Ramanujan J (2018) 45:331-348 @ CrossMark
https:/doi.org/10.1007/s11139-016-9858-1

Congruences modulo 4 for broken k-diamond partitions

Ernest X. W. Xia!

Received: 9 April 2016 / Accepted: 15 September 2016 / Published online: 17 January 2017
© Springer Science+Business Media New York 2017

Abstract The notion of broken k-diamond partitions was introduced by Andrews and
Paule. Let Ag(n) denote the number of broken k-diamond partitions of n for a fixed
positive integer k. Recently, a number of parity results satisfied by Ay (n) for small
values of k have been proved by Radu and Sellers and others. However, congruences
modulo 4 for Ai(n) are unknown. In this paper, we will prove five congruences
modulo 4 for As(n), four infinite families of congruences modulo 4 for A7(n) and one
congruence modulo 4 for A1 (n) by employing theta function identities. Furthermore,
we will prove a new parity result for A (n).
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1 Introduction

The aim of this paper is to establish congruences modulo 4 for broken 5-diamond,
broken 7-diamond and broken 11-diamond partitions.
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Let us begin with some notation and terminology on g-series and partitions. We
use the standard notation

o0
(@: @)oo = [ (1 = ag")
k=0
and often write
(ar,az, ..., a5 @)oo = (a1 @)oo (A2; @)oo -+ (An; @)oo

Recall that the Ramanujan theta function f(a, b) is defined by

(e.¢]
f(a,b) = Z an(n+1)/2bn(n—1)/2' (1.1)
n=—oo
Jacobi’s triple product identity states that

f(a,b) = (—a, —b, ab; ab)sc. (1.2)

Three special cases of (1.1) are defined by

0(q) = fq.q) = i q", (1.3)
vig) = Zq”“’? . (1.4)

and
f—=f(-q. Z (—1)rg"Gn=hri2, (1.5)

For any positive integer n, we use f, to denote f(—g"), that is,
o0
fi="a") =] -q"
k=1

By (1.2)<(1.5),

f 3 V&
J— — s , = —. 16
f(=q) =N p(q) = 72 ¥(q) 7 (1.6)

MacMahon’s partition analysis guided Andrews and Paule [2] to introduce broken
k-diamond partitions. For a fixed positive integer k, let A (n) denote the number of
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Congruences modulo 4 for broken k-diamond partitions 333

broken k-diamond partitions of n. Andrews and Paule [2] discovered the following
generating function for Ay (n):

Skt
E A 1.7
Kmg” C fR e (7

Various authors have obtained parity results for broken k-diamond partitions. See,
Ahmed and Baruah [1], Chan [5], Cui and Gu [6], Hirschhorn and Sellers [8], Lin
[10], Radu and Sellers [11,12], Wang [14], Xia [15] and Yao [18].

However, Ramanujan-type congruences modulo 4 for A (n) are unknown. With this
motivation, we will prove five congruences modulo 4 for As(n), four infinite families
of congruences modulo 4 for A7(n) and one congruence modulo 4 for Ay;(n). The
main results of this paper can be stated as follows.

Theorem 1.1 Forn > 0,
As5(44n + j) =0 (mod 4), (1.8)

where j € {2, 14, 30, 34, 38}.

Theorem 1.2 Forn, o > 0,

Aq (16 x R+l 4 4% 52& + 2) =0 (mod 4), (1.9)
A7 (16 « 5+, 4 196X Sza 2) =0 (mod 4), (1.10)
A7 (16 x 5202, 4 460 x 52& 2) =0 (mod 4), (1.11)
A7 (16 x 5%+, 4 940 x 52“ + 2) =0 (mod 4). (1.12)

Theorem 1.3 Forn,a > 0,

A4 x23%n+1)—A112x23%1+ 1) =A11(d4n+1) — A11(2n 4+ 1) (mod 4).
(1.13)

By Theorem 1.3 and the facts that Aj1(5) = A11(3) (mod 4), A11(9) — A1 (5) =
—1 (mod 4), A11(13) — A11(7) =2 (mod 4) and A1 (65) — A11(33) = 1 (mod 4),
we obtain the following corollary:

Corollary 1.4 Foro > 0,

A4 x23% +1) — A2 x 23% 4+ 1) = 0 (mod 4),
A8 x23% +1) — Ap (4 x23% + 1) = —1 (mod 4),

Ap1(12 x 23% 4+ 1) — Aq1(6 x 23% + 1) = 2 (mod 4),

Ap1(64 x 23% + 1) — A1 (32 x 23% + 1) = 1 (mod 4).
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Moreover, we will prove the following congruence modulo 2 for A, (n) in Sect. 5.

Theorem 1.5 Forn > 0,

Ar(2n+1) = A2(10n +4) (mod 2). (1.14)

2 Proof of Theorem 1.1

In order to prove Theorem 1.1, we first prove three lemmas.

Lemma 2.1 We have

Bl Il
fAifin fi2fi foa
f4f6f24f88f132
f2f8f12f44f264
q6f8f12f44f66f264+q15 f152f2264 )
Ja S22 f24 138 f132 [ i

@2.1)

Proof From (36.8) in Berndt’s book [3, p. 69], we see that if i is even, then

n/2—1

e e T R
x f( (uet2m) (u?=v? qw 2m)(u?—v ))f<q2vm, q2M72vm)
gt A2y, (qzuwz—vz)) f(q;w, q2u—W)_ (2.2)
Setting u = 6 and v = 5in (2.2), we get

v@v(q' ) (q“)lﬂ(q”)+qf(q88,q44)f(q1°,q2)

—|—ql4f< 1o, 22)f(qzo’q—s) +q391//(q132)f(q30,q_18).

2.3)
By (1.2),
88 44\ _ f88f1232 24
f(q 4 )_ faa frea’ @4
10 2\ _ f42f6f24 25
f(q 4 )  hfsfir] 23)
20 —8) _ —8f8f122 26
f(q .q )—q Fifan (2.6)
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Congruences modulo 4 for broken k-diamond partitions 335

and
( 30 18) 24 f152
Ma" a7 )=a . (2.7
18 134
Substituting (1.6), (2.4)—(2.7) into (2.3), we arrive at (2.1). This completes the proof.
m}
Lemma 2.2 Define
o 2,2
> am)g" = JiJs 3 (2.8)
n=0 f f
Then for n > 0,
a(lln +1i) =0 (mod 4), 2.9

wherei € {2, 6, 7, 8, 10}.

Proof It is well known that
Z( l)l’ll’l _1+22( l)nn
n=—oo
Thus, combining (2.8) and the above identity yields
o0 o ) o0 )
> amg" = (1 +2> (-D"q" )(1 +2) (-1 )
n=0 n=1 n=1

= 142> (=1)"¢" +2> (=1)"¢*" (mod 4). (2.10)

n=1 n=1

It is easy to check that for any integer 7,

n?=0,1,3,4, 5 9(modll) (2.11)
and

3n2=0, 1, 3, 4, 5, 9 (mod 11). (2.12)

Congruence (2.9) follows from (2.10), (2.11) and (2.12). The proof is complete. O
Lemma 2.3 Define

Zb(n)q ? . (2.13)
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Then for n > 0,
b(11n + k) = 0 (mod 2),

where k € {2, 3, 4, 6, 9}.

Proof Hirschhorn and Sellers [9] proved that if

3n+1= H pi H qlﬁi

pi=1 (mod 3) ¢i=2 (mod 3)
is the prime factorization of 3n + 1, then

[1(e; + 1), if all B; are even,
0, otherwise,

b(n) = [

(2.14)

(2.15)

(2.16)

where b(n) is defined by (2.13). By (2.15) and (2.16), we find that for n > 0, b(n) is
odd if and only if 3n + 1 is a square of an integer. From (2.11), we know that 33n + 7,
33n + 10, 33n + 13, 33n + 19 and 33n + 28 are not squares, which implies that for

n=>0,
b(11ln + k) =0 (mod 2),

where k € {2, 3, 4, 6, 9}. This completes the proof.

Now, we turn to prove Theorem 1.1.
Setting k = 5 in (1.7), we have

- . fu
A = .
nZ:(:) 5(1’1)(] f13f22

By the binomial theorem, for positive integers « and v,
2
(4“:9"), = (¢*: q*), (mod 2)

and

(4" q") = (¢ ¢*)%, (mod 4).

In particular,

f = f» (mod 2)

and

ft = 7 (mod 4).
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Thanks to (2.17) and (2.21),

ZAs(n) n— #( mod 4). (2.22)

Replacing ¢ by —¢ in (2.1) and using the fact that
(=45 =0 = — 2 (2.23)

then multiplying ﬁ on both sides, we obtain

fifn _ I fin _qf4f6f24f88f1232
Hfn fafiafaaf fre Ffs fifhy fres
6f8f122f44f66f264 15 f152f2264

— —_— . 2.24
12 F22 o4 fss f132 1 fafE f3i faa 132 @29

Combining (2.22) and (2.24) yields

fHfés s faf2 o faafin
As5(2 +q
Z s = Pfefnfh i 13 fi1 fi2.faa foo

(mod 4). (2.25)

The following relation is a consequence of dissection formulas of Ramanujan collected
in Entry 25 in Berndt’s book [3, p. 40]:

1 3

2 r2
42 5210

= ) (2.26)
f12 f25 f126 fzs f8

Xia and Yao [16] proved that

f _ fafohefa N fofs fas

- . 2.27
h f5 R finfas qf22f16f24 (2:27)

By substituting (2.26) and (2.27) into (2.25),

[ 1 Foea 3 JafE F176 fosa
As5(2 +
Z sGma’ =  fafefnfiafos 1 13 fi2 fo2 f3s fsos

14 f4f6fggf132f528 233 f122f5228

T 13 f12 f22. a4 f176 fr64 1 216 122 fa64

(mod 4).
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which yields

S n f2f32f88f1232 16 f62f2264
As(dn +2 = +2
,,ZZ(:) (2 qflzf6f11f44f264 1 fifafifiz

(mod 4).  (2.28)

By (2.20), (2.21) and (2.28),

S 2 £2 foo f2 3 42
ZA5(4H+2)anq TS5 fss fim + 2410 13 foea

d 4). 2.29
= Fafofuifufes T fifiifin (mod 4 229

Therefore, we can rewrite (2.29) as

n f88]1232 n 16 f264
E A=<(4n —2q _q—z a(n)q +2q E bnq mod 4
=0 5( ) fllf44f264 n—=0 ( ) f f ( ) ( )

(2.30)

where a(n) and b(n) are defined by (2.8) and (2.13), respectively. Theorem 1.1 follows
from (2.9), (2.14) and (2.30). This completes the proof. O

3 Proof of Theorem 1.2

In this section, we present a proof of Theorem 1.2.
Taking kK = 7 in (1.7), we get

f2fis
A "= 3.1
E 7(n)q Ffao (3.1
In view of (2.21) and (3.1),
f1f15
A7 n_ mod 4). 3.2
E (n)gq B fo ) (3.2)

Replacing g by —¢ in (3.2) and utilizing the relation (2.23), we get

V(@)Y ()
2 A yigh = — 27X ) (mod 4), 33
7(n)(— Tafeo (mod 4) (3.3)

where 1/ (q) is defined by (1.6). From Entry 9 in Berndt’s book [3, p. 377],

V(@YD) + v v (—q") =2¢(¢%) v (¢") (3.4)
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Based on (3.3) and (3.4),
- V(Y (") + v (=¥ (—q")
A 1 —H"g" =
% 7m)(1+ (=1)")q e
6 10
WD) (g,
Jafeo
which yields
0 3 5
> A@2n)g" = v@)v(a) (mod 4). (3.5)
s J2f30
From Entry 9 in Berndt’s book [3, p. 377],
V(@)W (@) —v (=) (=) =24 (@*) v (@) (3.6)
Combining (3.5) and (3.6), we deduce that
- V(@) (@) —v (- ) v (-4
A72n) (1 — (=1D)")q" =
Z; 72 (1= (=1)")q i
2 30
= 2q3—1ﬁ(6] )W(Cl ) (mod 4),
Jf2/30
which implies
o0 15
> Arldn+2)¢" = QM (mod 4). 3.7
s fifis
In view of (1.6), (2.21) and (3.7),
00 f2f2
> Arn+2)q" = =53 = qfE fis (mod 4). (3.8)
n=0 fl flS
Ramanujan [13] stated the following identity without proof:
5 612
f1=f25(R(q )—q—m), (3.9
where
(4. 4% )
R(g) = —=2, (3.10)
I (q.9% ¢°)
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Hirschhorn [7] gave a simple proof of (3.9) by using Jacobi’s triple product identity.
Substituting (3.9) into (3.8), we have

> Arldn +2)q"

n=0

= 1373 (aR ) - 2P R@) - P+ 2L 8 ) noa )
= fi5/51 9R (g q-K\q q R(q5) RZ(qS) od 4),

which yields
> A720n +6)q" =11 S R*(q) (mod 4), (3.11)
n=0
> A720n + 14)g" = — f7 f3 (mod 4) (3.12)
n=0
and
i A7(20n +2)¢" =¢ f s (mod 4), (3.13)
R%(q)

n=0

where R(q) is defined by (3.10). We can rewrite (3.13) as
o0
Z A7(20n + 2)g"
n=0
2
(q.9% @°),
2
(4% 4% a°),

2 r4 4. 5\4
I3 s (q’fz 1950 (1m0 4. (3.14)
1

‘]f32f52

=q

By (2.19), (2.21) and (3.14),

00 2.2(.2 8. 10)2

> A720n +2)g" = qf3 fiola ff 147)0e (mod 4). (3.15)
n=0 1

Xia and Yao [17] proved that
5 fff6f122+2 Jaf§ fs fos

_ (3.16)
t 5 fafa 1 f3 fi2
Thanks to (2.20), (2.21) and (3.16),
2 2
S _ S8t Lot by (mod 4), (3.17)

f12 B f25f24
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Substituting (3.17) into (3.15), we get

o
> A7(20n +2)g"
n=0
2
q f6f8f]20f122(6127 q8§ q10)oo
f5 P
2
+24° fa fio f24(a%. ¢% qlo)oo (mod 4),

which yields

o
> A7(0n +2)q" = 24212 fi2(q. 4% 4°)2, (mod 4) (3.18)
n=0
By (2.18), (2.20) and (3.18), we obtain

o

> A1(40n +2)¢" = 2qf2f10f12(4%. 4 4') o, (mod 4),

n=0

which implies that for n > 0,
(3.19)

A7(80n +2) = 0 (mod 4).

Similarly, by (2.19), (2.21), (3.10) and (3.11),

(@)% e e dd),

o0
> A0 +6)g" =7 f3 v .
=0 (g.9% @), fi
3 2
=3 fh(q*. 4% q")_, (mod 4). (3.20)

fi

By substituting (3.17) into (3.20) and extracting the terms containing odd powers of

Q7
(3.21)

o0
> A740n +26)¢" =22 f2 f12 (¢ 4%1 4°) 2, (mod 4).

n=0

In view of (2.18), (2.20) and (3.21),

o
D A1(40n +26)q" =22 fofi2(q*, 4% ¢'°) ., (mod 4),

n=0
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which implies that for n > 0,
A7(80n 4+ 66) = 0 (mod 4). (3.22)

Substituting (3.9) into (3.12), we obtain

o0
Z A7(20n + 14)g"

n=0
2 02 2/.15 3 15 6 2¢° q'
= f5fois| —R°(¢7) +24°R(¢") +4° — R(a™)  R2(q") (mod 4),
which yields
o0
Z A7(100n + 14)g" = — f2 fER*(¢%) (mod 4), (3.23)
n=0
o0
> A7(100n + 34)g" =qf} fis (mod 4) (3.24)
n=0
and
- TErE
Z A7(100n 4 54)g" = —¢> ; 135 (mod 4). (3.25)
n=0 R (q )

By (2.19), (2.21), (3.10) and (3.23),

o 6 9. 15)2
> A7(100n + 14)g" = 431325%
2 (4% "% "),
20406 9. 154
f3
22 (.12 18, 30)2
_f1f3o(‘1 4% )
13
BRI a" )
i

2
% (mod 4). (3.26)

By substituting (3.17) into (3.26) and extracting the terms containing odd powers of
q,

0 2 2(.6 9. .15)\2
S A7(200n + 114)g" _Ji i a7 a ")y (mod 4). (3.27)

2
n=0 f3

@ Springer



Congruences modulo 4 for broken k-diamond partitions 343

Thanks to (2.18), (2.20) and (3.27),

[e¢]
D A7200n + 114)q" =2fafo f30(¢'%, 4" ), (mod 4),
n=0

which implies that for n > 0,
A7(400n + 314) = 0 (mod 4). (3.28)
It follows from (3.8) and (3.24) that for n > 0,
A7(100n + 34) = A7(4n + 2) (mod 4). (3.29)

By (3.29) and mathematical induction, we deduce that for » > 0 and @ > 0,

20
A (4 (52% 403 ; 1) + 2) = A7(4n +2) (mod 4). (3.30)

By (2.19), (2.21), (3.10) and (3.25),

e 2.2(.3 12, ,15)\2
S (1008 + 541" = —g> L1 fis(a.q 4 oo
n=0 (4% 4% q"),
204 (.3 12, 154
E_qu1f15(q 4% 9")
13
202 (.6 24, 30\2
:_q2f1f30(q"1 4 )oo
13
_ 2f22f32f320(q6,q24;6]30)
1re

2
% (mod 4). (3.31)

By substituting (3.17) into (3.31) and extracting the terms containing odd powers of
q’

) 2 (.3 12, 15)2
zqfl ffafis@® a'%q") (mod4).  (3.32)

o0
D A7(200n + 154)g" = 2
n=0 3

Based on (2.18), (2.20) and (3.32),

o
> A7(200n + 154)g" = 2q 4 fs fr0(9°. 47*: ¢™°) , (mod 4),
n=0
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which implies that for n > 0,

A7(400n + 154) = 0 (mod 4). (3.33)

Replacing n by 207 in (3.30) and using (3.19), we get (1.9). Replacing n by 20n + 16
in (3.30) and using (3.22), we obtain (1.10). Replacing n by 100n + 38 in (3.30) and
using (3.33), we arrive at (1.11). Replacing n by 100n 478 in (3.30) and using (3.28),
we deduce (1.12). The proof of Theorem 1.2 is complete. O

4 Proof of Theorem 1.3

Setting k = 11 in (1.7) and employing (2.21), we have

- ffz  fifs
A - = d 4). 4.1
nz_o 11(n)q Ffe  fafus (mod 4) (4.1)

Replacing ¢ by —¢ in (4.1) and using (2.23) yields

iAll(n)(—l)”q" = ﬂ (mod 4). 4.2)
= J1faf23 for

Chan and Toh [4] proved that

L fifafnfo _, fife 3 fifsh

=2q +2q . 4.3)
fifs B Bl 5 i
v 3 fis : .
Multiplying — 77 O both sides of (4.3) yields
f1/23 f3 fis 3 fafor
— =—-2qg—2 4.4

Hfie  fifafsfo 1 qf2f46.

Combining (4.1), (4.2) and (4.4) yields

D Anm(l—(=1")g"

n=0
_ N B
 fafae  fifafzfo

Safo2
=-2¢ —2¢° d 4).
1= 12 fa6 (mod 4)
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Therefore,
o0
ZA11(2n+l)q"E—l—qf2f46 (mod 4). (4.5)
= Ji/23
Replacing ¢ by —¢ in (4.5) and using (2.23) yields
- J1/af23 f
> An@n+ D)(=1)q" = —1+ ¢ (moq 4y, (4.6)
n=0 f f

In view of (4.4), (4.5) and (4.6),

00 2 ¢2
S An@a+ (14 (—1))g" E_2+qf4f92(f1fz3 _ fitie )

0 Jafas \ f2fae  S1fa)23 )9
_ o2l s it (mod 4),
J2 116 5 rk
which yields
f2f46 2f2f46
Aj(dn+ Dg" = — d 4 4.7
,,Z(:) 1@n + 1)g" Tt~ C g MY X))

By (2.21), (4.5) and (4.7),

D Au@n+1)g" =D An@n+1)q" —q* flf3; (mod4).  (4.8)

n=0 n=0

From Berndt’s book [3, Entry 31, p. 48],

n—1 U v
fWUL V) = ZU f ( T ) : 4.9)
F U}’
where U,, = a(nzl)nbn(nfl) and V,, = a(n zl)nbnwl) Takingn =23, Uy =a = —¢q

andV; =b = —q2 in (4.9), we have

fi :f(—q782, _qsos) —qf (- Rty _q736) +q5f( — g%, _q667)
_q12f(_q989’ _q598) + 4% fsro —q35f(—q“27, _q460)
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+q51f(_q1196 _q391) _q70f(_ql265’ _q322) +q92f(— 1334 _q253)

qu( q1403 _ 184)+q145f(_ 1472,—41”5) 176f( 1541 _q46)
q187f( 7% 1564) +q155f( 7%, _q1495) _q126f(_q161’ _q1426)
+q1oof( g q1357) —q77f(—q 9. _q1288) +q57f(_q368’ _q1219)

—q40f(—q437, _q1150) + g2 f (= g%, —g1081) — 415 (= 4575 _q1012)

23n

Substituting (4.10) into (4.8), extracting the terms of the form ¢~>" in both sides and

then replacing ¢2° by ¢, we deduce that

oo (0.¢]
D ANO2n+ 1)g" =D An(@6n + Dg" — ¢* 1 f3 (mod 4). (4.11)
n=0 n=0

It follows from (4.8) and (4.11) that forn > 0,
A12n+ 1) —Ajjdon+1)=A1@n+1)— A 12n+1) (mod 4). (4.12)

Congruence (1.13) follows from (4.12) and mathematical induction. This completes
the proof of Theorem 1.3.

5 Proof of Theorem 1.5

In this section, we prove Theorem 1.5.
By setting k = 2 in (1.7),

ZA n)q" = fzﬁo. (5.1)

In view of (2.20) and (5.1),

Z Ax(n)g" =

Xia and Yao [17] proved that

(mod 2). (5.2)

fo

fs _ fsfa +q f4f10f4o

= 53
fi  fifao B fsfo 6

Thanks to (2.20) and (5.3),
% =fitgq fmffzo (mod 2). (5.4)
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By substituting (5.4) into (5.2),

> Aamg” = 2 4 g2 (moa2),
n=0 f2

fio
which yields
— f:
> m@n)g" = 22 (mod 2) (5.5)
n=0 fS
and
S f
> A+ 1g" = =2 (mod 2). (5.6)
n=0 fl
Substituting (3.9) into (5.5), we obtain
&) 4
S50 10 2 q
Ar(2n)q" = = R(q ) —q°— ——— | (mod 2),
2 7 R
which yields
- /
> Ax(10n +4)g" = % (mod 2). (5.7)
1

n=0

Congruence (1.14) follows from (5.6) and (5.7). This completes the proof of Theorem
1.5. O
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