then ny, , will be nonnegative. After some concrete computation
by using Maple 13, we propose

Conjecture 5.1 For a fixed integer m > 1, there exist finite many positive integers

N k, such that

n?

Z 1-q) q (1 —gm) (C]_%x)" _ 1—[ (1 3 q%+1xm>(7l)mnm»k e

n>0 m>1keZ1>0

In particular, when x = q% andx = q %, these integers ny, i together with the formula
(57) yield the two Rogers—Ramanujan identities (10) and (11).

Let us give some numerical checks for Conjecture 5.1. We introduce the polynomial

gn(@) =Y nmiq". (58)

keZ

By using Maple 13, we have computed the polynomial g,,(g) for 1 < m < 18. Here
is a list for them when m < 6:
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gi(g) =1
g(q) =q,
g3(q) = q*,

(@) =4 +4°,
5@ =q"+q*+q"" +4" +4"°,
g6(q)=q7+2q9+q11+3q13 +q15+2q17+q19+q21+q25‘

If weletx = q%, identity (57) becomes

2

q" mtkt1 N\ (D" k
Z(l_q)m(l_qn)zl‘[]‘[]‘[(l_q F) (59)

n>0 m>1k>01>0

— 1_[1_[(1 _ qurl)ni’

i >0

where n; =), ;. 1_o;(=1)" 1y k, our computations imply that

—1, i =5k +1or5k +4, fork >0,
ni =41, i =5k+2o0r5k+5, fork >0,
0, otherwise.

It turns out that formula (59) gives the first Rogers—Ramanujan identity (10).
Similarly, letting x = ¢3, identity (57) becomes

n%4n

q 3tk N\ (=D ik
Z(]_q)...(]—q")zl_[l_[n<l_q #) (60)
n>0 m>1keZ 1>0

=[ITJa-q4""
i 120

where rj = 3, i =0 (— 1"y i, we find that

—1, i =5k+2, fork >0,
ri=31, i=5k+4, fork>0,
0, otherwise.

Hence formula (60) gives the second Rogers—Ramanujan identity (11).

Formula (57) in Conjecture 5.1 is a formula of type “infinite sum = infinite product.”
We expect it could be interpreted by the denominator formula for some kinds of root
system [36].

These conjectural integers n,, ; appearing in Conjecture (5.1) are important.
Although we have not obtained an explicit formula for them, we have an explicit
formula for the value of )", n, x for any m > 1.
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First, recall the definition of flf (g) in (31), we have

1
2@ PI(x; q) = Exp | — > i @su® | (61)

qZ —q 2 MEPJr

By Formula (25) for the case of (C3, D,), the open string free energy is given by

F(C3,Dr)(x) = log Z(CS)DT)(X- q) (62)
((C D) 2g—241(1)
- Ul\ gS pu(x)v
Mzep gz>0 |Am(m| Fue

K«c Do)

‘ m , and where

which is the generating function the Gromov—Witten invariants
q = e'ss.
An explicit expression for K @D ) is obtained in [38] (cf. Formula (15) in [54]).
g4l

In particular, form > 1 and g = O we have

(@D _ (D" <m(r +1) — 1)_

m,0,% Cm?2 m—1 63)

Then, we combine (61) and (62) together, and consider the specialization x =
(x,0,0,...), it follows that

ZZK(@D) 2g m_Z Fg‘ ZZNmk(r)q2x (64)

m>1g>0 d>1 d(qZ —q 2)m>1 k

Taking the coefficients of x™ in (64), and considering the limit g; — 0, we obtain

3. D.)
K .2 Z ZNm/d k(T), (65)
dlm
where we have used
fim Y18 i V=18, _1 (66)
gs_)oq%_qf% gs—0 ngz —e \/78:2 d

Finally, by M&bius inversion formula, we have

0 =Y Nuse) = 3 2 )Kfjc; 77, (67)
k

am ()

where 1t(d) is the M6bius function.
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Therefore, by the expression (65) we obtain

Proposition 5.2 For m > 1, the value f, (1) of (3) at g = 1 is given by

ey L Car(d@+ D=1
fm<1)—m2d2m;u<m/d)( ) ( 4 ) (68)

In the following, we will prove that

Theorem 5.3 Foranym > 1 and t € Z,

1 d -1
D DU I R I (©9)
dim

For © < 0, we have shown the integrality of Ooguri—Vafa invariant N, x(t) in
Theorem 1.2, so we only need to prove Theorem 5.3 for the case of T > 0 in the
following.

In the author’s joint work with Luo [54], we develop a systematic method to deal
with the integrality of BPS numbers from string theory. We can apply our method
directly to prove Theorem 5.3.

We define the following function, for nonnegative integer n and prime number p,

n

. n!
Trm = Uﬁ P pl” 7o
i=1,pti

Lemma 5.4 (cf. Lemma4.6in[54]) For odd prime numbers p ando > 1 orforp =2,
o > 2, we have p*® | fo(p%n) — fp(p*)'. For p =2, =1, 2(2n) = (—1)n/21
(mod 4).

Proof Witha > 2or p > 2, p*~!(p — 1) is even, then

fp(pan) - fp(Pa(Vl - 1))fp(pa)
pO{
== [ @*a=1+iD— fr(p%
i=1,pti

o

p
1
=p = DL "= f (" [ D0 <] (mod p*)

i=1,pti

[p¥/2] 1 1
=p*(n—1)fr(p*“(n — 1) fpr(p") Z <z_ + ) (mod p°%)

i=1.pti P =i
[p*/2] e

== Dfp(p (=D () | Y e —p | =0 (med p*).
i=1,pti
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Thus the first part of Lemma 5.4 is proved by induction. For p = 2, ¢ = 1, the
remain argument is straightforward. O

Lemma 5.5 For prime number p andn = p®a, pta,a > 1,7 >0, p*® divides

(1™ <(t + Dn — 1> 3 (_DT”/I,((I + Dn/p — 1>.
n—1 n/p—1

Proof By a straightforward computation, we have

S G TS L G
)

1 n/p—1
en((@+Dn/p - 1) (fp((f + Dn) r(n=n/ ))
1 L+ om n).
=D ( n/p—1 fp(Tn) fp(n) b a

For p > 2or p =2, > 1, then n — n/p is even, thus (71) is divisible by p>* by
Lemma 5.4. For p =2, = 1, (71) is divisible by 4 if

[#].}.[%]4-[%]—1(1@—%)50 (mod 2)

which depends only on T (mod 2), verify for t € {0, 1} to get the results. O

Now, we can finish the proof of Theorem 5.3.

Proof Form > 1, we write m = p{' p3* -+ p;", where each o; > 1 and py, ..., pr
are r distinct primes.

By the definition of Mobius function, only when m/d = p‘f‘ pgz e pf’ for §; €
{0, 1}, u(m/d) is nonzero and

w(pl py - piy = (~DXim i, 72)

Therefore,

s fdT+1D—1
d%:u(m/d)(—l)( i )

r Dng — 1
— Z (_1)2,-:1 (3,'(_1)1’}’15 <(‘C + )n5 )’ (73)
. ng — 1
Sief0, 1}, 1<i<r
where ng = p‘lj”fé' pgrsz e p‘,”_a’. We need to show for any 1 < i < r, (73) is
divisible by pl.zai . Without loss of generality, we only show that (73) is divisible by

p%a' in the following.
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Indeed, (73) is equal to

Z (_1)52+...+5r <(_1)T"6’ ((T + 1)/18’ - 1)
ng — 1

8;€(0,1},j>2

_(_l)l’ns//pl ((T + 1)”5’/1’1 - 1)) ’ (74)
ng/p1—1
where ny = p{' pgréz .. p%rT = p%q. Therefore, by Lemma 5.5, the formula

(73) is divisible by 17120‘l , hence we complete the proof of Theorem 5.3. O
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