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Abstract A simplified proof for a well-distribution property for rational numbers is
given and a connection with Riemann’s Hypothesis is pointed out. More precisely,
we consider rational numbers with denominators of a given order of magnitude and
show that the number of such numbers lying in a short interval of given length is
normally close to its expectation in a mean square sense. The proof is elementary,
using only Fourier series and Ramanujan sums. At the end of the paper, a variant of
the circle method is discussed as an application.
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1 Introduction

By a classical theorem of Franel and Landau (see [2, Sect. 12.2]), Riemann’s Hy-
pothesis is equivalent to a certain “global” well-distribution property for the Farey
fractions. We considered in [5] an analogous “local” problem: how uniformly are the
rationals with denominators of given order distributed in short intervals? The rationals
will be written as a/q with (a, q) = 1 and q ≥ 1. We are counting these with weights
w(q) ∈ [0,1], where the function w vanishes outside a certain interval [Q,2Q]. Let-
ting v(x) be another weight function of support [−�,�], where � is a small positive
parameter. Define

λ(x) =
∑

a/q

w(q)v

(
a

q
− x

)
. (1.1)
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This is a periodic function of period 1. Statistically, there is a certain expectation λ

for λ(x), and we are interested in the variance

V =
∫

I

(λ(x) − λ)2 dx,

where I = [0,1].
For orientation, a typical case is that v(x) is the characteristic function of the inter-

val [−�,�] and w(q) takes values 0 or 1 for Q ≤ q ≤ 2Q. Thus some denominators
in this range are accepted and the others are ignored. In [5] we proved that in this
case

V � �Q2+ε, (1.2)

for any fixed ε > 0; here and elsewhere, the constant implied by the notation may
depend on ε, and ε is not necessarily the same at each occurrence. (Actually, the
version given in [5] contains also a second term caused by the assumption that a/q

should lie in the unit interval I , but we do not now restrict the summation in (1.1) in
such a way). A statistical interpretation of (1.2) is that the number of our rationals in
the interval [x − �,x + �] is usually close to its expectation.

The present paper has three goals:

(1) To give a simplified proof of a generalized version of (1.2).
(2) To analyze the relevance of Riemann’s Hypothesis in this problem.
(3) To reconsider a variant of the Circle Method presented in [6].

The first two topics will be discussed in Sect. 2, and the results corresponding to (1.2)
are formulated in Theorem 1. The method mentioned as the third topic has already
found some applications to convolutions of Fourier coefficients of cusp forms (see [3,
4, 7]). Its underlying principle is to decompose an integral over the unit interval into a
main term and an error term; the main term involves integrals over a system of more
or less overlapping short intervals, all of the same length, while the error term depends
on the variance V and on the function to be integrated. In Sect. 3, this decomposition
will be restated as an identity (Theorem 2), and such an explicit formulation of the
method is potentially more flexible in applications. This aspect will be commented
in the end of the paper in the light of the above mentioned convolutions and additive
divisor problems.

2 The variance

Recall that the weight function w(q) should satisfy w(q) ∈ [0,1] for all natural num-
bers q , and w(q) = 0 for q �∈ [Q,2Q], where Q is a large positive parameter. Then

L =
∞∑

q=1

w(q)ϕ(q) (2.1)

represents the weighted number of the admissible rationals a/q in the unit interval.
Next, as to v(x), we suppose that it is an even non-negative function of support

[−�,�] whose restriction to its support is continuous. Also, we suppose that it is
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bounded by an absolute constant and non-increasing in [0,�]. Thus v(x) is contin-
uous up to jumps at x = ±� if v(�) �= 0. Here � is a parameter with 0 < � ≤ 1/3;
in fact we may suppose that � ≥ Q−2, for otherwise λ(x) is bounded, and with λ

defined by (2.3) below, the inequality (2.4) in Theorem 1—a slightly more precise
version of (1.2)—is trivially true. For convenience, we normalize the mean value of
v(x) to be 1 in the interval [−�,�], thus

1

2�

∫ �

−�

v(x)dx = 1. (2.2)

The expectation for the function λ(x) defined in (1.1) will be then

λ = 2�L. (2.3)

Our version of (1.2) now reads as follows.

Theorem 1 With the above assumptions and notations, we have

V � �Q2 log3(1/�). (2.4)

Also, on Riemann’s Hypothesis and with w(q) = 1 for all q ∈ [Q,2Q], it holds

V � min(Q1+ε,�Q2 log3(1/�)). (2.5)

Proof We construct a function with period 1 restricting v(x) first to the interval
[−1/2,1/2] and extending it then periodically. The sum function of its Fourier series,
say

v∗(x) =
∞∑

n=−∞
ane(nx), (2.6)

where

an =
∫ �

−�

v(x)e(−nx)dx

with e(α) = e2πiα as usual, equals v(x) in the interval [−1/2,1/2] except that
v∗(±�) = 1

2v(�). This slight deviation will be unimportant in the sequel. In par-
ticular, a0 = 2� by our assumption (2.2). Also,

|an| � min(�, |n|−1) for n �= 0 (2.7)

by the properties of the function v(x). Define

λ∗(x) =
∑

a/q∈I

w(q)v∗
(

a

q
− x

)
.

Then λ(x) = λ∗(x) almost everywhere, namely everywhere up to the possible points
of discontinuity of λ(x), that is the points a/q ± � with w(q) �= 0. By (2.1), (2.3),
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and (2.6), we have the Fourier series

λ∗(x) = λ +
∑

n�=0

an

∑

a/q∈I

w(q)e

(
n

(
a

q
− x

))
. (2.8)

Then, by Parseval’s formula,

V =
∫

I

(λ(x) − λ)2 dx =
∫

I

(λ∗(x) − λ)2 dx

=
∑

n�=0

|an|2
∑

a1/q1∈I

w(q1)
∑

a2/q2∈I

w(q2)e

(
n

(
a1

q1
− a2

q2

))

=
∑

n�=0

|an|2
∞∑

q1=1

w(q1)Cq1(n)

∞∑

q2=1

w(q2)Cq2(n)

=
∑

n�=0

|an|2
∞∑

q1=1

w(q1)

∞∑

q2=1

w(q2)
∑

d1|(q1,n)

∑

d2|(q2,n)

d1d2μ

(
q1

d1

)
μ

(
q2

d2

)
, (2.9)

where

Cq(n) =
q∑

a=1
(a,q)=1

e(an/q) =
∑

d|(q,n)

dμ(q/d)

stands for Ramanujan sums. Hence, changing the order of the summations and sum-
ming trivially over q1 and q2, we see that

V � Q2
∑

d1,d2≤2Q

∑

n�=0
[d1,d2]|n

|an|2. (2.10)

Since d1 and d2 are divisors of n, a given term |an|2 may occur here at most d2(n)

times. Thus finally by (2.7) and (2.10) we have

V � Q2
∞∑

n=1

min(�2, n−2)d2(n) � �Q2 log3(1/�).

This completes the proof of (2.4).
Next we show that if w(q) = 1 for all q ∈ [Q,2Q], then (2.5) holds under Rie-

mann’s Hypothesis. We may suppose that � ≥ Q−1, for otherwise the assertion fol-
lows from (2.4) unconditionally. A well-known equivalent formulation of Riemann’s
Hypothesis is that

∑

n≤x

μ(n) � x1/2+ε

for all x ≥ 1 (see [2, p. 261]). Using this estimate to the sums over qi in (2.9), we get

V � Q1+ε
∑

d1,d2≤2Q

(d1d2)
1/2

∑

n�=0
[d1,d2]|n

|an|2.
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Now, since d1d2 � min(n2,Q2), we infer by (2.7) that

V � Q1+ε
∞∑

n=1

min(�2, n−2)min(n,Q)d2(n) � Q1+ε log4 Q;

recall the assumption � ≥ Q−1. This completes the proof of (2.5). �

3 The circle method

In the classical version of the Hardy-Littlewood circle method, the integral of a peri-
odic function of period 1 over the unit interval is decomposed according to a system
of Farey intervals. In applications of the circle method, the irregularity of the lengths
of the Farey intervals is an obstacle called the levelling problem. H.D. Kloosterman
devised a refinement of the Hardy-Littlewood method to cope with this difficulty,
and his argument gave rise to the exponential sums bearing his name. If the periodic
function is of the form e(nx) for an integer n, then the circle method gives a decom-
position of the δ-function δ(n) which equals 1 if n = 0, and zero otherwise. Another
expression for the δ-function was given in [1]. In [6], we presented a variant of the
circle method, based on the estimate (1.2) above, where the integral in question is
decomposed approximately to a number of integrals over short partially overlapping
intervals of the same length. We first recall the idea of that method and then show
how to formulate it precisely as an identity.

Let f (x) be a continuous function of period 1 and consider its integral over the
unit interval I . We approximate the integral by a sum of integrals over short intervals
[a/q − �,a/q + �] letting χa/q(x) denote its characteristic function. Then

∫

I

f (x) dx ≈ 1

λ

∑

a/q∈I

w(q)

∫
χa/q(x)f (x) dx,

where λ is defined by (2.3) and (2.1), and the weight function w(q) satisfies the same
conditions as in the preceding section. This is seen on counting the weight of occur-
rence of a given value x on the right, and the weight is normally close to 1 by our
estimate for the variance V . But we may replace the characteristic function χa/q(x)

by a more general weight function v(a/q − x), where v satisfies the conditions men-
tioned in the preceding section. In the previous notation, we now have

1

λ

∑

a/q∈I

w(q)

∫
v

(
a

q
− x

)
f (x)dx

= 1

λ

∑

a/q∈I

w(q)

∫

I

v∗
(

a

q
− x

)
f (x)dx

= 1

λ

∫

I

λ∗(x)f (x) dx =
∫

I

f (x) dx + 1

λ

∫

I

(λ∗(x) − λ)f (x) dx. (3.1)
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Invoking the Fourier series (2.8) of λ∗(x), we may write the last term in terms of the
Fourier coefficients an of v∗ and bn of f :

1

λ

∫

I

(λ∗(x) − λ)f (x) dx = 1

λ

∑

n�=0

anbn

∑

q

w(q)Cq(n). (3.2)

Finally we substitute the arithmetic formula for the Ramanujan sums to obtain the
following expression for the integral of f over the unit interval, that is for the constant
term of its Fourier series.

Theorem 2 Let f be a continuous function of period 1 with Fourier coefficients bn,
let the weight functions w(q) and v(x) satisfy the conditions in Sect. 2, and let (2.6)
be the Fourier series of the periodic extension of v. Then

b0 =
∫

I

f (x) dx = 1

λ

∑

a/q∈I

w(q)

∫
v

(
a

q
− x

)
f (x)dx

− 1

λ

∞∑

d=1

d
∑

m �=0

admbdm

∞∑

r=1

w(dr)μ(r). (3.3)

Remark 1 The rightmost terms in (3.1), (3.2), or (3.3), which represent the same
quantity in different shapes, are of the order

� λ−1‖f ‖2Q�1/2 log3/2(1/�); (3.4)

to see this, apply Cauchy’s inequality and (2.4) in the first mentioned term.

Remark 2 If v is smooth, then |an| decays rapidly as |n| exceeds �−1, which means
that the n-sum in (3.2) can be truncated at �−1 or so with a small error, or that the d-
sum in (3.3) can be truncated similarly. Suppose now that �Q is large and w(q) = 1
for q ∈ [Q,2Q]. Then Riemann’s Hypothesis implies cancellation in the r-sum in
(3.3) in the same way as in Theorem 1. Or alternatively one may use the generating
function of the Ramanujan sums (see [8, (1.5.4)]) to show cancellation in the q-sum
in (3.2) under Riemann’s Hypothesis.

Remark 3 To illustrate the structure of the formula (3.3) by an example, let us con-
sider briefly sums of the additive divisor problem type

C(m) =
∞∑

n=1

ϕ(n)ϕ(n + m)c(n)c(n + m),

where c(n) is a real-valued arithmetic function, ϕ(n) is a smooth weight function of
compact support in (0,∞), and m is a given positive integer. The cases we have in
mind are the (normalized) Fourier coefficients of a cusp form, or the divisor function
d(n). Let

S(x) =
∞∑

n=1

ϕ(n)c(n)e(nx),
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f (x) = |S(x)|2e(−mx).

Then bn = C(n + m) in the notation of Theorem 2, in particular b0 = C(m).

Write (3.3) as b0 = A − B for short. Then B is a linear combination of sums
C(m + ν) with ν �= 0. In A, the interesting contribution b0 arises if f (x) is replaced
by the constant term of its Fourier series, and the role of the remaining terms in A

is simply to compensate the “error term” B . But A can be treated also differently.
Namely, in the cases mentioned above, we may transform the exponential sum S(x)

in a neighborhood of a rational a/q by Voronoi summation. Then Kloosterman sums
emerge, and sums of these can be estimated by spectral methods. In the case of the
Fourier coefficients of a cusp form, we worked out this argument in [7]. The term
B was estimated by (3.4) using a known good bound for S(x). However, in the case
c(n) = d(n) we should be able to extract a main term for C(m). Now B cannot be
treated simply as an error term; it is a linear combination of sums C(m + ν) with
ν �= 0, and each of these involves a main term contributing to the main term of C(m).
But in principle it is easier to deal with an average of sums rather than an individual
sum. The term A can be handled much as before except that the non-negativity of
d(n) is a new feature to be taken into account. All in all, though Theorem 2 opens an
approach even to the additive divisor problem, it is not quite straightforward to carry
out an analogue of the corresponding argument in [7].
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