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Abstract In the present paper, we introduce a multiple Ramanujan sum for arith-
metic functions, which gives a multivariable extension of the generalized Ramanujan
sum studied by D.R. Anderson and T.M. Apostol. We then find fundamental arith-
metic properties of the multiple Ramanujan sum and study several types of Dirichlet
series involving the multiple Ramanujan sum. As an application, we evaluate higher-
dimensional determinants of higher-dimensional matrices, the entries of which are
given by values of the multiple Ramanujan sum.
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1 Introduction

In 1918, Ramanujan [16] studied the sum

clk,n):= Z e(k,nl) = Z u<§>d, (1.1)

I(mod k) d|ged(k
Jwod ) lged(k,n)
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242 Y. Yamasaki

where, in the first sum, / runs over a reduced residue system modulo k with
ged(l, k) =1, e(r,n) := exp(Zn\/—_ln/r), and p is the Mobius function. The sum
c(k, n) is called the Ramanujan sum (or the Ramanujan trigonometric sum) and is
widely investigated in connection with, for example, even arithmetic functions [7, 8]
and cyclotomic polynomials [13, 14]. See [12] for the arithmetic theory of the Ra-
manujan sum. Among several generalizations and variations of c(k, n), Anderson and
Apostol [1] (see also [2]) considered the sum

Speleomy:= Y f<d>g(d) (12)

d|ged(k,n)

where f and g are arithmetic functions. Clearly, Sy, (k,n) extends the right-most
expression in formula (1.1) and hence gives a generalization of the Ramanujan sum.

Motivated by the study of the above generalized Ramanujan sum, in the present
paper, we examine the following type of multiple sum for arithmetic functions

fls"'sfm-’rl;

S fnt A5 s g 1)

= > f1< >f2< ) fm( i )fm+1<dm)

djlged(ny,....njy1)
(j=L1,...m)

where gcd(ny,...,nj41) is the greatest common divisor of ny,...,n;1. We call
this a multiple Ramanujan sum for fi, ..., fy,+1. Notice that the above expression
gives the generalized Ramanujan sum (1.2) when m = 1 and, moreover, the Dirichlet
convolution f1 % ---* fy41 of f1,..., fint1 in the “diagonal case” ny =--- =ny41.

The present paper is organized as follows. In Sect. 2, we introduce a multi-

ple Ramanujan sum S;yl""’,};:’f] with positive integer parameters yy, ..., ¥, so that

SHifoi1 = Sg }) " and study its fundamental properties as a multivariable arith-
metlc functlon such as the degenerac:1es and the mu1t1p11cat1V1ty (see [20] for the
fy'") belongs to the
class of even arithmetic functions (mod n1) as a functlon of ny,...,nyy1 in the
sense of Cohen [8], we calculate its finite Fourier expansion, which any even arith-
metic function possesses. This expression is important with respect to Sect. 4. In
Sect. 3, we study several types of Dirichlet series having coefficients that are given
Dlrlchiéf series. For instance, an analogue of the formula of Borwein and Choi [3],
which contains the classical Ramanujan formula concerning the divisor function o,
is obtained. Section 4 is devoted to a higher-dimensional generalization of the so-
called Smith determinant [18]. We evaluate higher-dimensional determinants (hyper-
determinants) of higher-dimensional matrices (hypermatrices), the entries of which

by S}yl’ }V'” )1 ‘We treat not only single-variable Dirichlet series but also multivariable

are given by values of S;}:' “rm) In fact, we derive a hyperdeterminant formula for
even multivariable arithmetic functions. This includes the results of McCarthy [11]
and Bourque and Ligh [4] for the two-dimensional case, that is, the usual determinant

case, and partially of Haukkanen [9] for the higher-dimensional case.
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Arithmetical properties of multiple Ramanujan sums 243

We use the following notation. The set of natural numbers, the ring of rational inte-
gers, the field of real numbers, and the field of complex numbers are denoted respec-
tively as N, Z, R, and C. For ny, ..., ng € N, gcd(ny, ..., ng) (resp. lem(ny, ..., ng))
represents the greatest common divisor (resp. least common multiple) of ny, ..., ng.
For x € R, |x] is the greatest integer not exceeding x. We denote the Mobius func-
tion by w(n), the Euler totient function by ¢(n), the power function by §* (n) := n*
for x € C, and the identity element in the ring of arithmetic functions with respect to
the Dirichlet convolution * by e(n) := L%J (=1if n =1 and 0 otherwise). Note that
89 s 1 = . Throughout the paper, a product (resp. a sum) over an empty set always
equals 1 (resp. 0).

2 A multiple Ramanujan sum
2.1 Preliminaries: y-convolutions

Let A be the set of all complex-valued arithmetic functions f : N — C. We always
understand that, for f € A, f(x) =0 if x ¢ N. The set of all multiplicative and com-
pletely multiplicative arithmetic functions are respectively denoted by M and M°€.
Namely, f € M (resp. f € M) means that f(mn) = f(m) f(n) for gcd(m,n) =1
(resp. for all m,n € N). As usual, the product fg € A of f, g € A is defined by
(fg)(n) == f(n)g(n).

Let y € N. We define the y-convolution of f, g € A by

(g%, N =Y f(;—y)g(dy).

dvin

In particular, *; = * stands for the usual Dirichlet convolution. Define the func-
tion a, € A by a, (n) =1 if there exists d € N such that n = d?, and 0 otherwise.
Then, it is clear that g x,, f = g% £, where gVl := ay,g. Note that the product
*,, does not satisfy the commutativity or associativity properties unless y = 1. We
therefore inductively define the y = (y1, ..., ¥ )-convolution for y, ..., ¥m € N of
fioooos fnr1 € Aby

(fin+1 Ky 0 Ky f(n)
= ((fm—H Ky 0 Ky ) *y, fl)(n)

= > f1< )ﬁ(ji) ﬁn(d;ml)fmﬂ( ")

" |--1dy " n

Let L(s; f) := Y noy f(n)n™ be the Dirichlet series attached to f € A, and
o (f) € RU{oo} be the abscissa of absolute convergence of L(s; f). Define f) € A
for y e Nby f)(n) := f(n?). Then, it is clear that L(ys; f)) = L(s; f171) with
o(f")y <o (f).For fi,..., fusr1 € A, one can easily verify the following formula.
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Proposition 2.1 Suppose that yolyily2l-- - |ym with yo = 1. Then, we have, for
Re(s) > max{o (f1),....0(fm+D}

m+1
L(S; font1 %y ooy ) =[] L(s: f}”’”). Q2.1

j=1

Remark 2.2 We cannot expect that L(s; fiu11%y,, - -*y, f1) is expressed by a product
of Dirichlet series such as (2.1) for general y = (y1, ..., ¥m) € N™.

In the next subsection, we will introduce a multiple Ramanujan sum for fi, ...,
fm+1 € A, which gives the y-convolution fy,, 1 *,, ---*,, fi in the diagonal case
(for more detail, see Proposition 2.3(iv)).

2.2 Definition of S ;: and its basic properties

Lety =1, ....ym) €eN"and f = (f1,..., fur1) € A" We define the multiple

Ramanujan sum S b =57 (Vl V”f of f with parameter y by

S‘)/,‘(nlv‘~'anm+1)

d}ll dym 1 .
> f<d”)f2<d_{2> f’”(dnﬁm )f’"“(d )

where the sum is taken over all m-tuples (dy, ..., d,;) € N satisfying d;./j |ged(ny,
,nj+1) foreach 1 < j < m. Note that the summand vanishes unless d," | - - - |d{/1 |ny.

We write Sf = s i D and understand that § r(m) = f(n) when m = 0. These are

the fundamental properties of S; that are obtained from the elementary properties of

the gcd-function.
Proposition 2.3 (i) Forany 1 < j <m + 1, we have

i)
St ) =87 (1., (22)
fly---’.f_,'—th_/.

(ii) Forany 1 < j <m + 1, we have
Sy(nl,...,nj_l,l,nj+1,...,nm+1)
= £1 ) fun (D77 P ).
In particular, we have S;(l,ng,...,nm+1):f1(1)~~fm+1(1).
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Arithmetical properties of multiple Ramanujan sums 245

(iii) For any 1 < j <m, we have

()/1 ----- Vm)
Sfl ~~~~~ fi=1:8 fi+1sens me(nl,...,an)
V1seees Ve 1oVt Lseees Vin)
= f1,-..‘fj71,fj+1,...,fm+1(nl’""nj_l’ng(nj’nj""])’

Nj42, ..., nm+1) (2.3)

and S(Vl ----- Ym) (l’l n ) _ S(V]q--w)/m—l)(n n )

Floeeos fins€ 1y eees Bm+1) = Floeens fn 1seeesm).

(iv) Let ny|nj for all 2 < j <m + 1. Then, we have
S;(”l»-~-,nm+l) = (fint1 *y,, - %y fO (D). 2.4)
Example 2.4 Leta = (ay, ..., ay) € C™. Define a multiple divisor function ¢ with
parameter y by

0d (M1, My1) 1= > drt.aimtn. o (2.5)

Y
dy|--1dy Y iny

Yi .
djf\gcd(n] ,,,,, nj1) (j=1,...m)

This is a generalization of the usual divisor function o,(n) := Zd‘n d*; o,(n) =
oV (n,n). Then, o) = % with f; = sat@+ait for 1 < j <m + 1, where

ap = 0. Similarly, forb = (b1, ..., by+1) € C™+1 one can see that GZ" (ny, ..., nmt1)
—b ~

=1y S gy (M M), Where b= (by — b1, b3 — b, .. bt — bi) €

C™. Note that the sum Z} (ay, ..., am) =02 (n, ..., n) is studied in [10] and called

the multiple finite Riemann zeta function. If yp|y1|y2| - - |Ym With yo = 1, from for-

mula (2.1) we have L(s; Z¥ (a1, ..., an)) = ]_[’;’ill C(yj—1(s —ag — -+ —aj_1)),

where ¢ (s) = L(s; 89) is the Riemann zeta function.

Example 2.5 Let f € A. Then, the composition function f o gcd of f and the ged-
function can be expressed in terms of the multiple Ramanujan sum. Actually, from
the degeneracy formula (2.3) we have (f o gcd)(n1, ..., npy1) =Sy, ..., Bmy1)
with fi =8% fa=-- = fu=¢,and fri1 = f* .

We next show the multiplicative property of the multiple Ramanujan sum S;. Re-

call that an arithmetic function F'(n1,...,n;) of k-variables is called multiplicative
if

F(miny,...,mgng) = F(my,...,my) - F(ny, ..., ng)

for relatively prime k-tuples (my, ..., my) € N* and (n1,...,nr) € N. Here, we say
that (mq,...,my) and (n1,...,ny) are relatively prime if ged(m;,n;) =1 for all
<i,j <k or, equivalently, gcd(ni - - -ng,my ---my) = 1 (see [20]). In this case, we
have the following Euler product expression:

Fni,...,np) = l_[F(pap,l’ o pa,,,k)’
14
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246 Y. Yamasaki

where o) ; = ordyn; for 1 < j < k. Note that this is a finite product since
F(,...,1) = 1. Similarly as in the proof of Theorem 1 in [1], we can prove the
following result.

Proposition 2.6 The function S; is multiplicative if f1, ..., fm+1 € M.

2.3 Finite Fourier expansions

An arithmetic function F(r;ny,...,ny) of k variables ny, ..., ny is called periodic
(mod r) if F(riny,...,nx) = F(rin},...,n}) whenever n; = n; (mod r) for all
1 < j <k (see [12] for the case of k = 1). It is well known that F is periodic (mod r)
if and only if it has an expression of the form

r

Fering,...on)= Y a(i.....l0e(r.nily)--e(romdy) — (2.6)
I,..,. =1
and the coefficients a,(I1, ..., ly) are uniquely determined by

r

1
ar(hs - o) = Y FGiny,...onelr,—mly)--e(r,—md).  (2.7)

ni,...,np=1

Moreover, F is called even (mod r) if F(r;ny,...,n) = F(r;ged(ny,r),...,
ged(ng, r)). Note that F is periodic (mod r) if it is even (mod r). Then, as shown by
Cohen [8], F is even (mod r) if and only if it has an expression of the form

Frini,...on)= Y e(di,....d)c(d,n) cden)  (2.8)

dy,..., di|r
with
1 r ror
dy,...,dy) = — F(r;61,...,6 el —,— ). 2.9
(@1, .o d) rk82;4| 301 ")C<s d) c(ak dk) @9
Loeees O [7

We call expressions (2.6) and (2.8) finite Fourier expansions and coefficients a, and
«, finite Fourier coefficients of F'.

By definition, the multiple Ramanujan sum S;(nl, ...y Np+1) is even (mod ny)
as a function of m variables nj, ..., n,4+ for any n; € N. Then, let us calculate the
finite Fourier expansions of SY. To do so, we add one parameter (or a weight) to S% ¥t
Let & be an arithmetic function of m variables. Set

SEE G, ) = ST ()

1= > gd",....anwm)

Vi
d_,v’ lged(ny,....nj1)
(=1,....m)

dyl de l "
X fl(dy1>f2<dy2> fm( dym )fm+l(d )
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Arithmetical properties of multiple Ramanujan sums 247

Then, S;’g(nl,...,nmﬁ) is again even (mod ny) as a function of no, ..., ny41
for any n; € N and §r = S;’l’" where 1,,(d1,...,dy,) = 1. We also write S'Ef =

sU-D% " Ag is the case of S¥, one can show that S*’ f is multiplicative if
flseens fm+1 and £ are multiplicative.

For f = (fi,..., fus1) € A" let G(f) = (8° fins1, 8" fom, ..., 8™ f1). More-
over, for n € N, define the m-variable function H,f' 4 by

3 e n
Him (... M)_<l_[ay/( 41 />) $<dm"”’d1>'

Remark that H, (Lo Dol — m for any n € N. Then, we obtain the following theorem.
Roughly speaking, the finite Fourier coefficients of S" % can again be written as a
multiple Ramanujan sum.

Theorem 2.7 Write the finite Fourier expansions of S;’s as

ny

STE () = Yl (e ep)e(nn naly) < ey i)
b, lyy1=1
= Y o} (o dpi)edrng) et ).
dy,..dmt1lny
Then, the finite Fourier coefficients a; i and o, fom of S Y5 are respectively given as
274
_ g, —mgtin
f n (12’ v dmyr) = ny Sg(f)(nla Imt1,..., ), (2.10)
S n ni
dr,....d =n;"S,. " s, — . 2.11
fnl( 2 1) = Ny G(f)(nl Aot dz) ( )
In particular, let af ,, = a;}”ﬁ'l"l)’l'" and o g ,, = a}l’ﬁ'l"l) In Then, we have
afn (.. lns) =n7" Sy (1, g1, .., ), (2.12)
— ni ni
Olf,nl(dz,...,dm_;_l)=n1mSG(f)<n1, ,...,—). (2.13)
dm-H dy

Proof We only verify formula (2.11) (formula (2.10) can be similarly obtained;

moreover, since H,gl """ Dol _ 1,, and Sl'" = Sy, one immediately obtains for-

mulas (2.12) and (2.13) from (2.10) and (2.11), respectively). By formula (2.9),
f " (dz, ..., dp41) 1s given as

— y.§ np nj ni ni
D S A (nl,az,...,amﬂ)c(g,d—2>-.-c< : )

8 d
S2seesmst 1 m+1 m—+1
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248 Y. Yamasaki

Further, by changing the order of the summation, this expression is equivalent to

i Y e )fl( >f2(2> fm(eyﬁ,,f)fmﬂ( ")

Y
em -+ leyt ny

ny ny n ni
( (m—))( () @14

Y
611|82|n1 m ! 8ma1In

Here, we use the following identity. Let e|n and d|n. Then, we have
n .
Sl ) ={g Hdle 2.15)
§ d 0 otherwise.
eld|n

Actually, one can obtain this formula from the right-most expression (1.1) of the
Ramanujan sum ¢(k, n) and formula 8° % u = . Then, applying formula (2.15), we
see that (2.14) can be written as

Z Z Z S(e’fl,...,e,):l’")

Ym | ,Ym—1
‘(’mfl

le
Xfl( )fz( ) fm( - )fm+(y"’) oL
2 ] €m

Changlng variables ek = nl/e forall 1 <k < m we have ay, (nl/e{i) = 1. More-
- le},|ny because e;"|---|el"|n1.

Y
dle]" i dsle e}’ dyiilel,

Hence, we can rewrite the above expression as

ni ni ni ni
Er TG )

enlny e, _ley, ele, m m
em|dn% Glg- 4lE

e / ni
< B 2) (5 ) (B )eh el .16

€ em 1 em
It is easy to see that (2.16) coincides with the right-hand side of formula (2.11). This
completes the proof of the theorem. g

" & HE

Remark 2.8 Suppose that yo|y1|- - - |ym With 9 = 1. Then, we have SG(f) = SGD'J(/)’
where HE = H"V* and GI(f) = (50fmyj']], sl pym=1 L sm ) T fact,

since the condition above means that ay, (n1/e;) = ay (e, /e,’c) forall 1 <k <
m — 1, the summand in (2.16) is written as

/ /
ni ni il €2 [ym-11[ € ym1{ 11
s(—,,...,7>f1(ei)f2 ' <—, oS S ) A o Jer e
€ €m € Cm—1 €m
Hence, the claim follows.
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Arithmetical properties of multiple Ramanujan sums 249

Example 2.9 Retaining the notation in Example 2.4, one can easily see that G(f) =

(suttam sartotamoi+l 0 gaitm=l gmy Hence, the finite Fourier coefficient
af ,, of the multiple divisor function o, :=04 ™~ is given by
+e m m
af,nl(dZa-- m-i—l)—na1 “ mol_ra(m,—,_,.,—),
dm+1 d2
where1:=(1,...,1) e C" and'a := (a,,, ...,a;) € C".

Example 2.10 Retaining the notation in Example 2.5, we have S¢ = f o ged. Again,
by the degeneracy formula of (2.3), the finite Fourier coefficient a ¢ ,,, of f o ged is
given by

ni ni
af,nl(d%-n m+1)—n1 Sf*p.é'"(nl ng(d2 ey 1))
m+

3 Dirichlet series attached to S;

In this section, we examine both single-variable and multivariable Dirichlet series,
the coefficients of which are given by the multiple Ramanujan sum S ;

3.1 Single-variable Dirichlet series

We first examine a single-variable Dirichlet series. Recall the following well-known
formula concerning the Ramanujan sum c(k, n) (see, e.g., [19]):

> o1—s(n)

> etkomk™ = == (Re(s) > 1). (3.1)

£ £(s)
In this subsection, we give a generalization of this formula. For j =1,2,...,m + 1,
let

AGE IR Z NACTT IR U
./_1

where 7 1= (nl, e M L ., nm+1) € N, The following proposition says

that the series @7 (s n /) is written as the product of a Dirichlet series and a finite
sum, which is again given by the multiple Ramanujan sum.

Proposition 3.1 (i) For j = 1, we have

Cb;'c(S;ﬁl)=L(S;f1)SF1(nz)=L(S;f1)1"1(nz) (Re(s) > o (f1)), (3.2)
where Fi = F]'} o =875 (ST 0 (ona, o 1) sy, 8.

(ii) For2 < j <m + 1, we have
( )
DY (s:ip) =C()S T T (nnnjo) Re(s) > 1), (3.3)

where F _Fy;" =48 S(S(y’ fﬂ( Mjtls oo Bnt1) ¥y (8% fj—1))-

.....
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250 Y. Yamasaki

Proof Suppose that dkklgcd(nl, ...,hgy1) forall k =1,...,m. Then, n; is a mul-
tiple of lem(d)",...,dy") =d" if j =1, and 1cm(djyi‘1', L dimy = dﬁ‘l' if2 <
j <m+ 1 (note that we only consider m-tuples (di, ..., dy) such that dy;"| - - - |d}").

Hence, for j =1 and Re(s) > o (f1), q);(s; ﬁj) is expressed as

00 dyl dJ/l dym 1 n y
Z Zf1<dyl> <dy2>“-fm<d}’m >fm+1(d )(d l) ’

de|ng(”2w~,nk+l)l 1

and, for2 < j <m + 1 and Re(s) > 1,

4" d’; dv;
J— J=
2o <d”)f2<d”> ”f"'_2<d”"2> 3 f’_l<d”"‘>
¥ lgedmis1) U i /-

(k=1,2,...,j=2)
V'*l d}’mfl _
X Z Zf,( de ) "fm( o )ﬁnH(de)(d]%_lll)—s
¥ 1ged(@ T ot ! : "

(k=j,....m)

Thus, it is easy to see that these coincide, respectively, with (3.2) and (3.3). This
completes the proof. 0

Example 3.2 For small m, the series @jyp (s;m;) is explicitly given as follows. For
m =1, we have

‘PJ(%/]}Z(S; ny) = L(s; f1) Z fo(@)d=1, (3.4)
d"l|ny
4’}’1”}2(»? ny) =&(s) Z f1<dyl>f2(d7’1)d IS, (3.5)
d)/] \nl

and for m = 2, we have
d
qﬁyl’lf)zxz%(s;nz,m) = L(s; f1) Z Z f2<d+,)f3(d1’2)d ns
AV ny dJ? |ged(d] n3) 2
1,¥2) drl Y2\ 3—VIS
q)fllfzzﬂ(s;nl,m) ={(s) Z Z fi <dy1 )fz(d—%,2>f3(d22)d1 1S

) |y d3? |ged(d] " n3)

o=t Y (5 )a(G)

d)M ged(ny,np) dy2 |d]!

Formulas (3.4) and (3.5) were obtained in [1] for the case of y; = 1.
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Arithmetical properties of multiple Ramanujan sums 251

Example 3.3 For 0 <k <m+ 1 and a = (ai, ..., ams1-x) € C"T17K we define
generalizations of the classical Ramanujan sum c(n1, ny) as

a .
Con1 kM1 1) =Sy s samii—k (M1 <o ineg1).
——
k

Itis clear that c(ny, np) = C;H("h n2). Then, for 1 < k < m, using formulas (3.2) and
L(s; u) =1/¢(s), we can verify by induction on m and k that

o0
Z ot 4 (15 o I
Nlyeeny ng=1
k
H'zzf(sj) _ sy
=—0" d“ =T T on(d nya, . nms), (3.6)
T4 o,

where d := (ap —aj,a3 —as, ..., ame1—k — Qu—k) € Cm=*k (see Example 2.4). Set-

ting m = 1, k = 1 (in this case, oz = 1), and a; = 1, we obtain formula (3.1). See [5]
for a multivariable analogue of formula (3.1).

Example 3.4 Retaining the notation in Example 2.5, we have Sy = f o ged. Let

gcd(fzj) = ged(ny, ...,nj_1,nj11, ..., 0ms1). Then, since ged(ny,...,nup1) =
ged(n, ged(it;)), we have the following well-known formula:

Z (foged)(ny, ..., nm+1)nf

nj=l
= D50 1y, (s:80dG))) =2(s) D (fxu)(d)d .
d|ged( )
3.2 Multivariable Dirichlet series
For an arithmetic function F(ny,...,ng) of k variables, we denote by L(s; F) the

multivariable Dirichlet series attached to F, that is,

o
L(s; F) = Z F(y,...,nn " -on
ny,...,ng=1
fors = (s1,...,s%) € X (F), where X (F) C C* is the region of absolute convergence

for L(s; F). The first goal of this subsection is to calculate L(s; S;) explicitly.

Theorem 3.5 Let ypl|y11y2|- - - |vm with yo € N. Define the function aVOS; of (m+1)

variables as (aVOS;)(nl, c 1) =y, (nl)S;(nl, <oy Np1). Then, we have
m+1 m+1 [ 1
L(s; ay,S% ]_[ £(s;) - ]_[ si+esi £ (3.7)
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252 Y. Yamasaki

in the region

{s =(51,.--»8m+1) € crl

Re(s;) > 1 (2§j§m~|—1)}
Re(si+---+sj)>0(f)) (I=<j<m+1)
In particular, setting yo = 1, we have

m+1 m—+1

(s:8%) = H;’(s]) L(S],fl)l—[ (i +si 7N G

Proof This is proven by induction on m. Suppose that m = 1. Then, from formula
(3.5) we have that

. (y) (y) —Yos
L((Sl’s2)’ayosf11f2 Z gzjfllfz S2’n1 ) n !

ny= 1

={(s2) Z Z fi (d)/l ) i) dl’l) )’lsznl_VOSI.

ni=1gri, IVO

Here, since yg|y1, n}" is expressed as n}’ = d”11?° with [ € N. Hence, this expression
is written as

AV ~
éT”)ZZfl( I )fz(d?’l)di’lsz(d)/ll)/o) 1,
d=11=1

thus completing the proof for m = 1. Next, suppose that m — 1. Note that
AT s (n1,n2) by formula (2.2). Then, by
1

(513,000 Nmt1)

(3.7) for m = 1, L(s; ay, S}) is equal to

[e¢]

. (1) =] —Sm+1
Z L((Sl’SZ)vaVOSf G2 ym) Cn n ))n3 eS|
n3,...,n771+1=] 1, a1 35 m+-1
. rlwl
=(s2)L(s1; £,7)
00

. (V2,-s¥m) —s —Sm+1
X Z L(S1 +sz,ayle2 " (~,n3,...,nm+1))n3 '~-~nmf1+

n3,..,Nyp1=1

= g(sz)L(sl; fl[VO])L((sl + 52,83, .y Smt1); ay1S (2.0 y"’))

fm+1

This completes the proof for m based on the assumption of induction. Hence, we
obtain the desired formula. U

Remark that formula (2.1) is regarded as the “diagonally summed version” of (3.8)

since SY1 T (. n) = (fnst Hyy, oy F0),
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Arithmetical properties of multiple Ramanujan sums 253

Example 3.6 Retaining the notation in Example 2.4, we have

m—+1
L(s;oa) =t(s) [ [ ¢Gpetsi 4+ 4sj—ar—--—aj-1). (39

j=2

Example 3.7 Retaining the notation in Example 3.3, we have

l_[mH((Sl)l_[mJr1 Ketsi+ -+ sk —az)
Hz 1601 +---+51)

L(s; o1, k) =

We can also obtain this formula from (3.6) and (3.9). In particular, we have

L((s1,52); ¢) =¢(s2)¢(s1 + 52 — 1)/ (s1).

Example 3.8 Retaining the notation in Example 2.5, we have Sy = f o ged. In this
case,
§(s1) -+ C(Sm1)

L(s; d) = L ma13 ).
(8 f oged) C(s1+ -+ Smg1) 1t smet; f)

Next, we present another type of multivariable Dirichlet series involving S%. Re-
call the well-known Ramanujan formula for the divisor function o, (see, e.g., [19],
also [6]):

$()¢(s —a)t(s —b)g(s —a—b)
t(2s—a—>b)
for Re(s) > max{1, Re(a) + 1, Re(b) + 1, Re(a + b) + 1}. This formula was gener-
alized by Borwein and Choi [3] as follows. Let f1, f2, g1, g2 € M€. Then, we have

L(s; 040p) =

L(S§ (f2 %y f1)(g2 %y gl))
_ L(s; fig)L(s; (f2eD")L(s; (fig2)"D)L(s; (fg)h
L(2s; (f1/28182)")

for Re(s) > max{o (f181),0(f281),0(f182),(f282), 0 (f1/28182)/2}. They gave
formula (3.10) for the case y = 1, and it is easy to obtain the equation for general

(3.10)

y € N in the same manner. Similarly, since S y)f (n,n) = (f2 *, f1)(n), we can
regard formula (3.10) as the diagonally summed version of the following formula.

Theorem 3.9 Let f1, f2, g1, g2 € ME. Then, we have

L((s1,52); S}’l’j2 S

_ C(s2)L(s1; fig)L(s1 +s2; (frgD L (st + 525 (Fig)V)L(s1 + 525 (fag2)))
LQ2(s1 + 52); (f1 /28182

(3.11)
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254 Y. Yamasaki

in the region

{(S1732) eC?

Re(s2) > 1, Re(s1) > o (f181), }
Re(s; + 52) > max{o (f281), 0(f182), 0 (f282), 0 (f1/28182)/2}

Proof First, note that, for a multiplicative arithmetic function F of k variables,
L(s; F) has the Euler product expression L(s; F) = Hp Z?ﬁ.u,lk:l F(p',..., p) x

p_XIZI ,,,p—Sklk‘
Let hy, hy € M. Then,

S(V)

h y h y-m? (I1,1)
D00 = e (1- () ),

h1(p)? — ha(p)Y h1(p)

where mY (11, ) := L% min{/y,l;}] 4+ 1. Hence, from the Euler product expression,
we have

L((s1,2); 87 s00,)

f1,/2781,82
=11 Z S (0" P8 (01, pR)p 0 p
p li,l=
—H(CVV Z (arbyx)'x3
11,[,=0

y-m? (I1,12) b y-m?(l1,12)
(=) )0-G) ) e
al by

where a; := fi(p), b :=gi(p), x; == p~% fori = 1,2, and C) = C}(f1. f2.81.82)
= (ar — a%’)(b%/ - blz/)/(albl)y for each prime p. Write / for the inner sum of
the right-most hand side of (3.12). Moreover, divide / into two parts as ) ,°) _o =

Dlisty T2ty <l = 2oy ity T 2120 2iyt; +1 and denote by Iy and I the for-
mer and latter sums, respectively. Writing / aslp = yl+kin I} and [y as ] =yl +k
in I withl € Z>¢ and 0 <k <y — 1, respectively, we have

y—1 oo 00 y(+1) y(+1)
ZZ Z (a1by1x1)"1x Vl+k( <%> )(1 - <b—2) >
aj by

k=0 =0 I, =yl+k

_ 1 1 - (a1b1X1X2)VM
T l—abix; 1—aibixix

and similarly

x3 1 —(a1bix1x2)”

I, =
1 — X2 1 —alblxlxg
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Arithmetical properties of multiple Ramanujan sums 255

where M :=Y"7° (a1b1x1x2)7 (1 — (Z—T)V(l“))(l — (%)V(l+l)). Hence, we have

1 — (a1b1x1x2)Y

I=L+1L=
(I = x2)(1 —aibyxy)

Now, M is straightforwardly calculated as
Cy (1 = (a1a2b1b3x7x3)7)
(1 = (a1b1x1x2)7)(1 — (a2b1x1x2)7)(1 — (a1bax1x2)7) (1 — (a2brx1x2)7)’

where the desired formula immediately follows from formula (3.12). O

Remark 3.10 For m > 2, we cannot expect that the single-variable Dirichlet se-
ries L(s; (fin+1 *y, = - *y f1)(8m+1 *y,, - %y, g1)) has a product expression

such as (3.10), and, similarly, the multivariable Dirichlet series L((s1, ..., Sn+1);
S (lefJZi)n S(Vf ,,,,,,,, 2 3:1),) has a product expression such as (3.11).

4 A generalization of the Smith determinant

In this section, we evaluate the hyperdeterminants in the sense of Cayley of the hy-

permatrices, the entries of which are given by values of the multiple Ramanujan sum
st
f

4.1 Hyperdeterminant

Recall the definition and some properties of the hyperdeterminants in the sense of
Cayley. Let A = (A(i1, ..., ix))1<iy,...,ir<n D€ a k-dimensional matrix of order n. For
asubset I C{1,...,k},sete; =1if j €I and O otherwise. Then, the hyperdetermi-
nant det; A of A with the signature [ is defined as

% Z Hsgn(a])8] ZA o1(v), ..., 0% (v)), 4.1)

where G, is the symmetric group of degree n. We obtain the usual determinant of a
matrix A when k =2 and I = {1, 2}; det{; o) A = det A. Note that det; A is identically
zero if the number of elements in / is odd. For the theory of hyperdeterminants,
see, e.g., [15]. We next present some lemmas that will be needed in the subsequent
discussion.

det; A :=

Lemma 4.1 Let A = (A(iy, ..., 1)) be a k-dimensional matrix of order n.
(1) For m € &, we have
det; (A(w(i1), ..., 7(ix))) = det; (AGy, ..., ix)). 4.2)

(i) For w € &y, set t = (1) := {w~(i)|i € I}. Then, we have

det; (A(in(l), R in(k))) = detnfl(l)(A(il R ik)). “4.3)
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256 Y. Yamasaki

Proof These are immediately obtained from the definition of the hyperdetermi-
nant. 0

Let A= (A(i,...,ix)) and B = (B(iy,...,1i;)) be k-dimensional and /-dimen-
sional matrices, respectively, of order n. Then, the Cayley product AB of A and B is
a (k + 1 — 2)-dimensional matrix of order n given by

n
(AB)(i1. ... ikg1—2) = Y _ Al ik1. DBGoiks - viki—2). (44)
j=1
Lemma 4.2 Let A= (A(iy,...,ix)) and B = (B(iy, ..., 1)) be k-dimensional and
[-dimensional matrices, respectively, of order n. Let K € {1,2,...,k—1}and L C

{2,3,...,1} with odd cardinality. Set I := K U (L 4+ (k — 2)), where L + (k —2) :=
{l4+k —2]|l € L}. Then, we have

det; (AB) =detgypy A - det(qyur B. 4.5)
Proof See [9, 17]. Il
4.2 Smith hyperdeterminants

Let S = {x1,...,x,} be a set of distinct positive integers. The goal of this subsec-
tion is to evaluate the hyperdeterminant det; (S;'c’s (Xiy s+ -+ X)) for a factor-closed
set S. Here, S is called factor-closed if S contains every divisor of x for any x € S.
To accomplish this, we slightly extend the definition of the even arithmetic function
examined in Sect. 2.

First, we give some notation. For d = (dy, ..., dy) € Nk, we set |d| := 21;21 dj
and xq := (x4, ..., xg,). Moreover, for r € N, we set ged(d, r) := (ged(dy,7), ...,
ged(dy, r)) € NK, write d|r if dj|r for 1 < j <k, and, in this case, set r/d :=
(r/dy,...,r/dy) € Nk, Let f(m,n) be an arithmetic function of two variables.
For m = (my,...,my) € Nf and n = (ny,...,np) € NF, we set f(m,n) :=

k
[[jo f(mj,njp).

Let r = (r1,...,7rm) € N" and k = (ky,...,ky) € N". Let n; = (nj1,...,
nj,kj) e N¥ for j=1,...,m. We call an arithmetic function F(r;ny,...,n,) of
|k| variables ny, ..., n,, even (mod r®) if

F(r;ged(ny,r), ..., ged@p, rm)) = F(riny, ... ny).
Then, the following lemma is obtained as described in [8] (note that the case of m = 1

is nothing more than Theorem 22 in [8]).

Lemma 4.3 A function F(r;ny,...,ny,) is even (mod r)y if and only if it possesses
a representation of the form

Frimp,....np)= Y opd.....dp) [[cd;.n). (4.6)

djlrj Jj=1
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Arithmetical properties of multiple Ramanujan sums 257

where the sum is taken over all d; = (dj,l,...,dj,kj) € Nk for j=1,...,m sat-
isfying d j|rj. Moreover, the finite Fourier coefficients or(dy, ..., dy) are uniquely
determined by

1 " r; r;
(@i, ....dn) = —— > F(r;sl,...,am)]_[c<8—{,d—’_>, (4.7)
rl EERY Sj\”j j=1 ] J

(j=1,...,m)

where the sum is also taken over all §; = (Sj,l,...,éj,kj) e Nk for j=1,....m
satisfying 8;|r;.

Now, we obtain the following proposition.

Proposition 4.4 Let S = {x1, ..., x,} be afactor-closed set, and let F (r;ny, ..., ny)
be an even function (mod r'®). Define the (m + |k|)-dimensional matrix B of order
nas

B(il3 LR lm+|k|)

=F(x,'l,...,xl‘m,x,‘mﬂ,...,xiqu,...,x,'erk]erJrkm_lH,...,xi”1+|k|).

k1 km

Let I be a subset of {1,2,...,m + |k|} with even cardinality such that {m + 1, m+
2...om+|kl} S 1, and set ej =1if j €I and O otherwise. Define the subset I of
{1,2,....,m}as jelifand only ife; + kj is odd for 1 < j <m. Then, we have

""" N o N I<iy,,im=<n’

ki km

4.8)
i iy is the finite Fourier coefficient of F given by (4.7).

We need the following lemma.

Lemma 4.5 Let A= (A(i1,...,ix)) and C = (C(iy, ip)) be k-dimensional and two-
dimensional matrices, respectively, of order n. For | = 0,1, ...k, define the k-
dimensional matrices Ag) of order n by the following recursion formula:

A ik) = Al k) (1=0),
ALG, i) = AT VO, ik i) (I=1,2,..,K),

(-1
C

where Agfl)C is the Cayley product of A and C. Then, we have

n

l
AL nin= Y Alstei e D [[CUnin. @9
Jlseesdi=1 h=1
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258 Y. Yamasaki

Proof This is shown by induction on / from the definition of the Cayley product
4.4). d

Proof of Proposition 4.4 From formula (4.2) we can assume that x; < xy < -+ < Xxp.
Define the (m + |k|)-dimensional matrix A and two-dimensional matrix C of order
n, respectively, as

m kj
A(ir, "'JWH-IkI) = O‘XII,---,X;,” (‘xim+1’ te xinl+\k\) | | | | eim+k1+»--+kj,1+/j,i_,w
j=11;=1

C(i1, ip) = c(xiy, Xip),

where e ; = 1 if x|x; and O otherwise. Let p = (1,2, ---,m + |k|) € &, 1 x| be the
cyclic permutation of order (m + |k|). Then, we have

. . k) .. .
B(ll, ey lm+|k|) = A(Cl‘ l)(lpm(l), ey lpm(m_;,_|k|)). (4.10)

In fact, by (4.9), the right-hand side of (4.10) is equal to

AC (ln1+17-~~7lm+‘k|1lls"-3lm)

n
= § ax,’l,...,x,’m (-xd1,|7-~~7xd11k17--~axdm119~~-v-xdm_km)
di{eond i . =1
ji1djk
(j=l1,....m) ki km
m  kj
X 1_[ 1_[ edj.l_/,ijc(xdj.l_,’xim+k|+~~+k_,~_1+lj)
j=11=1
m kj
= >y Gayoxa,) [T COXd 15 Xy 4oci ;g 41, )
de \X,'j j=1 lj=l

(j=1,..., m)

whered;:=(d;,..., dj,kj) for 1 < j <m. This clearly coincides with the left-hand
side of formula (4.10) from the expression of (4.6) of F, thus completing the proof.
Note that, since S is factor-closed, every divisor of x; can again be written as x4 for
some d. Next, using formula (4.3), we have

det; B = det; (A% G yn (1), - ipn k)
= det;((Agkl_l)C)(ipm(z), ey Lo mtlk]) s Epm (1))
= dets (AL C)Ggmorrys s )
= det, n 1) (ALVC) 1, i)

Here, note that m + 1 € I implies m + |k| = p~""~(m + 1) € p~™~1(I). Therefore,
using formula (4.5) with K = p™™~1(I) \ {m + |k|} and L = {2}, we see that the
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Arithmetical properties of multiple Ramanujan sums 259

right-hand side of the above equation is equivalent to
det(pmn-1 (ko (AT ) - detyi ) €
= detC - det, w1, (A7 C) (o i 1))
= detC - det, n2, (A2 C) i1 ims i)
Under the condition m + 1, ..., m + |k| € I, the above procedure yields
det; B = (detC) ¥ - det, i) (AL") = (det O)F! - det; A.

By Corollary 3 in [4], we have det C = det(c(x;,, Xi,)) = X1 - - - x,. Hence, it is suffi-
cient to calculate det; A. Since &; =1for j =m +1,...,m + |k|, we have

m m kj
det; A = %Z Z 1_[ sgn(o ;)% 1_[ 1_[ sgn(oj1;)

0 01,0 j=1 j=11;=1
n m kj
X Haxa(w (Xo1()s -+ -+ X0, (v) l_[ l_[ €01 (v),0;(v)-
v=1 j=11;=1
Here, the sum is taken over all 0 = (01,...,0,) € (6,)" and 0; = (0 1,...,
ojk;) € (S)h for 1 < j <m. For o = (o1,...,00) € (&,)* and v € {1,...,n},
we set 0 (v) := (01(v),...,0k(v)). Replacing the variables t;;, = oj,ljaj_l with
I<j<mand1<l; <kj;andwriting 7; = (tj1,..., rj,kj), we have
det; A = ZHsgn(o Yeitki Z l_[ l_[ sgn(z;1;)
o ] 1 T ij llj—l
n m kj
X l_[ axa(u) (x‘ll('fl(l))’ R 'meUm(U)) l_[ l_[ er_f-/j (J’_,‘(U),O’_,‘(U)’
v=1 j=1lj=1
where 7 j0; = (110j,..., T}, k; oj) for 1 < j < m. Note that erj1,0j(w),0; @) = 1 for

all 1 <v <n if and only if Tl = 1since x| <xp < --- < Xxp. Therefore det; A is
equal to

1 m
Z l_[ sgn(o; eItk l—[axcr(v) (Xg (@)s -+ Xap ()
o ] 1

=de tT(le,l ,,,,, Xipy (x,~1, ey Ky ey Xy eee ’xim))lfil,...,imfn'

ki km

This completes the proof of the proposition. O
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260 Y. Yamasaki

Theorem 4.6 Let S = {x1,...,x,} be a factor-closed set, and let F(r;ny,...,ng)
be an even function (mod r) with respect to the variables ny,...,ni. Let I =
{2,3,....k+ 1} ifkisevenand {1,2, ...,k + 1} otherwise. Then, we have

n
dety (F(eiy: Xigs o X)) 1< i <n = (1 o) T o, (s ), (41D
v=1

where oy, is the finite Fourier coefficient given by (2.9).
Proof Setting m = 1 in Proposition 4.4, we immediately obtain this theorem. g
Remark 4.7 The case of k =1 is obtained in Theorem 2 in [4].

Corollary 4.8 Let S = {x1, ..., xn} be a factor-closed set. Let I ={2,3,...,m + 1}
ifmisevenand{1,2,...,m+ 1} otherwise. Let & be an arbitrary arithmetic function
of m variables. Then, we have

v.E, )
detI(Sf (x,l,...,xlwrl))lgil .... 1<

n

= (AW S D) TG - x) £ ). @12)

v=1

In particular, we have

dety (Sy(eiys s X D)<y i <p = (D fu D) T fnra(r). 413)

v=1

V&
Proof From formula (2.11) we have a;:iv (Xps ey Xy) = x,jmsg'(”})(xv, 1,..., D).

Furthermore, using the identity ay, (xy)---ay, (Xy) = dlem@y,...,y,) (Xv), One can
see that the right-hand side above is equal to x,"&(xy, ..., xp) fi(1)--- frn(1) X

frgiﬂll(yl """ y’")](xv). Hence we obtain (4.12) and immediately (4.13). This completes
the proof. O

Example 4.9 Retaining the notation in Example 2.5, we have Sy = f o gcd. Hence,
by formula (4.13), we have, for a factor-closed set S = {xy, ..., x,},

dety ((f o ged) @iy s X)) 1<ty i en = | [ %))

v=1
This is a part of the result of Haukkanen [9].
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