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Abstract We study the generating functions for Lusztig’s #-analog of weight multi-
plicities associated to integrable highest weight representations of the simplest affine
Lie algebra Aﬁl) . These generating series, termed ¢-string functions, are t-analogs of
the string functions of A(ll). String functions are well studied for all affine Lie algebras
and have important modularity properties. However, they are completely known in
closed form only for the Lie algebra Aﬁl); in this case, Kac and Peterson showed that
the string functions can be obtained in terms of certain indefinite modular forms of
Hecke. In this paper, we generalize this description to the ¢-string functions of AE]).
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1 Introduction

1.1 Let g be an affine Kac—-Moody algebra. Let A be a dominant integral weight of g
and L(A) the corresponding irreducible highest weight representation. A weight A of
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L(A) is said to be maximal if A 4 § is not a weight of this module, where § is the null
root of g. To understand the structure of the module L(A), one studies the generating
functions

al(q) =D dim(L(A);—ks) ¢
k>0

of weight space dimensions (weight multiplicities) along the §-string {* — k4§ : k > 0},
where A ranges over the maximal dominant weights of L(A). The corresponding string
function c)‘} (1) is defined to be

(@ =q"Pal(q)
where ¢ = ¢?™* with 7 in the complex upper half plane, and s (1) is a rational
number (see Eq. (2.6)) which gives the leading power of ¢ in the expansion. String
functions are modular forms for certain congruence subgroups of SL>(Z) and play
an important role in the theory of characters of representations of affine Kac—Moody
algebras [9, chapter 13].

Next, we consider Lusztig’s r-analog of weight multiplicities m ){‘ () (affine Kostka-
Foulkes polynomials). Here A is a dominant integral weight of g, and A is a dominant
weight of L(A). The m)/} (t) are polynomials in the indeterminate ¢ which interpolate
between the affine Hall-Littlewood functions and the Weyl characters [16]. Further,
m f () coincides with the Poincaré polynomial of (the associated graded space of) the
affine Brylinski—Kostant filtration on the weight space L(A); [15]. Thus they have
non-negative integer coefficients and reduce to the usual weight multiplicities att = 1,
ie., mf (1) = dim(L(A)y). Itis therefore natural to consider the generating functions

at(t,q) =D mi5(t) ¢*
k>0

for maximal dominant weights A of L(A). The 7-analog of the corresponding string
function is defined by c){‘ (t,7) = g*r®) a){\ (t,q), with ¢ = ¢*™T as before.
In this paper, we restrict attention to the simplest affine algebra g = A(ll) (affine

slp). This is the only case for which an explicit description of all string functions is
known [10,11]:

Theorem 1 (Kac—Peterson) Let g = Agl). Let A be a dominant integral weight of g,
and ) a maximal dominant weight of L(A). Then

M)y =0(0)n(r) . (1.1)

Here L = L(A, )\) is a certain translate of an even rank 2 lattice of signature (1, 1),
01, (t) is the corresponding Hecke indefinite modular form, and n(t) is the Dedekind
eta function.

We elaborate on these notions in the next subsection. We remark here that the first
results on string functions of Aﬁl) were obtained by Feingold-Lepowsky in [5]. They
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The 7-analog of string functions for A(ll) 467

computed the string functions of small level and, in some cases, obtained formulas
different from those in the later work of Kac—Peterson. Still different formulas for all
of the string functions of Ail) were given later by Lepowsky—Primc [12].

The main result of this paper is a description of the #-string functions cf (t, T) of
A(ll) that extends (1.1). We show that 67 (t) and 5(z) 3 in (1.1) admit deformations
@ (t,t,z) and n(’3)(r, t, 7) such that c/{\ (t, T) can be obtained as the constant term
of the product of these two functions with the Poisson kernel.

1.2 In order to state our main theorem, we recall some background from [11]. Let
g= Agl). Fix a dominant integral weight A of g of level m > 1, and let A be a maximal
dominant weight of L(A). Forv = (x, y) € R?, define

N() = 2(m + 2)x — 2my>.

This defines a quadratic form on R2. We also define sign(v) = 1 forx > 0 and —1
for x < 0.Let M := Z? and let M* denote the lattice dual to M with respect to this
form.

Let O(N) denote the group of invertible linear operators on R? preserving N,
and SOy(N) be the connected component of O(N) containing the identity. Con-
sider its subgroups G = {g € SOo(N) : gM = M} and Gy = {g € G :
g fixes M* /M pointwise}. The set

Ut :={(x.,y) e R*: N(x,y) > 0}
is preserved under the action of O (N) on R2. We let xp := (/2‘(; Png)) and yg := %,
where o is the simple coroot corresponding to the underlying finite Dynkin diagram
of type sly, and p is the Weyl vector. We have 0 < xg < % and0 < yp < % If xo > yo,
define (A, B) = (xo, o), else (A, B) = (3 — x0, 3 — yo). Then, (A, B) € M*, and

weset L = L(A, ML) := (A, B) + M. The Hecke indefinite modular form that occurs
in Theorem 1 is the following sum over Gg-orbits in L N UT:

01(7) := Z sign(v) eTTNW), (1.2)

veLNUT
v mod G

This is an absolutely convergent sum for t in the upper half plane H and defines a cusp
form of weight 1 [6]. An equivalent expression for the sum in (1.2) can be obtained
by restricting v to lie in a fundamental domain for the action of Gy on U ™. The sum
then takes the form

Z(:I:)e””(N("H‘I(”)),
veD

where [ is a linear function of v and D is a subset of Z> on which N is non-negative.

Such sums appeared in earlier work of Rogers [14] but were first studied system-
atically by Hecke in [6], where he established their modularity properties. Kac and
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Peterson used Theorem 1, together with their computation of string functions of low
level, to obtain interesting identities expressing Hecke modular forms as eta products.
Andrews’ attempt to understand some of these new identities using g-series methods
[1] (see also Bressoud [4]) eventually led him to consider other series of Hecke type
and apply them to the study of Ramanujan’s mock theta functions [2,3]. Since then,
such series have featured prominently in the vast body of work surrounding the mock
theta functions (see for instance [7,8,18]).

1.3 Nowlett, z € C. We first define a deformation @y (7, ¢, z) of the Hecke modular
form 67 (t) by

OLt.t,)= > sign) "NV Q,1,2), (1.3)

veLNUT
v mod G

where 2 is a weighting factor. To define §2, we need the following subgroup of O (N):
G:= () %G,

where ¢ is the reflection about the Y-axis, i.e., {(x, y) := (—x, y). Then, G contains
Go and

Fi={(x,yeR?:x>0and0 <y <x}U{(x,y) eR*: 0>y >x}
is a fundamental domain for the action of G on U™ (see Sect. 3). Given v = (x, y) €
U™, we define vT = (x7, yT) to be the unique element of F which is in the G-orbit of
v. Then, £2 is defined by
Q,t,7) = tz(nyB) Z((m+2)xT7my+7%). (1.4)
It will turn out that 2(y" — B) and (m + 2)x" — myT — 1/2 are both integer-valued,
piecewise linear functions of (x, y) € L. The sum in (1.3) is absolutely convergent

fort € H, |f| > 0, |z|] > 0 and satisfies @ (z, 1, 1) = 61(7).
Next, consider the factor involving the Dedekind eta function in (1.1):

i 1
-3 _ —int/4
n(@) " =e l H (1— eZﬂint)3 :
n=1

We deform this to the function

00
: 1
(=3) __ —int/4
n (t.t,2) =e H (1 — te2mint)(1 — t7e2mint)(] — 7~ le2mint)’ (1.5)

This converges absolutely for (t, ¢, z) in the region

{r eH, 1”7 <1, |te¥T| < |z| < |t62””|71}
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and satisfies n(_3)(t, 1,1) = 17(1’)_3. Our final ingredient is the function

1—¢2

_ _ [n| _n
P2 = (1 —t)(1—tz7Y) ,gzt o

The series converges for |t| < 1 and || < |z| < |t|~'. We note that for ¢ real and
|z] = 1, this is just the Poisson kernel of the unit disk. Observe that the three functions
©r, 17" and P have a common domain of definition

{t.t,2):teH, O0<tl <1, |t| <]zl <™}

The series/product defining these functions are in fact uniformly convergent on com-
pact subsets of this domain. Thus @7, (=3 and P are holomorphic in each variable
7, t, z. We view them as functions of z and consider their Laurent series in the annulus
lf| < |z] < |f]|~". We are now in a position to state our main theorem:

Theorem 2 Let v € H, 0 < |t| < 1. Then, c){‘ (t, T) is the constant term (i.e., the
coefficient of z¥ in the Laurent series in the annulus |t| < |z| < |t|~!) of the product

OL(t,t,2)n (1,1, 2) P(t, 2).

The proof of this theorem appears in Sects. 2 and 3. In the course of the proof, we
will derive ¢-analogs of the results of Kac and Peterson [11, Sect. 5].
1.4 Given a holomorphic function f(z) in the annulus || < |z| < ||~ the coef-
ficient of z¥ in its Laurent series is just the integral fol f(e¥") du. Thus, theorem 2
implies that

1
Mty = / Or(t, 1, ¥ ") n I (z, 1, 2™ P(1, &™) du.
0

Now, if 0 < ¢ < 1, then as observed earlier, P(z, eZ”i“) is the Poisson kernel of the
unit disk. The classical fact that the Poisson kernel is an approximate identity now
implies thatlim, ;- ¢} (t, 7) = @ (z, 1, 1) n3(z, 1, 1). Thus, Theorem 2 reduces
to Theorem 1 ast — 17

1.5 Wepointout that a very different constant term expression for the ¢-string function
was obtained in [16, equation (5.8)] for all affine Lie algebras. Using this and classical
summation identities for g-series, the 7-string functions of levels 1, 2, 4 for g = A(ll)
were obtained in closed formin [17]. One can combine the results of [ 17] with Theorem
2 to obtain 7-analogs of the Kac—Peterson identities (for levels 1, 2, 4) relating Hecke
modular forms to eta products. But these would now be constant term identities and
thus not as explicit as in the = 1 case.
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2 Preliminary lemmas

2.1 We assume throughout that g = Agl), the rank 2 affine Lie algebra with

generalized Cartan matrix _22 _22 . Let h denote the Cartan subalgebra of g.
We let ag, 1 € bh* denote the simple roots, § = o9 + «; the null root, and

Ay = {a; + (n — 1)8, —ay +nd, né : n > 1} the set of positive roots of g.
Let Q = Z A be the root lattice of g and Q4 := Z>o A4. Similarly, let P denote the
weight lattice of g, and Py the set of dominant integral weights. The standard basis
[9, chapter 6] of b* is {«], §, Ag}, where Ay is a fundamental weight corresponding
to the extended node of the Dynkin diagram.

Let W denote the Weyl group of g; this is generated by the two simple reflections
ro, r1- There is a non-degenerate, W-invariant, symmetric bilinear form (-|-) on h*
defined by the relations («1|a1) = 2, (Ap|d) = 1, and («1]8) = (a1]Ag) = (8]6) =
(Ap|Ag) = 0. Given A € b*, its level is defined to be (A|8). For X of level m, we have

A=bA)ar +d) s+ mAy,

where b(A) = (Ala1)/2 and d(A) = (A|Ap). We also note that if A € Q, then its level
is zero, and b(X), d(A) are both integers. Let p denote the Weyl vector of g, defined
by the relations (p|Ag) = 0, (play) = 1, (p]8) = 2.

Next, recall that the #-Kostant partition function K (8, t) of g is defined by the

relation: .
Il 1—te(—a) > KB, e(=p). Q2.1

a€A L BeO+
For a general affine Lie algebra, the positive roots must be counted with multiplicities
on the product side of (2.1); however, all root multiplicities are 1 for g = A(ll). The
t-Kostant partition function reduces to the Kostant partition function at r = 1.

Now, for A € Py, let L(A) denote the corresponding irreducible highest weight
representation of g, with weight space decomposition L(A) = @, cpL(A),. Given
A € Py, Lusztig’s t-analog of weight multiplicity or (affine) Kostka-Foulkes polyno-
mial m f (1) is defined by

m (1) == D ew) KA+ p) = (h+p), ).
weW

Here € is the sign character of the Weyl group W, given by e(w) = (—1)*™), where
£(w) is the minimum number of factors in an expression for w as a product of simple
reflections.

By Kostant’s weight multiplicity formula, we have mi‘(l) =dim(L(A);).
2.2 We recall the dot action of W on h*. Given w € W and y € h*, we define

w-y =wly +p)—p.
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The 7-analog of string functions for A(ll) 471

This action leaves Q and P invariant. Next, following Kac and Peterson [11], we
introduce an auxiliary function K'(8, ) which has better properties than K (8, 7).

Definition 1 Given 8 € Q, define K’ (B, t) as follows:
K'(B,1):=K(B, 1)+t K@ -, 1).

This function reduces to that of Kac and Peterson [11, Eq. (5.1)] at r = 1. We also
make the following simple observations: if § € Q,then (i) K(8, t) =0< B8 ¢ O,
and (i) K'(B. ) =0 & f ¢ 0 Ur - Q4 & d(f) < —1.

In the following sections, we will study the generating functions of K, K’ and m ){‘
along §-strings. These are defined for § € Q, A, L € Py by

Kp = Z K(B +ns, 1)q", (2.2)
n>0

K=Y K'(B+ns 1)q". (2.3)
n>0

af(t,q) =Y _m 5 q". (2.4)
n>0

Here, and in the rest of the paper, we will define g := e(—6) and z := e(«1). The
following is our main object of interest:

Definition 2 Let A € Py be of level m > 1, and let A be a maximal dominant weight
of L(A). The ¢-string function cf (t, q) is defined by

et (t,q) =gV alt, q), 2.5)
where

[A+p>  A> pl?
AN)=— — — — ——. 2.6
A=ty " om 4 (2.6)

Here, we have used the usual notation |y|? to denote (y|y). In our case, this sim-
plifies to [9,11]

b(A+p)?  bO)? ]

m+2 m 8

sa() =d(A—2) +

2.3 We recall the definition of the constant term map from [13].

Definition 3 The constant term map ct(-) is defined on formal sums ZyeQ cye(y)
by

ct Zc,,e(y) :=chge(n5).

7€Q nez
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472 S. S. Sharma, S. Viswanath

It will be convenient to introduce some more notations. Let I'; denote the infinite
product in Eq. (2.1); thus

-1
r=1] [(1 —tg")(1 — tq" 'e(—a))(1 — tq”e(m))] :

n>1

Next, let & =Ty (1 — te(—ay)), ie.,

& =[]0 -1a"01 = tg"e(~a))(1 = 1q"e@)) ]

n>1

We also define P := 3,5 " e(nay); this can be viewed as the formal Poisson
kernel of the unit disk. Finally, let £ := {8 € Q : d(8) < 0}. With these definitions
in place, we can now state our first lemma, which describes the generating function
of K'.

Lemma 1l If 8 € L, then
Kg=ct(P & e(p)). 2.7)

Proof Let B € L. Observe that in this case r| - 8 € £, and the sums on the right-hand
sides of Egs. (2.2) and (2.3) can be replaced by >, <7z It then follows from definitions
that (i) K//S = Kg+t Ky .p,(G1) Kg = ct (I'; e(B) ), and (iii) K,,.g = ct (I e(ry - B)).

For f = > cpe c2(t) e(1), define f = 2 seh €x(t) e(r1(1)). Note that ct(f) =
ct(f). For f_: [';e(ri - B), we have f =T, e(B8 + «1). Further, it is easy to see that
'y + te(ay) I'y = P &. Putting these facts together, the proof follows. O

2.4 The Weyl group W of g can be writtenas W = T x W where T is the group of

translations by elements of the finite type root lattice Q = Zay, and W = {1,r1} is
the Weyl group of the underlying finite type Dynkin diagram (of type s[5 in this case).

The extended affine Weyl group is W :=T x W, where T is the set of translations by
elements of the finite type weight lattice P = %Q. Letting T denote the translation by

the generator o /2 of P, we have T = (t":neZ)and T = {t¥ : n € Z}. We also
have the following formula for the linear action of t on h* [9]:

1 8
T()»)=)»+5(()»|3)011—(k|a1)5—()»|3)5). (2.8)

We also define the element o := 7r|. The element ¢ € W permutes the simple roots
of g, i.e., o0 (ag) = @1, 0 (1) = o, and fixes the Weyl vector p.

Note that our notation conflicts with the introduction, where T was a complex
number in the upper half plane. But this should cause no confusion, especially since
we will henceforth exclusively work in the formal setting, where g = e(—§) rather
than €277,
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The 7-analog of string functions for A(ll) 473

2.5 Next, we will obtain an expression for the generating function of K. For this
purpose, define a function 7 : Q x Z — {0, =1} by

1 if b(B) >0,j >0,
I(B,j):=1—1 if b(B) <0, <0, 2.9)
0 otherwise.

Our second lemma relates the generating functions of K and K’, and can be viewed
as a r-analog of [11, Theorem C].

Lemma2 Let § € Q. Then
K= (=1 1B, )1/ KL, . (2.10)
JEZL

Proof Since o interchanges the simple roots «g, oy and fixes p, it is clear that
K(B,t)=K(oB,t)=K(o-p, t)forall B € Q. Now, this implies that

KB, =K', t)—tK@r-B,1)=K' (B, t)—tK(t-B, 1)

Iterating the last expression gives

K(B, t) = Z(—l)j t/K'(t! - B, 1). (2.11)

Jj=0

Similary, replacing 8 by o, one obtains the relations K (B, t) = t~' K'(B, t) —
VK (z~! . B, t) and hence

KB, 1) =— Z(—l)j I K'(t) - B, 1). (2.12)

Jj<0

The sums in Egs. (2.11) and (2.12) are in fact finite (as can be seen from Eq. (2.14)
below) and either expression can be used for a given 8 € Q. But choosing the expres-
sion (2.11) (resp. (2.12)) when b(8) > 0 (resp. b(B) < 0), we obtain

KB, 0= (=D 1B Ht/K' - B, 1), (2.13)

JEZL

To complete the proof, it only remains to replace ﬂ by g+ né (n > 0) in (2.13) and
observe that (i) (8 + né, j) = I(B, j) and (ii) t/ - (B + nd) = (v’ - B) + né. O

We also make the following observation about the “support” of the sum in (2.10).

Lemma3 Let § € Q. Then
() {jeZ: 1B, j)#0YC{jeZ:dl B)<dPB))
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Q) IfI(B,j) #0and B € L, thent/ - B € L.

Proof The second assertion clearly follows from the first. To prove (1), we use Eq.
(2.8) to obtain

jG+1

Tj'ﬂ—ﬁ=fj(ﬁ+p)—(ﬁ+p)=ja1—(jb(ﬁ)Jr 3

) 5. (2.14)

Thusd(z/-B—B) = —j b(B)— w Itis clear from Eq. (2.9) that this is non-positive
for all pairs (B, j) for which 1(8, j) # 0. O

2.6 Let A be a dominant integral weight of g of level m > 1 and A be a maximal
dominant weight of L(A). Thus, (A|§) = m = (A|5), and A + § is not a weight of
L()). This implies in particular that A — X is a non-negative integer multiple of o or
aj.

1 Now, itis clear from the symmetry of the Dynkin diagram that c){‘ (t,q) = cgf (t,q).
If(i)) A—X € Z-gagorif(ii) A = Aand (A]ay) > % wereplace (A, A) by (6 A, o)).
Let A = b%‘i; ) and B := %. It is now easy to see (after this replacement if
necessary) that A — A € Zspoajand0 < B < A < % We also observe [11, pp 259]

that if A" = 22450) and B’ := X% then (A, B') = (} — A, § — B).

For w € W, define

s(w):=wA+p)—A+p)=w-A—Xre Q.
We record the following two elementary facts.
Lemma 4 s(w) € L forallw e W.

Proof We have d(B) = (B|Ap) forall B € Q. Thus d(s(w)) = (w(A + p) — (A +

p)|Ag) + (A —A|Ap). The second term is zero since A — A € Zay, while the first term

equals (A + p|w‘1A0 — Ap) which is non-positive since Ag is a dominant weight.
O

Lemma 5 a(t,q) = > ey (—D™ K.
Proof This follows from the definitions. O

2.7 We now put the results of the preceding lemmas together to obtain an expression
for the generating function a){\ (t, q). First, Lemmas 2 and 5 imply

att,q) =, > (=D I(sw), )t KLy

weW jeZ

Now, from Lemmas 3 and 4 it is clear that 7/ - s (w) € £ for all pairs (w, j) € W xZ
for which I (s(w), j) # 0; in this case, we can apply Lemma 1 to obtain

K/ = ct(P, & e(t! - s(w))).

T -s(w)
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Now, letting €(w, j) := (= 1)@/ [ (s(w), j), and

H = Z Ew, j) t/ e(t! - s(w)), (2.15)
(w, /)W XZ
we conclude that
ap(t,q) =ct(P & H). (2.16)

3 The indefinite quadratic form

In this section, we analyze H more closely. First, observe that the sum over (w, j) €
W x Z in (2.15) should really be thought of as a sum over (w, hew X 7. Now,
T is a normal subgroup of index 2 in both W and T, thus the group W x T contains
T x T as anormal subgroup, with the quotient group isomorphic to 2Z D 7 2Z' We will
show below that on each coset of T x T, the sum defining H has a particularly nice
expression in terms of an indefinite quadratic formon Z?> = T x T.

3.1 LetU :=Ra; ®Ray and M := Za| & Zay. We identify U with R? and M with
7?. Define a quadratic form N on U by

N(x,y):=2(m+ 2))62 — 2my2 (x,y € R).

We observe that N (v) is a non-zero even integer for v € M\{0}. Let M* denote the
lattice dual to M with respect to the bilinear form induced by N. We then have

. 1 1
M= —7&®& —7.
2(m+2) 2m

Given elements uy, o € P of levels m 4+ 2 and m, respectively, observe that

([er(llilz)’ b(HZ)) c M* since b(u ) _ (Mz‘al) %Z

Lemma 6 For (w, j) € W x Z, we have

. 1 1 1
T os(w) = ((m +2)x —my — E) o] — EN(x,y)S—l— (s,\()») + g) § (3.1

b(w(A+p))
m+2

b(A)

where x 1= % + andy = 2 4 .

Proof This is an easy calculation. The coefficient of § was computed in [11, (5.13)]
forweT. O

Itis now easy to see that Egs. (2.15), (2.16), and (3.1) together imply the following:

Corollary 1 ¢ (t, q) = ct (P, (G 5E) o) where

@ = Z G(u) ])tjqu(x y) (m+2)x my— 1/2 (32)
(w,))eWxZ
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Here 7 := e(ay), and x, y € M* are the functions of (w, j) defined in Lemma 6.

We remark that q_%éf is exactly the function 17(_3) of (1.5).
3.2 Wenow turntothe map ¢ : W x Z — M* given by (w, j) — (x, y) where

i b(w(A i b(A
A CIC ) P 1)
m+2 m
as in Lemma 6. Letting e denote the identity element of W, observe that ¢ (e, 0) =

(A, B) where A = b(ni\_:zp) and B = % as in Sect. 2.6. As pointed out there, our

choice of (A, A) ensures that 0 < B < A < % The properties of ¢ are given by the
following lemma.

Lemma 7 The map ¢ is injective, and its image is a union of translates of M. More
precisely, we have Im ¢ = |_|?:1 L;, where

Li=(A,B)+ M, (3.3)
1 1
Ly=(A+-,B+ = M, 34
2 ( + ) + 2) + (3.4
Ly=(-A,B)+ M, 3.5
1 1
Ly = (—A+§,B+§)+M. 3.6)

P;_’oof Using Lemma 6, it is clear that ¢ (w1, j1) = ¢ (w2, jo) implies j; = j» and
/. s(wy) = /2 - s(wy). In turn, this means s(w;) = s(wy), and hence w; = wy,
since A + p is regular dominant. This proves the injectivity.

Next, let (w, j) € W x Z. Recall that since W = T x W, w can be uniquely written
as 2w for some n € Z, w € W = {1, r1}. Now, Eq. (2.8) implies that
J J
x=§+n+(sgnw)A, y=§+B (3.7

o]
where sgn is the sign character of W. It is now clear that if W x Z is written as the
disjoint union of the four subsets

S1 =T x2Z, S =T x 2Z+1), S3=Tr1 x2Z, S4 =Tr1 x 2QZ + 1),
then ¢(S;) = L; for1 <i <4. ]

We observe that since0 < B < A < % the L; are pairwise disjoint. From Lemma

7, we see that ® has the following equivalent expression:

@ — Z E(X, y) t2(y—B)q%N(x,y)z(m+2)x—my—l/27 (38)

(el li Li
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where e (x, y) 1= &(@~" (x, y)) for (x,y) € L|}_, L:.
3.3 Let O(U, N) denote the group of invertible linear operators on U preserving
the quadratic form N, and let SOy (U, N) be the connected component of O (U, N)
containing the identity. Let @ € GL(U) be defined by

a(u,v) .= ((m+ Du+mv, (m+2)u+ (m+ 1)v).

Let G be the subgroup of GL(U) generated by a, and G be the subgroup of G
generated by a2. It is known that

G={geSOy(U,N):gM = M}.

We note that elements of G also leave M* invariant, and thus G has a natural action
on M*/M. It is known that

Go = {g € G : g fixes M* /M pointwise}.
Define ¢ € O(U, N) by ¢(u, v) := (—u, v), and let
G :=(¢) x Gand Gg := (¢) X Go.
We have the following easy properties: (i) {2 is the identity, (ii) g‘ag“_l = a~ !, (iii)

G is an infinite dihedral group. We have the following diagram of inclusions between
the four groups. Each inclusion is as an index 2 subgroup.

Go——G

|

éOHé

Observe that G leaves M and M* invariant; we now show that the G-orbit of L is
{L; :1<i<4}.

Lemma 8 (1) Ifg € GothengL; = L; for 1 <i < 4.
(2) Ly =als=¢L3=atls.

Proof The first statement follows from the fact that G fixes M*/M pointwise. To
show L; = aL4, observe using Lemma 6 that a"(A,B) = (A + % B + %) +
b(s(e))(1, —1).Sinces(e) = A—A € Q,b(s(e)) € Z and we are done. The remaining
two equalities are obvious. O

3.4 We now define the following subsets of U:

(1) U" ={(u,v) : N(u,v) > 0},
2) FZ{QJ,U)’IVM >9and0~§v<u}u{(u,v):0>v>u},
3) Fp=FUaFUCFUaClF.
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Clearly, F C Fp C U™.

Lemma9 (1) U™ is G-invariant.
(2) Fy is a fundamental domain for the action of Go on U +,
(3) F is a fundamental domain for the action of G on U™,

Proof The first assertion follows from the fact that GCo (U, N).Now, F := FU e F
and Fy = F UaF are known to be fundamental domains for the actions of G and G
(respectively) on U + [11]. It follows that F is a fundamental domain for the action of
GonUT. ]

The region F arises naturally when one considers the “support” of the sum in Eq.
(3.8). More precisely

Lemma 10 For1 <i <4, we have
[,y eLite(x,y) #0)=L;NF.

Proof We prove this only fori = 1, the rest of the cases being similar. Fix (x, y) € Ly;
by Lemma 7, we have (x,y) = ¢(w, j) where w = >, n € Z, j € 27. Now
€(x,y) # 0iff I(s(w), j) # 0iff either (i) n, j > O or (ii) n, j < 0. From Eq. (3.7)
and our assumption that0 < B < A < %, it follows that (i) is equivalent to 0 < y < x
and (ii) is equivalent to 0 > y > x. m]

Lemmas 8 and 9 allow us to identify the sets |_|;‘=1 L; N F and L N Fy. More

precisely, define the map ¢ : U?:l LiNF—> L NF by

(x,y) if (x,y) e LiNF,
_Jattxr.y)  if(x,y) eLaNF,
VOO =y ity e Lan T G

a(x,y) if (x,y) e Ly N F.

By Lemmas 8 and 9, it is clear that v is well defined and is a bijection. The inverse
map w is piecewise linearon LN Fy and is easy to describe: given (x,y) € LiNFo,
{/a Lix, y)isthe umque element in the G-orbit of (x, y) which liesin F. We will denote
Yo y) = 6.

3.5 We now return to ® in Eq. (3.8):

e = Z e(x,y) tz(ny) qu(X ) (m+2)x my— 1/2
(x,y)eU;;l L;
where z := e(a;). Using Lemma 10, we can split this into four sums, one over

each L; N F. We then perform a change of variables, replacing (x, y) € |_| —1 L; by
Y(x,y) € L1 N Fy. Since N(x,y) = N (xf, T) the resulting sum becomes:

O = Z G(XT, yT) t2(yT—B) q%N(x,y) Z(m+2)x"'—my'1'—l/2.
(x,y)eL1NFy
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For (x, y) € U™, define sign(x, y) := 1 if x > 0 and —1 if x < 0. We then have:
Lemma 11 For (x,y) € L1 N Fy, e(xT, yT) = sign(x, y).

Proof As inthe above discussion, we split this into the four cases (x, y) € L1 N gﬁ for
(i) g = e, (i) g = ag, (iii) g = ¢, and (iv) g = a. We only consider case (ii), which is
representative of the calculation needed for the other cases. For (x, y) € LiNa{ F, we
have (x7, y7) = (a¢)"'(x,y) € LyNF.Let (x*, y") = ¢(w, j) wherew = 2", n €
Z,j €27+ 1.Now e(x", y") = é(w, j) = —I(s(w), j). Now, e(x", yT) equals —1
ifn, j>0and1ifn, j <O0.Inother words e(x", yT) = —sign(x", yhy = sign(x, y).
The last equality follows from the fact that a leaves sign invariant, while ¢ reverses it.

O
Since sign(x, y) and N (x, y) are constant on Gg-orbits, we have
i o 1 . 1 it iyt
O =122 Z sign(x, y) g2V &) (2" L mt2)xt—my (3.10)
(x,y)eL1NUT
(x,y) mod Go

Finally, putting together Corollary 1, Eq. (3.10), and our choice of the pair (A, 1) in
Sect. 2.6, we deduce Theorem 2. 0O
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