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266 1. Baranovi¢ et al.

1 Introduction

Let g be a simple complex Lie algebra, ) C g its Cartan subalgebra, and R the
corresponding root system. Let g = h + >,z 8o be a root decomposition of g. Fix
root vectors x, € go. Let

g=9-1D90D g (D

be a Z-gradation of g, where ) C go. Such gradations correspond to a choice of a
minuscule coweightw € h.Denoteby I" C Rasetofrootssuchthatg; = > . go =
> o(w)=1 9 We call I' the set of colors.

Affine Lie algebra associated with g is x = g ® C[r, 171 @ Cc @ Cd, where ¢ is
the canonical central element and d is the degree operator. Elements x, (1) = xq ® t”
are fixed real root vectors. The Z-gradation of g induces analogous gradation of g:

g=0-198 D a,
where §; = g1 ® C[r, 1~ '] is a commutative Lie subalgebra with a basis
f:{xy(n)|neZ,yeF}.

For a standard g-module L(A) of level k = A(c), define a Feigin—Stoyanovsky;s
type subspace W(A) as a g1-submodule generated with a highest weight vector v 4,

W(A) =U (1) -va C L(A).

In this paper, for a Lie algebra g of type C, we construct a basis of W(A) consisting
of monomial vectors x(;7)v 4, where x(;77) are monomials in I”. Poincare—Birkhoff—
Witt’s theorem gives a spanning set of W(A)

{xy, (=n1)xy, (=n2) - - - xp, (=n)vp |t € Zy,y; € I',n; € N} 2)

In order to obtain a basis of W(A), we find relations for standard modules upon
which we reduce the spanning set. Finally, we prove linear independence by using
intertwining operators.

The notion of Feigin—Stoyanovsky’s type subspaces is similar to a notion of princi-
pal subspaces that were introduced by Feigin and Stoyanovsky for s/, (C) and s/3(C)
[31]. In this case, one looks at a triangular decomposition of g instead of (1). Many
different authors have studied these spaces, their bases, character formulas, exact
sequences etc. [1,4-9,17,29,30].

Another type of principal subspaces, the so-called Feigin—Stoyanovsky’s type sub-
spaces W (A) defined above, was implicitly studied in [24] for sly41(C). It turned
out that in this case, bases are parameterized by (k, £ + 1)-admissible configurations,
studied by Feigin et al.[12,13]. The Z-gradations (1) are closely related to simple
current operators [11]. We hope that this kind of construction of combinatorial bases
will be possible for all affine Lie algebras. Up to now, this was done for the type AED
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Feigin—Stoyanovsky’s type subspaces for C él) 267

Fig. 1 Z-gradation of sly1(C)

go g1

(-n—1)

m 14

Fig. 2 Difference conditions for s/, 1 (C) level 1

in [26,32,33], for BS" in [27], for D", levels 1 and 2, in [2], and for all classical
types, level 1, in [25].

The first general case beyond admissible configurations was given in [32,33] where
a new kind of combinatorial conditions emerged. The minuscule coweight w that was
considered in these papers correspondstoaa,,, | <m < £.If g = sy (C) represents
matrices of trace O then in the Z-gradation (1) the subalgebra gy consists of block-
diagonal matrices, while g; and g_; consist of matrices with nonzero entries only in
the upper right or lower left block, respectively. This is illustrated on the Fig. 1.

The set of colors I" corresponds to a rectangle with rows 1, ..., m and columns
m, ..., L. Monomial basis of W(A) is described in terms of difference and initial
conditions.

In the level 1 case, a monomial vector (2) satisfies difference conditions for W(A,),
if colors of elements of the same degree —n lie on a diagonal path in I" as shown in
Fig. 2. Furthermore, colors of elements of degree —n — 1 lie on a diagonal path that
lies below or to the left of the preceding path.

A monomial vector (2) satisfies initial conditions for W(A,) if a diagonal path of
colors of degree —1 lies either below the r-th row (if 1 < r < m) or on the left of the
r-th column (if m < r < ¥£).
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268 1. Baranovi¢ et al.

Fig. 3 Difference conditions for
Cy level 1

In the case considered in this paper, when g is a simple Lie algebra of type Cy,
similar combinatorics appear. The set of colors I” can be represented as a triangle with
rows and columns ranging from 1 to ¢ (cf. Fig. 4).

For a fundamental weight A,, a monomial vector (2) satisfies difference conditions
for W(A,), if colors of elements of two consecutive degrees lie on diagonal paths that
are related in a way shown in Fig. 3, i.e., if (—n)-path ends in the ith column, then
(—n — 1)-path lies below the ith row. A monomial vector (2) satisfies initial conditions
for W(A,) if a diagonal path of colors of degree —1 lies below the r-th row.

In the proof of linear independence, we follow ideas of Georgiev (cf. [17]), and of
Caparelli, Lepowsky and Milas (cf. [8,9]). Start from a relation of linear dependence

Zcﬂx(n)vA =0, 3)

where x (77) are some monomials that satisfy difference and initial conditions for W (A)
and ¢, € C. The main idea is to use intertwining operators between standard modules
(cf. [10, 15]) and simple current operators (cf. [11]) to reduce this relation to a relation
of linear dependence on another standard module and proceed inductively.

More concretely, let x(u) be, in some sense, the smallest monomial in (3). Then
there is a coefficient of intertwining operator w that commutes with g; and which
sends v 4 to a vector v’ from the top of a standard module L(A’) that is annihilated by
almost all monomials greater than x (u). Furthermore, for the remaining monomials,
the action of x () on v’ yields x (m2)[w]v 47, where [w] is a simple current operator
and x (7p) is a submonomial of x (77). On the other side, commutation of a monomial
with [w] raises degrees of factors by 1; thus we obtain

0=">cxlolx(msHvar. 4)
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Feigin—Stoyanovsky’s type subspaces for C él) 269

Fig. 4 The set of colors I’
1|(11)
2((12)|(22)
J (45)
2{(1e) (£€)
1 A 14

where x (7'52‘|r ) is obtained from x (772) by raising degrees of factors by 1. Finally, simple
current operator [w] is a linear injection, hence

0="> cxx(m v, 5)

This is a relation of linear dependence on L(A”) with monomials of higher degree
than in (3). Since they are obtained from the ones from (3) by raising their degrees, it
turns out that they also satisfy difference and initial conditions, this time for W(A”").
This enables us to use inductive argument to obtain ¢, = 0.

In the higher level case, difference and initial conditions are again given in terms
of certain paths in I". Moreover, just like in the A, case considered in [32], in the
Cy case one can embed L(A) into a tensor product of level 1 modules and factorize
monomial vectors from the basis into a tensor product of level 1 monomial vectors
from the corresponding bases (see Proposition 5 below). This fact is crucial for an
easy transfer of the proof of linear independence from the level 1 case to higher levels.
In this sense, this proof is different from the proof given in [27]. In the D4-case (cf.
[2]) it seems that this property does not hold and it remains to see what would be a
good way to capture phenomenons that are happening there.

We give a brief outline of the paper. In Sects. 2 and 3, we introduce the setting and
pose the main problem. In Sect. 4, we find relations between monomials and use them to
reduce the spanning set in terms of difference and initial conditions. The existence and
some properties of intertwining operators and a simple current operator are established
in Sects. 5 and 6. In Sect. 7, we explore the action of monomials of higher degree on
the vectors from the top of Feigin—Stoyanovsky’s type subspaces. This will enable us
to find suitable coefficients of intertwining operators having properties that we have
discussed above, and prove linear independence in the final section.
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270 1. Baranovi¢ et al.

2 Affine Lie algebra C él)
Let g be a complex simple Lie algebra of type C; and let h be a Cartan subalgebra
of g. Let g = h + D g4 be a root space decomposition of g. The corresponding root
system R may be realized in R¢ with the canonical basis €1, . . ., €; as

R={%e £e¢;|1<i=<j=<e)\{0}.
We fix simple roots

Q) =€ —€,...,0_ | =€ —€, 0p=2€

and let g = n_ + h + n4 be the corresponding triangular decomposition. Let 6 =
2a1 + - - -+ 20¢—1 + ay = 2¢€; be the maximal root and

wr =€+ -+ €, r=1,...,¢

the fundamental weights. We fix root vectors x, € g, and denote by a¥ € b dual
roots. We identify h and h* via the Killing form (, ) normalized in such a way that
0, 0) = 2. We fix

w=wy =€+ -+ € Ef)*.
This is the minuscule coweight, that is
(w,a) € {—1,0,1} forall « € R,

and hence we have a Z-gradation of g

g=g-1+0+0, G0=H+ D G Gri= D, G
(w,a)=0 (w,a)==%1
Note that
'={aeR|(w,a)=1}={e+e|1<i=<j=<{]. (6)

We say that I is the set of colors and we write

(ij)=¢ +e;j el and xij = x4e; (7
(see Fig. 4).

The subspaces g+1 C g are commutative subalgebras, gq is reductive, and [go, go]
is a simple algebra of type Ay_; with root basis a1, ..., ag—1. We identify [go. gol
with the Lie algebra s[(¢, C) acting on the canonical basis ey, . .., e; of the vector
space C! by the rule

X—q;
e —> €j+1- ®)
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Feigin—Stoyanovsky’s type subspaces for C él) 271

The subalgebra gg acts on g; by adjoint action. For a suitably chosen root vectors x;;,
this action is given by

X—q; . .

Xij — Xi+1,j fori < 7> (9)
t-aj ..

Xij —> Xi j+1 fori < Js (10)
X_q;

Xii —> 2Xji+1 (1D

(cf. [19]).
We identify the Weyl group W of [go, go] with the group of permutations

c:ir—>o(i), i=1,...,¢,

sothatfora =¢€; —¢€j,i # j, wehave oo = €5(j) — €5 (). Foreach o € W, we have
an automorphism o of go and a linear map o on the vector representation Vi = C¢ of

g0,

o:go—> g0, o0:Vi—> Vi, (12)
such that
0 xy € Cxpq, oe; E(Cxeg(i) (13)
and
o(xv) = (ox)(ov) (14)

for x € go and v € Vj. For simple reflection o; € W, the linear map o; is
(exp x—_q; ) (€Xp —Xq; ) (eXp X_g,;) and formula (14) holds in general for integrable go-
modules (cf. [20]). Since g; = S2(CY), we also have a linear map o on g; such
that

O Xjj € (CX)C(,(Z')(T(]'). (15)

To abbreviate expressions like the ones in (13) and (15), we introduce the following
notation: for two vectors, monomials, etc., we write x ~ y if the two are equal up to
a nonzero scalar, i.e.,

x=Cy, forsomeC e C*. (16)

In this way, relations (13) and (15) can be rewritten in the following way:

0 Xg ™~ Xoas 0 € ™~ €5(i),

O Xij ~ Xo(i)o(j)-
Denote by g the affine Lie algebra of type C él) associated to g,
§=9®C[t.t7']+Cc, §=§+Cd,
with the canonical central element ¢ and the degree element d . Set

x(n)=x1"
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272 1. Baranovi¢ et al.

forx € gand n € Z and denote by x(z) = >, <7 x(n)z~"~! a formal Laurent series
in formal variable z. The commutation relations in g are

[x(@), y(DI =[x, y1G + j) +i{x, y)ditjoc,  [e,g]1=0, [d,x()H]=jx()).
We have a triangular decomposition

_ b+ iy,

=

g=
where
fii=n_+g®:'Clt™'], bh=b+Cc+Cd, i@, =ny+g:C[t].
We also have the induced Z-gradation
g=g-1+0g0+a
of affine Lie algebra g, where

G0=00@C[r,t '1®CcdCd, §u1 =g+ ®C[r,t7'].

The subspace g1 C g is a commutative subalgebra and go acts on g; by adjoint action.
We denote by Ay, ..., A, the fundamental weights of g,

Ar=N+w, T=1,..., L a7y

3 Feigin—Stoyanovsky’s type subspaces

Denote by L(A) a standard (i.e., integrable highest weight) g-module with the highest
weight

A =koAg+ k1AL + -+ ke Ay,

ki € Zy fori =0, ..., £. Throughout the paper, we denote by k = A(c) the level of
g-module L(A),

k=ko+ki+--+ke,

and by v, a fixed highest weight vector of L(A).
For each integral dominant A, we have a Feigin—Stoyanovsky’s type subspace

W(A) = U(gva C L(A).
This space has a Poincare-Birkhoff—Witt spanning set

{xy (=nD)xy, (=n2) - - - xy, (—nva |t € Zy, v € I',ni € N} (18)
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Feigin—Stoyanovsky’s type subspaces for C él) 273

The main problem considered in this paper is to reduce this PBW spanning set to a
basis of W(A). The main three steps in our construction are as follows:

— find relations for standard modules,
— reduce the spanning set, and
— prove linear independence by using intertwining operators.

4 Difference and initial conditions

Start from the vertex operator algebra relation on L(A)

xp () = > xe(=n)xg(—nep) | N =00 (19)

NeZ \ni+-+niy1=N

(cf.[21-23]). Adjoint go-action on (19) gives us the space of relations U (go)-xg (z)k+1 =
0. This is a finite-dimensional gp-module with the highest weight 2(k + 1)w;. Hence,
as a vector space, it is isomorphic to S2*+1D (C?). The basis of $2*+1D(C¥) is given by
et ~62"‘, my + -+ +my = 2(k + 1), which we view as multisets {17!, ..., £™¢},
Since relations (9)—(11) hold, one can easily see that the corresponding “basis” of the
set of relations is given by the following proposition:

Proposition 1 On L(A), the following relations hold

> Citi jy (Do (D) Xigs joy () =0, (20)

(i1, sl 1 YO s 1 J={ 17 M)

or some Ci' S (Cx, where the sum runs over all Sl/tCh partitions 0, the multiset
1]
(rm, ..., emey,

For each power of z from (20), we obtain a relation between monomials

z Cijxiljl (_nl)xinz(_nZ) e xik+1jk+1 (_nk+1) =0.
ny4-4ng1=N
(i1 ensi 1 1o Jlp1 {1 01
(21)

We find the smallest monomials in these relation, the leading terms of relations. Since
they can be expressed as a sum of higher terms, we can exclude them from the spanning
set (18).

We introduce a linear order on monomials in the following way. First, define a
linear order on the set of colors I': (i’j") < (ij)ifi’ > i ori’ =i, j' > j.On the set
of variables I = {x,(n) |y € I',n € Z}, define a linear order by xq(n) < xg(n’) if
n <n'orn =n', @ < B. Assume that variables in monomials are sorted descendingly
from right to left. The order < on the set of monomials is defined as a lexicographic
order, where we compare variables from right to left (from the greatest to the lowest
one).
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274 1. Baranovi¢ et al.

Fig. 5 Difference conditions for
level k

G

Order < is compatible with multiplication (see [24,33]):
if x(m) <x(@’) then x(m)x(m) < x()x(my) (22)

for monomials x (), x(), x(7r1) € C[I"].
The leading terms can be most conveniently described in terms of exponents:

Proposition 2 A monomial

x(') = xi,j,(=n — DPiie xg i (=0 — 1P

o @
XXi j, (—n)%isis .. Xiv i et (—n)“ir+1ie1 |

where iy < -+ < i; < jy < -+ < j1 Sip1 < - Sy < Jg <0 =2 il
(v, v) # (g1, Jjos1), and

biyjy + -+ biyj, + @iy, T taigg, =k + 1, (23)
is a leading term of a relation (21) corresponding to the multiset
T B 0 T LT B LV
gy ettt gy St )
and a degree N = (k + 1)n +m, where m = b;, j, +--- + b, j,.
The colors of leading terms lie on diagonal paths in I, see Fig. 5.

Proof Consider a relation (21) corresponding to a multiset {p; < --- < pory2} and a
total degree —n| —--- —ng4; = —N € —N.
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Feigin—Stoyanovsky’s type subspaces for C él) 275

First consider the case N = (k + 1)n. In this case the leading term has all factors
of the same degree —n so we need to find minimal configuration of colors whose
rows and columns joined give {pi, ..., pax+2}. It is clear that rows of the minimal
configuration are {py, ..., pr+1} and its columns are {pg+2, ..., pak+2}. Otherwise
there would exist a leading term x () = x (71)x;; (—n)xy jo(—n),i < j <i’ < j’,and
it is clear that a monomial x (/) = x(m1)x;j(—n)x i (—n) from the same relation is
smaller than x (7). By a similar argument we conclude that the minimal configuration
is obtained by pairing maximal rows with minimal columns, i.e., it consists of colors
{(P1P2k+2)s (P2P2k+1)s -+ s (Prt1Pr+2)} (F X () = x(w)xij(=n)xprjr(—=n), i <
i" < j < j'sthen x(7") = x(m1)x;j (—n)x;y j(—n) is smaller than x (rr)). Hence it is
a configuration whose colors lie on a diagonal path as shown in Fig. 5.

Next, consider the case N = (k+1)n-+m. Inthis case, the leading term has m factors
of degree —n—1 and k+1—m factors of degree —n. The leading term is obtained first by
choosing the minimal possible (—n)-part, and then the minimal possible (—n — 1)-part.
Hence (—n)-part corresponds to { paim+-1,..., pyy }» While (—n — 1)-part corresponds to
{p1, ..., p2m}, and colors of these parts lie on diagonal paths as shown in Fig. 5. O

We say that a monomial x (;7) satisfies difference conditions, or shortly, that x ()
satisfies DC, if it does not contain leading terms. More precisely, x (;r) satisfies dif-

ference conditions if foranyn € Nandi; < --- < i, < j, < -+ < j1 <ipq1 <
: Sls f]_& = Sjl+1’
biyjy + o Fbij iy gy o i S 24)

where g;;’s and b;;’s denote exponents of x;;(—n) and x;; (—n — 1) in x(;), respec-
tively.

Note that in the case of level k = 1, difference conditions imply that if x(7) =
x(m")x;j(—n) then x(rr") does not contain factors x; j/(—n), i < i’ < j" < jor
i" < i < j < j',nor it contains factors x; (—n — 1), i’ < j° < i. Hence,
x(m) = .. .xi;js/(—n —1)-- "Xt (=n — Dxj,j,(=n)---x;yj,(=n) ... satisfies dif-
ference conditions for level k = 1 if

i< <y J1 <o <i, i <coe<ib, o dp<ji<-oo-<jl (25)
Its colors lie on diagonal paths and a diagonal path of (—n — 1)-part lies below i;-th
row, where i, is the column of the smallest color of the (—n)-part; see Fig. 3.

Remark 1 Similar difference conditions appear in another construction of combina-
torial bases for Cél) (cf. [28)).

Lemma3 On L(A,)

xij(=Dva, =0, ifj<r,
xij(=Dva, #0, ifj>r.
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276 1. Baranovi¢ et al.

Fig. 6 Initial conditions for
W(Ar)

Proof For @ € R denote by slo(«) C g a subalgebra generated by x, and x_,, and
let

slr(a) = sla(a) @Clt,t ™' 1@ Ce ®d Cd C §

be the corresponding affine Lie algebra of type A(ll). It has a canonical central element
¢’ = (xq, x_q)c = 2¢/{a, ). Hence the restriction of L(A,) is alevel 1 representation
if « is a long root, and a level 2 representation if « is a short root.

Consider = (jj) = 2¢j, j < r.Then (jj) = (jj) = 2¢; and (o, (j)") =
dj~,. Hence, by (17),if j < r, then U(f:lz(oc))vA, is a level 1 representation with 2-
dimensional s/, («)-module on top, and therefore it must be the standard Aﬁl)—module
L(Ay).If j > r,then the s/7(«)-module on top is 1-dimensional, hence U (sl2(c0))v A,
must be the standard Agl)—module L(Agp) (cf. [20]). Therefore

xji(=Dvya, =0, if j <r, (26)
Xjj(=Dvg, #0, if j >r, 27

which proves the lemma for i = j. Fori < j, action by xg, (0) - - - xo;_, (0) on (26)
and (27) gives the claim. O

A monomial x(;r) satisfies initial conditions for W(A,) if it does not contain a
factor x;;(—1), i < j < r. Note that if a monomial x (i) satisfies difference and
initial conditions for W (A, ), then the colors of (—1)-factors lie on a diagonal path
below the r-th row (see Fig. 6).
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Fig. 7 Initial conditions for
A=koAg+---+keAy

Jifme——F - mmm oo oo

Generally, let A = ko Ao+ - - - + k¢ Ag. We say that x (i) satisfies initial conditions
for W(A) ifforevery iy <--- <i; < j, <--- < ji,

ajjy + -+ ai, <ko+ki+---+kj_1, (28)

where a;;’s denote exponents of x;; (—1) in x () (see Fig. 7). One immediately sees
that for A = A, the two definitions of initial conditions are equivalent.

Remark 2 Like in [2,32], initial conditions can be expressed in terms of difference
conditions by adding “imaginary” (0)-factors to x (;r). Let

x(0) = x10(0)% x20 (0)*2 - - - xg0 (0).

Note that colors of x (7¢) lie on a diagonal path as shown in Fig. 5. Then x (;7) satisfies
difference and initial conditions for W (A) if and only if x (") = x()x(77p) satisfies
difference conditions. In fact, initial conditions are defined in this way so that the
property holds.

Proposition 4 The set of monomial vectors x (w)v 4 satisfying difference conditions
(24) and initial conditions (28) span W (A).

Proof By (21), if x () does not satisfy difference condition (24), then x(r)v4 can be
expressed in terms of higher monomial vectors. Hence we can exclude x (7r)v 4 from
the spanning set (18).

By definition of level one initial conditions, if x (77) does not satisfy initial conditions
for W(A,), then x(w)vs, = 0 and x(;w)v,, can be excluded from the spanning set
(18). Assume k > 1 and that x(;r) does not satisfy initial condition (28), and set
d =ko+ky+---+kj—1 + 1. Factorize x () = x(7")x(7’), where x (") consists
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278 1. Baranovi¢ et al.

only of (—1)-factors lying on a diagonal path from (28). Furthermore, one can assume
that the length of x (') is equal to d and that d < k + 1 (otherwise (28) is equivalent
to (24)). _

Set A’ = Zi:ol kA, AV = Zf:jl k, A, = A — A’. Denote by v, and v~ the
highest weight vectors of standard modules L(A’) and L(A”). Then, by the complete
reducibility, L(A) C L(A")QL(A”),vsy = va ®v,r. Since, by Lemma 3, all factors
of x () annihilate v 4~, we have

x(mva = (x(THva) ® var.

Note that L(A’) is a module of level d — 1 < k. From relations (21) for the module
L(A") we obtain monomials x (7)), ..., x(7;) such that x(7")vy = Cix(w{)va +
<o+ Cox (v, G € C*, and x () < x(7/). Also from these relations, we see
that colors of monomials x (7)) lie in the ji-th row or above. By Lemma 3, all factors
of x(7/) also act as 0 on v 4. Consequently,

x(mva = Cix(m)va + -+ Csx (v A,

and x(;r)v can be expressed in terms of higher monomial vectors. Therefore, it can
be excluded from the spanning set (18). O

Like in the A,-case [32], difference and initial conditions for level k > 1 can be
interpreted in terms of difference and initial conditions for level 1:

Proposition 5 Let L(A) C L(A;) ® --- ® L(A;,) be a standard module of level k.
Monomial x (10) satisfies difference and initial conditions for W (A) if and only if there
exists a factorization

x(m) =x@W) - x(@®),

such that x (V) satisfies difference and initial conditions for W (A, i)

Proof We follow the idea from [32]; here we give a sketch of the proof. First consider
the case A = kA for which initial conditions do not provide any additional relations
and we only need to consider difference conditions.

Define another order on the set of variables: x;;(—n) C x;j/(—n') if either —n <
—n' —2o0or-n=-n"—1,j > i’ or —n = —n',i > i’,j > j'. Equivalently,
xij(=n) C xpjr(=n') if x;;(=n) < x;/7(—n’) and a monomial x;;(—n)x; j(—n")
satisfies level 1 difference conditions. This is a strict partial order on I,

Consider monomials x () € C[I"] as multisets; then a monomial x(7r) satisfies
level k difference conditions if and only if every subset of x(;r) in which there are
no two elements comparable in the sense of [, has at most k elements. To see this,
let x;;(—n), x;jy(—=n') € r, x;j(=n) < xjyj(—n’). They are incomparable in the
sense of  if and only if either —n = —n’ — land j <i’or —n = —n’ and i > i’
or j > j'. It is clear that factors of leading terms (23) are mutually incomparable;
consequently, if x (;7) does not satisfy difference conditions, then it has a subset of at
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least k£ + 1 mutually incomparable elements. Conversely, consider a subset of x ()
whose elements are mutually incomparable. By the observation above, degrees of its
elements differ for at most 1. Moreover, elements of the same degree lie on a diagonal
path and the two paths are related as shown in (23).

Note that if x,,(—n1) T --- C xy,(—n,), then the corresponding monomial
Xy, (=n1) - - - xy,(—n;) satisfies level 1 difference conditions. Now, a combinatorial
lemma from [32] implies that x(77) can be partitioned into k linearly ordered subsets
which proves proposition in the A = kAg case.

By Remark 2, in the general case A = ko Ao + - - - + k¢ Ay, initial conditions can
be regarded as difference conditions by considering monomials x () = x()x (7o)
instead of x(;r), where x(g) = X120k - xpp (O)kf. By above arguments, we can
partition x (') into k linearly ordered subsets. Since x;¢(0)’s are mutually incom-
parable, they lie in different subsets. Moreover, a subset containing x;¢(0) gives a
monomial satisfying difference and initial conditions for W (A;), again by Remark 2.

O

5 Intertwining operators

Consider a go-module V; = U(go)va;, C L(A;) and C¢ as the vector representation
for go-action. Then

i
vi=/\C.
fori =0,...,¢€(cf. [3,19]).If ey, ..., e is a basis for C*¢ with go-action defined by

(8), then
Uppoep; = €py A v Aep;, l<pi<---<pi <¢ (29)

is a basis for V;. Moreover,
VA = V12,

IfI ={p1,...,pi},1 < p1 <--- < p; <{,thendenote by v; = v, . Note that
foreacho € Wandeachi =1, ..., ¢ we have a linear map o on V; such that

OUpy...pi ™ Vo(p1)-o(pi)>

where we use the notation from (16). Later on we shall also use other consequences
of the formula (14) for integrable go-modules, for example the formula

0 (Xpg (=D vp,..p) ~ Xo(p)oq) (=D Vo (p))..o(p)-

Lemma 6 Let v € V. Then x,(n)v = 0, fory € I', n > 0, and xo(n)v = 0, for
xeR n>1.
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Proof We only need to show xv = 0 for all x € g1, v € V;; other relations are clear
from the definition. Let v’ € V; be such that gjv’ = 0. Let x € g; and y € go. Then
xyv’ = [xy]v" + yxv’ = 0. Since gjv4, = 0, the claim follows. O

The standard g-module L(Ap) is a vertex operator algebra and L(Ay), ..., L(Ay)
are modules for vertex operator algebra L(Ag) (cf. [16,21]). By using Theorem 6.2
in [14], it is easy to see that the space of intertwining operators

Vi L(AY) — Hom (L(A), LA (), Yw,u= > wyuz""!
meQ

is 1-dimensional fori =0, ..., ¢ — 1.
By Lemma 6.1 in [27] for such nonzero ), there exists m € QQ such that

Vi®Vi— Viy, WU > Wyl (30)
is a nonzero homomorphism of go-modules. It is easy to see that the multiplicity of
Vit1 in Vi ® V; is 1—one way to see this is by using Parthasarathy—Ranga Rao—
Varadarajan’s theorem 5.2 in [14]—hence we can normalize ) so that the map (30) is
the homomorphism of go-modules

VieVi— Vig,  vnu=vAu. (3D

From the commutator formula for )V and Lemma 6, we have the following:
Proposition 7 Forv € Vi = C¢:

— Y(v, z) commutes with g,
— foru € V;, the coefficient of z "1 of Y (v, 2)u is

Uplk =V A UL.

6 Simple current operator

Recall that we have fixed the minuscule coweight w = wy € h*. We shall use simple
current operators

L(A) 2 LA < LAy
such that simple current commutation relation
xo(M)[w] = [w]xg(n + ax(w)), xeR, neZ (32)
holds (see [11,18], or Remark 5.1 in [27]). Then

xy(—n — Dlw] = [w]xy(—n) for y el
x(w)[w] = [wlx(uh) for a monomial x (1) € U@g)),
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where by x(u1™) we denote a monomial obtained by raising degrees in x (i) by 1.
Also,

Xo (—m)[w] = [w]xq(—n) for x4 € go,
olw] = [w]lo for o € W.

In the level k > 1 case, for A = koAg+ k1 A1+ ---+k¢Ap, weembed L(A) ina
tensor product of standard modules of level 1

L(A) C L(A)* ® L(AD" @ --- ® L(A0)*,
with a highest weight vector

k k
va =13 g @S,

and we use the level k simple current operator [w]: L(A) — L(A'),

[w] =[w]® - ®[w].

7 Relations

From (21), we immediately obtain the following relations:

Lemma 8 On a level one module L(A,)

Xii (—=Dx;i(=1) = 0, (33)
Xij(=Dx;i(=1) =0, fori < j, (34)
xjj(=Dx;j(=1) =0, fori <], 35)
Xij(=Dx;ij(=1) ~ x;; (—=Dxj;(=1), fori < j, (36)
Xjk(=Dxii (=1) ~ xig (= Dx;j(=1) =0, fori < j <k, (37)
Xj(=Dx;j(=1) ~ xjj(=Dxp (=1) =0, fori < j <k, (38)
Xk (—Dxij(—1) ~ xjp(=Dxix(=1) =0, fori <j <k, (39
Xjk(=Dxj(=1) ~ C1xji (=D xip (=1) + Coxgr (= Dx;j (=1), (40)

fori < j <k <[ andsome Cy,Cy € C*.

Lemma9 Ifi, j € {s1,52,..., 8}, where 1 <s1,...,s <, then
xij(_l)vslsz‘..s, =0.
Proof Leti =sp, j =54, p < g <r.ByLemma 3, we have

qu(_l)UIZ..Ar =0. 41
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Next, by acting on (41) with a linear map o corresponding to o € W such that
o(t)=s:,t=1,...,r (see (12)), we obtain the desired relation. O

Lemma 10 Ifi ¢ {s1, s2,..., s}, then
Xisy (=D Vsy5y.5 ™ Xsps, (D Vs isy s, (42)
We use underline to denote that the corresponding indices should be excluded.
Proof Lets,;_1 <i <S4, < p. By Lemma 9, we have
Xg+1,p+1(=Dv1.g—1,g+1..,+1 = 0. (43)

We act with x4 , €80 and obtain

Xg, p+1 (=D Vg1 gt 1or 1 — C'Xgp1 pr1 (—DVLg g42-r41 =0, (44)
for some C’ € C*. Hence
Xg. p+1(=DV1g—1,g+1r41 ~ Xg+1,p+1 (=D V1g g 42741 (45)
By induction, we obtain
xq,,,_H(—l)vl...q_l,q+1...r+1 ~ Xp+1,p+1 (—l)vl...p,p+2...r+1. (46)
By acting on (46) with a linear map o corresponding to o € W such that o (t) = s;,

fort e {1,...,q —1},0(@) = s;—1,fort e {g+1,...,r+1},and o (q) = i, we
obtain (42). m]

Lemma 9 can be generalized in the following way:

Lemma 11 Let x(7) = xj,,,, (=1) - - - x;, j, (=1), i; < J;, and assume ji < -+ < ju.
Let I C {1,...,€}besuchthat{1,..., ju}\{j1,--+s jm} C L. If ju € I, then

x(m)vy = 0.
Proof If m = 1 this is just Lemma 9 since i1, j; € . Form > 1, we use induction. If
im € I, then Lemma 9 implies x (w)v; = 0.1If iy, ¢ I, then iy, = j,, for some r < m.
By Lemma 10
Xjpju (=D = x5, j, (=D,
where I’ = (I \ {jn}) U {J,}. By induction,

Xi, j, (=1) - xi jy (=D =0,

which gives the claim.
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Lemma 12 Let x(7) = x;,,,(=1) ---x;,j,(=1), iy < ji, and assume j; < --- <
Jn—1 < Jm. Let I C {1,...,4€} be such that {1, ..., ju} \ {j1,---, jm} C L. If
jm—l ij, then

x(m)vy =0.

Proof For m = 2, we have x(w)v; = xi,j,(=1)x; j,(=1)v;. Assume iy < io.
If i, = j2, then x(7)v; = 0, by (35). Otherwise, i1,ip € [ and x(w)v; ~
Xjyj (=1D)xj1i, (=1)v; =0, by (39), (36) and Lemma 9.

For m > 2 we use induction. Assume iy, —1 < iy,. If i, = jiu, then x(;w)v; = 0, by
(35). Otherwise, by (39) and (36),

X(@)vr ~ Xy iy (DX iy (DX Xy jy (= Dog

Ifi,, € I, then x(w)v; = 0, by Lemma 11. If i,,, ¢ I, then i;, = j,, for some
r < m — 1. By induction,

Xig_y j (= DXy j, - Xiy jy (=Dvp = 0,

from which the claim follows. O

So far we have described conditions upon which a monomial of “small” degree will
annihilate vectors from the top of a standard module. In the following two propositions,
we describe in more detail the action of these monomials on vectors from the top.

Proposition 13 Let x(7) = x;,,j,, (—1) - - - xi j, (=D x;, j, (=1) satisfy difference con-
ditions, i.e., i1 < «++ < iy, j1 < +++ < jmand iy < j. Set I = {1,...,£}\
{tseoesjmb I' ={i1, ..., im}. Then

x(mvr ~ [w]vp. (47)

Proof We first show
X (=D Xm—1,m—1(=1) - - x22(=Dx11 (=D Vm1,....0 ~ [@]V1200m,  (48)
i.e., we show that [a)]_lxmm(—l) -+ x11(=1)vm+1...¢ is a highest weight vector

with the highest weight A,,. Like in the proof of lemma 3, one easily sees that
Xmm (=1) - x11(=1D)vpm41,...¢ # 0. By (32) and Lemma 6, we have

x—g (D[] X (= 1) -+ x11 (=D V1o
= [@] W (= 1) - x11 (= D)x_g (21, = O.

By (29) and (32) and

Xa (O)[@] ™ X (= 1) -+ - X1 (= D1, e
= [@] X (—1) - - x11 (= DXy, (0) V1. ¢ = 0,

fori=m+1,...,¢£—1.By(29), (32) and Lemma 9
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Xy (O)[@] ™ g (= 1) - - - 11 (= D1 e
=[] X (= 1) - X711 (= DV 2,0 =0,

By (29), (32), and (34)

X (@] X (= 1) - x11 (= D1, e = [0 X (1) - - x5 (= 1)

XXi42,i+2(=1) - X1 (= D) (X 41,041 (= Dxg; (0) + x5 541 (= 1) V1,0 = 0,
fori =1,...,m — 1. Since oy = (££), by (32) and Lemma 9

Xary (O [@] ™ X (= 1) -+ - x11 (= D10
= [@] X (= 1) - - x11 (= Dxge (= Dvg1,. ¢ = 0.

Hence, (48) holds.
Next, W-action on (48) gives

X jim (D) - X jy (= DXy jy (= Dvr ~ [@]vjy i, (49)
Finally, go-action on (49) gives the claim. Assume that we have shown

xjmjm (_1) T le+1jl+1 (_l)xnjl (_l)xil—ljl—l (_1) T xiljl (_I)U] (50)
~ [@1Viy iy ymjigy s
where i; < n < j;. Since [xq,_,(0), x4, (=1D)] = x,-1,j,(—1), we act on (50) with
X, (0). We claim that what we will get is
X D) X o (D X1, (DX gy (=D -y jy (=D (ST)
~ [C()]U[l "'il—l snflsjl-%—] "'jm .
Note that [xg,_,(0), xj,;, (=1)] =0,fort <r <m.
First, consider the case when n € I. In this case also [xq,_, (0), x;, j, (—1)] = 0, for
1 <r<tIfn—1e€l,thenxy, ,(0)v; =0 and (51) follows. If » — 1 ¢ I, then

Xa,_; Qv =vp, where I' = (I \ {n}) U{n —1}. Sincen — 1 ¢ I, thenn — 1 = j,
for some s < t. By Lemma 11,

Xigj, (=1 -+ xi j (=Dvp =0,
and (51) follows.
Now, consider the case when n ¢ [. In this case n = j;, for some r < t.
Then x4, (O)v; = 0, [xg,_,(0),x;,;,(=D] = 0, for 1 < r < t,r # s, and
[Xa,_; (0), xi, j, (=D)] = xi p—1(—1). If n — 1 € I, then, by Lemma 11,

Xign—1(=Dx;_j_, (=1 ---x;, jy (=Dvy = 0.

Ifn—1¢1I,thenn—1= j;_; and
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Xigj_g (= Dxig_yjo (1) - xy j, (=Dop =0,

by Lemma 12. In both cases, (51) follows.
After finitely many steps we will reach (47) O

Proposition 14 Let x(7) = x;,,j,(=1) - X, j, (= Dx;, j, (—1) be such that j <
< Jmy by FE Qi forr #E t,and iy < jp.o Set I = {1,..., 8\ {J1,---s Jm}
I ={i1,...,in}. Then x(m)vy ~ [w]vy.

Proof Since x (r) does not satisfy difference conditions, we can use relations (21) to
express x (7r) in terms of monomials that satisfy difference conditions. We show that
in each step of the reduction of x (7r), we will obtain another monomial x (r”) such that
x(7w) < x(7'), x(;w)v; ~ x(7")v; and such that colors of factors of x(7') again lie in
rows ji, ..., jm and columns iy, ..., i;, as are the colors of x (;r). In the end we will
obtain x(m)v; = x;, j,(=1)-- “Xig, ji (=1Dvy, where is, < --- < iy, , and proposition
13 gives the claim.

Let x(w) = x(m)x(m2), where x (1) is a leading term of some relation (21). In
fact, since colors of factors of x () all lie in different rows and different columns,
relations that we use are (38) and (40).

First, assume that the reduction is made upon relation (38). In this case x (7r1)vy ~
x(mp)vy, with x (1) < x (7)), and after the reduction we obtain another monomial
x(r') =x (n{ )x (7t2) whose colors lie in the same rows and columns as colors of x (77)
and x (7r1) < x(7}).

Next, assume that the reduction is made upon relation (40). Let x(mr;) =
Xi,j, (=Dx;, j, (=1), for some r <t andi; < i, < j- < j;. Let

x () = xi, j, (= Dxi,j, (=1, x(x{) = xi,i, (= Dxj, j, (= 1).
Then, by (40),
x(m)vy = Cix(my)vy + Cox(ny)vy,

for some Cy, C; € C* and x (1) < x(7}), x (7). Denote by x (") = x(7])x(2)
and x (") = x(7{)x (7r2). Then

x(m)vy = Crx(')vy + Cox(")vy,
and x () < x(7'), x(7r""). Note that colors of x (") lie in the same rows and columns
as colors of x(sr). We claim that x(7”)v; = 0. Let n be such that j, < i, < j,11.If
i, € I, then
Xii, (= DX, jy, (=1) -+~ x3y jy (=Dvg =0,
by Lemma 11.If i, ¢ I, then j, = i, and

Xii, (= Dxi, j, (=1 - - - xiy jy (=Dvy =0,

by Lemma 12. In both cases, we get x (7" )v; = 0. ]
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Remark 3 Let x;,, j,, (=1) - - - x;; j; (—1) satisfy difference conditions. Assume

x,-mjm (—1) .. ~x,‘ljl (—l)vslu.shm 75 0. (52)

If{j1,.... jm} N {s1,...,Se—m} = 9, then, by Proposition 13,

'ximjm (_1) o .xil./l (_l)vsl'”slfm = I:(’()]Uil”'im'

If{j1,.... jm O {s1,...,8—m} # ¥, we can use Lemma 10 to “switch” indices and
reduce the expression (52) to the one appearing in Proposition 14. Concretely: Let ¢
be the smallest possible so that j; € {s1, ..., s¢—n}. Theni; ¢ {s1, ..., s¢—m}, by (52)
and Lemma 9, and

i jo (=D Vs 550~ X jy (S D Vs jvvs s

by Lemma 10. Proceed inductively—reduce the expression

to the one appearing in Proposition 14.
Hence, in this case, there is no index occurring more than twice in the sequence
ils"'vims jla"'vjm’ Sl""?se—l‘n’and

Xip jm (_1) o Xiph (_1)US1-~Sg,m ~ [(,!)]Url...rm,

where ry, ..., r, are exactly those indices appearing twice in the sequence.

8 Proof of linear independence

Let x () = xj,, j,, (—1) - - - x5 j (= Dx;, j, (—1) satisfy difference and initial conditions
on W(A;). Set J = {1,...,¢}\ {j1,---» Jm}, I = {i1,....in}. By Proposition 7
there are operators, denoted by wy, wy that commute with g; and such that

WiV, = Vg, WV = Vg (53)

im*

Moreover, operators w; and w act on V; and V,,,, correspondingly, as multiplication
in the exterior algebra by suitable vectors. Let w§ = [w]wa[w]L; it also commutes
with g;. Then, by Proposition 13,

wiwx(m)vg, ~ [wlva

im*

Let x(u) = x5, (=1) -+ - Xpp5, (—1)xp 5, (—1) also satisty difference and initial
conditions on W(A;), and let x(u) > x(;r). We will show that

wywix(u)vy; = 0. (54)
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If n > m, then either

xrmsm(_l) o .‘xrlsl(_l)v‘] = O

or

meSm(_I) © X (_I)UJ ~ [0)]1)/,

for some v’ € V,,; (cf. Remark 3). In the first case, Relation (54) directly follows. In
the second case, we have

x(vy ~ [w]xrnsn ©)--- X1 Sm+1 (O)U/ =0

by Lemma 6. Hence, (54) follows.

Ifn = m, thenthereexists¢, 1 <t < m,suchthat (r;s1) = (i1j1),..., (rr—185—-1) =
(iy—1jr—1) and (r;5;) > (iz j;). Then either r;, = i; and s; < j;, or ry < iy.

Consider first the case when r; = i; and s; < j;. Then ji—1 = s;—1 < 8¢ < Jp,
hence s; € J. Then x,,5,(—1) - - - Xy 5, (=1)vy; = 0, by Lemma 11, and (54) follows.

Now, consider the case when r; < i;. If x()vy = 0, we are done. If x(n)v; # 0,
then, by Remark 3, in the multiset {ry, ..., r,} U {s1, ..., sn} U J there is no index
occurring more than twice. Furthermore, since r; < j; and s, = j,, for p < ¢, index
r; appears twice in the aforementioned multiset. Hence x (u)vy ~ [w]vy and ry € I'.
Since r; ¢ I and r; < iy, the action of w, will annihilate v/ (see (53) and Proposition
7N, ie., wilwlvy = 0.

Set w = w5 w;. By the above considerations, we have the following.

Proposition 15 Let x () satisfy difference and initial conditions for L(A;). Write
x () = x(w1)x (m2), where x (1) is the (—1)-part of a monomial, and x (72) the rest
of the monomial. Then there exists an operator w : L(A;) — L(Ay) such that

— w commutes with g,
wx(w)vg ~ [wlva,,
- x(n2+) satisfies IC and DC for L(A;r), and
if x(7') has a (—1)-part x(7r]) greater than x (1), then wx(n")v,, = 0.

Proof We have already shown the majority of the claims. It remains to see that x(n;r )
satisfies IC and DC for L(A;), but this is clear from the description of level 1 difference
conditions in (25) and the definition of initial conditions (see also Remark 2). O

Like in the A?)-case, Proposition 5 enables us to straightforwardly generalize
proposition 15 for higher levels (cf. [32]). Also, the proof of linear independence is
the same as in the Ale) -case, hence we give here only the sketch of the proof.

Theorem 16 The set
{x(m)va | x () satisfies DC and IC for L(A)}

is a basis of W(A).
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Sketch of proof Assume
chx(n)vA =0, (55

where all monomials x (77) satisfy difference and initial conditions for W (A). Fix x ()
in (55) and assume that ¢, = 0 for x(7’) < x(7r). We show that ¢, = 0.

Choose an operator w from Proposition 15 and apply it on (55). By Proposition 15,
we get

0=w ch/x(ﬂ/)UA
=w Z e x(@Hvg +w Z cox(m g +w Z e x(m vy

Ty >7] Ty <] 7=

=w Z e x (v ~ Z crx () [w]v ar

j'[i:j'[l 71{:771

= [w] Z cn/x(n;r)v/\/.

T =]

Since [w] is injective, it follows that

Z cn/x(n;r)v/\/ =0.

T =m]

This is a relation of linear dependence between monomial vectors satisfying difference
and initial conditions for W (A’) with all monomials of degree greater than the degree
of x (7). By the induction hypothesis, they are linearly independent, and, in particular,
cr =0.

Acknowledgements We are grateful to DraZen Adamovi¢ and Alex Feingold for useful information and
stimulating discussions on fusion rules and intertwining operators.
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