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Abstract We prove some interesting arithmetic properties of theta function identities
that are analogous to g-series identities obtained by Michael D. Hirschhorn. In addi-
tion, we find infinite family of congruences modulo powers of 2 for representations
of a non-negative integer n as A1 + 44, and A 4 k(.
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1 Introduction

Let ay (n) be the number of representations of n as A1 +2kA; and by (n) be the number
of representations of n as A + k[J. Then

D a (g = v(@v g™,

n=0

> bmg" = v (@)e(gh).

n=0
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Hirschhorn and Sellers [3] used some interesting g-series identities to obtain results of
congruences modulo 5 for 4-colored Frobenius partitions, and Hirschhorn [2] proved
equivalent results of g-series identities that are used in [3]: If

2. ,2\2 4. 4\3 3 2. 2

= (43 @)oo o (% 4o
where (a; ¢)oo = [[ (1 — ag™), then
n>0
> gGmg" = hin)g" =5 gmg™"
n>0 n>0 n>0

and

D hGn+3)g" =16 D g(n)g" —5 D h(n)g™".

n>0 n>0 n>0

Motivated by these works, in Sect. 3, we establish arithmetic properties of repre-
sentations of a number A; + 2kA, and A + k. In addition, we also find certain
congruences modulo powers of 2 for number of representations of a non-negative
integer n as A1 +4A, and A + k[J. We list our main results in the following theorems
and corollaries.

Theorem 1.1 Let ay(n) and by (n) be the number of representations of n as A1 +2k /s
and A + kOJ, respectively. Then

> @@k + Dng" = v @e@) —q T v @@,

n=0

D biGn+1)g" =4 (@Y (e — v (@)@, (12)

n=0

D by (5n+3)q" =4 (@Y (g — v (@), (1.3)

n=0

> b3 (Tn+6)q" =4y — ¥ (@), (1.4)

n=0
where k is a positive integer so that 2k + 1 is odd prime.

Theorem 1.2 Let ay(n) and by (n) be the number of representations of n as A1 +44;
and A + 20, respectively. Then

a2(625n 4+ 390) — 2a>(25n + 15) + ax(n) = 0, (1.5)
by(625n 4 78) — 2b2(25n 4 3) + ba(n) = 0. (1.6)
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Arithmetic properties arising from Ramanujan’s theta functions 603

The identities (1.5) and (1.6) are analogous to the Hirschhorn [2] identities

g(625n 4 390) — 6g(25n + 15) + 25g(n) = 0,
h(625n + 78) — 6h(25n + 3) + 25h(n) = 0.

Corollary 1.1 Let by (n) be the number of representations of n as A + kU. Then for
eachn, a > 0,

< 2u 3204_1 n o 2

> b |30+ g )" =3V @e(@) (mod 29, (1.7)
n=0

< 2a 520[_ n o 2 2

> by (570 + 4" =3"Y(@)p(g®) (mod 2%, (1.8)
n=0

~ 2a 7204_ n o 3 2

Zb3 7%n + q" =3“Y(q)p(g”) (mod 27). (1.9)
n=0

Corollary 1.2 Let ap(n) and by (n) be the number of representations of n as A +4/,
and A + 20, respectively. Then for all n, o > 0,

da

as (540‘n + %) =ar(n) (mod 2), (1.10)
540( _

by (54“:1 + ) = by(n) (mod 2). (1.11)

2 Preliminaries

For |ab| < 1, Ramanujan’s general theta function f (a, b) is defined by

o0
f(a,b)= Z "D/ 2pn(n=1)/2 on
n=—0oo

= (—a; ab) o, (—b; ab), (ab; ab), . (2.2)

Important special cases of f (a, b) are

e@=F@=1+2>q"= > ¢ =(:4"%0@" P 23)

n=1 n=—00
and
1 & in T (LR
V@)= L) = fa.q) =2 "= 3 g =—(q.q2)°°~
n=0 n=-—00 ’ o
(2.4)
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From (2.3) and (2.4), we can see that

o(@) = o(gh) +2qv (g®). (2.5)

3 Proofs of main results
Proof of Theorem 1.1 Let us write
_ 2k
Ex(q) =¥ (@ (@@™).
Using (2.4) in Ef (g), we obtain
Ei (q) = Z q2m +m Z 2n +n (3.1)
m=—0oQ n=—oo

Replacing ¢ by ¢® and then multiplying both sides of (3.1) by ¢?**!, we find that

e¢]

GHE () = z q(4m+l)2+2k(4n+l)2
m,n=—00
= X g (3.2)
x,y=1 (mod 4)
If we write
Ex (@) =E} @+ E @+ -+ EF (@), 3.3)

where E ,’( (g) consists of all those terms in Ej (¢) in which powers of g are congruent
to i modulo 2k + 1, then from (3.2) and (3.3), we see that

2 2
q2k+1E[9(q8) — Z qx +2ky , (34)
x,y=1 (mod 4)

where x2 + 2ky? = 0 (mod 2k + 1). The solution of x% + 2ky? = 0 (mod 2k + 1) is
x = £y (mod 2k + 1), and from (3.4) it follows that

2 2 2 2
q2k+1E]?(q8) — Z qx +2ky + z qx +2ky

x=y=l (mod 4) x=y=1 (mod 4)
x=y (mod 2k+1) x=—y (mod 2k+1)

- Z g R, (3.5)

=1 (mod 4)
=0 (mod 2k+1)

X=

In the first sum of (3.5), wehave x = y (mod 2k +1),4m+1 =4n+1 (mod 2k + 1),
m—n=0mod2k+1),m —n=Qk+ Du,m+2kn = 2k + 1)v, m = 2ku + v,
n=v—u,
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Arithmetic properties arising from Ramanujan’s theta functions 605

x=8ku+4v+1, and y =4v —4u + 1. (3.6)

In the second sum of (3.5), x = —y (mod 2k + 1),4m+1 = —4n — 1 (mod 2k + 1),
4m+n)=-2(mod 2k +1),4m+n) = —-2+22k+1) (mod 2k +1),m +n =
k(mod2k+1),m+n=Qk+Dv+k,m—2kn = Qk+ Du+k,m = u+2kv—+k,
n=v-—u,

x=4u+8kv+4k+1, and y =4v —4u + 1. 3.7

In the third sum of (3.5),
x =42k 4+ Du+2k+1and y =42k + Dv + 2k + 1. (3.8)

Employing (3.6), (3.7), and (3.8) in (3.5), we obtain

o
2k+1E0 8y __ (8ku-+4v+1)2 2k (4v—4u-+1)2
v (q°) = q

q (q

u,v=—00

o0

+ Z q(4u+8kv+4k+1)2+2k(4v—4u+1)2
o

_ Z q((4u+1)(2k+1))2+2k((4v+1)(2k+1))2

Z q16(2k+1)v2+8(2k+1)v+16(4k2+2k)u2+2k+1

u,v=—00

o0
+ Z q16(2k+1)u2+8(2k+1)u+16(4k2+2k)v2+16(4k2+2k)v+16k2+10k+1

u,v=—00

o0
. Z q16(2k+1)2u2+8(2k+1)2u+32k(2k+1)2v2+16k(2k+1)2v+(2k+1)3

u,v=—00

On simplification, the above equation reduces to

00 [=S)
2 2
E,?(q) — z q(2k+1)(2v +v) Z q4k(2k+1)u

V=—00 u=—00

o0 o0
2 2
+qk(2k+1) Z q(2k+l)(2u +u) Z q4k(2k+1)(v +v)

U=—00 V=—00

o0 o0
k(k+1)(2k+1) 2 2 2 2
_ gt Z q(2k+l) Qu?4u) Z q2k(2k+1) @v2+v). (3.9)

u=—00 V=—00
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606 M. S. M. Naika, D. S. Gireesh

From (2.3), (2.4), and (3.9), we have

EQ(@) = v (@) (0" D) + 2g @Dy B kD) )

k(k+1) (2k+1) 2 2
—q 2 Y@y (gD, (3.10)

From (2.5) and (3.10), we find that

k(k+1)(2k+1)
2

EXq) = ¥ (@* )@@y — 4 YD)y (DY 3

The identity (3.11) can be written as

(e.¢]
Zak((zk + D)n)g @D = g (g% (g 2D

n=0
k(k+1)(2k+1)

—q T @y @D (312)

Now replacing g2+l by ¢ in (3.12), we arrive at (1.1).
Let us write F>(q) = ¥ (q)¢(g), and using (2.5), we find that

Fa@) =¥ @ (va") +2qv(¢")

00 00
— z q2m2+m+4n2 +q Z q2m2+m+4(n2+n). (313)

m,n=—00 m,n=—00

Replacing ¢ by ¢® and then multiplying both sides of (3.13) by ¢, we obtain

o0 00
qF (g% = Z gUmTDIF26n? 4 Z gm0y
m,n=—00 m,n=—o0
— Z qx2+2y2 i Z qx2+2y2. (3.14)
x=l1, y=0 (mod 4) x=1, y=2 (mod 4)
If we write
Fx(q) = F3(9) + Fy (9) + F3 (@), (3.15)

where in (g) consists of all those terms in F>(g) in which powers of ¢ are congruent
to i modulo 3, then from (3.14) and (3.15), we see that

2 2 2 2
21U D S A D S AR (3.16)
x=1, y=0 (mod 4) x=1, y=2 (mod 4)
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Arithmetic properties arising from Ramanujan’s theta functions 607

where, in both sums, x> 4+ 2y? = 0 (mod 3). The solution of x> 4+ 2y* = 0 (mod 3)
is x = £y (mod 3), and from (3.16) it follows that

1,8
qF,(q")
x242y? x242y? x242y?
D T 2
x=1, y=0 (mod 4) x=1, y=0 (mod 4) x=1, y=0 (mod 4)
x=y (mod 3) x=—y (mod 3) x=y=0 (mod 3)
x242y? x242y? x242y?
D AT G 7
x=1, y=2 (mod 4) x=1, y=2 (mod 4) x=1, y=2 (mod 4)
x=y (mod 3) x=—y (mod 3) x=y=0 (mod 3)

(3.17)
In the first sum of (3.17), we have 4m + 1 = 4n (mod 3), 4(m — n) = —1 (mod 3),
dm —n)=—-14+9 (mod3),m —n=2(mod3),m —n = —1 (mod 3), m + 2n =
—1(mod3),m—n=-3u—1,m+2n=-3v—1,m=—v—-2u—1l,n=u—v,

x =—4v —8u — 3, and y = 4u — 4v. (3.18)

In the second sum of (3.17), 4m + 1 = —4n (mod 3), 4(m + n) = —1 (mod 3),
dm+n)=—-14+9@mod3),m+n=2(mod3),m +n=—1(mod3),m —2n=
—1(mod3),m+n=-3u—1,m—-2n=-3v—1,m=—-—v—-2u—1,n=v—u,

x =—4v —8u —3, and y = 4v — 4u. (3.19)
In the third sum of (3.17),
x=12u+3and y = 12v. (3.20)

In the fourth sum of (3.17), 4m 4+ 1 = 4n + 2 (mod 3), 4m — n) = 1 (mod 3),
m—n=1mod3),m+2n=-2mod3),m—n=3u~+1,m+2n=—-3v—2,
m=2u—v,n=—u—v—1,

x=8u—4v+1, and y = —4u — 4v — 2. 3.21)

In the fifth sum of (3.17),4m + 1 = —4n — 2 (mod 3), 4(m + n) = —3 (mod 3),
m+n=0(mod3),m—2n=0(mod3),m+n=3u,m—2n=—-3v,m =2u—v,
n=u-4wv,

x=8u—4v+1, andy = 4u + 4v + 2. (3.22)

In the sixth sum of (3.17),
x=12u+3and y = 12v + 6. (3.23)
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608 M. S. M. Naika, D. S. Gireesh

Invoking (3.18), (3.19), (3.20), (3.21), (3.22), and (3.23) in (3.17), we arrive at

o o
1 —4v—8u—3)242(4u—4v)> —4v—8u—3)242(4v—4u)>
sz(q8): z q( v—8u—3)"+2(4u—4v) + Z q( v—8u—3)"+2(4v—4u)

u,v=—00 u,v=—00
ad 2 2 e 2 2
12u+3)+2(12v Su—4v+1)“4+2(—4u—4v-2
R I e L AT S )2 )
u,v=—00 u,v=—00
o o
Bu—4v+1)242(du+4v+2)> (12u+3)2+2(120+6)?
+ q q
u,v=—00 u,v=—00

o o0
_ Z q48(2u2+u)+24(2v2+v)+9 + Z q48(2u2+u)+24(2v2+v)+9
u,v=—00 u,v=—00
o o0
. 722u4u)+288v>+9 482u? 1) +24 v +v)+9
q + q
u,v=—00 u,v=—00
o o
+ Z q48(2u2+u)+24(2v2+v)+9_ Z q72(2u2+u)+288(v2+v)+81

U, v=—00 U, v=—00

Dividing throughout by ¢, replacing ¢® by ¢, and separating the terms of « and v in
the above equation, we obtain

00 ) 00 R 00 ) 00 5
1 _ 12u”+6u 6v°+3v 18u~+9u 36v
Flq)=4q > q > q —q > q > a
U=—00 V=—00 U=—00 V=—00
> 2 ad 2
10 18u~+9 36v°+36v
DI A DR
U=—00 v=—00

=499 @) (g — qv (@)@ —2¢"v (") (g™
=4q¥ @V (@) —qv @) (e@™) +24°y (™)
=499V (@>) — qv (@) e”).

The above identity can be written as

D b1 Gn+ 1)@ =49y @OV (@) — v (@)eq”). (3.24)
n=0

Dividing throughout by ¢ and then replacing ¢> by ¢ in (3.24), we obtain (1.2).
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Arithmetic properties arising from Ramanujan’s theta functions 609

Let F4(q) = w(q)go(qz), and using (2.5), we find that

Fa@) = (@) (0™ +20°00')

o o0
Z q2m2+m+8n2 + q2 Z q2m2+m+8(n2+n). (325)

m,n=—00 m,n=—00

Replacing g by ¢® and then multiplying throughout by ¢ in the above equation, we
obtain

o0 o0
gFi(g®) = Z q(4m+1)2+4(4n)2 + Z q(4m+1)2+4(4n+2)2
m,n=—0o0 m,n=—0o0
= Z qx2+4y2 + Z qx2+4y2. (3.26)
x=1, y=0 (mod 4) x=1, y=2 (mod 4)
Let us write
Falq) = F{(9) + Fi (@) + Fi(q) + F (@) + F(q). (3.27)

where F i (g) consists of all those terms in F4(g) in which powers of g are congruent
to i modulo 5. From (3.26) and (3.27), we see that

2 2 24,2
aFighH = > T D gt (3.28)
x=1, y=0 (mod 4) x=1, y=2 (mod 4)

where, in both sums, x2 4+ 4y% = 0 (mod 5). The solution of x2 + 4y% = 0 (mod 5)
is x = £y (mod 5), and it follows that

3,8
q9F;(q")
2 2 2 2 2 2
_ x“+4 x“+4 x“+4y
DI Ve .
x=1, y=0 (mod 4) x=1, y=0 (mod 4) x=1, y=0 (mod 4)
x=y (mod 5) x=—y (mod 5) x=y=0 (mod 5)
2 2 2 2 2 2
x“+4y x“+4 x“+4y
D S M 7
x=1, y=2 (mod 4) x=1, y=2 (mod 4) x=1, y=2 (mod 4)
x=y (mod 5) x=-—y (mod 5) x=y=0 (mod 5)

(3.29)
In the first sum of (3.29), we have x = y (mod 5),4m + 1 = 4n (mod 5),4(m —n) =
—1(mod5),m—n =1(mod5),m+4n =1 (mod5),m—n = Su+1,m+4n = Sv+1,

m=4u+v+1l,n=v—u,

x =16u+4v+5, and y = 4v — 4u. (3.30)
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610 M. S. M. Naika, D. S. Gireesh

In the second sum of (3.29), 4m + 1 = —4n (mod 5), 4(m + n) = —1 (mod 5),
4(m+n) = —14+5(modS),m+n=1(mod5),m—4n =1 (mod5),m+n = Su+1,
m—4n=5%+1m=4u+v+1,n=u—vo,

x =16u +4v+5, and y = 4u — 4v. (3.31)
In the third sum of (3.29),
x =20u + 5 and y = 20v. (3.32)

In the fourth sum of (3.29), 4m +1 = 4n + 2 (mod 5), 4(m — n) = 1 (mod 5),
m—n=—1(mod5),m+4n=—1(modS5),m —n=—-5u—1,m+4n = 5v —1,
m=v—4u—1,n=u-+v,

x =4v—16u — 3, and y = 4u + 4v + 2. (3.33)

In the fifth sum of (3.29),4m + 1 = —4n — 2 (mod 5), 4(m + n) = —3 (mod 5),
m+n=-2mod5),m—4n =3 (modS),m +n=—5u—2,m —4n = S5v + 3,
m=v—4u—1,n=—-v—u-—1,

x=4v—16u —3, and y = —4u — 4v — 2. (3.34)
In the sixth sum of (3.29),
x =20u + 5 and y = 20v + 10. (3.35)

Employing (3.30), (3.31), (3.32), (3.33), (3.34), and (3.35) in (3.29), we obtain

o0 o0
16u+4 24 4(4v—4u)? 16u+4 24 4(4u—4v)?
qFf(qS): Z q( 6u+4v+5)°+4(4v—4u) + Z q( 6u+4v+5)°+4(4u—4v)

U, v=—00 U, v=—00
ad 2 2 as 2 2
20u+5)“+4(20v 4v—16u—3)"+4(4v+4u+2
_ Z 61( )“+4(20v) + Z q( ) +H4( )
U, v=—00 U, v=—00
s 2 2 ad 2 2
4v—16u—3)"+4(—4v—4u—2 20u+5)“+4(20v+10
+ Z q( )7 +H4( ) Z q( ) +4( )
U, v=—00 U, v=—00

o0 o0
_ 40202 4v)+1602u® +u)+25 40202 4v)+1602u® +u)+25
— Z q ( ) ( ) + Z q ( ) ( )

u,v=—00 Uu,v=—00

o0 o0
2002u2+u)+1600v2+25 40202 4+v)+1602u® +u)+25
_ Z q ( ) + Z q ( ) ( )

U, v=—00 U, v=—00

o0 [o,0]
+ z q40(2v2+v)+l60(2u2+u)+25_ Z q20()(2u2+u)+1600(v2+v)+425

Uu,v=—00 u,v=—00
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Arithmetic properties arising from Ramanujan’s theta functions 611

Dividing throughout by ¢, replacing ¢® by ¢, and then separating the terms containing
u and v in the above equation, we find that

s 2 s 2 ad 2 s 2
3
Fiq)=4g® > g0 37 gantean_ g3 S gsoeteas 5 200
V=—00 Uu=—00 U=—00 V=—00
(0.¢] o
2 2
_ g Y S S 20002000, (3.36)

Using (2.3) and (2.4) in (3.36), we obtain
F @) =4 @0 @) - 0 @®) (0™ +2¢0v@™) . (337
From (2.5) and (3.37), we see that
Fi(@) =4V (@ @™) ~ v *)e@™). (338)

From (3.38), it follows that

D by (5n+3)¢7" =447 (@) — Y (a7, (3.39)
n=0

Dividing throughout by g3 and then replacing ¢° by ¢ in (3.39), we arrive at (1.3).
Let Fo(q) =¥ (@) ¢ (q3), and using (2.5), we find that

Fo@) = v(@ (@™ +2¢7v(¢™)

00
— Z q2m2+m+12n2 +q Z q2m2+m+12(nz+n)' (3.40)

m,n=—00 m,n=—00

Replacing ¢ by ¢® and then multiplying both sides of (3.40) by ¢, we see that

o0 00
2 2 ) )
qFs(q®) = D qUmthHoant R g Umt D6

m,n=—0o0 m,n=—o0
= > g > e G4
x=1, y=0 (mod 4) x=1, y=2 (mod 4)
If we write
Fo(q) = FE(q) + Fo(q) + -+ Fo(q). (3.42)
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612 M. S. M. Naika, D. S. Gireesh

where Fé (g) consists of all those terms in Fg(g) in which powers of g are congruent
to i modulo 7, then from (3.41) and (3.42), we find that

2 2 2 2
aFe@H = > T+ D gt (3.43)
x=1, y=0 (mod 4) x=1, y=2 (mod 4)

where, in both sums, x2 4+ 6y% = 0 (mod 7). The solution of x2 + 6y = 0 (mod 7)
is x = £y (mod 7), and from (3.43), it follows that

6, 8
qFs(q”)
— Z qx2+6y2 + Z qx2+6y2 _ qx2+6y2
x=1, y=0 (mod 4) x=1, y=0 (mod 4) x=1, y=0 (mod 4)
x=y (mod 7) x=—y (mod 7) x=y=0 (mod 7)
2 2 2 2 2 2
+6y x“+6y x“+6y
D ML D Y e
x=1, y=2 (mod 4) x=1, y=2 (mod 4) x=1, y=2 (mod 4)
x=y (mod 7) x=—y (mod 7) x=y=0 (mod 7)

(3.44)
In the first sum of (3.44), we have 4m + 1 = 4n (mod 7), 4(m — n) = —1 (mod 7),
4(m—n) = —8 (mod7),m—n = —2 (mod7),m+6n = —2 (mod7),m—n = —Tv—2,
mt+on=-Tu—-2,m=—-u—6v—2,n=v—u,
x=—4u —24v —7, and y = 4v — 4u. (3.45)
In the second sum of (3.44), 4m + 1 = —4n (mod 7), 4(m + n) = —1 (mod 7),
4(m+n) = —8(mod7),m+n = —2(mod7),m—6n = —2 (mod7),m+n = —Tv—-2,
m—6n=—-Tu—2,m=—-6v—u—2,n=u—v,
x=—-24v —4u —7, and y = 4u — 4v. (3.46)
In the third sum of (3.44),
x =28u + 7 and y = 28v. (3.47)
In the fourth sum of (3.44), 4m + 1 = 4n + 2 (mod 7), 4m — n) = 1 (mod 7),
m—n=2mod7),m+6n=-5mod7),m—n=Tv+2,m+6n=—Tu—2>5,
m=6v—u+1l,n=—-v—u-—1,
x=24v—4u+5, and y = —4u — 4v — 2. (3.48)
In the fifth sum of (3.44),4m + 1 = —4n — 2 (mod 7), 4(m + n) = —3 (mod 7),
m+n=1mod7),m—-—6n=1mod7),m+n=Tv+1,m—6n=—-Tu+1,

m=6v—u+1l,n=u+v,

x=24v—4u—+5, and y = 4u + 4v + 2. (3.49)
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In the sixth sum of (3.44),
x =28u +7and y = 28v + 14. (3.50)

Invoking (3.45), (3.46), (3.47), (3.48), (3.49), and (3.50) in (3.44), we find that

00 00
Ay — _7)2 Y _ Ay T2 A2
qFGG(qS) — Z q( 4u—24v—T)"+6(4v—4u) + Z q( 24v—4u—7)=+6(4u—4v)

u,v=—00 U, v=—00
> 2 2 ad 2 2
28u+7)*+6(28v 24v—4u+5)°+6(—4u—4v—2
_ Z q( )+6(28v) 4 Z q( )7+6( )
U,v=—00 U,v=—00
o 0

+ Z q(24v—4u+5)2+6(4u+4v+2)2_ z q(28u+7)2+6(28v+14)2_

u,v=—00 U, v=—00

(3.51)

After simplification of (3.51), we obtain

o0 o0
2u? 202 4 2u? 202 4
ng(qs) _ Z q56( 1w 4u)+3362v7+v)+49 z q56( 1% +u)+336(2024v)+49

U, v=—00 U,v=—00

o0 o0
392(2u®+u)+4704v2+49 56(2u+1)+336(2v2+v)+49
- S e + > gty

U, v=—00 U,v=—00

o0 o0
56(2u2+u)+336(202+v)+49 392(2u® +u)+4704(v24v)+1225
+ Z q ( ) ( ) _ Z q ( ) ( ) )

U, v=—00 U, v=—00

(3.52)

Dividing throughout by ¢, replacing ¢® by ¢, and separating the terms of u and v in
(3.52), we obtain

(o8] oo

0 0
2 2 2 2
F()ﬁ(q) :4C]6 Z q14u +Tu Z q84v +42v 6]6 Z q98u +49u Z q588v

u=—00 V=—00 u=—00 vV=—00

o0 o
_q153 Z q98u2+49u Z q588v2+588u_ (3.53)

u=—00 vV=—00

From (2.3), (2.4), and (3.53), we see that
Fé@) = 49" 0@y @) —a°@*) (0@ + 20w @) . 354
From (2.5) and (3.54), we obtain

Fe(@) = 4¢°v(gHv @) — ¢® v @*)eq'Y). (3.55)
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The above equation can be written as

D b3 (Tn+6) g™ = 4%y (a"v (™) — ¢®v (@)@, (3.56)
n=0

Dividing throughout by ¢® and then replacing ¢” by ¢ in (3.56), we arrive at (1.4).
This completes the proof. O

Proof of Theorem 1.2 Putk = 2 in (1.1), we find that

oo o0 (0.¢]
> ax5n)g" = bamg" =D ar(m)g™ T, (3.57)
n=0 n=0 n=0
which yields
az(n) + ax(25n + 15) = ba(5n + 3). (3.58)
From (1.3), it follows that
o o0 oo
> b(5n+3)g" =4 arxm)g" — D ba(m)g™". (3.59)
n=0 n=0 n=0
Equating coefficients of ¢ in (3.59), we obtain
by (n) + by (25n + 3) = 4ay (5n) . (3.60)

Equations (1.5) and (1.6) follow from (3.58) and (3.60). This completes the proof. O
Proof of Corollary 1.1 From Eq. (1.2), we see that

(e.¢]
D biBn+1g" =3y (gHe(g’) (mod 4). (3.61)
n=0
Equating coefficients of ¢3" on both sides of (3.61), we find that
oo
Zb1(9n + Dq" =3¢ (q)ep(g) (mod 4). (3.62)
n=0

From (3.62) and by mathematical induction, we arrive at (1.7). Similarly, we obtain
(1.8) and (1.9) from (1.3) and (1.4), respectively. This completes the proof. O

Proof of Corollary 1.2 In view of Eq. (1.5), we see that
ay (625n 4 390) = ay(n) (mod 2). (3.63)

By mathematical induction on n in (3.63), we arrive at (1.10). Similarly, we obtain
(1.11) from (1.6). This completes the proof. O

@ Springer



Arithmetic properties arising from Ramanujan’s theta functions 615

Acknowledgements The authors would like to thank the anonymous referee for helpful suggestions and
comments which greatly improved the original version of the manuscript.

References

1. Berndt, B.C.: Ramanujan’s Notebooks, Part III. Springer, New York (1991)

2. Hirschhorn, M.D.: Some interesting q-series identities. Ramanujan J. 36, 297-304 (2015)

3. Hirschhorn, M.D., Sellers, J.A.: Infinitely many congruences modulo 5 for 4-colored Frobenius parti-
tions. Ramanujan J. (2014). doi:10.1007/s11139-014-9652-x

@ Springer


http://dx.doi.org/10.1007/s11139-014-9652-x

	Arithmetic properties arising from Ramanujan's theta functions
	Abstract
	1 Introduction
	2 Preliminaries
	3 Proofs of main results
	Acknowledgements
	References




