Ramanujan J (2018) 46:863-898 @ CrossMark
htps://doi.org/10.1007/s11139-017-9941-2

On the polynomial Ramanujan sums over finite fields

Zhiyong Zheng!

Received: 22 December 2016 / Accepted: 20 July 2017 / Published online: 20 October 2017
© Springer Science+Business Media, LLC 2017

Abstract The polynomial Ramanujan sum was first introduced by Carlitz (Duke Math
J 14:1105-1120, 1947), and a generalized version by Cohen (Duke Math J 16:85-90,
1949). In this paper, we study the arithmetical and analytic properties of these sums,
deriving various fundamental identities, such as Holder formula, reciprocity formula,
orthogonality relation, and Davenport—Hasse type formula. In particular, we show that
the special Dirichlet series involving the polynomial Ramanujan sums are, indeed, the
entire functions on the whole complex plane, and we also give a square mean values
estimation. The main results of this paper are new appearance to us, which indicate
the particularity of the polynomial Ramanujan sums.
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1 Introduction and results statement

One hundred years ago, Ramanujan was the first to appreciate the importance of the
following exponential sum:
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c(m,n) = Z e<m7d), (1.1)

d=1,
(d,n)=1

where e(x) = ¢2™'*; n and m are positive integers. His interest in this sum originated

in his desire to obtam expression for a variety of well-known arithmetical functions
in the form of a series Zn ayc(m, n); in particular, he obtained some very famous
identities, for example (see [29] and [41])

2_: amm _y, ZC(T)——AW and comom) = Y du ().

n=1 din,d|m

1.2)

where w(n) is the Mobius function; A (n) is the Mangoldt function, and the last equal-

ity is usually said to be the Kluyver’s equality. Following him, many other authors

were also interested in this fascinating sum [6,7,36], especially it makes surprising

appearances in singular series of the Hardy-Littlewood asymptotic formula for War-

ing problems and in the asymptotic formula of Vingradov on sums of three primes.
For details, the reader is referred to [18].

Many mathematicians later tried to generalize this sum to find more and more

applications. One of the most popular generalization was given by Cohen [10-12,14]

(or see [46]) that
" md
ck(m,m)y =" e(n—k) (1.3)

d=1,
(d,n*)=1
where the g.c.d function (a, b); is the greatest common kth power divisors of the
integers a and b. In [10] and [12], Cohen presented an analogue of the Kluyver and
Holder formula for the above generalized Ramanujan sums

n _
cummy = Y d'u(3) = emumg; (), (1.4)
dn,d*|m
where N¥ = L, and ¢ (n) is the Jordan totient function given by the following

(m,n*)
product expression (z is a complex number):

¢.(n) =n* l_[ <1 — i) . (1.5)

z
pln p
p prime

Various other generalizations were discussed in many papers including that of
[3,9,16,32,35,42,50]. Here, we mention another interesting result, namely reciprocity
formula. In [26,27], Johenson showed that

p(m)c(nm*, m)  p(n)c(mn*, n)
m* o n*

) (1.6)
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where 71 denotes the largest square-free divisions of n, and n* = .

In more recent years, people have more and more interests in this sum; it appeared
in various other seemingly unrelated problems. In Algebra, Ramanujan sums as the
super characters exhibit a new application of the theory of super characters [20],
which recently developed by Diaconis—Issacs and Andre’ [15], and Ramanujan sums
in arithmetical semigroup [22]. In number theory, Ramanujan sums appeared in the
study of Waring type formula [30], the distribution of rational numbers in short interval
[28], equirepartition modulo odd integers [5], the distribution of average of Ramanujan
sums [1,2,8,21,34,37,44,49], graph theory [17], symmetry classes of tensors [47],
combinatorics [43], cyclotomic polynomials [19,33,48], and Mahler matrices [31]. In
physics, Ramanujan sums have applications in the processing of low-frequency noise
[39], and of long-period sequences [40], and in the study of quantum phase locking
[38].

The main purpose of this paper is to generalize the Ramanujan sums to the polyno-
mial case, and discuss various analogue properties of the classical case. The polynomial
Ramanujan sum was first introduced by Carlitz [ 7], and a generalized version by Cohen
[10]. To state their definition, let F, be a finite field with g = p! elements, where p
is a prime number; [, [x] be the polynomial ring. Suppose H is a fixed polynomial in
F,[x],and H # 0, we first choose a complex-valued character of the additive group of
the residue class ring IF, [x]/(H ); these characters are said to be the additive characters
modulo H onFy[x]. If Aisin Fy[x], let A = Am_1x" "1 4+ ...+ ajx +ag (mod H),
where m = deg(H ), we set an additive function modulo H on F,[x] by t(A) = a;,—1.
Then, forany A and BinF,[x], wehave t(A+ B) = t(A)+1(B),and t (A) = t(B) if
A = B (mod H), in particular, # (A) = 0 whenever H|A. To generalize this ¢-function
modulo H, for any given polynomial G in IF,[x], we let tG(A) = t(GA). Clearly, ¢t
is also an additive function modulo H, that is

t¢(A+ B) =tg(A) +tg(B) and ig(A)=tg(B)if A= B (modH). (1.7)
Next, let A be a fixed non-principal character on F,, for example, one may choose
ra) = e(™@) for a € F,, where tr(a) is the trace map from I, to F,. We define a
complex—vafued function E(G, H) on F,[x] by
E(G, H)(A) = A(1G(A)). (1.8)
It is easy to see that £(G, H) is an additive character modulo H on F,[x], and

E(G,H)(A) = E(A, H)(G). (1.9

The polynomial Ramanujan sum modulo H on I, [x] is given by (see Carlitz [7, 4.1])

n(G, H) = Z E(G, H)(D), (1.10)

Dmod H,
(D,H)=1
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866 Z. Zheng

where the summation extends over a complete residue system modulo H in [Fy[x].
If K > 1 is a fixed integer, the generalized version of Cohen (see [10, 3.3]) is the
following:

(G H)y= > E(G, HD), (1.11)

D mod HF,
(D,H*) =1

where the summation ranges over a complete residue system modulo H* in F,[x], and
the g.c.d. function (A, B); denotes the largest kth power common divisor (monic) of
the polynomials A and B in[F,;[x]. We set (A, B); = (A, B) the usual g.c.d. function.
If Dmod H* with (D, H*); = 1, which is said to be a k-reduced residue system
modulo H according to Cohen [11,12]. Clearly, n1(G, H) = n(G, H).

By the above notations, it is easy to verify (see [10, (3.4) and (3.5)]) that

m(G1, H) = ni(Ga, H), if G = G2 (mod H"), (1.12)
(G, HHHy) = ni (G, H1)nk (G, Hp), if (Hy, Hp) =1, (1.13)
and
WG W= Y |Dku (5) (1.14)
’ D 9 .
D|H,DK|G

where and later, (H) is the Mobius function on Fy [x], |D| = qdeg(D ) is the absolute
value function on IF; [x], and D|H means D is a monic divisor of H, and > p|g Means
D extending over all of monic divisors of H.

We note that the additive characters E(G, H) given by (1.8) are, indeed, all of
the additive characters ¢ modulo H; in other words, for any additive character
modulo H, there exists a unique polynomial G in F,[x], such that v = E(G, H),
and deg(G) < deg(H) (See Lemma 2.1). Therefore, the polynomial Ramanujan
sums n(G, H) and n; (G, H) coincide with the classical sums c(m, n) and ¢y (m, n)
respectively.

The first result of this paper is to derive an analogue of Holder formula for the
polynomial sums. There is no essential difficulty to do this, but we make use of a
simpler method to show (see Theorem 2.1) that

(G, H) =¢(H) ( i )1( d )
n(G,H) =¢(H)u G. B ¢ G.m)
and (G, H) = ¢p (H)u(N)p; ' (N), (1.15)

where ¢ (H) is the Euler totient function, and ¢ (H) is the Jordan totient function
onIF,[x], and N k— % As we know, in the classical case, the proof of (1.4) by
Cohen is more complicated (see Theorem 1 of [12]).

The second result is to present an analogue of the reciprocity formula for the poly-
nomial Ramanujan sums (see Theorem 3.1). Let H be the largest square-free divisor

of H,and H* = % then we have
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On the polynomial Ramanujan sums over finite fields 867

w(H)n(GH*, H) _ 1(G)n(HG*, G)
|H*| |G*|

(1.16)

The generalized sums 7, (G, H) seemingly cannot share this kind of formula when
k > 1; however, we derive the second reciprocity formula for 1 (G, H) (see Theo-
rem 3.3): if D’le and D’2‘|H, then

o (2 Dy) = geonm (2D (1.17)
k 277k DIZ{’I_k 177k le’z. .

The importance of (1.17) lies in the fact that it is equivalent to the Holder formula
(1.15), and plays a role in the proof of the orthogonal relation formula (4.13).

The main results of this paper are the following theorems on the special Dirich-
let series involving in the polynomial Ramanujan sums. Let A be the set of monic
polynomials of I, [x]. We define

G, H
(s, G) =Y ”"(HS ) ZA(n)q_”s (1.18)
HeA | |
and
G H +o00
wls, H) =Y "k(GA ) =" By ™, (1.18)
GeA | | n=0

where s = ¢ + it is a complex number, and

Amy= Y m(G H), Bm= Y (G, H).

HeA GeA
deg(H)=n deg(G)=n

The last two infinite series in (1.18) and (1.18) are the definitions of 8 (s, G) and
7« (s, H), which tell us how to understand the special Dirichlet series in the middle of
(1.18) and (1.18). We show that

Theorem 1.1 If G # 0, then 8 (s, G) is an entire function on the whole complex
plane, and we have

B(s. G) = (1—¢'™) Y DI, (1.19)
DK|G
In particular, we have
G, H
(1,6 =Y G H) (1.20)
HeA |H|

Furthermore, for any real numbers c and T > 0, we also have the following square
mean value estimation:
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868 Z. Zheng

1 T
— | 1skc+it, G)Pdr = (1 + qz(l_c))ao(Z(k —0),G)
2T | 7
1
—2¢" %612k —¢),G) + O <?) (1.21)
where (x is a real number)
oG = Y  IDiI', and o1(x,G) = > Dy ¥,
DpkG.DAIG teN i ite
deg(Dj)=deg(D>) deg(Dj)=deg(D;)+1
(1.22)

and the constant implied by “O” depends on q, G, and c only.

If G = 0, then E(G, Hk) is the principal additive character modulo H k and
(G, H) = ¢ (H) by (1.11). It is easy to see that

8k (s, G) = ¢ ' (s)eals — k), if Re(s) > k + 1, (1.23)

where ¢ is the zeta function on F,[x] given by

1
tals) =y (1.24)

[H|s
HeA

It is well known (see [45, Chap. 2]) that

tals) = (1 _q1_5>71’ if Re(s) > 1. (1.25)

Therefore, n (s, G) has a simple pole s = k + 1 with residue ats = k+1,

1
¢ak+1)logg
when G = 0.

Theorem 1.2 If H is a positive degree polynomial in I, [x], then Ty (s, H) is an entire
function on the whole complex plane, and we have

T (s, H) = (1 — ¢ ™) 15y (H), (1.26)

where ¢y(1—s)(H) is the generalized Jordan totient function given by

1
¢:(H)=H ] (1_|P|z)' (1.27)

P|H
P irreducible

Especially, if s = 1, we have

G.H kA(H
w(, H) =) ”"(|G| ) _ _ 10;1)’ (1.28)
GeA
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On the polynomial Ramanujan sums over finite fields 869

where A(H) is the Mangoldt function on IF4[x]. Moreover, for any real numbers ¢ and
T withc # 1and T > 0, we have

T
— T i1, H)[2dr =|1 — ¢>0-9|™!
T 7T| i (c+it, H)| [1—¢q !

H H 5
x ) — — ) 1Dy 2079
M(Dl)M<D2>| !
Dy|H,Dy|H
deg(Dy)=deg(D>)

+ 2|1 _ q2(1—c)|—l

H H
X — [—
Z " (Dl) o <D2>
D||H,Dy|H
deg(D1)>deg(D2)

‘ 1
x | Dy |*FFDU=9) py|2=h=0) 1 o (7> . (1.29)

where the constant implied by “O” depends on q, H, and c only.

If deg(H) = 0, then nx (G, H) = 1 for any G in [F;[x], it follows that 7z (s, H) =
Za(s), which has a simple pole s = 1 with residue lo; ats = 1. If ¢ = 1, the square
mean value estimation is more complicated, and we will present it in another place.

The polynomial Ramanujan sum 7 (G, H) in fact is a special type of Gauss sum
on Fy[x]. In [51], we presented an analogue of Davenport-Hasse’s theorem for the
polynomial Gauss sums (see [S1, Theorem 1.3]). In the last section of this paper, we
show that the generalized polynomial Ramanujan sums 7, (G, H) also share this kind
of Davenport—Hasse’s formula (see Theorem 7.1).

Throughout this paper, P denotes an irreducible polynomial in Fy [x], D|H means
that D is a monic divisor of H; }_p, ; means D extending over all of monic divisors

of H, and |H| = ¢%€) s the absolute value function on F,[x].

2 Preliminaries

We start this section by determining the construction of the additive character group
modulo H on Fy[x] via E(G, H).

Lemma 2.1 For any v, an additive character modulo H on [Fy[x], there exists a
unique polynomial G in F,[x] such that y = E(G, H), and deg(G) < deg(H).

Proof For the sake of convenience, we write ¢ = E(G, H). By (1.8), we have
Y6, = VaG,, if G| = G2 (mod H), and hence we may set G in a complete residue
system modulo H in F,[x], so that deg(G) < deg(H ). Moreover, we have

V6 +G, = V6, - Y6, and Vg =Yg, 2.1

where ¢ is the usual conjugation of a complex number V. Since ¥ = Vo, the
principal additive character modulo H, if G = 0, or H|G. Conversely, we have
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870 Z. Zheng

Y = Yo if and only if H|G. To show that statement, we see that A is a non-principal
additive character on [F, by assumption, then there is an element a in F,, so that
ra) #1.If H G, welet

R= (G, H)=x"+a_1x*+ - +aix +ag € Fylx], (2.2)

where 0 < k <m — 1, and m = deg(H). It follows that

ax" VKR =ax" 4.

We note the following congruent equation in variable T that

GT = ax" ' ¥R (mod H) (2.3)

is solvable in I, [x]; therefore, there exists a polynomial A in IF, [x] such that

GA=ax"""+.... (mod H), (2.4)

and 1G(A) = t(GA) = a, s0 YG(A) = A(tg(A)) = A(a) # 1, and ¥ # Yo. By
(2.1), we have immediately

VG, #VG,, G # Ga(mod H) 2.5

because if ¥, = ¥, then ¥G,—G, = Yo, and G; = G, (mod H). This shows that
Y are different from each other when G running through a complete residue system
of modulo H. Hence, there are exactly |H| = ¢™ different characters v, but the
number of additive characters modulo A on [F,[x] is exactly g™, thus every character
Y is just of the form . We complete the proof of Lemma 2.1. O

Next two lemmas are not new; one may find them in Carlitz [7] (see [7, (2.4), (2.5),
and (2.6)]), but we give a more explicit expression here.

Lemma 2.2 If A is a monic polynomial in Fy[x], then we have
E(GA,HA) = E(G, H). (2.6)
Proof For any B € F [x], let
GB=au_1x" "+ +ax+ap (mod H),
then
AGB = A(ay_1x" " + -+ + ag) (mod AH).

Because A is a monic polynomial, we see that the function 7G4 modulo H A just is
the function 7 modulo H. It follows that

E(GA,HA)(B) = AMtg(B)) = E(G, H)(B), 2.7

and the lemma follows immediately. O
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On the polynomial Ramanujan sums over finite fields 871

Lemma 2.3 Suppose A € F,[x], then we have

__ ) IHI, ifHIA,
Z E(G,H)(A) = {0, otherwise, @9
Gmod H

where the summation extends over a complete residue system modulo H.

Proof By Lemma 2.1, it just is the orthogonal relation formula; we have the lemma
at once. O

The following lemma is a more complicated orthogonal relation, which will be used
in the next section.

Lemma 24 [f D||H, D;|H, (X, D’l‘)k =1, and (Y, Dlz‘)k =1, where X and Y are
two polynomials in Fy[x] with deg(X) < kdeg(D1) and deg(Y) < kdeg(Dy), then
we have

Y. EX, D) AE(Y, D5)(B)
A+B=G (mod H¥)
_ { |H*E(X, D", if X =Y,D; =D, =D,

—]o, otherwise, (2.9)

where the summation ranges over a complete residue system modulo H*.

Proof We first note that E(G, H) = E(G,a~' H), where a is the leading coefficient
of H. Without loss of generality, we may suppose that H is a monic polynomial, and
write D1R; = H, DR, = H,and B = G — A (mod H¥), then the left side of (2.9)
is (see (1.9)) that

Z E(X, DY)(A)E(Y, D5)(G — A)

Amod H*¥

= E(Y, D5)(G) Z E(XRY, H*)(A)E(Y RS, H*)(—A)
Amod H*

= E(Y, DY) Z E(A, H*)(XRY — YRS). (2.10)
Amod H¥

By Lemma 2.3, the inner sum in the above equality is zero, if X R]f -Y Rlz‘ e
0 (mod H*), and |H|*, if XRY = YRS (mod H*). Since deg(X) < kdeg(D;) and
deg(Y) < kdeg(D,), wehave X RY = Y RY,if XRY = Y R} (mod H*). It follows that
XDX = YD¥ and Dy = Dy, X = Y, since (X, DY), = (¥, D%)x = 1. We complete
the proof of this lemma. O

Remark 2.1 According to Definition 3.3 of [24], we may give a modern way to
approach the additive characters modulo H on F,[x] (see (1.8)). Let K = F,(x)
be the field of rational functions over I, and K+, be the completion of K with respect
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872 Z. Zheng

to the infinite place. Then every o € K, can be expressed in a unique way in Laurent
series of the form

1\
a:Zai<;), neZ, a €F; and a, #0.

i=n

Let reso (@) = a1, which is said to be the residue of « at the infinite place. Let H be
a fixed polynomial in F,[x], H # 0, and G be in F;[x] with deg(G) < deg(H). We
may define an additive character E(G, H) on K by (see also Sect. 3 of [25])

E(G,H)(a) =A (resOQ (%)) ,

where K is the additive group of the local field K, and A is a fixed non-principal
character on IF; as before. It is easy to see that the restriction of E(G, H) on F,[x]is
an additive character modulo H on F;[x]. By this definition, we see that Lemma 2.2
is trivial.

Next, we give a simple proof of (1.14) and (1.15). In order to prove the Kluyver
and Holder’s formula in the polynomial case, we first make some slight modification
of the Mobius inversion formula on [ [x].

Definition 2.1 A non-zero mapping § from F,[x] to the complex plane is said to be
an arithmetical function on Fy [x], if §(aA) = 6(A) forany a € Ffl and A € IF,[x]. It
is said to be a multiplicative function, if §(AB) = §(A) - §(B), whenever (A, B) = 1,
and a complex multiplicative function, if §(AB) = §(A) - §(B) forany A, B in[F,[x].

We start with the following a few important examples of the arithmetical functions
on I, [x].
Mbobius function (H): Let £ (0) = 0, and

1, if H € F},
w(H) =10, if there exists a P such that P?|H, (2.11)
(=), if H= P\ Py--- P, where P; are different.

It is easy to see that w(H) is a multiplicative function on [, [x]. Moreover, we have
the following identities that

|1, if deg(H) =0,
;;M(D)_{O» if deg(H) > 1, (2.12)

and

1, if D is kth power divisors-free,
Z w(D) = { p (2.13)

0, otherwise.
Dk H

Euler totient function ¢ (H): If H # 0, we define ¢ (H) to be the number of
polynomials of degree less than deg(H) that are coprime to H, and ¢ (0) = 0.
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On the polynomial Ramanujan sums over finite fields 873

Jordan totient function ¢y (H): If H # 0, ¢x(H) is the number of polynomials
of degree less than k - deg(H ) that have no common kth power divisors other than one
with H*.

Clearly, ¢1(H) = ¢(H), and ¢ (H) is a multiplicative function on Fy[x]. The
following equalities are easy to verify:

Y #(D)=|H| and Y (D) =|H|". (2.14)

DIH DIH

Mangoldt function A(H): We define the Mangoldt function A(H) on [F,[x] by

_ | log|P|,if H=P',t > 1,
A = {0, otherwise. (2.15)
It is easy to see that
3" A(D) =log D). 016
D|H

Lemma 2.5 (Mobius Inversion Formula) If A(H) and §(H) are two arithmetical
functions on Fy[x], then

A(H) = Z 8(D), forall H#0, (2.17)
D|H
if and only if
H
S(H) = u(D)A <E> . forallH #0. (2.18)
D|H

Proof The proof is similar to the classical case; from (2.12), we have the lemma
immediately. O

As a direct consequence of Lemma 2.5, from (2.14) and (2.16), we have

¢(H) = ZM(D)‘—‘ |H|]"[( |P|> (2.19)

DIH P|H

¢k (H) = =[H"]] ( | P|k) (2.20)

D|H P|H

and "
A(H) = Zlog|D| - (B)' (2.21)

D|H

We give a simple proof of (1.14) and (1.15) now. The method here is an analogue
of Anderson and Apostol [3], or see Apostol [4].
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874 Z. Zheng

Lemma 2.6 (Kluyver’s formula) Let nx (G, H) be the polynomial Ramanujan sums
given by (1.11), and H # O, then we have

wG.m= ¥ nla(y). 222)

D|H,Dk|G
Proof By (2.13), we have
m(G, H)y= Y EGHY®R) Y D)

R mod H¥ DF|(R,H*)i
=Y wD) Y EG HR
D|H Rmod H¥
DKIR
=D ud) Y ER HHG). (2:23)
DIH Rmod H*
DKIR

We write R = A - D, and note that E(R, Hk) = E(A, (%)k) by Lemma 2.2. It
follows that

H k
(G, H)=Y uD) Y E(A, (5) )(G)
k

PIH moa(8)
H

=) (5) Y. E(A.DHG)
D|H Amod D¥

= Z ( ) |DI¥. (2.24)
DIH
DG

We complete the proof of Lemma 2.6. O

Theorem 2.1 (Holder formula) For any G and H in Fy[x] and H # 0, we have
Hk

(G, H) = e (H)n(N)p ' (N),  where N* = G

(2.25)

Proof Let (G, H*); = A*, then D|H and D¥|G if and only if D|A. Let N = X then
by Lemma 2.6, we have

(G, H) = Z|D|u< )

DI|A D\A
=u(N) )
D|A
(D,N)=1
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On the polynomial Ramanujan sums over finite fields 875

=uMW)lAF [Ta—=1P17

P|A

PN
~wMIAF T pjan@ = IPI7H
B HP|N(1_|P|_k)

CHMIH [T (1= P75
N[y = 1PI75)
=g (H)(N)g ' (N), (2.26)

where N¥ = Z—: = ﬁ We complete the proof of Theorem 2.1. O

By (2.25), (1.15) and (1.14) follow immediately; in particular, we have
(G, H) = ¢r(H) if H|G, (2.27)

and
(G, H) = n(H) if (G, HY ), = 1. (2.28)

3 Reciprocity formula

In this section, we give two reciprocity formulas for the polynomial Ramanujan sums.
We start with the following lemmas.

Lemma 3.1 Let n(G, H) be the polynomial Ramanujan sum given by (1.10), and
H be a square-free polynomial, then w(H)n(G, H) is a multiplicative function in
variable G.

Proof Let f(G) = w(H)n(G,H), H = P1P,---P,, and G = G| - G,, where
(G1,G2) = 1. We set
G . Hy=[[P. Gi.E=]]P. GrH=]]P. 3.1)

iey i€y IS%)

where y1 Uy =y C {1,2,...,n},and y1 Ny, is an empty set. Then by the Holder
formula (2.25) (k = 1), we have

G =) [T o P, (32)
iey
£(G) =)y [T op, 33)
i€y
and
f(G) = (=D H) [T o). (34
i€y2
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Since |y1| + |2 = Iyl and p?(H) = p*(H), then f(G) = f(G1) - f(G2), and the
lemma follows. O

Lemma 3.2 If H is square-free, then we have

w(H)N(G, Hy= > |D|u(D). (3.5
DI(G.H)

Proof Since the both sides of (3.5) are multiplicative in G, it suffices to prove that
when G = P*.Let H = P{Py--- P,.If P # P;, 1 < j < n, then the both sides of
(3.5) are one, so we may let P = P;. It follows that

u(H)N(G, H) = —* (H)$(Pj) = 1 — | P}, (3.6)
and
Y D) =1~1Pjl. 3.7)
D|(G,H)
The lemma follows at once. O

We note that the sum in (3.5) is symmetric in G and H, and hence as a direct
consequence of Lemma 3.2, we have

Corollary 3.1 Suppose that both G and H are square-free, then
u(H)n(G, H) = n(G)n(H, G). (3-8)

Theorem 3.1 (The first reciprocity formula) Let H be the largest square-free divisor
of H, and H* = % then

pH)N(GH*, H) _ p(GIn(HG*, G)

|H*| |G*| G2
Proof 1t is easy to verify the observation of Hardy that
n(G,H)=0if H*{ G and ¢(H) = |H*|¢(H). (3.10)
In order to prove (3.9), we first show that
n(GH*, H) = |H*|n(G, H). (3.11)

By (2.25)(k = 1), one has

o =00 13)9” )
n( s —¢()Mm¢ m

= |H*|$ () ( a )qu( 1 )
N H” (G, H) (G, H)
= |H*|n(G, H),
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and (3.11) follows. We note that n(G, H) = n(G, H); it follows by Corollary 3.1 that

w(H)yn(GH*, H)

= w(H)n(G, H) = u(H)n(G, H)

| H*|
= w(G)n(H, G) = u(G)n(H, G)
_ W(G)n(HG*, G)
|G|
We complete the proof of Theorem 3.1. O

The next reciprocity property first appeared in [20, Theorem 3.8] in the rational
case, and here, we present an analogue in the polynomial case.

Theorem 3.2 (The second reciprocity formula) If D1|H, and D>|H, then we have

o0 (L. 01) = poom (2. D,). (3.12)
<D2 ) (Dl )

Proof By (2.25), then

H D —1 D,
n D_,Dl =¢(Dpn TH N\ ¢ TN (3.13)
and
H D, -1 D;
(5 D2) = @ou | = o7 | 7 |- (3.14)
: (#02) (- 12)
We write D = D D, then
Dy D D>
H - (H, D) T (H ’ (3.15)
(:01) P (5 p2)
and the theorem follows at once. O

The importance of (3.12) lies in the fact that it is equivalent to the Holder formula
(2.25) (k = 1). If we take Dy = H, and D, = ﬁ in (3.12), and note that
n(G, H) =n((G, H), H), (3.16)

and n(1, H) = n(H), then

(G, H) = ¢ (H) ( " )‘1( H ) 3.17)
G H)=¢Hur\ == ) \Gm) :

which is the Holder formula of n(G, H).
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The generalized polynomial Ramanujan sum n; (G, H) seemingly cannot share the
first reciprocity formula when k > 1, since G and H are not symmetric in a generalized
version of (3.5). But, indeed, nx (G, H) shares the second reciprocity formula.

Theorem 3.3 If D’l‘ |H and D’z‘ |H, then

H H
i (D) | —» D1 ) = oDk | —. D2 ). (3.18)
D; D;
Proof By (2.25), we have
H 1
e\ or Dy ) = d(D)R(ND; (N1) (3.19)
2
and
H —1
| o> P2 ) = dk(D2)uN2)y—(N2), (3.20)
1
k Dy D
where N| = (H D") and N& = T
1

We write D = D D;, then

Dk
Y —— Y/ (3.21)
1 % 2- .
(H, D)
It follows that N; = N, and we have Theorem 3.3. O

Asthe case of k = 1, (3.18) is equivalent to (2.25). If we replace H by H¥in (3.18),
then if D{|H and D;|H, we have

Hk Hk
dr(D2)ng (ﬁ’ D1> = ¢ (D) (ﬁ’ Dz) . (3.22)

2 1

As an analogue of the above equality in the rational case, one may see Lemma 1 of
[12]. Taking Dy = H, and D, = &, where A% = (G, H"); in (3.22), we note that

n(G, H) = mi(A*, H) and  ni(1, H) = u(H). (3.23)

It follows that
(G, H) = gp(H)n(N)g; ' (N,
where N = £ and N* = Ak = % we have (2.25) at once.
To make apphcatlons of the first reciprocity formula, one may follow Johnson
[26] to consider the C-series representations and the C’-series representation for the

arithmetical function on F,[x], and show that the two classes of representation are
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equivalent under certain conditions. Here we consider a special Dirichlet series and
derive its values by using Theorem 3.1. We set

n(G, H)
o(s, Hy= ) T (3.24)
GeA
G square-free

where A is the set of monic polynomials of Iy [x], and s is a complex variable. If H
is square-free, and Re(s) > 1, we have the following formula:

—|P|+|P|®

uw(H)o (s, H) = ¢a(s)E, (25)1_[ 1+|PJ

P|H

, (3.25)

where ¢4 (s) is the zeta function on F,[x] given by (1.24). If Re(s) > 1, then £ (s)
has the following Euler product formula:

()= [Ja—-1pH" (3.26)

PeA

To prove (3.25), by (3.8), we have

Z n(G)n(H, G)

H(H)o (s, H) = G

, (3.27)

GeA,
G square-free

where f(G) = u(G)n(H, G) is a multiplicative function in G, so we may make use
of Euler product and obtain that

w(Hyo (s, H) = || <1 UG P)>.

[P
PeA

It is easy to see that n(H, P) = w(P),if P { H,and n(H, P) = ¢(P), if P|H. Then,
we have

1 p(P)
H ,H) = 1—
pba . = 11 ( |P|S>H,( W)

PeA,
PYH
_ 1 —|P|+|PI
1
= 2 _—,
ca()2; " (25) P||H| RV

which is (3.25).
An application of the second reciprocity formula appears in the next section (See
Lemma 4.4).
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4 Orthogonality relation

In this section, we derive some more complicated orthogonal formula and a number
of corollaries for the polynomial Ramanujan sums. In the rational case, one may find
the analogues in Cohen [11,12]. We begin by proving

Lemma 4.1 If D1|H and D>|H, then for any G in F4[x], we have
|H|m(G, D), if Dy =Dy =D,

Y. m(A DOn(B, Dy) = { 0 otherwise,
A+B=G (mod H)

4.1
where the summation extends over a complete residue system modulo H*.

Proof By Lemma 2.4, the left-hand side of (4.1) is
ooy > E(A, DY) (X)E(B, DY) (Y)
(X, D¥)e=1 (v, D%)p=1 A+B=G (mod H¥)
=|H* Y EX DYG)=IH|n(G. D), (42)
(X.Db)=1
if D1 = Dy = D. Otherwise it is zero. We have the lemma immediately. O

Definition 4.1 A k-reduced residue system modulo H is that D ranges over modulo
HF such that (D, H*); = 1.

Lemma 4.2 A complete residue system modulo H* is given by A = R(%)k, where
D ranges over the divisors of H, and for each D, R ranges over a k-reduced residue
system modulo D.

Proof See Cohen [13, Lemma 4]. O

The next lemma is a more generalized form of the second reciprocity formula of
(G, H).

Lemma 4.3 IfD]f|H, and D]2‘|H, then for any R in F,[x], we have

RH RH
Gk (D2)ni o Dy | = i (D)nk o Dy . (4.3)
2 1
Proof It follows directly from Theorem 3.3. O

If we replace H by H¥ in the above equality, then we have the following corollary.

Corollary 4.1 If Di|H, and D;|H, then for any polynomial R in F,[x] we have
(comparing with [12, Lemma 1]) that

H\* H\*
Or (D2)ny (R <32> ,D1> = ¢r(D1)n (R <E) ,D2> . 4.4
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Lemma 4.4 If D|H, D|H, and R € F[x] such that (R, D¥), = 1, then we have

m (R (%)k,m) = m ((%)k,pl). @5)

Proof By (4.3), then

H\* _ ¢(D) H\*
" (R(B) ’Dl)—m”k <R<D_1) ) o

Because of (R, DF); = 1, itis easy to see by (2.25) that

e (R (Dﬁ])k,n> — 0 ((Dﬁ])k,z)). @.7)

By (4.3) once again, we have

H\* dr(D) (H)k
— | ,D]| = — ,D; ), 4.8
M <<D1) ) ¢k(D1)nk< D ! “48)

and the lemma follows at once. O

Now we state and prove the main result of this section.

Theorem 4.1 If D||H, and D,|H, then

ZAY LAY |H|*, if D1 = D,
DXI:-I " ((5> ’Dl) b ((D_2> ’D> - {0, otherwise. (4.9)

Proof By Lemma 4.2, Amod H* is given by A = R(%)k, where D ranges over the
divisors of H, and for each D, R ranges over a k-reduced residue system modulo D.
Therefore, by (4.5), the left side of (4.1) may be written as

> m(A, DOM(G — A, Dy)

Amod H*
H\* H\*
=D m ((5> ,Dl) doom (G—R<5> ,Dz). (4.10)
D|H

R mod D
(R, D*)=1

We consider the inner sum of the right side of (4.10) separately, and denote this
sum by S, then
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H k
S = Z Z (G—R<B> ,D’z‘)(A)
Rmod D* - Amod Dj
(R,D*)= l(ADk)k 1

k
= Y EG.DH4A) > E(—A(%) ,D§>(R). (4.11)

Amod D} Rmod D
(A, D=1 (R,D%)=1

We write D, - B = H, by (2.6) of Lemma 2.2, then

k k
E(—A (£> D5 =E <—A <£> Bk, Hk>
D D
H k
=E <—A (-) ; Dk> . (4.12)
D,

It follows that

k
S= Y E@G.DHMA) Y E(—A(%) ,Dk)(R)

Amod DX Rmod D*
(A.D3=1 (R, D=1

H k
k
= > E(G,Dz)(A)nk(—A(D—) ,D>
Amod DX :
(A, D5)=1

= Y EG. Dz)(A)Uk( )
AmodD2
(A, Dy)=1

= nk(G, D2)ni ( (4.13)

By Lemma 4.1 and (4.10), we have

g (8). ) ((2)

_ { |H [ (G, D), if Dy = Dy = D,

0, otherwise. (@.14)
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If we take G = 0 in the above equality, and note that n; (0, D>) = ¢x(D2) (see
(2.27)), then nx (0, D>) # 0, and we have

DXU;IW <<B) ’D1> T <<D_2) ’D) - {0, otherwise.

(4.15)
We complete the proof of Theorem 4.1. O

Next, we deduce a number of the arithmetical relations, most of which are the
straightforward consequences of (4.1) and (4.9).

Corollary 4.2
|1, if deg(H) =0,
> m(G.H)= {07 i dea(E) > 1. (4.16)
G mod Hk
Proof Let D1 = H, and D> = 1 in (4.1), and we have this corollary at once. O
Corollary 4.3
[ IHI*, if G =0 (mod H"),
Z (G, D) = {O, otherwise. @.17)
D|H
Proof Taking D1 = 1 in Theorem 4.1, we have (4.17) immediately. O
Corollary 4.4
H\* HI* (G H ) = 1,
Z Mk ((B) ’ H) (G, D) = {O, otherwise. @.18)
D|H
Proof Let D1 = H in (4.9), and by (4.5) we have this corollary. O
Corollary 4.5 If D{|H, then we have
k .
H _|1H*if Dy =1,
DXI; Mk ((B) ’ Dl) P (D) = { 0, otherwise. (4.19)

Proof If we take D> = 1 in (4.9), and note that n; (H*, D) = ¢ (D), then (4.19)
follows immediately. O

Using (4.3) with R = 1, we may reformulate Theorem 4.1 as follows.

Corollary 4.6 If D||H and D>|H, then

1 H\* H\* AHE e D, — D
) ik (—) D | n (—) D) =] a0y ¥Pr=D1=D,
DIH (D) D, Dy 0, otherwise.

(4.20)
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In particular, for any D|H, we have

> <£>k p) = It @.21)
D) " \\Dy) 7] T D1y ‘

D|H

If we make use of the Holder formula in the above equality, it yields

Corollary 4.7 If D1 D} = H, then

u(N) N> HF
> ¢k(D)(¢ (N)) = oD’ (4.22)
DI k k(D1
N(D},D)=D
The special cases of D; = 1 and D1y = H lead to the following corollaries,
respectively
Corollary 4.8 (see (2.14))
> (D) = |H[F (4.23)
D|H
and
Corollary 4.9
D H|
> o _ at 2
DI ér(D) ¢k (H)

In fact, we have the following more generalized conclusions.

Lemma 4.5 If R|H, then we have

(D) _ (R |H [*
or(R, H) = —_— == . 4.25
(1D DZH oc(D) ~ ¢u(H) | R 429
(D.R)=1
Proof The left side of (4.25) has the following product expression:
an(R. H) =[] <1+L>
e LU oep)
pl
PR
1 1!
=[](1+ ) I1 (1 + )
p|H( o(P)) p i\ ou(P)
_n® |H[*
¢k(H) [R| "’
and the lemma follows. O
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Next, we generalize the Jordan totient function ¢x(H) to ¢s(H), where s is a
complex number variable. We define (see (1.5) in the rational case)

¢s(H) =Y |DI'n (%) = |H|' 1"[( W). (4.26)

D|H P|H

Lemma 4.6 [fs is an arbitrary complex number, then

H k
> m ((5) ,H) i (D) = | H | dp1—) (H). (4.27)

D|H

Proof By (2.25) and (4.26), we have

H\* (D)
Zm((B) ,H> s (D) = i (H) ) D) P (D)

D|H D|H
N u(D) ks 2
—¢k<H>DX“;—¢k(D)§|R| u<R>
12 (E)|RI* u(R)
= ¢ (H) —
DX“;IR;D ok (R)Pr(E)
(R,E)=
|RI* ju(R) |1(E)|
-t )R,ZH $i(R) 2,; $i(E)
E|%
(E,R)=1
= [H[* dr—s) (H), (4.28)
and the lemma follows. 0O

We may obtain more orthogonal relation formulas from (4.1) and (4.9). For exam-
ple, if we take G = 0 in (4.1), and note that i (— B, D2) = nx (B, D»), if follows that

Corollary 4.10 [f D1|H and D;|H, then

_ [ IH*¢(D), if Dy = D, =D,
) Zde (A, DD)ni(A, Dy) = {0’ S (4.29)
mo-
In particular, if D|H, then
Y. m(A, D) = |H|* (D). (4.30)

A mod Hk
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5 The series (s, G)

In this section, we prove Theorem 1.1. Recall that the Dirichlet series 8k (s, G) is given
by (see (1.18))

G.H
S5, Gy = % (5.1)
HeA | |

Lemma 5.1 IfRe(s) > k+ 1, G # 0, then we have

8k(s,G)=(1—q"") Y DI (5.2)

DK|G

Proof Since Re(s) > k41, (5.1) is absolutely convergent, and thus by (2.22) we have

56.6)= ¥ e 3 vka()

HeA D|H,D¥|G
k “(%)
=2 DI ) S
Dk|G HeA
D|H
o k—s w(H)
= 21D ) T (5.3)
DkG HeA

If Re(s) > 1, we have (see [45, Proposition 2.6])

w(H)
|H*

= ') =0-¢", (5.4)
HeA

and the lemma follows at once. O

Proof of Theorem 1.1 We first show that the series Z:ﬁg A(n)g™™ in (1.18) con-
verges for all s to an entire function, in fact a polynomial in ¢ —*. We let

Amy= Y m(G. H). (5.5)

HeA
deg(H)=n

By definition (1.18), we have
+o00 +0o0
Si(s.G) =Y Amg ™" =Y Amu", (5.6)
n=0 n=0
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where u = ¢ *. On the other hand, if G # 0, and Re(s) > k + 1, by Lemma 5.1,

855, G)=(—q'™) Y q%q®

DK|G
= (1 —qu) ) q%u
DK|G
_ Z g% ud Z g+ d+1, (5.7)
DG DK|G
where d = deg(D). We set
y(G.omy= Y 1 (5.8)
DX|G
deg(D)=n

By (5.7), we have

+00 —+00
8k(s.G) =Y "y (G " =Y g™y (G, myu !

n=0 n=0
+00 +00
= anky(G’ n)un — Zq(nil)k+1y(G, n— l)u"
n=0 n=1
+00
=" (G~ g G =) u. (5.9)
n=0

Comparing the coefficients of u” of (5.6) and (5.9), we have
A = g™ (y(@.m) —q'Fy(Gon—1D). (5.10)

By the definition of y(G,n), if n — 1 > w, it is easy to see that y(G,n) =
y(G,n — 1) = 0, and it follows that

deg(G)

A(n) =0, whenevern — 1 > . (5.11)

We note that the definition of A(n) is independent on the choice of s, and thus for any
s, we have

G, H
8, G = Y. A= Y % (5.12)
deg(G) HeA
0<n<®g@) g deg(H)gengz(G)H

which indicates that §; (s, G) is, indeed, a finite summand; therefore, &x (s, G) is an
entire function, and on the whole complex plane, we have
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S(s.G) = (1 —¢'") Y IDI*. (5.13)
DK|G

In particular, if s = 1, then we have

G, H)
5(1.G) =Y —”"(|H| ~0.
HeA

To complete the proof of Theorem 1.1, next we show the square mean values
estimate (1.22). If c and T are two given real numbers and 7 > 0, by (5.13), we have

T
/ (e +it, G)Pdr = Y g tRE
- olateNqtel

T
x / (1 _ql—c—lt)(l —C]l_c+lt)q(d2_dl)ltdt, (514)
—-T

where d; = deg(D;) and d» = deg(D>). We denote the inner integral of (5.14) by
S(dy, da),

T
S(di, dy) = / (1 =g =71 = ¢! 7eFg By, (5.15)
-T

Making substitution u = ¢, it follows that
iT

1
Sy, dr) = —— / . (1 + 2079 — gl=ey =1 — q‘*cu) u= =14y (5.16)
ilogq Jg-it

Letn =dy —dy — 1,ifn # -2, —1, 0, then

|+ q20-0
n+1

2 ) '
S(dy, dp) :1 |: <qt(n+l)T _q*l(”l*l*])T)
0gq

1—c

a" (T in+2)T _ 4 inT inT
_ (qt(n+ ) _q—z(n+ ) ) _ (qtn _q—tn ) ,
n+2 n

which yields the following estimate:

4
[S(di, d2)| < ( (5.17)

R N A
~ logg '

n—+1 n+2 n
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Ifn=d,—dy —1=0,thend, =1+ dj, by (5.16), we have
1 : ; ; :
S(dl, d2) - [(1 +q2(1—c))(qlT _ q—lT) _ 2iTq1—L logq
ilogqg
l—c
q . i
_ > (thT —q 21T):|
= —2Tq¢'" 4+ 0(). (5.18)
Ifn=d,—d —1=—1,thend, =d, and
1 . .
S(dy, dy) = —— [2iT(1 +¢* 1N logg —2¢"¢(¢'T — q_’T)]
ilogq
=2T(1+¢*"") + 0(D). (5.19)
Ifn=d, —d — 1= -2, we also have
S(di,dy) = —2Tq"'~¢ + 0(1). (5.20)
Putting the above equalities together, by (5.14), we have
T
o7 | ke, G)Pdt =(1+¢>"79) Y g9 4!
- Dk G,DYIG
dy=dr=d
. 1
% Z q(d1+d2)(kft) +0 <?)
DX|G,DXIG
dy=dy+1

=(1 + g201-9) Z 1Dy Pk _pg1-k

D¥G,DYIG
di=dy=d
2(k—c) 1
x Y, Do +o( ).
DX|G,DkIG
di=dy+1

Let

oo(x,G)= Y IDiI* and a1(x,G)= Y DI, (52D
olileNlilel

pkG,DkIG
di=d

di=dr+1
then we finally obtain

T

. 24, 2(1—c) 1—k 1
18k (c+it, G)2dt = (14+¢2 N oo 2 (k—c))—2¢ ' o1 (2(k—c))+0 (-)
21 | 4 T

We complete the proof of Theorem 1.1.
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6 The series 73 (s, H)

In this section, we prove Theorem 1.2. Recalling the Dirichlet series ti (s, H) is given
by (see (1.18”)) that

G. H
v, H)=Y % 6.1)
GeA | |

This series is more complicated than & (s, G), because that nx (G, H) is not multi-
plicative in G, and thus we cannot make use of Euler product directly. Our treatment
begins with the following auxiliary series:

G
T H) =Y Xé S), (6.2)
GeA' |

where x (G) = 1, if (G, Hk)k = 1,and x(G) =0, if (G, Hk)k > 1. Since x(G) is a
multiplicative function in G, we have the following equality by using Euler product
(if Re(s) > 1):

n Hy=[Ja—1pPH ' JTa-1pPI™)

PeA P|H
= ¢a(s)rs (HH| . (6.3)

First, we show a precise analogue of Theorem 13 of [12] with the following lemma.

Lemma 6.1 If H is positive polynomial and Re(s) > k + 1, then
(s, H) = (1 = ¢' =) drqa—s) (). (6.4)

Proof Let A¥ = (G, H*);.. By (3.23), we have i (G, H) = nx(A*, H), and it follows
that

(s, H) = an(Aks H) Z |G1|S

AlH GeA

A*=(G,H ),
DR UL D
|Ask |G1]*

A|H Gi1eA

(Gr. (k=1

H
= Ca@IHITS Y (A, H)us (X) :

AlH

By Lemma 4.6, we have
T (s, H) = ¢a()prci—s) (H) = (1 — ¢ =) " p1—s) (H).

We complete the proof of Lemma 6.1. O
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Proof of Theorem 1.2 We now return to the proof of Theorem 1.2. For any integer
n >0, we let
Bm)= Y m(G.H). (6.5)
GeA
deg(G)=n

By definition (1.18”), we have
+o0 +00
w(s, H) =) B(ng™"™ =) Bmu", (6.6)
n=0 n=>0

where u = ¢—°. If Re(s) > k + 1, by Lemma 6.1

H
(s, H) = (1 — ¢ ppa—p(H) = (1 —¢'™5)7! L% IDFI=9) (5>

=U—qu' ) p (%) g u, (6.7)

DIH

where u = ¢~* and d = deg(D). Because of |qu| < 1, then (1 — qu)~! has a
geometric series expression, we have

H\ &
_ 7 +dk , n+dk
‘L’k(s,H)_ZM<D>an u"
D|H n=0
+00
H
- Z m (5) Z q"u". (6.8)
We set D|H n=dk
|1, ifn > kdeg(D),
S (D, n) = {o, if n < k deg(D). 6.9)
It follows from (6.8) that
+00 H
(s, H) = Z Z w (5) Je(D,n) | ¢"u". (6.10)
n=0 \D|H
Comparing coefficients of u” of (6.6) and (6.10), we have
B(n)=2u(5) J(D.n)-g" 6.11)
D , . .
D|H
If n > kdeg(H), then Ji (D, n) = 1 for all of D that D|H, and hence
H
B(n) =q" — ) =0. 6.12
m=q") n ( D) (6.12)

D|H
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The last equality of (6.12) follows from (2.12) and deg(H) > 1. We note that B(n)
is independent on the choice of complex number s by the definition of B(n), and
therefore, for any complex number s, we have B(n) = 0, whenever n > k - deg(H).
It follows from (6.6) that

e Hy= Y Bmu'= Y (G, ) (6.13)

|GI*
n<kdeg(H) e
deg(G)<k-deg(H)

which indicates that i (s, H) is, indeed, a finite summand, and thus, t; (s, H) is an

entire function on the whole complex plane. Moreover, by the principle of analytic
continuation, on the whole complex plane, we have

w(s H) = (1= ¢') " pra—s (H). (6.14)
In particular, if s = 1, by L’Hopital’s rule we have

(1, H) = lim (1 — g r—s) (H)

_ KXo logIDIn(5) _ —kA(H) 6.15)
logg logg )

which is the equality (1.28), and is an analogue of Ramanujan’s identity (1.2).
In order to complete the proof of Theorem 1.2, it remains to prove the square mean
value estimate. If 7 and ¢ are any real numbers that 7 > 0, ¢ # 1, by (6.14) we have

fT| Ctit WPl = Y <H> (H)|DD|"“‘C>
T (Cc +1t, = M\~ ML\ 142
-T D D>

Di|H,Dy|H
T qk(dz—d|)ildt 616
x _r (1 — ql—c—it)(l _ql—c-i-it)' (6.16)
We denote
T qk(dz—dl)itdt
Sl(dl, dz) = /;T (1 — ql—c—it)(l — ql—c-i-it)’ (617)
and make the substitution of u = —t, it follows that
T k(di—dy)it
q dr
Si(d1, dr) = /4 (1 =gy —gi—crin’ (6.18)

which shows that d; and d; are symmetric in (6.16). Therefore, we may suppose that
d> > d, and make the substitution u = ¢'’ in (6.17), then
iT

S1(dv. d) i /t/ ukd2—=dn q,
1(d, do) = : T
q'~¢logq Jg-ir (u—q'=)u —q°)

(6.19)
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If di = d», then we have

PR l_ Dilogq [og (47 — ¢'~¢) — log (47T — ¢'~)

—log(¢'" —q“ ") +1log (¢~ — g )] (6.20)

Si1(di,dr) =

We note that 1| — ¢ and ¢ — 1 are symmetric in the above: first we let ¢ > 1, and then

log(q'" —¢'~) —log(g™'" —¢'™)
=2iTlogq +log(l — g~ Tq'=¢) —log(1 — ¢'T¢' ™). (6.21)
Letz = g'=¢¢* 7T then |z| = ¢'~¢ < 1 for ¢ > 1, and we have the following power

series expansmn that

1, 13
—logl—2)=z+ 2"+ 27 +---

2 3
It follows that
log(1 — )| < [el + 21zP + - <log —— = log — (6.22)
2 1—|z| 1—g'—
and by (6.21), we have
log(¢'T — ¢'¢) —log(qg™'T — ¢'=¢) =2iTlogq + O(1). (6.23)

The remaining part of (6.20) is

) B ) 1 —gl=<qiT
log(q'" — ¢ —log(g"" — ¢°") =log ———

1—q'~“q

=log(1 —¢'"¢'") —log(1 — ¢'~¢¢~'T).

By (6.22), we have
_ 1
[log (1 —¢'¢'") —log (1 — ¢' ¢~} <210g7. (6.24)
Hence, if d» = d;, and ¢ > 1, we obtain

Si(dy, d) = + 0(). (6.25)

1— q2(1—c)

If di = db, and ¢ < 1, the same method yields the following estimate

Si(dy,da) = +0(1). (6.26)

T
20-0 1
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Therefore, if d; = d», we have

Si(dy, da) = + 0(1). (6.27)

1= 19|
Next, we consider d» > dj, and let n = (dy — dp)k. By (6.19), then

. qiT_ql—c l—c\n
Si(dr,dy) = —5—— / ta 77,
(q*1=9 — 1) logg q—ir,q1_c u

iT_

c—1\n
/ ! (” (GO M ] (6.28)
q iT _ ,c— u

n

j=0 M

We write

If j # O, then it is easy to verify that the inner integral in (6.28) is O(1).if j = O,
there is a similar argument like the case of d; = d», which yields

k(dr—dy)(1—c)

Si(dy,dr) = 2T + O(1). (6.30)

1= 209

By (6.16), we finally obtain

T

Ay Itk (c + it, H)|*dt

1 H H 5
N a 2\ p,pa-o
1= g20-0)] 2 "(m)“(m)' !

Di|H,D>|H
deg(Dy)=deg(D>)

2 Z H H
— _2(-9
[T —q=t79| DiH DalH Dy D,

deg(D1)>deg(D2)

1
X |D1|(k+2)(1_c)|D2|(2_k)(l_c)) +0 (?) : (6.31)

We complete the proof of Theorem 1.2.

7 Davenport-Hasse type formula
The polynomial Ramanujan sum n(G, H) essentially is a special type of Gauss sum

onlF,[x]. Let x be amultiplicative character modulo H onF,[x],and ¢ = E(G, H)
be the additive character modulo H given by (1.8); the Gauss sum G (x, ¥¢) modulo
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H on [F,[x] is defined by

G ve)= Y, x(D)ye(D), (1.1)

D mod H

where D extends over a complete residue system modulo A in IF,[x]. Let xo be the
principal multiplicative character: it is xo(D) = 1 if (D, H) = 1, and xo(D) = 0 if
(D, H) > 1, and then we see that n(G, H) = G(xo0, ¥g)-

In an upcoming paper [51], we presented an analogue of Davenport—Hasse’s the-
orem for the polynomial Gauss sums (see [51, Theorem 1.3]). To state this result, let
Fn /I, be a finite extension over I, of degree n, and tr(a) and N (a) be the trace map
and norm from F» to I, respectively,

tr(@) =Y o'(a) and N(a)=[]o"(@). (7.2)
i=1

i=1

where o (a) = a? for a in IF;» is the Frobenius of [F». If A is a polynomial in Fyn [x],
A = apx* + a1 x*V + - 4+ a1 x + ag, the trace map and norm can be extended to
Fqn [x] by

tr(A) =Y o'(A) and N(A)=[]o(a). (7.3)
i=1

i=1

where o (A) = Zf:o o (a;)xt.
Let H be a polynomial in F;[x] and, therefore, also a polynomial in Fyn[x]. To
define a Gauss sum modulo H on Fy»[x], for any A in Fyn[x], we set

YI(A) = Ye(tr(A)) and  x™(A) = x(N(A)), (7.4)

and thus, the Gauss sums G(X(”), W(Gn)) modulo H on [Fyn[x] is given by

vy = Y a0y D). (7.5)
DEFn[x]
Dmod H

where the summation extends over a complete residue system modulo H in Fyn[x].
By the above notations, we may define a polynomial Ramanujan sum ™ (G, H)
modulo H on Fy[x] by

"G H) = Y k(D (D), (7.6)
Dmod H
DeF n[x]
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and a generalized version 7, >(G H) by

WG H)= Y gD, 7.7
D mod H*
(D, H"=1

where the summation ranges over a complete residue system modulo H* in Fynlx].
If x and ¥ are not both principal, in [51] we showed the following Davenport—
Hasse type formula:

¢(N)

m—m ¢( (N) (n) (n) < m—m
-1 ! = 1 :
(=D G, ¥s) =D s(H)

ST G w(;)) (78)

where ¢ (H) is the Euler totient function on Fy [x], ¢ (H) is the function on Fyn[x],
N = (GLH) m = deg(H), and m; = deg(G, H).
As a direct consequence of (7.8), if H 1 G, then V¢ is not principal, and we have

¢(N)
¢(H)

PN o)

(=D"" I¢>(”)(H)

(G.H) = ((—1)'"'"1 n(G, H)) - (19

The main purpose of this section is to show that the generalized version n (H, G)
also shares this kind of Davenport—Hasse type formula. We have

Theorem 7.1 If H and G are any polynomials in ¥4 [x] such that H k tGand H #0,
then

P (N) e

(i A0 Gy = (o SO
o

G, H)) , 7.10
o (H)nk( )) (7.10)

where ¢ (H) is the Jordan totient function on Fy[x], and ¢,§")(H ) is the function on
For[x], N = &, Ak = (G, H )i, m = deg(H), and m| = deg(A).

Proof If A = (G, H"); in F[x], it is easy to verify that A* = (G, H*); holds in
Fyn[x]. By (2.25), we have

—1
1" (G, H) = " (™ (V) (8" ) (7.11)

and
(G, H) = de(H)u(N)gi ' (N). (7.12)

where u(") (H) is the Mobius function on Fyn [x]. To prove (7.10), it suffices to show
that
(=DM ((N) = (=)™ p(N))", (7.13)

where N = % and AX = (G, H");.

@ Springer



On the polynomial Ramanujan sums over finite fields 897

We note that both sides of (7.13) are multiplicative in H, so it suffices to prove
(7.13) when H = P!, where P is an irreducible in Fylx]and ¢t > 1.1f r > 1 and
A = P" with f; < t — 1, then both sides of (7.13) are zero. Therefore, we may
suppose A = P'~! and N = P. It is well known (see Hayes [23], for example) that
P is product of exactly (%, n) irreducibles in Fyn[x], where & = deg(P), so (7.13)

becomes that
(= 1)t a=Dht(rn) _ (_ynh+(=Dht1) (7.14)

which is equivalent to
h+ (h,n) =n(h +1) (mod 2). (7.15)

It is easy to verify that (7.15) is true for any positive integers n and /, and we complete
the proof of Theorem 7.1. O
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