Ramanujan J (2007) 14: 189-221
DOI 10.1007/s11139-007-9025-9

Multiple g-zeta functions and multiple
q-polylogarithms

Jianqiang Zhao

Received: 16 September 2003 / Accepted: 25 October 2006 /
Published online: 8 September 2007
© Springer Science+Business Media, LLC 2007

Abstract For every positive integer d we define the g-analog of multiple zeta func-
tion of depth d and study its properties, generalizing the work of Kaneko et al. who
dealt with the case d = 1. We first analytically continue it to a meromorphic function
on C? with explicit poles. In our Main Theorem we show that its limit when ¢ 1 1
is the ordinary multiple zeta function. Then we consider some special values of these
functions when d = 2. At the end of the paper we also propose the g-analogs of mul-
tiple polylogarithms by using Jackson’s g-iterated integrals and then study some of
their properties. Our definition is motivated by those of Koornwinder and Schlesinger
although theirs are slightly different from ours.
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1 Introduction and definitions
Let 0 < g < 1 and for any positive integer k define its g-analog [k] = [k], = (1 —

qk )/(1—q).In[9] Kaneko et al. define a function of two complex variables f, (s; ) =
payal g* /[k]* such that the g-analog of Riemann zeta function is realized as

8q(8) = fo(sis = 1).
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190 J. Zhao

For any property P let Zp be the set of integers satisfying PP. After analytically con-
tinuing f;, (s; 1) to C? as a meromorphic function Kaneko et al. proved the following
main result

Theorem 1.1 ([9, Proposition 2, Theorem 2]) One can analytically continue {4 (s) to
C with simple poles at 1 + (2mi/logq)Z and Zi<o + (2mi/log q) Z+o. Moreover, for
any s # 1 one has

lim £, (s) = £(s).
g1l
They also study the special values of ¢, (s) at non-negative integers. In this paper

we shall generalize these to the (Euler—Zagier) multiple zeta functions, which are
defined as nested generalizations of Riemann zeta function ¢ (s):

COstynsa) = Y ke kg e

O<ky<--<kg
for complex variables s1, ..., sq satisfying o +---+o04>d — j+ 1 forall j =
1,...,d. Here and in what follows, whenever s € C we always write o = R(s), the

real part of s. The analytic continuation of multiple zeta functions has been stud-
ied independently in [2] and [14]. We know that ¢(sq, ..., sg) can be extended to a
meromorphic function on C? \ &, where

GdZ{(Sl,...,Sd)E(Cd

sa=1,8q_1+s4=2,1,—2m Vm € Z>y,
B 2
andsj +---+sg €Lzqgjy1 Vj<d—2.

To find the g-analog of multiple zeta functions we first define an auxiliary function
of 2d complex variables sy, ..., sq,t1,...,t4 € C

kity+-+katq

faGr o sait, )= Y [kql]ﬁw

O<ky<---<kg
which converges if R(z; +... +1y) >0 forall j =1,...,d (see Proposition 2.2).
In the next section we are going to analytically continue this function to C*¢ as a

meromorphic function with explicitly defined poles.
We now define the multiple g-zeta function by specialization of f,:

Cg(s1, .oy 8a) = fa(st,....sa581—1,...,8¢ — 1)

which will be shown to be the correct g-analog of multiple zeta functions. When
oj > 1forall j we can express this by the series

ki(s1—=1D)4+kqa(sq—1)

q
8q(s1,...,8q0) = Z (ki 151 -« - kgl ©)

O<ky<---<kg
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Multiple g-zeta functions and multiple g-polylogarithms 191

Note that when d =1 this is the same as the g-analog of the Riemann zeta function
defined in [9]. Put

2mi 2mi
Sd€1+iZ’Orsd€Z§O+ ik Z;é(),
o= )¢ cd logg logg
d= S1,...,84) € i DG,
i
orsj+-+8g€leq_jy1+—2Z, j<d
logg

Here the last part in &/, is vacuous if d = 1. The primary goal of this paper is to prove

Main Theorem. The multiple q-zeta function ¢,(s1,...,sq4) can be extended to a
meromorphic function on C¢ \ &/, with simple poles along &,. Further, for all
(S1,...,84) €CI\ &y

li;nT 124(s1, ..., 80) = (51, ..., 84).

In Sect. 7, we propose a new definition of the multiple g-polylogarithms and
briefly study their properties. We also review Jackson’s g-derivatives and g-definite
integrals and define g-iterated integrals as g-analogs of Chen’s iterated integrals.

It is known that there’re two kinds of shuffle relations among multiple zeta val-
ues. The first one is produced by iterated integrals, the second by their power series
expansions. In the last section of this paper we will apply our g-iterated integral tech-
nique to multiple g-polylogarithms in order to study the g-shuffle relations of the first
kind for multiple g-zeta values. For simplicity we will only deal with ¢, (m)¢, (n) for
positive integers m # n. These relations reduce to the ordinary ones when g 1 1. We
thank Prof. Kaneko for his questions relating to this part of our study and sending
us his offprint upon which the current work is based. The primitive versions of this
work was submitted to arxiv.org as [15] in April-May, 2003. The author thanks the
Math Department of Penn State University for its hospitality when he visited there
in October 2003. The author is indebted to the referee for simplifying the proofs of
Lemma 2.1 and Lemma 2.3 and many other valuable comments to improve this pa-
per. Some of the ideas and results in this paper have been suggested or proved also
by Bowman and Bradley [3] and Bradley [4] independently.

2 Analytic continuations of f; and ¢,

The purpose of this section is two-fold: first we will use the auxiliary functions
fq introduced in the first section to give a quick analytic continuation of multiple
g-zeta functions ¢, (s1, ..., sq), though this is not enough to show it’s the right g-
analog of the multiple zeta functions. Second, we explicitly write down these expres-
sions involving binomial coefficients which will be used to study special values of
Lq(s1,...,84) in Sect. 6.

We need a simple lemma first.
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192 J. Zhao

Lemma 2.1 Let k be a positive integer. For all 0 < g < 1 we have
1 <[k] <k.

Proof 1t is clear that

l<lkl=——=14qg+4¢"+ - +¢ <k O

Proposition 2.2 The function

kit +-+kata

q
faGr o sait, )= Y

iy [k1151 - - - [kg]5d

converges if R(tj+...+14) >0 forall j =1,...,d. It can be analytically continued
to a meromorphic function over C*? via the series expansion

fq(slv-"’sd;tla-"’td)
Jrj+tj)
Wt(E) 8 +r, q
) Z 1_[|:< 1 _qrj+tj+~~~+rd+zd ’ )
,,,,, rqg=0j=1

where wt(5) = s1 + - - - + 4. It has the following (simple) poles: ti+-+tg €Z<o+
2mi
logg

Proof Assume [NR(s;)| < Nj and let 7; =MN(¢;) forall j=1,...,d. By Lemma 2.1

d
[faGr,saitn )| < >0 T]kpNigh. 5)

O<ky<---<kg j=1

Let k =ks—1 (when d =1 take kg =0), n = kg, N = Ny, and t = 74. Then by root
test Y, x n™N ¢"* converges. Moreover, by setting y = ¢ we get

AN
ZnN nt _ (yE) Zynz(l =V FIN Yy by,

n>k n>k

where f(N,y;x) = Z;\J:O cix! is a polynomial of degree N whose coefficients
depend only on the constants N and y = ¢g°. Let ¢(N,g") = (N + 1)max{|¢] :
[=0,...,N} we get

C(N, )
n>k

This proves the first part of the lemma when d = 1. In the general case it follows from
(5) and (6) that
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Multiple g-zeta functions and multiple g-polylogarithms 193

| faCstseesaitn, - ta)|
¢(N,q") d-2
<G (H(k»%kﬂ.f)kw1+~qk<ml+r>‘
O<ky<--<kg_o<k \j=1

It follows from an easy induction on d that

C(N +. +Nd q‘r]+ +Td)
TGS fd)’<1_[ NG
j=1

This proves the first part of the lemma.
00 (s+r71

By binomial expansion (1 —x)™* =22 (“77 7 )x" we get

fq(sl""’sd;tl7"'7td)

+00
IS 2(

O<ky<--<kgri,....,rq=0

d
1_[ (s.] +r] - 1) kj(r,--i-t,'))
o rj

j=1

As 0 < g < 1 the series converges absolutely by Stirling’s formula so we can ex-
change the summations. The proposition follows immediately from the next lemma
by taking x; =¢"it" for j=1,...,d. O

Lemma 2.3 Let x; € C such that |xj| <1for j=1,...,d. Then

2. l_[x l_[l_x lill_x/ - @

O<ky<---<kg j=1 j=1

Proof By re-indexing k; =m + ---+m; we have

d . 00 =) d X xg
I = mymitmy o omitedmg T 2L
20 [Ix' =20 2™ =l
O<k)<--<ky j=1 mp=1 mg=1 j=1 J

1 d J 1 d J

The second equation in the lemma follows immediately. O
Recall that &, (s1, ..., 84) = fy(s1,...,54; 51 — 1,..., 54 — 1). Hence we have the

following immediate consequence.
Theorem 2.4 The multiple q-zeta function {4(s1, ..., Sq) can be extended to a mero-

morphic function with simple poles lying along &;:

é‘q(slv""sd)

i . _1
— ™M Z 1—[ sJ+r] -1 g/ ritsi=h
1— qrj+5j+---+rd+sd—d+j—l :

Flseeeshg=0 j=1

@ Springer



194 J. Zhao

To see the effect of taking different specializations of 7; in f,; we define the shifting
operators S; (1 < j < d) on the multiple zeta functions as follows:

Si¢(st, .., 8a) =¢(s1, .., 80) + A —=q@)(st, ..., 85— 1,...,50). ®)

It is obvious that these operators commute.
Proposition 2.5 Let ny,...,ng be non-negative integers. Then we have

fq(sl,...,sd;SI_1_n],...,sd_1_nd)

=80 08 (s1,. ., 54)

—Z Z(H( )(l—q) )g‘q(sl—rl,...,sd—rd).

ri=0 rqg=0 \j=1

Proof We only sketch the proof in the case n; = --- =ng_1 = 0. The general case is
completely similar. In the rest of the paper we always let S be the shifting operator
on the last variable. Suppose ng =n = 1. Then

SaGst, o sass1— 1,000,801 — 1,50 —2)
ki(si—D++kg—1(sa—1—D~+ka(s4—2)

[k - - - [kq]d

0<kj<--<kq
_ Z ghe1=D+ otk e =D . gkatsa=2) (1 — gka) 4 gatsa=D)
0kl <k k1] [kg—1]%d-1 (kg1
=8¢(s1,...,84)-
The rest follows easily by induction. 0

The next corollary answers an implicit question in [9].

Corollary 2.6 Let n be a positive integer. The specialization of t in fy(s;t) to
s—1—nis

fa(sis —1—n)=8"¢,(s) = Z (lrl)(l —q) y(s —7).
r=0

We observe that one effect of the shifting operator is to bring in more poles. Es-
sentially, S" shifts all the poles of ¢, (s) by n to the right on the complex plane.

Remark 2.7 In [10], Kawagoe et al. showed that if ¢(s) is a meromorphic func-
tion of s then limgq1 f; (s, @(s)) = &4 (s) if and only if ¢(s) =s — v for some
v € N. We don’t know in depth d > 1 case what one should expect of ¢;(s) if
limgt1 £, G 1) ... 9a(3) = £ @)
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Multiple g-zeta functions and multiple g-polylogarithms 195

3 Analytic continuation of multiple zeta functions

Let’s begin with a review of some classical results on Bernoulli polynomials By (x)
which are defined by the generating function

Let By (x) be the “periodic Bernoulli polynomial”
Br(x)=Bi(fx)), x=1,

where {x} is the fractional part of x. Then we have ([13, Chap. IX, Misc. Ex. 12])

2winx

~ e
Bix)=—k' Y — )
neZ\{0} @rin)t

Recall that the Bernoulli numbers satisfy By = B (1) if kK > 2 while By = 1 and
By =1/2.
Lemma 3.1 For every positive integer M > 2 and x > 1 we have

4AM!
Qm)M-

|Bu(x)] <

Proof It follows from the fact that (M) < ¢(2) =n2/6 <2 for M > 2. O

We know that one can analytically continue the multiple zeta functions as inde-
pendently presented in [14] and [2] by different methods. Moreover, ¢ (s1, ..., S4) has
singularities on the hyperplanes in G, defined by (2). However, neither approach is
suitable for our purpose here. So we follow the idea in [9] to provide a third approach
in the rest of this section. The same idea will also be used to deal with the multiple
q-zeta functions.

Let’s recall the classical Euler-Maclaurin summation formula [13, 7.21]. Let f(x)
be any (complex-valued) C*° function on [1, co) and let m and M be two positive
integers. Then we have

Z‘f(n)=fl Foods+ 2 <f<1>+f<m>>+2( () = )
n=1
_enpm / " Bart (0 F M (1) dix (10)
M+ D!/, * '

To simplify our notation, in definition (1) we replace sy, kg—1, kg by s, k and n,
respectively. Taking f(x) = 1/x* and m = k and oo in (10) we have:
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196 J. Zhao

00 1 M B .
_ _ _ r+ (r)
—/k Fodx = f) E—(Hlﬂf (k)
_ﬂ/mBM 1(x)f(M+l)(x)dx
M+, M
_ 1 i Bt () (D /00 Bursa ()
T e — \Es—1  9s - X.
(s — Dks=1 2ks r+ DVt M+ D)), xstMHI

r=1

Here we have used the fact that By = 0 if k > 3 is odd. By definition (1) we have

Theorem 3.2 Forall (s1,...,s54) € cd \&Sgand M > 1+ |o4| 4 |o4—1]| we have

M+1

E(s1,es80) = D —r (a1 £,y Samt H5a+7 = 1)
r=0

(Sd) M+1 1 © Byai(x) 4 .
M+ 1) Z A a1 X (1D
T 0<ky<-<kg 1 d—1 Yka-1

where we set (s)o =1 and (s)—1 = 1/(s — 1). This provides an analytic continuation
of £(s1, ..., sq) to C4\ &g.

Proof We only need to show that the series in (11) converges. Lemma 3.1 implies (if
d =2 then take kg = 1)

i 1 /00 By (x) J ' - 4M! i 1
x - -
Sd—1 M+sq+1 = M _ M—|oq—1|—log|
ko kg k=) Jrgoy XM QRr)M(M — |og|) i K d—11—log
which converges absolutely whenever M > 1+ |og| + |og—1]. O

4 Proof of Main Theorem

Fix (sl,...,sd)e(Cd suchthatoj +---+0g <d—j+1forall j=1,...,d. When
d =1 this is Theorem 1.1 due to Kaneko et al. We now assume d > 2 and proceed
by induction. The key is a recursive formula for ¢,(s1, ..., sg) similar to (11) for
¢(s1,...,84). To derive this formula we appeal to the Euler-Maclaurin summation
formula (10) again. Hence we set

x(s—1)

q
Fx)=———
=gy
as in [9]. Then
_nSs—14+4g*
F'(x) = (logq)q™" I)W,
s(s+1) =3s(1 —g*) + (1 — g*)?

F'(x) = (logq)*q* ™"

(1 —g*)s+2
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Multiple g-zeta functions and multiple g-polylogarithms 197

In definition (3) we replace s4, kg—1, and k4 by s, k and n, respectively. We now
take M =1, f(x) = F(x +k — 1) and let m — oo in (10) and get

n(s—1)

[n]*

q

n>k

=(1- w(_F(k) + Zf(n))

n=1

o 1 1 1 [«
=(1—q)s(/k F(x)dx—EI‘T(k)—EF’(k)—E/1 Bz(x)f"(X)dX)

@-1D ¢ 147D 1 logg ¢* Vs +4F — 1)

T G-Dlogg kP12 [k 12g—1 [k]s+!
C(=g)dogg)* [~ s+ =3s(1—¢")+1—g")?
2 /k BZ(x)q (1 _ qx)s+2 dx
(12)

because By (x +k — 1) = B»(x) by periodicity. By the same argument as in [9], setting
the incomplete beta integrals

t
by (a, ,8):/ w1 —wP du,
0

we can obtain from (9) the following expression for the last term involving the inte-
gral in (12):

1—¢g)°lo
_ oy LoD S s — T+ Sn—s ) (13)
2min)? 4
neZ\(0} y==1,0
where § = 2mi/logq, a_1(s) =s(s + 1),ao(s) = —3s, and a;(s) = 1. Repeatedly
applying integration by parts on these incomplete beta integrals we get for v ==+1,0
and positive integer M > 2

bqk(s—1+8n, —s+v)

_M—l( l)r_l(s—i—l—]))ril gk6+r=2
= 2 (s —148n), (1—gkystr—v
1—v)m—
4+ (=M1 (s+1—v)p_ byls —2+ M +6n,—s — M+1+v). (14)

(s—=1+d0n)py—1

Sets = (sq,...,54—2) ifd > 3 and §' = @ if d = 2. Putting (3), (12), (13) and (14)
together and applying Proposition 2.5 we get
- (¢g—1 n 1 -
g (5, sa-1.52) = mé’q(s/, Sa—1+sa—1) — ESC(; (5", sa—1 + 5a)
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198 J. Zhao

sq lo
lé 24 Széq (5", sa—1 +sa+ 1)
lo
+ gqszq(s sici+50)— Y (Co+Dy), (15)
v=%£1,0
where C,, and D, are the contributions from the sum involving bqk (..., —s+v) (note

that s = s4). Explicitly they are computed as follows. Write

r—1
T(q,s,n,r):]—[(znin+(s—1+j)1ogq)—1. (16)
j=0

Then

M-l T(q,s,n,r) (logg \" ! 3
C_y = Z Z ()41 -8784 (" 5q-1 +5q +7+ 1),

— =
2 nezvoy T q—1
T N s Enl PN R
- st R —
S LU S LA N neZn(0) (2min)

10 M+1 00 . 1 X —s—M—1
x ( 24 > (S)M+] / eanqu(s—Z-i-M)( q ) dx
q— 1 kg—1 1- q

ki(s1=1)++kg—2(sq—2—1) e

q
=: R M, 7k’ _1,9),
Z [k1]51 - - - [kg_n]te—2 Z (M, q.k,sq4-1,5)

O<ky<--<kq—p k=kg_2+1

where we replace the index k;_; by k. Similarly,

M-1
T(q,s,n,r) (1o
C0=3long Z el - ( gq) (s)y - Szg“q(s Sq—1+sq+7r),

2
r=1 neZ\{0} (27””) q
ki(sp—D+-+kg—1(sg—1—1) T(q,s,n,M—1
Dy = —3logq > ! TR R i )
Ok < <ky_2<kg_i ! d-1 neZN {0}

lo M o0 i 1—g* M
% ( g4 ) () m / eZmn)rqx(s—Z-i-M)( q ) dx,
q—1 ka—1 I—q

and

M—1 _1

T(q,s,n,r){lo r

Ci=ogg? Y, o TESLD(BEL) g

r=1 neZ\{0} m q

x 8ty (5', sa—1 + 54 +1— 1),
ki(si—D+-+kg—1(sg—1—1) _

T S e SR PR AT

O<hy <o <kyg_a<kg_i N neZ\ {0} (2rin)
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Multiple g-zeta functions and multiple g-polylogarithms 199

1 M—1 00 ) 1 X —S—M-‘rl
% < qu> (S)M—I/ e2mnqu(s—2+M)( 4q ) dx.
qg—1 ka—1 l—q

The crucial step next is to control the summations over k;_; and show that they
converge uniformly with respect to g. When 0 < g < 1/2 this is clear. The only non-
trivial part is when g 1 1. So we assume 1/2 < g < 1. Note that

logg

—, m 1.
Qrin) g —1

IimT(q,s,n,r)=
gl
Lemma 4.1 Let sy =s =0 + it. Let go = max{1/2,e©~2)/7} if ¢ > 0 and let
qo=1/2if t <0. Then for all 1 > q > qo and positive integer k we have

logqg
q—1

<2, and |T(q,s,n,r)|<

1
(6n)r

Proof Let f(q) =2(1 —q) +logg. Then f'(q) = —2+ 1/q < 0 whenever ¢ > qo.
So f(gq) > f(1) =0 whenever 1 > g > go. This implies that 2(1 — g) > —loggqg
whence logqg /(g — 1) < 2.

To bound T (g, s, n, r) we consider each of its factors in definition (16). For each
0 < j <r wehave

[27in+ (s — 1 + j)loggl|
=((oc—1+ j)logq)2 + Qan + rlogq)2 >QR2an+t logq)2

which is independent j. If t <0 then clearly |2win+ (s — 1+ j)logg| > 6n.1f T > 0
then it follows from ¢ > e©=27)7 that

2rn+tlogqg >2nn+ 6 — 21 > 6m,

as desired. O

Next we want to bound the integral terms in D_j. Let |og4| < N and |o4—1| < N’
for some positive integers N and N’. Fix an arbitrary x > k and a positive integer
M >16+2N +6Y 9_{(N; + 1). Then

B o . B l_qx —s—M—1
g k(M/6—N"—1) qk(s l)qx(s 2+M)(1 )
—q
M~—N+1
< x(M—N—2)—kM/6< l—g )
q D — .
1—¢g*

Denote by g(¢q) the right hand side of the above inequality.

Lemma 4.2 Let 1/2 <q < 1. Then g(q) is increasing as a function of q so that

, 1
g(q) 5%1g(q)= TN

@ Springer



200 J. Zhao

Proof Taking the logarithmic derivative of g(g) we have

g(q)  x(M—N-—2)—kM/6 xg* M1 —gq)— (1 —¢%)
= +(M~—-N+1
5@ J ( i od—gn

_U-¢d —g)(x(M =N —2) —kM/6) + (M — N + 1)(x¢*(1 —q) — g + ¢*+1)
g1 —q)(1 —g*)

whose numerator is denoted by /(q). Then

H(q) = ((x + Dg* —xg* ™' = 1)(x(M — N —2) — kM/6))
+(M =N+ D(x(xg* ' = (x + Dg*) — 1+ (x + Dg").

Clearly 4'(1) = 0 and moreover

> h"(q) = (x(x + 1)g — x(x — D)(x(M — N —2) —kM/6))
+M-N+Dxxx—-—1)—x(x+Dg)+x(x+1)gq)
=x(x—1);kM/64+3x)+gx(x+1)(M —N+1—(kM/6+ 3x))
=(kM/6+3x)(x*(1 —q) —x(1+q)) +gx(x + 1)(M — N + 1)
>gx(x+1D)M—-N+1)—x(14+qg)(kM/6+ 3x) (since 1 > q)

1
> qxz{M—N+ - ﬂ(3+M/6)} (since k < x)
q
> gx>(M/2—N —8)>0,

where we used the fact that if ¢ > 1/2 then (1 + ¢)/q < 3. This implies that A’(g) is
increasing so that &'(q) < 0 forall 1 > g > 1/2 (recall that &' (1) = 0). It follows that
h(q) is decreasing. But (1) = 0 so we know A(g) > O for all such g. Thus g’(g) > 0
and therefore g(g) is increasing. This completes the proof of the lemma. U

We now can bound the innermost sum of D_1. From Lemma 2.1, Lemma 4.1 and
Lemma 4.2 we have (if d = 2 then take kg = 1)

o0

> IR(M.q.k.s', )]
k=1+kq—2
o0
/2§(M+1) N o0 dx
N M+1 k(M/6—N'"—1)
< Z 2k) 747[261”_12 (N m+19 /k TM—N+1
k=1+kg_»
M+ (M+N\ & gkM/6-N'-D
STM_N <M~|—1) KM—N—N’
k=1+kg_>

o0
< (M +1)!2M)M+! Z gk M/6=N'"=D)
k=14kq—>
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since 2NV *M+2r (M + 1) < 4726 ! and M — N > 2. Therefore by Lemma 2.1

ID_,| < @M)*M Z (ﬁklquk,(—N,—l)>qkd_z(M/é—N,,_l—1)
O<ky<--<kg_p \I=1
which converges as proved in Proposition 2.2.

Exactly the same argument applies to the integral terms in Do and Dp, which
we leave to the interested readers. These convergence results imply two things. First
we can show by induction on d that (15) gives rise to an analytic continuation of
g4(s1, ..., 84) as a meromorphic function on c \ 6&. Second, also by induction on
d, we now can conclude that it’s legitimate to take the limit ¢ 1 1 inside the sums of
C, and D, to get (note that limy41 "¢, (5) = ¢{(5) forany 5 € Cd-1\ &/,_, and any
positive integer n)

. =/
1#111 g (5", sa=1,5a)

1 . L . =
= P {(S/,Sd_l +Sq — 1) — E{(S/, Sd—1 +Sd) + ]S—ZC(S/, Sd—1+ 84 + 1)

M—1

1 -
- Z Z W(S)rﬂ (5 sa—1 +sa+r+1)
r=1 neZ\{0}

! O [ omine s M1
+ Z ST %d—1 § 7M+1/ e xS dx
0<ky <--<kg_ kl ."kdfl neZ\ {0} (2]'[1}’[) ka—1

M+1
= Z r—:(sd)rfl (S, .y Sd—1FSqg+r—1)
r=0

1 Z 1 foo By41(x) ($)ar+1 dx
__ __ ot (o) 2L
MA+D =k S U s M

by (9) and its specialization with x = 1

3 I B By
Quin)y 2 42! 42!

neZ\{0}

The main theorem now mostly follows from Theorem 3.2. The poles at s; = m —
1%7;;” are given by the first term in formula (15) when m = 1 and n = 0 and by the
terms 7' (q, sq4,n,r) as defined in (16) if m < 1 and n # 0. The location of the other
poles are obtained by induction using those poles of the g-Riemann zeta function
presented in Theorem 1.1 for the initial step. This completes the proof of our main

theorem.
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5 Series g-stuffle relations

The classical multiple zeta functions satisfy the stuffle relations (i.e., stuff and shuffle)
originating from their series representations. In [6] Hoffman first studied this type of
relations and called them quasi-shuffle relations. For example,

$(s1)¢(s2) = &(s1,52) + £ (52, 51) + £ (s1 + 52). A7)

In general we can define a stuffle operation * on finite words so that for any complex
numbers a, b (regarded as letters) and words w; and w» of complex numbers

awi * bwy = a(wy * bwy) + b(aw| * wy) + (a + b)(w * wo)
so that treating complex variables as words we have
S(wg(w2) = ¢ (wy * wa).

To generalize these relations we first define shifting operators on words of complex
variables:

(1,0, 8j-1,8(85;), Sj41, ..., 8a) =Sj(s1, ..., 54)

and set £ (Sj(s1,...,84)) =S;¢(s1, ..., Sq), where the shifting operator S is defined
by (8). Now we define the g-stuffle operator *; on words by

awy *q bwy = a(wy x4 bwy) + blaw) x4 w2) + S(a + b) (wy *4 wa).
Theorem 5.1 For any two words of complex variables wi and wy we have
L (W1 &g (w2) = &g (wy *q wn).
Proof Induction on the length of wiw>. O

For example

8q(51)8q (52) = L4 (51, 52) + 84 (52, 51) + L4 (51 +52) + (1 =) (s1 + 52— 1). (18)

We can recover the stuffle relation of (17) by taking the limit as ¢ 1 1.

Remark 5.2 These relations are studied by D. Bradley in [4] independently.

6 Special values of ¢, (s1, 52)

Forintegers ni,...,nqg we set
Lq(ny,...,ng)= lim --- lim &,(sq,...,584),
s1—>ny Sq—>ng
R . .
¢y (nl,...,nd)zshm -~-‘11m Cq(S1,. 00y 84)
d—>Nd S1—>ny
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if the limits exist. One should compare this with the corresponding definitions for
multi-zeta values in [1]. In a forthcoming paper [16], using Baxter algebra we will
define renormalizations of some special values for our multiple g-zeta functions so
that they can still satisfy the g-stuffle relations. Interesting phenomena occur already
in the case d = 2 and these should be generalized to arbitrary depth. By Theorem 2.4
we get

+00
Lq(s1,82) = (1 _q)s1+s2 Z (Sl +r— 1) (SZ +ry— 1>

r1,r=0 " "2
q2S2+2r2+S1 +r1—3
x (1- qS2+r2—l)(1 _ QS2+rz+Av|+r1—2)
_a- )51+sz q2s2+sl—3 N S1q2sz+51—2
Pl =g A =gumi) T —geha =g
S2q2s2+sl—l S1S2q252+S1
(I—g™) (1 =g 7 (1= g)(1 —g*2+)
s1(s1 4 Dg¥2rsi—! 52(52 4 1)g 21+l
2(1 _ qsz—l)(l _ qsz-i-sl) 2(1 _ qs2+1)(1 _ qsz-i-sl) +eor

Clearly we have

| 3 |
0,0) = lim lim S1,82) = — + )
£4(0.0) s|—>0s2—>0§q( 1 52) (@ -D(@—-1) 2(g-1Dlogg log?q
cR(0,0) = lim lim ¢, (s1, 52) ! ! + 9
,0) = $1,87) = — .
q 90500 T G2 T g — 1) (- Dlogg | 2(q — Dlogg

It is not too hard to find that

1 5
lim¢, (0,0)=~,  1lim¢X(0,0) = —.
lime, 0.0)=3.  lim¢f0.0=

This is consistent with what we found in [14] by using generalized functions (distri-
butions). See also (22) below. In [14] we further showed that near (0, 0) the double
zeta function has the following asymptotic expansion:

4s1 + 550
) = A~ . < R LI K )
¢(s1,52) 261 - 52) + R(s1, $2)
where R(s1, s2) is analytic at (0, 0) and lim, 5,)—(0,0) R(s1,52) =0.
Let n, k be two non-negative integers, and m = k —n — 2. We now consider the
double zeta function around (s1, s2) = (—m, —n) which has the following expression
by Theorem 3.2:

n+l1
I —}—s)—Z& " Ve sdbr—1)
n+1§(s1 2 5 1 2 2 o 1 2
B
+a(m)(—1)"k—"‘n!(k =) (52 )L (52 451k — 1), (19)
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where a(m) =0 if m < —1 and a(m) = 1 if m > 0. Note that the last term is zero
when computing

{(—m,—n) = 11m hm {(sl $2)
1—>—m s)—

while it has possibly nontrivial contribution for ¢ ® (—m, —n) since

lim hm (s2 +n)t(sry+s1+k—1)=1.

SH—>—n §1—>

We get

Table 1 Poles and indeterminacy of double zeta function

k,n Pole, residue Indeterminacy, ¢ = {R(n +2—k,—n)
k=0 —1/(n+1) None

k=1 —1/2 None

2k3<k<n+1 None e+ B e+ 1 -
2tk,k=n+2 None Bi_1/(k—1)

2tk k>n+2 None Bi_1/2(k — 1)

2k, 2<k<n+1 (—DFH B my None

When m > 0 and 2|k the values of ¢(—m, —n) and ;R(—m, —n) are different in
general:

B KB n \Bi
omm =ty () @0
R an
% (—m,—n) =¢(—m, —n) + (—1) Fn!(k—n—Z)!. 21

Note that the term corresponding to r = 1 is non-zero if and only if k = 2 (and n = 0).
From this observation we again recover that

0.0) =+ R©,0)= (22)
C ’ - 3 ’ C ’ - 12 .
We now consider the g-double zeta function.

Theorem 6.1 Let k, n be two non-negative integers,and m =k —n —2. If m < —1
then the q-double zeta function {,(s1, s2) has a pole at (—m, —n) with residue given
by:

Res (s 53)=(—m,—n) g (51, 52)
—(1—¢)*>*(ogg)~!
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k n+1—r\/n
Z(—l)’( )( )/(q”“r -1 ifk=n,
k—r r
_ r=0
n n (_l)n
SED )@ ) - ———— ifk=n+1.
= r (n+1)logg
Proof Use Theorem 2.4. [l
Corollary 6.2 Let n be a non-negative integer. Then
qg—1
Res(s;,50)=(1,-n)q (51, 52) = @Cq(—n) (23)
and
lim¢, (—n) = — But _ Res ¢(s1,52) (24)
11 q = +1 = (s1,82)=(1,—n) 1,82).
Proof Equation (23) follows from the case m = —1 in the above theorem and [9, (6)]:

N1 \-n “ 1V n n+l—r _ _i
ACOETCE)) {g( 1) (r>/(‘1 D= G Diogg

The first equality in (24) is [9, Theorem 1] and the second equality follows from

Table 1.

d

Corollary 6.3 Let k, n be two non-negative integers,m =k —n —2 < —2. Then

yﬁRes(ﬂ,SZ):(—m,—"){q (51, 82) = Res(ﬂ,sg):(—m,—n)g(sl ,82).
Proof By Theorem 6.1 and Table 1 we only need to prove

lim(1 — )“"i(—nf "“_r) )@ -
gtl a = k—r r 1

-1
n+1

ifk=0,

= B
(—1)1—"7"(k " 1) if1<k<n.

First by generating function of the Bernoulli numbers

! ii(n+l—r)lo )=l
qn+1—r -1 e(n—i—l r)logq —~ 1Al g4 '

(25)

(26)
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Plugging this into the left hand side of (26), replacing 1 — g by —loggq, and exchang-
ing the summation we get

k n+1—r\/n
(—logq)l—kZ(—l)r( L )(J/(q"“"—l)
r=0

-k Bi A~ p(ntl=ry(n -1
=(=D Zl—,(logQ) > (=1 PR | Y (U S A C))
=0 = r=0

Then the inner sum over r is the coefficient of x* of the following polynomial

ntl X n+1—r\/n
fz(X)=ZZ(—1)r< o )(r)<n+1—r>"x"

k=0 r=0
n n+1

n n+1—r
;)( ’<r>(”+ r) ;( . )x

=@+ D" =y (':) n+1—r)~1, (28)

r=0

where y = x/(x 4+ 1). When [ = 0 this expression becomes

_ (x+ 1)n+1

for)=—"—7 ——[1 = (=0)"].

VS S Y & 2 O
[A—y) (=) ]—n+1

Note that k < n we see the coefficient of x* in fo(x)isOifk>0andit’s 1/(n + 1)

if K = 0. If kK = 0 then only the constant term —1/(n + 1) in (27) remains when g 1 1
which proves the corollary in this case. So we can assume /, k > 0. Then

d = n . r n n —r
fz(X)=(ZE> {<x+1> “;(—y) (r)z 1 }

d -1
— <Z£> [+ D" 2z — )"}

z=1

z=1

Note that highest degree term in f;(x) is contained in

=nn—1--(n—14+2)(x+ 1)1y '+

z=1

=nn—1)m—I1+2)(x+ D"

d -1
(x + 1)"+1<d—z) z—y)"

If [ = 1 one can easily modify this to get just x + 1. If [ < k then the coefficient of x*
in fi(x) is 0. If ] =k it is equal to

n(n—1)~~~(n—k+2)=(k—1)!<kil)-
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The last express is valid even for k = = 1. Thus the range of / in the outer sum of
(27) starts from k. Moreover, the first term of (27) is

_qyl-kBefon
200

as desired. This completes the proof of the corollary. (|

Proposition 6.4 Let k, n be two non-negative integers such that n > k and k is even.
Letm =k —n—2.Then

n+1
—f(@)(g = 1/lo e -
ReS (s s mlg 51, 52) = L= DIOG 0y - T pg, jyor,
D(q) j=n+l1-k

where f(q) € Zlq] is a palindrome with leading coefficient (’Z), F(q,j)eZlqlisa
factor of (¢ — 1)/(qg — 1), €j=0or1,and deg, D(q) =n +deg, f(q), such that

ziﬁ Res(s),52)=(—m,—n) g (51, 52) = ReS(s; 50)=(—m,—n) { (51, 52).

Proof The computational proof is left as an exercise for the interested readers. [
Example 6.5 By Theorem 6.1 we find with the help of Maple

—2¢3(3¢> +4q +3)(g — 1)/ logq
Pi(q,2)P1(q,3)P1(q,4)

ReS(s),57)=(4,—4)8q (51, 52) =

)

where P,(q,m) = Z’}LO g% . Moreover we can check that

. 1
}11?11 Res(s),50)=(4,—4) 84 (51, 52) = Resy, 5)=(4,—4){ (51, 52) = — 3

by Table 1 with k =2 and n = 4.
Example 6.6 From Theorem 6.1 we get

—144°g(q)(qg — 1)/ logq
Pi(q.4)Pi(q,5)Pi(q,6)P2(q.3)P3(q,2)’

Res (s, ,57)=(6,—8)5q (51, 52) =

where g(g) is a polynomial in g of degree 14 satisfying
¢ f(1/q)= (@) =5¢" +6¢"° +8¢"2 +7¢"" —q'° ~20” 304" —34g" —- .

Then we can compute with Maple

. 7
}11%111 Res(s;,50)=(6,—8) 4 (51, 52) = ReS(5,55)=(6,-8)¢ (51, $2) = 5

by Table 1 with k =4 and n = 8.
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Example 6.7 Consider the point (s1, s2) = (5, —9). We have

—42g%g(q)(q — 1)/ logq
Pi(q,4)Pi(q.6)Pi(q,T)P2(q,2)P3(q,2)A(q,4)’

Res (s ,50)=(5,-9)5q (51, 82) =
where A(q, m) = Z'}LO(—I)-/ g/ and g(q) is a polynomial in ¢ of degree 18 satisfy-
ing ‘

18 _
q °g(1/q) =¢g(q)

so that we again have the equality

. 1
LI%I}RCS(SI 52)=(5,-9)6q (51, 52) = Res(s; 57)=(5,-9)¢ (51, 82) = )
by Table 1 withk =6 and n =9.

Theorem 6.8 Let m,n be two non-negative integers and k = m + n + 2. Then
L4 (s1, 52) has indeterminacy at (—m, —n) such that

(—DF¥
(m+ 1D (n+1)(logg)?

¢q(=m, —n) = (1 — q)z—k{

NWE

N (_1)r+n+1 m 1
~ (n+1logg \r gmtl-r —1
N (=D i1 =) 1
~ loggq (k—r)! r)gntl-r—1
" e m\ [ n 1 1
_ 1)1t
2 e () (1) ey e }
1=0r=

and

. N ok m (_1)r+n+l m 1
é-l]( m, n)_(l CI) {;(”‘I‘l)logq r qm+17r_1

m
-1 r+n k—n—2 ! +1—=r) m+1—r
n (-1 n n!(m r)! g -
Z r (k—r)! gmtl-r —1

m n
T L AYEL 1 1
+ Z Z( 1) <rl> <}’2> qn+l—r2 -1 qkfrlfrz —1 :

ri=0r=0
Proof Use Theorem 2.4. O

Similar to Corollary 6.2 and Corollary 6.3 we have

@ Springer



Multiple g-zeta functions and multiple g-polylogarithms 209

Corollary 6.9 Let m and n be two non-negative integers. Then

limg, (—=m, —n) =¢(s1,82),  Lmef(=m, —n) =¢"(s1,).  (29)
gl gl
Proof Set k =m + n 4 2. We consider ;“qR(—m, —n) first. From Theorem 6.8 we get

—1\2
CqR(—m, —n)=(q — 1)_k<q—> (A+B+0),
logg

where

A= Z ’(1 )JZ(_ )mHH ") om 41—
0gq . ;

>, B; & . lm+1—r)! -

B = Z(; F(logq)l X_(:)(—I)H_m—’_l <T)%(m +1-r) 1»

C= Z / (logq)l+J Z Z( 1)k+r1+r2 <rl) <n)

i,j=0 r1=0r=0 2
x(n4+1—r) Yk —ri—r)/~L

We first compute B as follows. Write

_2 : 1 i .

B - l' (logQ) ” (m’nal)a
i=0

where

m

N 1\ Hk+n+i m!n! AV
W(m,n,l)_g( 1) 7r!(k_r)!(m+1 ).

If i = 0 then we can prove by decreasing induction on n that

_ - qyrtkan_mint 1
W(m’”’o)_;( b Ahk—r)  kn+ 1) (30)

This is trivial if n = k — 2. Suppose (30) is true for n > 1 then we have

k—n—1 — D! 1
Womn—1,00= - Lyyn oy LD
n

n+D! kn’

as desired.
Similarly, we can compute C as follows. Put

BiBj(logq) ™t & k+,+,< )<n+1)
1 1 2
€= Z:o iljln+1) ”Z_Orzz_()( ) r

X(n4+1=r) (k—rg—r)/~".
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We now change the upper limit of r, from n to n 4 1 in the above. The extra terms
correspond to those by setting i = 0 and r» = n + 1, which produce exactly A. There-
fore,

B:B;(logq)'*i
c= Z BiBj(ogg) ™\, pi iy A

171
i,j=0 lJ
where
m_n+tl k+ri+r
1 1T n+1 ; i
V(m, n,l,J)—Z Z - n)—i-l <r1>< r >(n+1—r2)’(k—r1 —rp)/ 7L
r1=0r=0

For j > 1 we have
d\’'! d\' [ &L (ke
V ) ’.s ) = 5 ' - 4
(m.n.i, j) <xdx> {(ydy){zz "

r1=0r=0
y:l}

x <m> <I’l + l)yn+lr2xkr1r2
ry rn el

1 k d j—1 d i
— S/l—i_)l ( dx) {(y@) {X(.Xy _ 1)ﬂ+1(x _ 1)/{—]1—2}

y:l}
0 ifi4j <k,

= —Dkn! 31
%(k—i—l)! ifitj=k i<n+l. 3D
n —1).

x=1

We have used the fact thatif i + j =k andi >n + 1 then j <k —n — 1 and by
exchanging the two operators x(d/dx) and y(d/dy) we can easily show that (31) is
zero. So if | < k the total contribution to the coefficient of (log q)l from V(m,n,i, j)
with j > 0 is trivial and if / = k it is equal to

By—1

Dkl if21k,
ntl (—Dfntk—i — 1)1 | 2k=1D
;BiB"*ii!(k—i)!(njtl—i)!: By +’§ BiBii [ n .
- K+ 1) z(k—z)( ) 2tk

(32)

because k > n +2 > 2 and By =0 if k is odd.
To deal with V (m, n, i, 0) note that (31) still makes sense if we interpret the oper-

ator x(d/dx)’1 as follows:
1
F
_ / (x) dx
x=1 0 X

—1
<x%> {F(x)}
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whenever F(0) = 0. Thus we get

1k i 1
V(m,n,i,0)= ;i)l (yi> {/0 (xy — D" (x — l)mdx}

dy

y=1

Therefore if i = 0 then we get

_1\k 1
V(m,n,o,O)z(Ji)1 / x—DFlax=— =—W@m,n,00 (33)
n 0

k(n+1)

from (30). If i > 1 then integrating by parts we get

1
/ (xy — D" x — 1) dx
0

—1)nt2 1 1
S Al O ) R L / (xy — "2 (x — 1" dx
y(n+2) o Yr+2)Jo
=(— )k+1< — m +...+(_1)m—lw
yn+2) y:m+2)(n+3) y*r(m+n+1)!
m'(n+ 1! /
i UL -1 m+n+]d
Y D fy @YD x
min+ D! (y—DF & m!(n + 1)!
=(_1)k+n y - +Z(_1)r+k+l - )
k! ymt = Y m—r)(n+2+r)!
It follows from changing the index r to m — r that
V(m,n,i,0)
min! [ d\'[(y—1DF
_( 1)k+n y— y 1
k! dy ymt y=1
S [y i+ m!n! 1 i
+§(— ) m(m-i- —r)
_{(—1)k+1W(m,n,0) if0<i <k, (34)
(=D W (m, n,0) + (=D "nl(k —n —2)! ifi =k.
Thus when 0 < i < k and k is even we have V (m,n,i,0) = —W(m,n, i). It follows

from (32), (33) and (34) that
gigzq’* (—m, —n) =R(s1,5)

since By =0 if k > 2 is odd.
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Let’s turn to prove the first equality in (29). By Theorem 6.8 we have
g-1\’
¢y (—m, —n) = (q — 1)—’<<—> (D+A+E+0)
logg
where A and C are as above and
1 >\ B; ,
= E = —(logg)'U(m,n,i),
m+ D+ 1) ;M gay Um.n. 1)
where
U N . 1r+n m'f’l' 1 i
(m.n.i)=—>Y (-1 prrTL R
r=0
Hence
—1 —1 1
Um,n,0)=Wmn,m,0)= = = — (35)
kim+1) ktk—n—1) k(n+1)
We only need to show that
) W(m,n,i) if0<i<k,
U(m,n,i)= . e (36)
Wm,n,i) — (—D)"nl(k —n—2)! ifi=k.
Indeed when i > 0 we have
U@mn,n,i)
d\' [ m'n! (k
=(—1 n+1 - -1 n+1—r
G)) (ydy> {Z( U <r>y
r=0 y=1
( 1)n+lm }’l yi i yl’l"rl—k(y _ l)k _ Xk: (_1)}’ k yn-H—r
k! dy r
r=n+1 y=1

- Dt In
_( 1)n+lm:l <ydy> {(y m+l) } Z (_ )I’"rl’l m:n ) ( +1_r)l

r=n+1

Then first term is 0 if i < k and it’s (—=1)"T'm!n! if i = k. When r =n + 1 the
summand in the second term is zero since i > 0. So we can let r range only from
n + 2 to k. Then change the index r to k — r (and let » run from O to m) we can
see immediately that the second term is exactly W (m, n, i). This proves (36) which
together with (35) implies the first equation in (29). We thus finish the proof of the

corollary.

O

We conclude this section by remarking that by the g-stuffle relation (18) we can
also analyze ¢, (s1, s2) at (—n, n + 2 — k) for any non-negative integers k and n. For
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example, it’s easy to compute directly that

r+1

q
Res(s;.50)=(-3.2)4 (51, 52) = )logq Z( 1)r< >(V + DT

_ —q(q —1)°
(q+D(@*>+1)(g>+q+Dlogg’

(37)

which can be obtained also by the g-stuffle relation (18) and the expression

q(qg —1)?
(g + D(g*>+ 1)(g*>+q + Dlogg

Res(sy,50)=(2,—3)84 (51, 52) =

by taking k = n = 3 in Theorem 6.1. Thus (-3, 2) is a simple pole of the double g-
zeta function ¢, (s1, s2). On the other hand the ordinary double zeta function ¢ (s1, 52)
does not have a pole along s 4 s = —1. Indeed from (37) we find that

limRes s, 0)=(-3.2{Zg (1.52)} =0

7 Multiple ¢g-polylogarithms

It is well known that special values of the multiple zeta function ¢ (sy, ..., s4) at pos-
itive integers (ny, ..., ng) can be regarded as single-valued version of multiple poly-
logarithm Liy, .. 4, (z1,...,24) evaluated at zy = --- =z4 = 1. For |z;| < 1 these
functions can be defined as

ki kq
Z0 .2y

nj nq -
kit kg

Lin, g @1, 2) = Y

O<k)<---<dy

By Chen’s iterated integral

( l)d/I dt1 dl‘l olmi—1) dtd dtd o(na—1) (38)
_ 1) - O---0 o —_— y
0o h—a f g —aq Iq

where a; =1/ ]_[f: i forall j =1,...,d, we can obtain the analytic continuation

of this function as a multi-valued function on C¢ \ ©, where

d
©d={(Zl,m,Zd)ECd:Hzi:l, j=1,...,d}.

i=j
When |z;| < we can define its g-analog (0 < g < 1) by

gk
) R
Ligny,ong@1s-.0h24) = Z m

O<ky<--<dy
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Clearly when g 1 1 we recover the ordinary multiple polylogarithm. Moreover, the
special value of multiple g-zeta function at positive integers is related to the multiple
q-polylogarithm by

. -1 -1
{q(n19"'7nd)=L]q;l’ll,...,nd(qn1 ’~~-’qnd )

Note that our definition of the multiple g-polylogarithms is different from that of
[12]. In case of logarithm and dilogarithm our definitions are different from that of
[11]. We want to convince the readers that ours are also good analogs of the ordinary
ones.

To begin with, we can mimic the method in Sect. 2 to get the analytic continuation
of Liq;nl,.“,nd @15 2d)-

Theorem 7.1 The multiple q polylogarithm Sunction Lig;n,,.. . n,(21,...,24) con-

verges if |zj| < 1 for all j =1,...,d. It can be analytically continued to a multi-
valued function over C¢ \ Dy.a via the series expansion

Liq;n],..A,nd(Zl,...,Zd) Z 1_[ n; +rj Zéquj
(1-— q)n1+-..+ﬂd ] 1-— (Zj e Zd)qr/+"'+fd .
39)

Proof The first part of the lemma is obvious. Let’s concentrate on the analytic con-

tinuation. By binomial expansion (1 —x)™" = 322 (""" ~1)x" we get

Ligny,ong @15 ov524) n;4+r; o
g1, d — VALY B ik
(1 —g)ym+—+na B Z Z 1_[ (Zlq Y.

O<ky<--<kgry,...rg=0j=1

As 0 < g < 1 the series converges absolutely by Stirling’s formula so we can ex-
change the summations. The theorem follows immediately from Lemma 2.3 by tak-
ingx;=z;q". ]

However, this analytic continuation is not suitable for comparing with its ordinary
counterpart. Therefore we define Jackson’s g-differential operator (cf. [7]) by

f@)— fq2)

Dq;zf(Z) = (1—q)z

Lemma 7.2 Letd,ny,...,nq be positive integers. If nj > 2 then we have
. 1_.
Dq;szlq;nl,...,nd(Zlv‘-wzd):;qu;nl ..... nj—1,.., nd(Z15"'5Zd);

J
ifd>2andn; =1 then

Dq;sziqnl ..... nd(zlv"'rzd)z Liq;nl ,,,,, ﬁ] ,,,,, nd(zlr'”rzjflzjv"'vzd)

— o Lgin i jeang @155 2240 5 2a)-
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Multiple g-zeta functions and multiple g-polylogarithms 215

Here the second term does not appear if j =d.If d =n1 =1 then
) 1
Dq;Zqu;] (Z) = :
Proof Clear. ([

The same properties listed in the lemma are satisfied by the ordinary multiple
polylogarithms. We note that the first equation in [12, Lemma 1] is valid only for
nj = 2.

Recall that for any continuous function f(x) on [a, b] Jackson’s g-integral (cf.
[8]) is defined by

b 00 . ) )
/ fdyx =Y fla+q'b-a)(q' — ¢ -a).
a i=0

Then for every x > 0 we have

Dq;x/O f@®)dgt = f(x), /()Dq;tf(t)dqt:f(x)_f(o)v (40)
and

lirn[x f(t)quZ/x f@)dr. 41)
q11 Jo 0

Remark 7.3 Note that in general [” f(x)dyx + [ f(x)dgx # [ f(x)dyx.

Similar to Chen’s iterated integrals one can define the g-iterated integrals as fol-

lows:
/b dyty dyty
O...O—
a 1 —ai r — dr

/(/ / </’2 dqty > dytr dgtr—1 ) dgt,
a h—ar/bh—a tr—1—ar—1 )ty —a,’

This was first introduced by Bowman and Bradley [3].
Set

d
Dyia =: {(Zl,..-,Zd)G(Cd:l_[zizq_”’, m € Z>o, j:l,...,d}.
i=j

Then we have

Corollary 7.4 We can analytically continue Liy.,, . n,(21,...,24) to (oL Dy.a by
the g-iterated integral

U od,r dyt \°m Y dyt dytg\°"™ D
(—nd | L (ZadL 0o —ad (% ,
0o hh—ap H Iqd — aq Id
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216 J. Zhao

where aj = I/H?:j zi forall j=1,....d. Further, for all (z1,...,zq) € C? such
that H?:j zi ¢ [1,+00) for 1 < j <d we have

linilLiq;nl ..... nd(le~--de):Linl ,,,,, nd(zlv'--vzd)v

where Liy, . n,(21,...,24) is defined by (38) with the path being the straight line
segment from 0 to 1 in C.

Proof It follows from Lemma 7.2 and (41). The set of singularities D4 is deter-
mined by Theorem 7.1 so that for each j =1, ..., d the function 1/(¢ — a;) is con-
tinuous on [0, 1]. O

Remark 7.5 Corollary 7.4 is also discovered by Bradley [4] independently and his
proof is different from ours. Please note that his notation of multiple g-zeta function
is related to ours by ¢[sg, ..., 8511 = 4051, ..., 8q).

8 Iterated integral g-shuffle relations

In Sect. 5 we encountered some g-stuffle relations of multiple g-zeta functions. Clas-
sically, multiple zeta values satisfy another kind of relation coming from their rep-
resentations by iterated integrals. In our setting we have seen that special values of
multiple g-zeta functions can be also represented by g-iterated integrals. In this last
section we would like to study the shuffle relations related to these g-iterated inte-
grals. This was first introduced by Bowman and Bradley in [3, §7] and studied by
Bradley in [4, §6] independently. We shall see that they’re more involved than their
ordinary counterparts. Let us start by writing

Shfl(uj o oup,upy1 0 0ltypyy) = Zuo(l) O+ OlUg(rs)s
o

where o runs through all the permutations of {1,...,r + s} such that o) <
a_l(b) whenever 1 <a<b <rorr+1<a<b<r+s.For any expressions
F; we put

,
| |[Fi=Fio-oF,.
i=1

Lemma 8.1 Let u; =d,t/(t —a;) and vj = d,t/(t — b;) where |a;|, |b;| <1 for all
1 <i<randl <j<s.Leta be any positive number. Then

a a
/ ulo--~our-/ V100U
0 0

min(r,s)

a
:/ Shfl(ujo---ouy,vio---ovg) + Z (g —DF
0

c=1
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a ¢+l

X Z / |_|Shﬂ(u1+,-a_| O+ OUjy—1,Vl4j,_; O - OVj,—1)
0
a=1

I<iy<--<ic=r
I<ji<-<jess

o(u,‘a,vja), (42)

whereig = jo=0,ic41 =7+ 1, jex1 =5+ 1, (Ur41,V541) = 1, and for all i, j

1 b,’dql‘ aidqt .
d — = ifai #bj,
(i, v;) = tdgt _ bj—ai t—bj t—aj
B ) dyt bd,t

t—b  (t—b)? Yai=bj=b.

Proof This can be proved by induction on r 4+ 5. We may use (40) and the following
key formula
Dy [f(x)g(x)] = [Dy;x f(x)1g(x) + f(x)[Dg;xg(x)]
+x(g — 1)[Dq;xf(x)][Dq;xg(x)]- O
We will say the term (u;, v;) is a collapse in the shuffle. The lemma roughly says
that g-iterated shuffle relations is different from those produced by regular iterated
integrals because collapses may occur. Each collapse produce a factor of ¢ — 1 and

the number of collapses is at most min(r, s).
Lemma 8.1 implies that if m, n > 2 are different then

1 o(m—1) 1 o(n—1)
dgt dyt dgt dgt
amaon= =g () e (7
=Ay(m,n)+ Ay(n,m)+ B,(m, n), (43)

where

m—1min(a,n)

Ay(m,n) = Z Z E(a,n—1;¢)

a=0 ¢=0
1 d.t d.t o(m—1—a) d.t d.t o(n+a—1-c)
X/ _ gt (dqt ot (dg! ,
o t—gql™m t r—ql t

min(m,n)—1

B,(m,n)=(q —1) Z Em—1,n—1;¢)
c=0

/1 qul dqt o(m+n—2—c)
X ol — .
o t—gl=m@—q'=m \ 1

Here the coefficient E(r,s; c) represents (¢ — 1)¢ times the numbers of terms in
shuffle of uj o --- ou, and vy o --- o vy with ¢ collapses (see (42)). It is not hard to

and
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see that E(r, s;0) = (rfs). Thus

¢ - la+]a_ a—1— Ja—1—2
E(rsic)=(q-1" Y H( > (44)

a —ig—1—1
I<ij<--<ic<r g=1 a—l
I=jp<<jess

Ideally one wants to convert the expressions in (43) into something that is close to
combinations of multiple g-zeta functions, together with the shift operator S. Since
m #n we get

1 ldql‘ dqt o(m+n—2—c)
/0 (=g =g <T>

! 1 dyt 1 dyt dgr\ o
= —+ ol —
1— m—nt_ql—m 1_qn—mt_ql—n t
o0

(n—Dk

X m=Dk 1 g

Z +n—1— —-m __ +n—1—c"
[k]mtn—1-c qn m 1k:1 [k]m+n ¢

Proposition 8.2 For any positive integers m, n we have

min(m,n)—1

Bym,n)=(q—1) Y  E(m—1n-1lc)

c=0

1
X (Wsn_l_cg‘q(m +n— 1— C)

1 e
+Wn7_18m ! ‘gq(m+n—1—c)>,
where E is defined by (44).
Proof It follows from Corollary 2.6. O

To handle A, (m, n) we need to evaluate

1 o(m—a—1) o(f—1)
Li.. (qm—n qn—l)Z/ Lo @ m—o OLO @ B
q’m_a’ﬁ ’ 0 t — ql—m t t — ql—l’l t ’

where 0 <o <m — 1 and max(n, «) < 8 <n + «. By Corollary 2.6 we get

B—n

. _ _ B—n i _ i
Lig:m—a.p(@" " q" ‘)=Z( o)A = D Ligmap-it@" " g . @5)
i=0
So we need to evaluate
(m-mk ,(y—1l
. _ -1 q q
qu;m—a,y(qm n,qy )= [k]m_a [Z]V

1<k<l
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If n > « then by Corollary 2.6 we get

n—a—1
—a—1 ‘
Ligim-ay@" "7 =Y (” ‘;‘ )(1—q)fcq(m_a—j,y). (46)

j=0
By takingo =a,8=n+a —cand y = —i in (45) and (46) we get

Proposition 8.3 [fn > m then

m—1 a a—cn—a—1
Agmmy =335 E(a,n—1;c)<alfc)<”_‘f_l)

a=0c=0i=0 ;=0 J
x (L= ggm—a—jn+a—c—i),
where E is defined by (44).

The case n < m can be treated similarly although it’s more difficult. We get

Proposition 8.4 [fn < m then

n—1 a a—-cn—a—1

TRUAIES 9 3 SRR R (o | ()

a=0c¢=0i=0 j=0 J

><(1—q)i+-/§q(m—a—j,n+a—c—i)

m—1 n a—c

+ 33N E@n-1; c)(“ ;C)a ~ ) Xnta—e—im —a.m — ),

a=n ¢=0 i=0

where E is defined by (44) and

r—1 .
Xy (rs)=Y (g - 1)'<l o r);q(r—i,w
i=0

s—r (s—r—jk+ =Dl
i q
t@-D Yy Yy
j=0  1<k<l L

Putting everything together we arrive at

Theorem 8.5 Let m # n be two positive integers no less than 2. Then
Cq(m)é‘q (n)= Aq(ma n) + Aq (n,m) + Bq (m, n),

where A,(m,n) is given by Proposition 8.3 and Proposition 8.4, and By(m,n) is
given by Proposition 8.2.
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For example, we have

$q(2)84(3) =684(1,4) +38,(2,3) +¢4,(3,2)

2 4—i
+(1 - q)(ZZa(i, IR

i=0 j=2

4 4
+ ) b, @)ty + Y cn, q)eq (n)), (47)

n=2 n=2

where a(i, j,q), b(n, gq) and c(n, q) are all polynomials of ¢ with integer coefficients,
and
g =Dk

0q(n) = Z(k -n? T

When g 1 1 we recover the relation

$(2)¢g(3)=06¢(1,4) +38(2,3) +¢(3,2).

D. Bradley obtains a more elegant formula by using difference operators. In our
notation (see Remark 7.5) it reads

Theorem 8.6 ([5, Theorem 1]) If s — 1 and t — 1 are positive integers, then

s—1s—1—a
—1 —1
Cq(8)8q () =Z (aj__tl ><l b )(l—q)bg“q(s—a—b,t+a)

a=0 b=0
t—1t—1—a
—1
—i—ZZ <ai‘i1 )( >(l—q) {q(t —a—b,s+a)

Z” (s+1—j—1! (—g)
(s— DW=t G=D!

Qg(s+1—J).
j=1

When (s, t) = (2, 3) the first two lines agrees with our (47). It is not hard to see that
when g 1 1 we can recover the ordinary shuffle relations of the multiple zeta values
originally produced by iterated integrals from either Theorem 8.5 or Theorem 8.6:

s—1
;(@g(;):Z(a—:_tl )C(S—a f+a)+z<a+s 1 )g“(t—a,s—i-a).

a=0
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