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Abstract
We consider a discrete-time d-dimensional process {X,} = {(X1,n, X2.n, .-, Xa.n)}
on Z¢ with a background process {J,} on a countable set Sp, where individual
processes {X; n},i € {l1,2,...,d}, are skip free. We assume that the joint pro-

cess {Y,} = {(X,, Jn)} is Markovian and that the transition probabilities of the
d-dimensional process {X,} vary according to the state of the background process
{J,}. This modulation is assumed to be space homogeneous. We refer to this process
as a d-dimensional skip-free Markov-modulated random walk. For y, y’ € Zﬁ x S0,
consider the process {Y , },,>0 starting from the state y and letg,, , be the expected num-
ber of visits to the state y’ before the process leaves the nonnegative area Z‘i x So for
the first time. For y = (x, j) € Zi x So, the measure (7, y; y' = (x', j') € Zi x S0)
is called an occupation measure. Our primary aim is to obtain the asymptotic decay
rate of the occupation measure as x’ goes to infinity in a given direction. We also obtain
the convergence domain of the matrix moment generating function of the occupation
measure.
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1 Introduction

For d > 1, we consider a discrete-time d-dimensional process {X,} = {(Xi,,
Xon, .., Xan)} on 74, where 7 is the set of all integers, and a background pro-
cess {J,,} on a countable set Sy = {1, 2, ...}. We assume that each individual process
{Xi.n} is skip free, which means that its increments take values in {—1, 0, 1}. Fur-
thermore, we assume that the joint process {Y,} = {(X,, J,,)} is Markovian and that
the transition probabilities of the d-dimensional process {X,} vary according to the
state of the background process {J,}. This modulation is assumed to be space homo-
geneous. We refer to this process as a d-dimensional skip-free Markov-modulated
random walk (MMRW for short). The state space of the d-dimensional MMRW is
given by S = Z? x Sp. It is also a d-dimensional Markov additive process (MA-
process for short) [13], where X, is the additive part and J,, the background state.
A discrete-time d-dimensional quasi-birth-and-death process [18] (QBD process for
short) is a d-dimensional MMRW with reflecting boundaries, where the process X,
is the level and J, the phase. Stochastic models arising from various Markovian
multiqueue models and queueing networks such as polling models and generalized
Jackson networks with Markovian arrival processes and phase-type service processes
can be represented as continuous-time multidimensional QBD processes (in the case
of two-dimension, see, for example, [14,18,19]) and, by using the uniformization
technique, they can be reduced to discrete-time multidimensional QBD processes. It
is well known that, in general, the stationary distribution of a Markov chain can be
represented in terms of its stationary probabilities on some boundary faces and its
occupation measure. In the case of multidimensional QBD processes, such an occupa-
tion measure is given as that in the corresponding multidimensional MMRW. For this
reason, we focus on multidimensional MMRW:s and study their occupation measures,
especially the asymptotic properties of the occupation measures. Here, we briefly
explain that the skip-free assumption is not so restrictive. For a given k > 1, assume
that, fori € {1,2,...,d}, X; , takes values in {—k, —(k — 1),...,0, 1, ..., k}. For
ie{l,2,...,d},let kX,-,,, and kMi,,, be the quotient and remainder of X; , divided
by k, respectively, where kX,-,n € Zand 0 < le-,n < k — 1. Then, the process
{(le,,,, R kXd,,,, (le,,,, e, kMd,,,, Ju))} becomes a d-dimensional MMRW with
skip-free jumps, where (kXL,,, - kXd,n) is the level and (le,n, el kMd,n, Jy) the
background state. This means that any multidimensional MMRW with bounded jumps
can be reduced to a multidimensional MMRW with skip-free jumps.

Let P = (p(x, j).«',jh: (X, J), (x', j') € S) be the transition probability matrix of
a d-dimensional MMRW {Y ,}, where p(x jy',j = P(Y1 = (x', j/) | Yo = (x, j)).
By the skip-free property, each element of P, say p(x j)x’, 7, iS nonzero only if
x| —x;€{-1,0, 1}¢. By the property of space-homogeneity, for every x, x" € Z¢,
i €{—1,0,1}and j, j' € So, we have px ) (x+i.j") = Px'.j).(x'+i, - Hence, the
transition probability matrix P can be represented as a block matrix in terms of only
the following blocks:

Ai = (po.jyijni - i €So). i €{=1,0,1),
i.e., for x, x’ € Z4, the block Py x = (Pix,jyx',jny: J»J' € So) is given as
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Ay, if X' —x € {-1,0,1}9,
Pex = { 0, otherwise, .1y
where 0 and O are a vector and matrix of 0’s, respectively, whose dimensions are
determined in context. Define a set Sy as Sy = Z‘i x So, where Z is the set of all
nonnegative integers, and let T be the stopping time at which the MMRW {Y,} enters
S\Sy for the first time, i.e.,

t=inf{n >0;Y, € S\S;}.

Fory = (x,j),y = (x', j') € Sy, let g, y be the expected number of visits to the
state y’ before the process {Y,,} starting from the state y enters S\S, for the first time,
ie.,

‘Iyy—E(Z 1(T>n))Yo— ) (1.2)

where 1(-) is an indicator function. For y € S, the measure (¢, ,; ¥’ € S ) is called
an occupation measure. Note that g, , is the (y, y')-element of the fundamental
matrix of the truncated substochastic matrix Py given as P, = (py’ yiy, ¥y e S+),

ie., Gy = [P+ly.y and
o0
Py =Y "Pi,
k=0

2\ ; 2
where, for example, P? = (p;)y,) is defined by p;’iv, = Zy//es+ Py.y" Py".y- P+

governs transitions of {Y,,} on S. Our primary aim is to obtain the asymptotic decay
rate of the occupation measure (g, ,; y' = (x, j') € S;) as x’ goes to infinity in
a given direction. This asymptotic decay rate gives a lower bound for the asymptotic
decay rate of the stationary distribution in the corresponding multidimensional QBD
process in the same direction. Such lower bounds have been obtained for some kinds
of multidimensional reflected process without background states; for example, O-
partially chains in [3], also see comments on Conjecture 5.1 in [13]. With respect to
multidimensional reflected processes with background states, such asymptotic decay
rates of the stationary tail distributions in two-dimensional reflected processes have
been discussed in [13,14] by using Markov additive processes and large deviations.
Note that the asymptotic decay rate of the stationary distribution in a two-dimensional
QBD process with finite phase states in each coordinate direction has been obtained
in [18,19].

As mentioned above, the d-dimensional MMRW {Y,} = {(X,, J,)} is a d-
dimensional MA-process, where the set of blocks, {A;;i € {—1,0, 1}"}, corresponds
to the kernel of the MA-process. For @ € R?, let A, (#) be the matrix moment gener-
ating function of one-step transition probabilities defined as
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A0)= Y P4 (1.3)

ie{—1,0,1}4

where (a, b) is the inner product of vectors @ and b. A,(6) is the Feynman-Kac
operator [17] for the MA-process. For x, x’ € Z<Z, define a matrix Ny x as Ny y =

(E]’(x’j),(x/’j/); J.J' € So) and Ny as Ny = (Ny yr;x" € Zi). P, is represented as
Py = (Nyy;x,x" € Z‘fr). Forx € Z’i, let @, (0) be the matrix moment generating
function of the occupation measure defined as

Dr(0) = Y "Ny,

keZi
which satisfies, for j, j € So,
o0
[Py (O)];. ;= E(Ze(x”’0> 1(Jy = j)1(xr > n) | Yo = (x, j)). (1.4)
n=0

For x € Zﬂl_, define the convergence domain of the vector generating function @, ()
as

D, = the interior of {# € RY; &,(0) < o0o}.

Define the point sets I" and D as

r= |0 e RY: cp(A,(0)) > 1},

D= {0 € R?: there exists @’ € I" such that § < 0’} ,

where cp(A) is the convergence parameter of the matrix A. In the following sections,
we prove that, for any nonzero vector ¢ € Zi and for every j, j' € So,

1
lim —log g i N = — ,0).
Jim 210840, j). (ke ) ;2?(0 )

Furthermore, using this asymptotic formula, we also prove that, for any x € Zi, Dy
is given by D.

In order to prove these results, we mainly use the matrix analytic method in queueing
theory introduced by Marcel Neuts and developed in the literature; see, for example,
[1,10,15,16]. In the following section, instead of considering stochastic matrices with
block tridiagonal structure, we deal with a nonnegative matrix with block tridiagonal
structure, whose phase space is countably infinite. We give a simple formula repre-
senting the convergence parameter of the nonnegative block tridiagonal matrix, where
the matrices corresponding to the rate matrix (R-matrix) and G-matrix in the matrix
analytic method play an important role. Block tridiagonal stochastic matrices with a
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countable phase space have been studied in the literature and a lot of basic results
obtained; see, for example, [2,10,23]. Those results also hold in the case of nonnega-
tive block tridiagonal matrix with a countable phase space. However, some properties
of the convergence parameters of the matrices corresponding to the rate matrix and
G-matrix, which we want to use in this paper, have been given only in the case of finite
phase space. We will prove such properties also hold in the case of infinite phase space.

The rest of the paper is organized as follows: In Sect. 2, we extend some results in
the matrix analytic method. In Sect. 3, we introduce some assumptions and give some
properties of MMRWs, including a sufficient condition for the occupation measure in
a d-dimensional MMRW to be finite. In Sect. 4, we consider a kind of one-dimensional
QBD process with a countable phase space and obtain an upper bound for the con-
vergence parameter of the rate matrix in the QBD process. Using the upper bound,
we obtain the asymptotic decay rate of the occupation measure and the convergence
domain of the matrix moment generating function in Sect. 5. In the same section,
we also consider a single-server polling model with limited services and give some
numerical examples. The paper concludes with a remark on an asymptotic property
of multidimensional QBD process in Sect. 6.

Notation for matrices For amatrix A = (a; j), A is said to be a nonnegative matrix
if every entry of A is nonnegative. The inequality A > 0 is meant elementwise, i.e.,
ajj > Oforeveryi and j. We denote by [A]; ; the (i, j)-entry of A,i.e., [A]; j = a; ;.
The transpose of a matrix A is denoted by A'. The convergence parameter of a
nonnegative matrix A with a finite or countable dimension is denoted by cp(A), i.e.,
cp(A) =sup{r € Ry; Y o2 r"A" < oo}

2 Nonnegative block tridiagonal matrices and their properties

Note that this section is described independently of the following sections. Our aim
in the section is to give an expression for the convergence parameter of a nonnegative
block tridiagonal matrix whose block size is countably infinite. The role of the Perron—
Frobenius eigenvalue of a nonnegative matrix with a finite dimension is replaced
with the reciprocal of the convergence parameter of a nonnegative matrix with a
countable dimension. For this purpose, we follow results in the matrix analytic method
in queueing theory [1,10,15,16], especially, those in the case of infinite phase space [2,
10,23], where we replace stochastic and substochastic block matrices with nonnegative
block matrices.
Consider a block tridiagonal matrix Q defined as

Ag A
A_1 Ag Al
0= A_1 Ay Ay )

where A_1, Ap and A; are square matrices with a countable dimension, i.e., for
k e {-1,0,1}, Ay = (ak,,j; 1, j € Z4). Hereafter, we adopt the policy of giving a
minimal assumption in each place. First, we give the following condition.
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Condition 2.1 (a0) Every entry of the matrix Q is nonnegative.

We always assume this condition, on which A_j, Ag and A are also elementwise
nonnegative, i.e., every gy ; ; is nonnegative. We define a matrix A, as

Ay =A_1+Ap+ Ay

We give the following conditions.
Condition 2.2 (al) Both A_j and A\ are nonzero matrices.

Condition 2.3 (a2) All powers of A, are elementwise finite, i.e., for any n € Z,
All < 00, elementwise.

Here, we note that an elementwise-finite nonnegative matrix may have unbounded
entries since the dimension of the matrix is countably infinite. Condition (al) makes
QO a true block tridiagonal matrix. Under condition (a2), all multiple products of
A_1, Ap and A; becomes finite elementwise, i.e., for any n € N and for any
iy = (1,02,...,0) € {=1,0,1}", A;;A;,---A;, < 00, where associativity
among matrices is preserved. Hence, for the triplet {A_;, Ag, A1}, we can define
a matrix R corresponding to the rate matrix of a QBD process and a matrix G cor-
responding to the G-matrix. If cp(A4) < oo, discussions for QO may be reduced to
probabilistic arguments. For example, if there exist an s > 0 and positive vector v
such that sA,v < v, then A;lsA*Av becomes stochastic or substochastic, where
A, = diag v, and discussion for the triplet {A_1, Ag, A1} can be replaced with that
for {A;lsA_lA,,, Av’lsAoA,,, A;lsAlAv}. However, in order to make discussion
simple, we directly treat {A_1, Ag, A1} and do not use probabilistic arguments.

Define the following sets of index sequences: for n > 1 and form > 1,

k n
Iy = {i(n) e {-1,0, 1} Zil >0 fork € N,_; and Zi; = o},
=1 =1
k n
IDomn = {i(n) e {-1,0, 1} Zil >-—m+1 fork e N,_; and Zi, = —m},
=1 =1
k n
I mn = {i(n) €{-1,0,1)"; Y iy =1 fork e N,y and ) i =m},
=1 =1

v

where i,y = (i1,i2,...,1p) and N,_; = {1,2,...,n — 1}. If A, is stochastic,
we can consider a QBD process {(X,,, J,)} on the state space Zi having the triplet
(A_1, Ag, A1) as the blocks of its transition probability block matrix, where X, is the
level and J,, the phase. In that QBD process, the set ., corresponds to the set of all
paths of the QBD process on which Xg =17 > 0, Xy > [fork € N,_j and X,, =1,
i.e., the level process visits state / at time n without entering states less than / before
time n. The set .#p ., also corresponds to the set of all paths on which Xo =1 > m,
Xy >1l—m+1fork € N,y and X, =1 —m, and .y, ,, to that of all paths on
which Xg=1>0,X; >[4+ 1fork e N,_;and X,, =1 + m.
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For n > 1, define Q(()fl()), D™ and U™ as

g0 =D AiAi.. A, DW= 3" A A,.. A,

iy €I i €ID 1 n

U™ = 3" AjA,.. A,

i(n)efﬁU,l,n

Under (a2), ng()), D™ and U™ are elementwise finite for every n > 1. Define N, R
and G as

00 00 00
N3 0f G=3 D k=3 U, @
n=0 n=1 n=1

where Q(()Oz) = . By direct calculation, we obtain the following expressions, which
are well-known in the stochastic context [2,10].

Lemma 2.1 Assume (al) and (a2). Then, if N, G and R are elementwise finite, which
means that the matrix series (2.1) defining them converge elementwise, they satisfy the
following equations:

R = AN, (2.2)
G=NA_i, (2.3)
R=R>A_; + RAg + Ay, (2.4)
G=A_1+A¢G+ A G, (2.5)
N=1+AN+ A GN =1+ NAy+ NAG. (2.6)

From (2.6), N > [ and N > AoN + AiGN > Ay + A;G. Hence, if N is
elementwise finite, then Ag + A1 G is also finite elementwise and we obtain

(I — Ag— A\G)N = N(I — Ay — A\G) = 1. 2.7)

We will use Eq. (2.6) in this form. Here, we should note that much attention must be
paid to matrix manipulation since the dimension of matrices are countably infinite;
for example, see Appendix A of [22].

For 6 € R, define a matrix function A, (6) as

A = e PA_; + Ao+ %Ay,

where A, = A,(0). This A, (6) corresponds to a Feynman—Kac operator if the triplet
{A_1, Ao, A1} is a Markov additive kernel (see, for example, [17]). By direct calcu-
lation, we also obtain the following identity corresponding to the RG decomposition
for a Markov additive process, which is also called a Wiener—Hopf factorization; see
[2,12] and references therein.
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Lemma 2.2 Assume (al) and (a2). If R, G and N are elementwise finite, we have, for
0 eR,

I —A0)=I—-eR)U —H)I —e9G), (2.8)
where H = Ao+ A1G =Ag+AINA_].
Consider the following matrix quadratic equations of X:

X =X%A_1 4+ XA + Ay, (2.9)
X =A_1+ApX + A X2 (2.10)
By Lemma 2.1, if R and G are elementwise finite, they are solutions to Egs. (2.9) and

(2.10), respectively.
Consider the following sequences of matrices:

xV=0. xP=xPVas+xDA+AL =1 @1
2
X =0, XP =4+ AX2 + 4 (X2) n=1 @212

Like the case of usual QBD processes, we can demonstrate that both the sequences
{Xfll)}nzo and {X,(lz)}nzo are nondecreasing and that if a nonnegative solution X*,
which is elementwise finite, to Eq. (2.9) [resp. Eq. (2.10)] exists, then for any n > 0,
X* > X,(zl) (resp. X* > X,(Zz)). Furthermore, letting R, and G, be defined as

n n
Rn = Z U(k)a Gn = ZD(k)a
k=1 k=1

we can also demonstrate that, forany n > 1, R, < X ,(11) and G, < X ’(12) hold. Hence,
we immediately obtain the following facts, which are also well-known in the stochastic
context [10].

Lemma 2.3 Assume (al) and (a2). If R and G are elementwise finite, they are the
minimum nonnegative solutions to Egs. (2.9) and (2.10), respectively. Furthermore, if
{X ,(ll)} and {X ,(12)} converge elementwise as n tends to infinity, R and G are elementwise
finite and we have R = lim,,_, X,(,]) and G = lim,,_, X,(lz).

If A, is irreducible, A, (@) is also irreducible for any 6 € R. We, therefore, give
the following condition.

Condition 2.4 (a3) A, is irreducible.

Let x(6) be the reciprocal of the convergence parameter of A, (0), i.e., x(0) =
cp(Ax ©)~!. We say that a positive function f(x) is log-convex in x if log f(x) is
convex in x. A log-convex function is also a convex function. Since every element of
A, (0) is log-convex in 6, we see, by Lemma A.l in Appendix A, that x (6) satisfies
the following property.
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Lemma 2.4 Under (al) through (a3), x (0) is log-convex in 6 € R.

Let )/Jr be the infimum of x (0), i.e.,

1
y' = inf x@ = (swpepanon)
oeR

and define a set I” as
={0 eR; x(0) <1} ={0 € R; cp(A«(9)) > 1}.

ByLemma2.4,ify™ < 1and I" is bounded, then I is a line segment and there exist just
two real solutions to equation x (6) = cp(A«(6))~ I — 1. We denote the solutions by 6
and 0, where < 0. When y = 1, we define 6 and § as @ = min{0 € R; x () = 1}
and 6 = max{# € R; x(0) = 1}, respectively. It is expected that § = 6 if 7 = 1,
but it is not obvious. If )/T < land I"is bounded, there exists a 6 € I" such that
yT = x(0). We give the following condition.

Condition 2.5 (a4) I is bounded.

If A_y (resp. Ay) is a zero matrix, every element of A, (0) is monotone increasing
(resp. decreasing) in € and I is unbounded. Hence, if y"' < 1, condition (a4) implies
(al). The following proposition extends existing results in the case of finite phase
space (see Lemma 2.3 of [6]) to in the case of infinite phase space.

Proposition 2.1 Assume (a2) through (a4).

() IfyT < 1, then R and G are elementwise finite.
(1) If R is elementwise finite and there exist a 6y) € R and nonnegative nonzero
vector u such that e®u" R = u", then y* <1
(i1’) If G is elementwise finite and there exist a 6y € R and nonnegative nonzero
vector v such that ¢ Gv = v, then )/Jr <1

Proof Statement (i). Assume y < 1 and let 7 be a real number satisfying
x (@) = yT. Since A,(07) is irreducible, by Lemma 1 and Theorem 1 of [20],
there exists a positive vector u satisfying (yT)’luTA*(QT) < u'. For this u, we
obtain, by induction using (2.11), the inequality A uTx ,(,1) <u' foranyn > 0.
Hence, the sequence {X ,(,1)} is elementwise nondecreasing and bounded, and the
limit of the sequence, which is the minimum nonnegative solution to Eq. (2.9),
exists. Existence of the minimum nonnegative solution to Eq. (2.10) is analogously
proved. As a result, by Lemma 2.3, both R and G are elementwise finite.
Statements (ii) and (ii’). Assume the conditions of Statement (ii). Then, we have

u' =ePuTR=euT(RPA_| + RAg + A1) = u' A, (6)), (2.13)

and this leads us to )/T < x(6y) = cp(A*(Go))’1 < 1. Statement (ii’) can be
proved analogously. O
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Remark 2.1 In statement (ii) of Proposition 2.1, if such 6y and u exist, then, by (2.13)
and irreducibility of A, (fp), we have 8y = 67 and u is positive. An analogous result
also holds for statement (ii’).

Remark 2.2 Consider the following nonnegative matrix P:

A1 Ay Ay

P= Ay Ag Ay

If the triplet {A_1, Ao, A1} is a Markov additive kernel, this P corresponds to the
transition probability matrix of a Markov additive process governed by the triplet. By
Proposition B.1 in Appendix B, if such a P is irreducible, then x (9) is unbounded in
both the directions of 6 and I is bounded.

The expressions for the convergence parameters of R and G in the following lemma
are already known in the case of finite phase space (see Lemma 2.2 of [5] and Lemma
2.3 of [11]). The lemma asserts that the same expressions also hold in the case of
infinite phase space.

Lemma 2.5 Assume (a2) through (a4). If y™ < 1 and N is elementwise finite, then we
have

p(R) = ¢, cp(G) = et (2.14)

Proof Since )/J’ < land I" is bounded, § and 6 exist and they are finite. Furthermore, R
and G are elementwise finite. Fora @ € R suchthat x (9) < 1, let u be a positive vector
satisfying u"A.(0) < u'.Such a u exists since A,(0) is irreducible. As mentioned
in the proof of Proposition 2.1, for X,gl) defined by (2.11), if x(0) < 1, then we
have eeuTX,(ll) <u' forany n > 0 and this implies ¢’u” R < uT. Analogously, if
x(8) < 1, then there exists a positive vector v satisfying A,(6)v < v and we have
e ?Gv < v. Therefore, setting 6 at 9, we obtain ¢’u' R < u', and setting 0 at 6,
we obtain e 2Gv < v. Since u and v are positive, this leads us to cp(R) > ¢/ and
p(G) = P )

Next, in order to prove cp(R) < eY, we apply a technique similar to that used in the
proof of Theorem 1 of [20]. Suppose cp(R) > e”. Then, there exists an ¢ > 0 such
that

[o/e]
RO +¢) = Ze(9+8)n R" < 00, elementwise .
n=0

This 1?(67 + &) satisfies eé”Rﬁ(@_ +e&) = 15(9_ + g) -1 < ﬁ(é + ¢). Hence, for
J € Zy, letting v; be the j-th column vector of R(6 + ¢), we have e9+8Rvj <vj.
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Furthermore, we have e/ T RR(0 +¢) > /TR > e"“X}l) = ¢t A}, and condition
(a4) implies A is nonzero. Hence, for some j € Z,, both Rv; and v; are nonzero.

(2

Set v at such a vector v;. We have cp(G) > e = > e~ O+) Hence, using (2.7) and

(2.8), we obtain
(I =A@+ )T — e OOG)y "INy = (1 — P2 Ryv > 0, (2.15)

where y = (I — e @TOG) "INy = Y% e "0 G" Ny > Nv. Suppose Nv = 0,
then we have Rv = A;Nv = 0 and this contradicts that Rv is nonzero. Hence, Nv
is nonzero and y is also nonzero and nonnegative. Since A*(H_ + &) is irreducible,
the inequality A,(6 + &)y < y implies that y is positive and cp(A(@ + ¢)) > 1.
This contradicts that cp(A*(é +¢e)) = x(é +o)7 1 < )(((5)_l = 1, and we obtain
cp(R) < ¢’ . In a similar manner, we can also obtain cp(G) < e7%, and this completes
the proof. O

Lemma 2.5 requires that N is elementwise finite, but it cannot easily be verified
since finiteness of every entry of R and that of G does not always imply finiteness of
every entry of N. We, therefore, introduce the following condition.

Condition 2.6 (a5) The nonnegative matrix Q is irreducible.

Condition (a5) implies (al), (a3) and (a4), i.e., under conditions (a2) and (a5), A_;
and A are nonzero, A, is irreducible and I” is bounded. Let Q be the fundamental
matrix of Q, ie., 0 = Y52 Q" Forn > 0, Q) is the (0, 0)-block of Q", and
N is that of Q. Hence, we see that all the elements of N simultaneously converge or
diverge, finiteness of every entry of R or that of G implies finiteness of every entry of
N and if N is elementwise finite, it is positive. Furthermore, under (a2) and (a5), since
R is given as R = AN and N is positive, each row of R is zero or positive and we
obtain the following proposition, which asserts that R behaves just like an irreducible
matrix.

Proposition 2.2 Assume (a2) and (a5). If R is elementwise finite, then it always satisfies
one of the following two statements:

i) There exists a positive vector u such that *u" R = uT.
X1 14
(ii) 302, e”"R" < oo, elementwise.

Since the proof of this proposition is elementary and lengthy, we put it in
Appendix C. By applying the same technique as that used in the proof of Theorem 4.1
of [8], we also obtain the following result.

Corollary 2.1 Assume (a2) and (a5). Fori, j € Z., if every element in the i-th row of
Ay is zero, we have [R"]; j = 0 for all n > 1; otherwise, we have [R"]; ; > O for all
n>1and

lim ([R"]; )7 =e ™" (2.16)
n— oo
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To make this paper self-contained, we give a proof of the corollary in Appendix C.
By Theorem 2 of [20], if the number of nonzero elements of each row of A, is finite,
there always exists a positive vector u satisfying u ' A,(0) = u'. Also, if the number
of nonzero elements of each column of A, is finite, there always exists a positive
vector v satisfying A, (6)v = v. To use this property, we give the following condition.

Condition 2.7 (a6) The number of positive elements of each row and column of A is
finite.

It is obvious that (a6) implies (a2). Under (a6), we can refine Proposition 2.1, as
follows.

Proposition 2.3 Assume (a5) and (a6). Then, y© < 1 if and only if R and G are
elementwise finite.

Proof By Proposition 2.1, if yT < 1, then both R and G are elementwise finite. We,
therefore, prove the converse. Assume that R and G are elementwise finite. Then, N
is also elementwise finite and, by Lemma 2.5, we have cp(R) = Y. First, consider
case (i) of Proposition 2.2 and assume that there exists a positive vector # such that
’uR = u. Then, by statement (ii) of Proposition 2.1, we have )/+ < 1. Next, consider
case (ii) of Proposition 2.2 and assume ZZ‘;O " R" < 00, elementwise. Then, we
have (I — 2R)~! = Z?zio " R" < oo since § < 6. Hence, we obtain, from (2.7)
and (2.8),

N — 2RI — A() = (I — e72G). (2.17)

Under the assumptions of the proposition, there exists a positive vector v satisfying
A (@)v = vsince cp(A«(0)) = 1. Hence, from (2.17), we obtain, for this v, e Gy =
v, and by statement (ii’) of Proposition 2.1, we have y© < 1. This completes the proof.

O

Recall that ¥ is defined as yT = infper cp(A«(0)) L. Since, if Q is irreducible,
all the elements of Q = Y 77, Q" simultaneously converge or diverge, we obtain,
from Proposition 2.3, the following result.

Proposition 2.4 Assume (a5) and (a6). Then, y* < 1 if and only if Q is elementwise
finite.

Proof Under the assumptions of the proposition, if )/Jf < 1, then, by Proposition 2.3, R
and G are elementwise finite. Since Q is irreducible, this implies that N is elementwise
finite and Q is also elementwise finite. On the other hand, if Q is elementwise finite,
then N is elementwise finite and R and G are also elementwise finite since the number
of positive elements of each row of A1 and that of each column of A_ are finite. Hence,
by Proposition 2.3, we have y ™ < 1 and this completes the proof. O

By this proposition, we obtain the main result of this section, as follows.
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Lemma 2.6 Under (a5) and (a6), we have

cp(Q) = (N ™! = supcp(A.(9)) (2.18)
R

and Q is (y ") '-transient.

Proof For 8 > 0, B Q is a nonnegative block tridiagonal matrix, whose block matrices
are given by BA_1, BAp and BA;. Hence, the assumptions of this lemma also hold
for BQ. Define y (B) as

_ -1 _g: -1 _ g
v(B) _elrelﬂng(ﬁA*(e)) = ﬁ;2£0p(A*(9)) =gy’ (2.19)

By Proposition 2.4, if y(8) = By’ < 1, then the fundamental matrix of 8 Q, ﬂf\é,
is finite elementwise and cp(BQ) = B~ 'cp(Q) > 1. Hence, if B < (y7)~!, then
cp(Q) > B. Setting B at (yT)_l, we obtain cp(Q) > (yT)_l. Next we prove cp(Q) <
(yT)_l.Suppose cp(Q) > (;/T)_l,thenthere existsane > 0such that the fundamental
matrix of ((y7)~! + &) Q is elementwise finite. By Proposition 2.4, this implies

y(H ' ey =(H T +ey =1+ <1, (2.20)

and we obtain )/J’ < 0. This contradicts yT > 0, which is obtained from the irre-
ducibility of A,. Hence, we obtain cp(Q) < (y")~'. Setting 8 at (y")~!, we
have y(B8) = y((y")~") < 1 and, by Proposition 2.4, the fundamental matrix of
BO = (y") ™' Q is elementwise finite. This means Q is (y )~ !-transient. m|

Remark 2.3 Expression (2.18) is already known in the case of finite phase space; see
Lemma 2.3 of [14]. This lemma asserts that it holds even in the case of infinite phase
space under (a5) and (a6). Expression (2.18) is crucial in the analysis in the following
sections.

Remark 2.4 For nonnegative block multidiagonal matrices, a property similar to
Lemma 2.6 holds. In order to use expression (2.22), we demonstrate it in the case
of block quintuple-diagonal matrix. The reblocking technique to reduce block banded
matrices to block tridiagonal matrices was first introduced by [4] in a general setting.
Let QO be a nonnegative block matrix defined as

Ao A Ao
A1 Ao A A
Q= A_2 A_1 A() A1 Az
A, A Ay A1 A

@ Springer



138 Queueing Systems (2021) 97:125-161

where A;, i € {—2,—1,0, 1,2}, are nonnegative square matrices with a countable
dimension. For 6 € R, define a matrix function A, (6) as

2
Ad0) =) €A (2.21)

i==2

Then, assuming that Q is irreducible and the number of positive elements of each row
and column of A, (0) is finite, we can obtain

cp(Q) = Su]g cp(A«(0)). (2.22)

Here, we prove this equation. Define blocks Ai, ie{—1,0,1}, as

~ (A A ~ (A Ay ~ (A O
A—l—(o A_2>’ Ao—<A_1 Ao)’ A1—<A1 Az)’
then Q is represented in block tridiagonal form by using these blocks. For 6 € R,
define a matrix function A, (0) as

. . . . -0 0 —0/2(,—0/2 0/2
A*(Q):€_9A71+A0+69Al:( e VA +Ag+e’Ay e PA_1 +e A1)>’

A2 02A_ 1 +924)) e A+ Ag+ €Ay

then, by Lemma 2.6, we have cp(Q) = supycp cp(A*(O)). To prove Eq. (2.22), it,
therefore, suffices to show that, for any 6 € R,
cp(A,(6/2)) = sup{a € Ry;ax ' A.(6/2) <x' forsome x > 0}
= supf{a € Ry; afTA,0) <% forsome £ > 0} = cp(A*(G)).
(2.23)

For e Randa € Ry, ifax™A (0/2) < x ' for some x > 0, then letting Xx x =
(xT,e 92 T) we have axTA ) < #'. On the other hand, ifoax ' A, 0 <x T for
some xT = (xl ,x2) > 07, then letting x = x| + e?/2%,, we have ax T A, 0/2) <
x 7. As aresult, we obtain Eq. (2.23).

3 Markov-modulated random walks: preliminaries

We give some assumptions and propositions for the d-dimensional MMRW {Y,,} =
{(Xy, Jn)} defined in Sect. 1. First, we assume the following condition.

Assumption 3.1 The d-dimensional MMRW {Y ,} is irreducible.

Under this assumption, for any 6 € R?, A.(8) is also irreducible. Denote A, (0)
by A., which is the transition probability matrix of the background process {J,}. In
order to use the results in the previous section, we assume the following condition.
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Assumption 3.2 The number of positive elements in every row and column of A, is
finite.

Define the mean increment vector @ = (ay, az, ..., dg) as
1 n
ai = lim =Y " (Xix— Xix-1), i=12,....d.

We assume these limits exist with probability one. With respect to the occupation
measure defined in Sect. 1, the following property holds.

Proposition 3.1 [f there exists some i € {1,2,...,d} such that a; < O, then, for any
Y € Sy, the occupation measure (4 y; y' € Sy) is finite, i.e.,

Z dy.y =E(|Yg=y) < o0, (3.1
y'eSy

where T is the stopping time at which {Y ,,} enters S\S for the first time.

Proof Without loss of generality, we assume a; < 0. Let 7 be the stopping time at
which X , becomes less than O for the first time, i.e., T = inf{n > 0; X;, < 0}.
Since {(x1,x2,..., x4, j) € S;x1 < 0} C S\S4, we have T < 7, and this implies
that, for any y € S,

E(r|Yo=y) =E@F|Yo=y). (3.2)

Next, we demonstrate that E(7 | Y = y) is finite. Fori € {—1, 0, 1}, define a matrix
A; as

Ai = Z A in,izig)s

(12,i3,....ig)€{—1,0,1}41

and consider a one-dimensional QBD process {Yn} = {(X,,, J,,)} on Z4+ X Sp, having
A_1, Ag and A as the transition probability blocks when X, > 0. We assume the
transition probability blocks that govern transitions of the QBD process when X, =0
are given appropriately. Define a stopping time 7€ as ¢ = inf{n > 0; X, = 0}.
Since a; is the mean increment of the QBD process when X, > 0, the assumption
a; < 0 implies that, for any (x, j) € Z; x So, E(F¢| Yo = (x, J)) < oo. We,

therefore, have that, for any y = (x1, x2, ..., xq, j) € S4,
E(# |Yo=y) =E@#%|Yo = (x1 + 1, ) < o0, (33)
and this completes the proof. O

Hereafter, we assume the following condition.

Assumption 3.3 Forsomei € {1,2,...,d},a; <O.
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Remark 3.1 If A, is positive recurrent, the mean increment vectora = (ay, az, . . ., dq)
is given as

9
e (a_e,»A*(e) ‘0=0> Li=12 . .4d (3.4)

where 7, is the stationary distribution of A, and 1 a column vector of 1’s whose
dimension is determined in context.

We say that a positive function f (x) is log-convex in x € R? if log f(x) is convex
in x. A log-convex function is also a convex function. By Lemma A.1 in Appendix A,
the following property holds.

Proposition 3.2 cp(A.(0))~! is log-convex and hence convex in 6 € R.

Let I” be the closure of I, i.e., I' = {0 € R cp(A.(0))~" < 1}. By Proposi-
tion 3.2, I is a convex set. By Remark 2.2 and Proposition B.1 in Appendix B, the
following property holds.

Proposition 3.3 I is bounded.

For y = (x, j) € S4, we give an asymptotic inequality for the occupation mea-
sure (7y,y; ¥ € Sy). Under Assumption 3.3, the occupation measure is finite and
(@y,y/E(t|Yo = y); ¥ € S;) becomes a probability measure. Let Y = (X, J)
be a random variable subject to the probability measure, ie., P(Y = y) =
dy,y/E(|Yg = y) for y/ € S,. By Markov’s inequality, for § € R¢ and for
ce R‘i such that ¢ # 0, we have, for k > 1 and j’ € Sp,

BeX 01 = ) = 0P D1 = ) = Mo
_ ek<c’0)P((X,0> > (kec,0),J = ]/)
> KO p(X > ke, J = ).

@ Springer



Queueing Systems (2021) 97:125-161 141

This implies that, for every I € Zd,

[@:0)1).50 = 0 Y Gy iy = VG5 wrerrn, o, (3.5)
x'>ke
where [¢] = ([c1], [e2], .-+, [ca]) and [x7] is the smallest integer greater than or

equal to x. Hence, considering the convergence domain of @, (), we immediately
obtain the following basic inequality.

Lemma 3.1 Foranyc € Zi such that ¢ # 0 and for every (x, j) € Sy, j' € So and
1e7d,

. 1 -
lim sup % log Gx, j), (ke+1,j7y < — sup {c, 9). 3.6)

k— 00 0D,

4 QBD representations for the MMRW

In this section, we make two kinds of one-dimensional QBD process with a countable
phase space from the d-dimensional MMRW defined in Sect. 1 and obtain upper
bounds for the convergence parameters of their rate matrices. These upper bounds
will give lower bounds for the asymptotic decay rates of the occupation measure in
the original MMRW.

4.1 QBD representation with level direction vector 1

Let {Y,} = {(X,,, J,)} be a d-dimensional MMRW. In order to use the results in
Sect. 2, hereafter, we assume the following condition.

Assumption 4.1 P, is irreducible.

Under this assumption, P is irreducible regardless of Assumption 3.1 and every
element of P, is positive. Let T be the stopping time defined in Sect. 1, i.e., T =
inf{n > 0; Y, € S\S;}. According to Example 4.2 of [13], define a one-dimensional
absorbing QBD process {f’,,} = {()A(n, ]n)} as

A

Xn = m_indXi,rAn’ Jn = (ZO,n’ Zl,nv cees Zd*l,n’ Jn),

1<i<
where x A y = min{x, y}, Zo.,, = min{i € {1,2,...,d}; Xiton = Xn},

. Xicnn — Xn, i <Z ,
Zi}’l:{ e " . onn’ l=1729-~'1d_17
XH—l,r/\n —Xp, i > ZO,I’!a

and f,, = Jran. We restrict the state space of {IA/',l} to Z4 x (Ng x Z‘_{__] X Sp), where
Ng ={1,2,...,d}. Fork € Z,, the k-th level setof{f/n} isgiven by Ly = {(x, j) =

((x1,x2,...,xq), j) € Sy;mini<;<q x; = k} which satisfies, for k > 0,
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Ay;=4Ai,4, =012

X, i=-10,1
i=-2,—-1,0
3 0
2 0 1
1
0 1 2
0 1 2 3 4 5 6 ™M
Fig.1 Transition probability blocks of {f/,,} d=2)
Lit1 ={(x + 1, j); (x, j) € Ly} 4.1

This means that {IA/'n} i§ a QBD process with level direction vector 1. The transition
probability matrix of {Y,} is given in block tridiagonal form as

Ao A
. A_1 Ag Ay
P = Ay Ag A . 4.2)

We omit the specific description of A_ 1 Ao and Al .Instead, in the case where ZO,n =d
and Z,-’,, >2,i €{l,2,...,d— 1}, we give their description in terms ofA,-(d), i) =
(i1, 02, ...,1g) € {—1,0, l}d. For k € {—1,0, 1} and i(d—l) = (i1,12,...,0q—1) €
74=1, define a block Ak,i(u’—l) as

N ~ ..
Akai(d—l) = ([Ak](d,x(dq),,i),(d,x(d71)+i<d71>,./'/); J»J € SO) >

where we assume that x—1) = (x1,x2,...,Xx7—1) > 21 and use the fact that the
right-hand side does not depend on x (;—1) because of the space homogeneity of {Y,}.
Since the level process {X,} of the original MMRW is skip free in all directions, the
block Ak,i(d,l) is given as

AGy—14-1.-1), k=—=1, i@-1) € {0, 1, 231

A AGy_1),0)s k=0, ig-1e{-1,0 197",
Ao =4 2@ , K 43
-y AGpt+lg.1y, k=1, i@g-1) €{-2,-1, 0y, “-3)
0, otherwise,

where, for positive integer /, we denote by 1; an /-dimensional vector of 1’s (see Fig. 1).
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Recall that P, is the fundamental matrix of the substochastic matrix P, and each
row of P, is an occupatlon measure. For x, x’ € Z<, the matrix Ny ' is given as

Nex = (., j).x.j): J» 7 € So). In terms of Ny v/, P+ is represented as P+ =
(Nyx; x,x" € Z‘j_). We derive a matrix geometric representation for P+ according

to the QBD process {)A/,,}. Under Assumption 3.3, the summation of each row of ]3+
is finite and we obtain the following recursive formula for P, :

P.=1+P.P,. 4.4
Define No as 1\70 = (No,k; k € Z+), where

Nox = (nyxr;x =1, ...,xq), X =(x],...,x)) € Z‘j_ s.t. 1mmdx, =0, gnndx = k)
1<

Since 1\70 is a submatrix of I~’+, we obtain from (4.4) that
No=(1 0 ---)+NoP, (4.5)

where Py in (4.4) is replaced with P and this P has the same block structure as No.
This equation leads us to

N00—1+N00A0+N01A 1

4.6)
NOk_NOk 1A1+N0kAo+N0k+1A 1, k>1.

Let R be the rate matrix generated from the triplet {A 1, Ao, A 1}, which is the minimal
nonnegative solution to the matrix quadratic equation

I%:AA] —I—]%AA()—G—I%ZA,]. “4.7)
Then, the solution to Eq. (4.6) is given as
o
Nox = NooR*, Noo=(I—Ay—RA_)™'=) (Adg+RA_ ', (48
k=0
where we use the fact that cp(Ao + RA_ 1) < lsince P, is elementwise finite.
Next, we give an upper bound for cp(R), the convergence parameter of R. For
6 € R, define a matrix function A, (6) as

AO)=ePA_| + Ag+ " A;.

Since P4 is irreducible and the number of positive elements of each row and column
of A,(0) is finite, we have, by Lemma 2.5,

logcp(R) = sup{6 € R; cp(A(0)) > 1}. (4.9)

@ Springer



144 Queueing Systems (2021) 97:125-161

We consider the relation between cp(A(0)) and cp(A* (0)).Foriy-1) € 7=, define
a matrix function A*,i(d_,) (0) as

A\*,i(d_l)(e) = e_eA\—l,i(d_l) + Ao,iu_.) + egAAl,i(d_l)'
Further define a block matrix Ai(@) as

n A . d—1

A1) = (Auyy | —ray @ ¥ (g € 2471,

where A*,x’(d,l)*x(dfl) ©®) =0 ifx/(d_l) —X@-1 ¢ {-2,—-1,0,1, 2}4=1 The matrix

AI (0) is a submatrix of A*(G), obtained by restricting the state space Ny x Zi_] X So
to {d} x Z‘i‘l x Sp. Hence, we have

cp(A«(0)) < cp(AL(0)). (4.10)

Define a matrix function A*,*(Q, 0—-1)) as

A*,*(G, 01y = Z e(i(d—l)’o(d—l))AA*’i(dil) @),
i(d,l)e{—Z,—l,O,l,2}d*1

where 8 (y—1) = (01, 02, ..., 64—1). From (4.3), we see that Al(@) is a multiple-block-
quintuple-diagonal matrix and, applying Remark 2.4 to it repeatedly, we obtain

cp(AL@) =  sup  cp(Ass(0,04_1)). (4.11)
0(d_|>ERd71

Furthermore, from (4.3), we have

d—1
A*,* (9 + Z@k, 0(d—1)>

k=1
i d—1).0(a— —6-y4"lg 2 A 0+ 9o 2
= Z elfu-n-fe-n) <e i kA*I,i(dfn +AOJ'((M) te Lici kA]’i(d—l)

ig_1)€{—2,—1,0,1,2)d-1

— —0+(i@-n—la-1.0@-1) 4 .
= Z ¢ @n A G o =14m1,-1)
i(g-1)€{0,1,2)41

[ (d—1)-0 (d—
+ Z elia-n.0u ])>A(i(471).,0)
i<d,1>e[—1,0,1}d*1

O+ (g—1y+1a—1,0 a—
+ Z /iyt fu l))A(i(d—l)+1d—1$])
i(d,1>e[—2,—1,0}d*1
= Ax(04-1), 0). (4.12)

Hence, we obtain the following proposition.
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Proposition 4.1
logcp(lé) < sup{(1, ); cp(A«(@)) > 1, 0 € Rd}. (4.13)
Proof From (4.10), (4.11) and (4.12), we obtain

{0 € Ricp(A.(0)) > 1} C {0 € Ricp(AL(6)) > 1}
{0 e R; cp(A*.*(Q,B(d_l))) > 1 for some 0y—1) € RN

d d
{Zek eR; CP<A*,*(ZQky9(d—1))) > 1}
k=1 k=1

={(1,0); cp(A,(0)) > 1, 8 € R?}. (4.14)

This and (4.9) lead us to inequality (4.13). m]

4.2 QBD representation with level direction vector ¢

Letting ¢ = (c1,¢2,...,cq) be a vector of positive integers, we consider another
QBD representation of {Y ,} = {(X,,, J,)}, whose level direction vector is given by c.
Fork € {1,2,...,d}, denote by °Xy , and My ,, the quotient and remainder of X ,
divided by cy, respectively, i.e.,

Xk,n = Cchk,n + ch,I‘Lv
where Xy, € Z and ‘M, € {0, 1, ..., cx — 1}. Define a process {°Y,} as

cYn = (ana (cMn’ Jn)),
where X, = (X1, X2, ...,Xan) and ‘M, = (M1, M2, ...,°M4 ). The
process {¢Y,} is a d-dimensional MMRW with the background process {(‘M,, J,,)}
and its state space is given by 74 x (]_[’,f:l Zp,c,—1 % So), where Zo -1 =
{0, 1, ..., ¢y — 1}. The transition probability matrix of {¢Y,}, denoted by ¢P, has

a multiple-tridiagonal block structure like P. Denote by ‘A;, i € {—1,0, l}d, the
nonzero blocks of ‘P and define a matrix function ‘A, (@) as

“A.(0) = Z el eq,

ie{—1,0,1}4
The following relation holds between A, (0) and ‘A, (8).

Proposition 4.2 For any vector ¢ = (cy, c2, ..., cq) of positive integers, we have
cp(Ax(0)) = cp(“Ax(c 0 0)), (4.15)

where 0 = (01,0, ...,0;) and c e @ = (c101,c20a, ..., cq04).
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We use the following proposition for proving Proposition 4.2.

Proposition 4.3 Let C_1, Co and Cy be m x m nonnegative matrices, where m can be
countably infinite, and define a matrix function C.(0) as

C.O)=e?C_i+Co+eCy. (4.16)

Assume that, for any n € Zy, Cy(0)" is finite elementwise and C(0) is irreducible.
Let k be a positive integer and define a k x k block matrix C¥(8) as

Co C; e ?C_;
C_1 Cy Cy
c*) = . (4.17)
C_1 Cy Cy
e’ C) c_1 Co

Then, we have cp(C1(k0)) = cp(Cy(0)).

Proof First, assume that, for a positive number 8 and measure u, SuC,(0) < u, and
define a measure ul*! ag

u[k] = (e(kfl)gu ek=20y ... Py u).

Then, we have BuC¥1(k0) < u'®) and, by Theorem 6.3 of [21], we obtain
ep(Cx(6)) < cp(CH(kh)).

Next, assume that, for a positive number 8 and measure ulkl = (u1 up --- uk),
BuX1C¥(k0) < u'¥] and define a measure u as

uw=e D0y 4 o200, 4t e U oy

Further, define a nonnegative matrix V<! as
VI = (o= (=D ] o= k=20p .. o=0] ).

Then, we have Su*lC¥ (ko) VK] = BuC,(6) and u*1VI¥l = u. Hence, we have
BuC.(0) < u and this implies cp(C*1(k0)) < cp(C(0)). o

Proof of Proposition 4.2 Let 8 = (01, 6,, ..., 60;) be a d-dimensional vector in R?
and, fork € {1, 2, ey d}, define 0(k) and 0[k] as 0(k) = (91, 92, ey Gk) and O[k] =
bk, Ok+1, - - -, B4), respectively. We consider the multiple-block structure of €A, (6)
according to Zg ¢ —1 X Z,¢,—1 X - -+ X Lo, c;—1 % So, the state space of the background

process of {¢Y,}. For k € {—1, 0, 1}, define ”A,[(”(O[z]) as

| .
cAI[( ](0[2]) _ Z elinfpn) Ak ipp
i[z]e{fl,(),l}d_l
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where i) = (i2,13,...,iq). Due to the skip-free property of the original process,
they are given in ¢; x ¢ block form as

B([)”(am) 3{11(012])

B[_ll](o[z]) 361](9[2]) Bgl](o[z])

Ay (012)) = :

B0 By012) Bl (612
B[_11](0[2]) B([)”(e[z])

(1
exll] Boi®en) ©
A0 = . AT (O = " ,
0 By (012))

where each Bl.[1J (0127) is a matrix function of @[] and we use the fact that °M ,, is the
remainder of X , divided by c1. Hence, ‘A, (@) is given in ¢ x ¢ block form as

Ax(0) = e~ <A™ @) + A @) + e AN 012
B([)l]((’[z]) Bgl](o[z]) e Bl_l} @21
BM @) BY@) BN

- . (4.18)
B[_lf(e[z]) B([)I](O[z]) B{]](a[z])
e 3511(0[2]) B[,lf(()[z]) B([)”(o[z])
Define a matrix function BE](Gl ,02)) as
BN ©.02) = e " B (02 + B} 0 B0 4.19
w (01,0p) =e 21021 + By (812) + €' By (012)). (4.19)
Then, by Proposition 4.3, we have
cp(‘Ax(c161,0121)) = cp(BLI (01, 612))). (4.20)

Analogously, for i; € {—1,0, 1}, Bl.[ll](o [21) is represented in ¢ x ¢ block form as

[2] [2] —0, pl2]
B[t21J,o(0131> Bi[ ,]1“’131) o e 2B 03
Bl _10p) Bj x@p) B (03)
(1 . . .
B; 'O = . . . (4.21)
i . . .
2 2 2
, Bi[l,]fl(a[-?]) Bi;],]o("mﬂ B2, 03
0> pl2] [ 2]
€2 B (03) B _10p)  Bj o0
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where each Bi[lz]l.2 (03)) is a matrix function of @[3). Define a matrix function

B?(61,62,003) as

BE](QI .6, 0[3]) — Z ei191+i20zB[2] (0[3])'

i1,i2
i1,ipe{—1,0,1}
Then, by Proposition 4.3, we obtain from (4.19) and (4.21) that
cp(B(61, ¢26, 0131) = cp(BL (61, 62, 013). (4.22)

Repeating this procedure more (d — 3) times, we obtain

ep(BY 10 41, cabla)) = cp(BL (O 4-1). 0a)). (4.23)
where
. ) J
B 01, 0a) = > > e(’<f’—”’0<d—1>)+’d9dBl-[(dj_l)’,-d,
i(d_l)E{—l,O,l}d71 ige{—1,0,1}
[d] A .
Bi(d,l),id = Adia-1.ia)>
and i g—1) = (i1,12,...,i4—1). As aresult, we have
cp(‘As(c 00)) = cp(BL (61, ¢z 0 012)))
=cp(B2 (02, e131 0 013))
= cp(BY "M (O(-1). catla)) = cp(A4(9)). (4.24)
where ¢(x) = (ck, Ck+1, - - ., ¢q), and this completes the proof. O

Next, we apply the results of the previous subsection to the d-dimensional MMRW
{¢Y,}. Let {°Y,} be a one-dimensional absorbipg QBD process with level direction
vector 1, generated from {¢Y, }. The process {Y,} is given by

c?n = (C}%nv (czn’ cMn’ fn))’
where

an = I’IllIl cXi,r/\m

1<i<d
cZn = (CZO,na czl,nv e cZa’—l,n),
Zon =min{i € {1,2,...,d}; Xican = Xn}.
¢ Kiean —Xn, i <o,
Zi,n = ’

: o bS oy d-n,
Xi+1,r/\n — Xy, i > ZO,na
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cMn = (CMl,nv CMZ,ns ey ch,n) = (CMI,TAnv CMZ,rAny ey ch,r/\n)y

Jn = JrAns

and 7 is the stopping time at which the original MMRW {Y ,,} enters S\S. for the first
time. We restrict the state space of {°Y,,} to Z; x (Ng x Zflfl X ]—[Zz1 Zo, ¢, —1 % S0)-
For k € Z, the k-th level set of (€Y} is given by

Ly = {(x, J) € Z4 x So; min |x;/ci] = k}, (4.25)
1<i<d

where | x| is the maximum integer less than or equal to x. The level sets satisfy, for
k=0,

‘Lis1 = {(x +¢, j); (x, j) € Ly} (4.26)

This means that {¢ ?n} is a QBD process with level direction vector ¢. Let R be the
rate matrix of the QBD process {¢Y ,}. An upper bound for the convergence parameter
of °R is given as follows.

Lemma 4.1
logcp(clé) < sup{(c, 0); cp(A«(0)) > 1, 0 € Rd}. (4.27)
Proof By Propositions 4.1 and 4.2, we have

log cp(‘R) < sup{(L, 6); cp(‘A.(0)) > 1, 8 € R}
=sup{(1,ce0);cp(‘A.(ce8)) > 1, 0 € RY}
= sup{(c, 0): cp(A,(0)) > 1, 6 € R?).

5 Asymptotic properties of the occupation measure

In this section, we derive the asymptotic decay rate of the occupation measure in the
d-dimensional MMRW {Y ,,} = {(X,,, J,)}. We also obtain the convergence domain
of the matrix moment generating function for the occupation measure.

5.1 Asymptotic decay rate in an arbitrary direction

Recall that, for x € Zi, the convergence domain of the matrix moment generating
function @, (9) is given as D, = the interior of {6 € R? : @, (0) < oo}. This domain
does not depend on x, as follows.

Proposition 5.1 For every x,x’ € Z4, Dy = Dy
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Proof For every x, x’ € Zi and j € Sy, since Py is irreducible, there exists ng > 0
such that P(Y,, = (x/, j) | Yo = (x, j)) > 0. Using this np, we obtain, for every
j" € So,

o0

[®x(0)]; ;7 = E( > Xt i, = )1 = m | Yo = (x, j>)
n=0
o0

> ]E( > Xy, =1 = n)

n=n(

= (@) )Py = (")) Yo = (x, ). 5.1

Yy =&, j))IP’(Yno =@\ )IYo=(x))

where 7 is the stopping time given by T = inf{n > 0;Y, € S\S.}. This implies
Dy C D,. Exchanging x with x’, we obtain Dy, C Dy, and this completes the proof.
O

A relation between the point sets I” and D, is given as follows.
Proposition 5.2 For every x € Z¢, I' C Dy and hence D C Dy.

Proof 1f @ € I', then cp(A.(f)) > 1 and we have Z/tio AL (0)F < oo, elementwise.
This gives that, for every j, j' € So,

=X A*“’)kl- = B3 e 1, = 1)

k=0 n=0

Yo = (0, j))

> E(Ze<x"’o> 1(Jy = j) 1z > n) \ Yo = (0, j))
n=0
= [Po(0)];, ', 5.2

and we have I C Dy. Hence, by Proposition 5.1, we obtain the desired result. O

Using Lemmas 3.1 and 4.1, we obtain the asymptotic decay rate of the occupation
measure, as follows.

Theorem 5.1 For any positive vector ¢ = (c1,¢2,...,¢q4) € 74, for every x =
(x1,Xx2,...,X4) € Zi such that mini<j<q x; = 0, foreveryl = (I1, 12, ...,1g) € Zi
such that min| <; <q I; = 0 and for every j, j' € Sy,

I S
lim — IOg q(x,j),(ke+l,j) = — Sup <C, 0) 5.3)
k—oo k 0cl”

Proof By Lemma 3.1 and Proposition 5.2, we have, for any positive vector ¢ € Zi
and for every (x, j) € Sy, j' € Spandl € Z,

) 1 -
lim sup - 10g Gx, j),(ke+1,j7) < — sup (¢, @) < —sup{c, 0). 5.4
k— o0 0D, 0o’

Hence, in order to prove the theorem, it suffices to give the lower bound.
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Consider the one-dimensional QBD process {”f/n} Adeﬁned in the previous section.
Applying Corollary 2.1 to the rate matrix {°R} of {¢Y,}, we obtain, for some z” =
@, x",m", ") e Ng x Zfi[] X ]_[f=1 Zo,c,—1 X Soandevery z' = (i’,x",m’, j') €
Ny x Zi_l X HZ:I ZO,ck—l x So,

1
) o % N
Jim ([(“R)k]zu z/) — cp(R), (5.5)
k—00 !
d—1
where ¥ = (x|, ..., x,_),x" = (x{,...,x;]_)) € Z{ andm' = (m},...,m)),
m' = (m],....m)) € ]—IZ=1 Zo,c,—1. For k > 0,¢Y, = (k,i’,x’",m’, j') corre-
sponds to ¥, = (k¢ + c o &' +m/, j'), where &' = (x|, ..., x/,_,0,x],, ..., x}_)).
Analogously, €Y, = (0,i”, x", m", j") correspondsto Y, = (ce%” +m”", j”'), where
" =, ... xl,_,0,x0,, ..., x]_)). Hence, from (4.8), setting I = ¢ @ X' + m’,
we obtain, for every x = (x1, x2,...,xq) € Zi such that minj<j<4 x; = 0 and for
every j € Sp,
~ ~ cpk
Gx,j).ke+1,j") Z Dix, ), cos"+m", i LR 127z (5.6)

From (5.5), (5.6) and (4.27), setting m’ = 0, we obtain

L1 - R
liminf —10g Gx, j), (ke+t,j) = —logep(‘R) > — sup(c, ), (5.7)
k—oo k 9cl”

and this completes the proof. O

Corollary 5.1 The same result as Theorem 5.1 holds for every direction vector ¢ € Zf{_
such that ¢ # 0.

Proof Let{Y,} = {(X,, J,)} be a d-dimensional MMRW on the state space 74 x S
and define an absorbing Markov chain {17”} = {(f(n, fn)} as f/n =Y rn forn >0,
where 7 is the stopping time given by T = inf{n > 0; Y, € S\S,;}. We assume that
the state space of {IA/',,} is given by Sy. If d = 1, the assertion of the corollary is trivial.
Hence, we assume d > 2 andsetm in {1, 2, ..., d — 1}. Without loss of generality, we
assume the direction vector ¢ = (cy, ¢3, ..., cq) satisfies ¢; > Ofori € {1,2,..., m}
and ¢; = Ofori € {m+ 1,m + 2, ...,d}. Consider an m-dimensional MMRW
B = (R0 Ry Rt -2 Ry )}, where (K1, ..., Xn) is the level and
()%m+], e, }A(d, f,,) the background state, and denote by Agm), i e{-1,0,1}" its
transition probability blocks. For 0,y = (01, ..., 6;,) € R™, define a matrix function

A O (my) as

AP Oy = Y efloig™m.
ie{—1,0,1}"
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Since {Y,} is a MMRW, this Afkm)(O(m)) has a multiple tridiagonal structure and,
applying Lemma 2.6 repeatedly, we obtain

(A Owm) = sup  cp(Ax(Bim). Opmi11)). (5.8)
O+ €RIM

where 0(11) = Ons1, ..., 600) and Ay (0) = Ax(O(n), Om+1)) is given by (1.3).
Hence, applying Theorem 5.1 to {f/',im)}, we obtain, for every x () = (X1, ..., %,) €
ZI" such that minj<j<, x; = 0, for every X1 = (Xug1, ..., %) € Zfl[’", for
every lmy = (I1,...,1n) € ZY such that minj<; <, [; = 0 and for every lj;,11) =

d—m

(l[m+1], RN ld) (S Z+ s

.1 .
k]l>r20 % log q(x(m)9x[m+1]sj)’(kc(m)‘i’l(m)vl[erl]sj,)
= — sup{{Cm), O m)); (A (O () > 1, Oy € R™)

= —Ssup {(C(m), a(m)); sup Cp(A*(O(m), 0[,,,.;,.1])) > 1, O(m) S Rm}

0[m+1] ERdim

= —sup{c, ), (5.9)
0cl’
where ¢,y = (c1, ..., cy) and we use the assumption that (¢y41,...,¢q) =0. O

5.2 Convergence domain of the matrix moment generating function

From Proposition 5.2 and Theorem 5.1, we obtain the following result for the conver-
gence domain.

Theorem 5.2 For every x € Z‘i, Dy =D.

Proof We prove Dy = D. By Proposition 5.1, this implies Dy = D forevery x € Zi.
Suppose Do\D # (. Since Dy is an open set and, by Proposition 5.2, we have
D C Dy, there exists a point ¢ € Dy\D, where D is the closure of D. This ¢
satisfies @g(g) < co. Since D is a convex set, there exists a hyperplane .7 satisfying
q € S and DNAH =0 (see Fig. 2). Denote by ¢ > 0 the normal vector of 7,
where we assume ||c|| = 1. By the definition, ¢ satisfies

(c,q) > sup(c, ). (5.10)
0D

Let ¢’ be a vector of positive integers satisfying

(Ic'lle, q) > (¢, q) > sup(c’, 8). (5.11)
0D

This is possible because of (5.10) and the fact that D is bounded in any positive

direction. For this ¢’ and for j, j’ € Sy, define a moment generating function ¢, ()
as
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6, 4 c=(c1cz)

q=(91,92)

-

cp(4.(61,6,)) =1

H
0 | 0,
a,<0,a,<0
Fig.2 Convergence domain of @¢(0) (d = 2)
o
9o 0) =Y “P% G jy ke (5.12)
k=0

and apoint €9 as) = arg maxy g (¢, 8). By Theorem 5.1 and the Cauchy—Hadamard
theorem, we see that the radius of convergence of the power series on the right-hand
side of (5.12)is /€0 and this implies that ¢, (0) divergesif (¢, §) > (c¢/, 6/0). Hence,
by (5.11), we have ¢./(g) = co. On the other hand, we obtain from the definition of
@ (0) that

v (q) < Z e G ).k = [Po(@)]),j < 0. (5.13)
kezd
This is a contradiction and, as a result, we obtain Dy\D = (. |

5.3 Asymptotic decay rate of the marginal measure

Let X be a vector of random variables subject to the stationary distribution of a multi-
dimensional reflected random walk. The asymptotic decay rate of the marginal tail
distribution in the form P({c¢, X) > x) has been discussed in [12] (also see [9]), where
¢ is a direction vector. In this subsection, we consider this type of asymptotic decay
rate for the occupation measure.

Lete = (¢, ca, ..., cq) be a vector of mutually prime positive integers. We assume
€1 = minj<;<g ¢;; in other cases such as ¢ = minj<; <4 ¢;, analogous results can be
obtained. For k > 0, define an index set .%; as

I ={lp = (b, I3, ..., la) € Z27Y; (e, (Ih, 112))) = c1k for some [ € Z}.
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A A A
' ' }
1-limited 1-limited O K-limited
Al NS Ol
[
Server

Fig.3 Polling model with three queues

For x € Z%, the matrix moment generating function @, (fc) is represented as

o
@x (6(’) - Zekq@ Z Nx,(k—<0[2],l[2])/cl,1[2])7 (514)
k=0 I[z]eﬂl
where c[p] = (c2,c¢3,...,cq). By the Cauchy-Hadamard theorem, we obtain the
following result.
Theorem 5.3 For any vector of mutually prime positive integers, ¢ = (c1, c2, ..., Cq),

such that ¢y = min|<;<g ¢; and for every (x, j) € Sy and j' € Sy,

. 1 -
lim sup — 10g Z q(xsj)’(k—@‘[ZJJ[ZJ)/Clsl[zj»j/) = — sup 6‘19. (515)
koo K ey fcel

In other cases, for example, c; = min|<;<q c;, an analogous result holds.

5.4 Single-server polling model with limited services: an example

As a simple example, we consider a single-server polling model with three queues,
in which first two queues (Q; and Q) are served according to 1-limited service and
the other queue (Q3) according to K-limited service (see Fig. 3). We say that, for
k > 1, a queue is served according to k-limited service if the server serves at most
k customers on a visit to that queue. The single server goes around the queues in
order Q1, Qy, Q3, without switchover times. For i € {1, 2, 3}, customers arrive at Q;
according to a Poisson process with intensity A; and they receive exponential service
with mean 1/u;. We denote by A the sum of the arrival rates, i.e., A = A1 + A2 + A3.
Fori € {1, 2,3}, let X; (¢) be the number of customers in Q; at time ¢ and denote
by )~((t) = ()~(1(t), }22(1‘), )~(3(t)) the vector of them. Let j(t) be the server state
indicating which customer is served at time 7. Then, (Y1)} = {(X (1), J (1))} becomes
a continuous-time three-dimensional QBD process. Let Sy be the set of server states,
whichis givenas So = {1,2,..., K, K+1, K+2}. When X(r) > 0, J (t) = 1 means
that the server is serving a customer in Q; and J (t) = 2 that it is serving a customer
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in Qp; for j > 3, J(@t) = J means that it is serving the (j — 2)-th customer in Q3 on
a visit to that queue. The nonzero transition rate blocks of {Y ()} when X (¢) > 0 are
given as follows:

Aroo=nr1l, Apgiro=nrl, Ago1=rsl,

0000 0
Opi 00 00200
000---0
- 000 0 . 0000 0
A_100= » Ao-10=10000 0]
000 0 0000---0
0000 0
0000 ---0
. 000 w3 0 . -
Ag0,-1 = A , Ao,0,0 = —diag Z Ail
. : ic(—1,0,113,i#0
0000 - 3 e
13000 --- 0

Let {Y(©)} = {(X(¢), J(¢))} be a continuous-time three-dimensional MMRW on
the state space 73 x So, having Ai, i € {—1,0, 1}3, as the transition rate blocks.
Let {Y,} = {(X,, J,)} be a discrete-time three-dimensional MMRW on the state
space Z3 x So, generated from {Y (¢)} by the uniformization technique. The transition
probability blocks of {Y,} are given by, fori € {—1,0, 1}3,

A {I+%Ai,i=0,

' %Ai, otherwise,

where we set v = A + 1 + w2 + u3. Applying Theorem 5.1 and Corollary 5.1 to
this MMRW {Y,,}, we obtain the asymptotic decay rate of the occupation measure,
as described in Tables 1 and 2. In both the tables, the value of K varies from 1 to 20.
Table 1 deals with a symmetric case, where all the arrival intensities are set at 0.25 and
all the service rates are set at 1. Since Q3 is served according to K -limited service, the
absolute value of the asymptotic decay rate in the case where c3 = 1 monotonically
increases as the value of K increases. On the other hand, that in the case where ¢3 = 0
does not always vary monotonically, for example, in the case where ¢ = (1, 1, 0), the
absolute value of the asymptotic decay rate decreases at first and then it increases.
Table 2 deals with an asymmetric case, where the arrival intensity of Q3 is five times
as large as those in Q; and Qy, i.e., w1 = w2 = 0.1 and 3 = 0.5; all the service rates
are set at 1. It can be seen from the table that the absolute values of the asymptotic
decay rates for all the direction vectors are nearly balanced when K is greater than 5,
which means that the absolute value of the asymptotic decay rate in the case where
¢ = (1,1, 0) is close to that in the case where ¢ = (1,0, 1) when K is set at 5; the
absolute value of the asymptotic decay rate in the case where ¢ = (1, 0, 0) is close to
that in the case where ¢ = (0, 0, 1) when K is set at 10.
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Table 1 Values of supgc(c, 8)
(A1 =22 =23 =0.25,
pr=pp=p3=1 1 2 3 5 10 20

(1,1,1) 0.86 1.10 1.26 1.41 1.54 1.61
(1,1,0) 0.69 0.59 0.63 0.69 0.74 0.78
(1,0, 1) 0.69 1.11 1.37 1.62 1.84 1.97
(1,0,0) 0.45 0.51 0.62 0.75 0.88 0.97
0,0, 1) 0.45 0.99 1.25 1.49 1.68 177

Table 2 Values of supgc(c, 6)
(A1 =2 =0.1,23 =0.5,
my=pa=pn3=1 1 2 3 5 10 20

o
>

(1,1, 1) 2.81 2.34 1.90 1.33 1.08 1.07
(1,1,0) 3.33 2.57 1.94 1.18 0.80 0.74
(1,0,1) 1.72 1.44 1.21 0.95 1.01 1.18
(1,0,0) 2.01 1.54 1.17 0.76 0.68 0.79
0,0,1) 0.41 0.37 0.36 0.41 0.62 0.78

6 Concluding remark

Using the results in the paper, we can obtain lower bounds for the asymptotic decay
rates of the stationary distribution in a multi-dimensional QBD process. Let (Y,} =
{(5( n f,,)} be a d-dimensional QBD process on the state space S; = Zﬁ_ X S, and
assume that the blocks of transition probabilities when X,, > 0 are given by A;,i €
{—1,0, l}d. Assume that {f/'n} is irreducible and positive recurrent and denote by v =
(vy, ¥ € S4) the stationary distribution of the QBD process. Furthermore, assume that
the blocks A;, i € {—1,0, 1}%, satisfy the property corresponding to Assumption 3.1.
Then, by Theorem 5.1 and Corollary 5.1, for any vector ¢ of nonnegative integers such
that ¢ # 0 and for every j € Sp, a lower bound for the asymptotic decay rate of the
stationary distribution in the QBD process in the direction specified by ¢ is given as
follows:

1
likm inf % log vike,j) = — sup{{c, 0); cp(A.(0)) > 1, 0 Rd}, 6.1)
— 00

where A,(0) = > ;c(_1.0.1y¢ (19 A;. Since the QBD process is a reflected Markov
additive process, this inequality is an answer to Conjecture 5.1 of [13] in a case with
background states.

Acknowledgements The author is grateful to anonymous referees for their valuable comments and sug-
gestions to improve the paper.
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A Convexity of the reciprocal of a convergence parameter

Let n be a positive integer and x = (x1, x2, ..., x,) € R". We say that a positive
function f(x) is log-convex in x if log f(x) is convex in x, and denote by G, the
class of all log-convex functions of n variables, together with the function identically
zero. Note that, G, is closed under addition, multiplication, raising to any positive
power, and the “lim sup” operation. Furthermore, a log-convex function is a convex
function.

Let F(x) = (fij(x),i,j € Z) be a matrix function each of whose elements
belongs to the class &,, i.e., forevery i, j € Zy, fi j € G,.In[7], it has been proved
that when n = 1 and F(x) is a square matrix of a finite dimension, the maximum
eigenvalue of F (x) is alog-convex function in x. Analogously, we obtain the following
lemma.

LemmaA.1 For every x € R", assume that all powers of F (x) are finite elementwise
and F (x) is irreducible. Then, the reciprocal of the convergence parameter of F (x),
cp(F (x))~!, is log-convex in x or identically zero.

Proof For k > 0, we denote by fl.(];.) (x) the (i, j)-element of F (x)K. First, we show

that, for every k > 1 and for every i, j € Z4, fl(lj) (x) € 6,,. This is obvious when
k = 1. Suppose that it holds for k. Then, we have, for every i, j € Z,

FE @) = 1im 3 Y@ f00, (A
=0

and this leads us to fi(’k‘H)(x) € G, since G, is closed under addition, multiplication
and the “lim sup” (“lim”) operation. Therefore, for every k > 1, every element of
F(x)" belongs to &,,.

Next, we note that, by Theorem 6.1 of [21], since F(x) is irreducible, all elements
of the power series Y o ZFF(x)* have common convergence radius (convergence
parameter), which is denoted by cp(F (x)). By the Cauchy—Hadamard theorem, we
have, for any i, j € Z,

_ . 1/k
ep(F(x)~" = lim sup(f*) (x)) /k (A.2)
k—00
.. . 1 . (k) 1/k
and this implies cp(F (x))~! € &, since (fl/ (x))"" €6, forany k > 1. ]

B A sufficient condition ensuring ¥(6) is unbounded

Proposition B.1 Assume P is irreducible. Then x (0) is unbounded in both directions,
Le., limg_, oo x(0) = limg_, o x () = o0.
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Proof Note that, since P is irreducible, A, is also irreducible. Forn > 1, j € Z, and
0 € R, A, ()" satisfies

[A.O)" ;= > [Ai A x - x Ay, ] Zi=tie (B
i(,,)E{—l,O,l}”

where i ;) = (i1, i2,...,i,). Since P is irreducible, there exist no > 1 and i,y €
{—1,0, 1} such that [A;; A;, x --- x A;, 1;; > 0 and >i2 ik = 1. For such an
no, we have [A.(0)"];; > ce? for some ¢ > 0. This implies that, for any m > 1,
[A4(0)"™];; > ™™ and we have

1 1 o
%(0) = limsup([A(6)" 1) > lim sup([A(6)""];j) 70" > c7oe™.

m—0Q m— 00

1 _0
Therefore, limg_, o, x (8) = oo. Analogously, we can obtain x () > c"e "o for

some ng > 1 and ¢ > 0, and this implies that limy_, _ x (0) = 0. m]

C Proof of Proposition 2.2 and Corollary 2.1

Proof of Proposition 2.2 Let S| be the set of indices of nonzero rows of Ay, i.e., S| =
{k € Z,;the k-throw of A is nonzero}, and S = Z\S;.Fori € {—1, 0, 1}, reorder
the rows and columns of A; so that it is represented as

A1 Ai2
A= (SR
' <Ai,21 Ai,22>
where A; 11 = ([Ailei k.l € S1), Aijiz = ([Aileis k € S1,1 € $), Aia1 =
([Ai]k,l; k e $,1 € 8)) and A,‘,zz = ([Ai]k,ﬁ k,l € 85). By the definition of Sj,
every row of (Ay,11 Ay,12) is nonzero and we have Aj2; = O and A; 2, = O. Since

Q isirreducible and R is elementwise finite, N is also elementwise finite and positive.
Hence, R is given as

(C.1)

. _ (Ri1 Rz
R-A]N—(O 0),

where Ri1 = ([Rlx,; k, I € S1) is positive and hence irreducible; Rj2 = ([R]x; k €
S1,1 € $7) is also positive. Since Ry is a submatrix of R, we have cp(R11) > cp(R).

We derive an inequality with respect to Rj; and Rj;. From (2.4), we obtain R >
R2A_1 + RAy and, from this inequality,

Ri1 = R11R12A_121 + R1240,21, (C2)
Ri2 > R11R12A_120 + R12A0,22. (C3)
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Forn > land i) = (i1, i2, ..., in) € {—1,0}", define A; , 22 and [li (n)| as

n
Ay 22 = Ai,22 X Ajy_ ;20 % - x Ao, il =D ikl

Then, by induction using (C.3), we obtain, for n > 1,

Rz Y. RY"'RnAi, (C4)
ie({—1,0"

and this and (C.2) lead us to, forn > 1,

Ri1 > Z R”l(")”Rlezm 12240, 21, (C.5)
i(,,)G{—l,O}"

where Ai(O),22 = 1. Wenote thatsince A, = A_;+ Ao+ A isirreducible, A| 21 = O
and A1 2 = O, forevery k € S> and [ € Sy, there exist ng > 1 and i () € {—1, 0}"°
such that [Ai(,lo,l),ZQAino,Zl]k,l > 0.

Let o be the convergence parameter of Rq;. Since Ry is irreducible, R is either
a-recurrent or «-transient. First, we assume Rjp; is a-recurrent. Then, there exists
a positive vector u; such that ou! Ry = ulT. If ulTRlz < 00, elementwise, then
u' = (ulT,ozulTng) satisfies ozu+R = u' and we obtain cp(R) > a = cp(Ry1).
Since cp(R) < cp(R11), this implies « = cp(R) = ¢ and we obtain statement (i) of
the proposition. We, therefore, prove u]—Rlz < 00, elementwise. Suppose, for some
k € S», the k-th element of uIrRlz diverges. For this k and any [ € Sy, there exist
no > 1and i, € {—1, 0}"° such that [Ai(no_n,22Ain0,21]k,l > 0. Hence, from (C.5),
we obtain

—1.. T T T ”i(n )”
lo  w i =[u; Ritli = [u; R;;™ Ri2lklAi 1y 2240, 211k
= o ool [u] Rkl Ai, 1) 2240 211510

This contradicts that z; is elementwise finite and we see u;rR 12 1s finite elementwise.
Next, we assume R is «-transient, i.e., Zfiio oz”Rf1 < 00, elementwise. We have

o0 —

Zaan _ (Lo« Ry 2 "R, 'Ry _
0 o o
n=

Hence, in order to prove Z}C;O:O a"R" < 00, elementwise, it suffices to demonstrate
Z,fozl a”R;’flRlz < 00, elementwise. Suppose, for some k € S; and some [ € S,
the (k, [)-element of Y 72 | " Ri’l_lRlz diverges. For this [ and any m € Si, there
exist ng > 1 and i, € {—1, 0}""0 such that [Ai<n0_|>,22AinO,21]l,m > 0. For such an
no and i (), we obtain from (C.5) that, forn > 1,
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n _ pn-—1 lEwpll 5n—1 X .
11 _Rll Ry ZR“ R“ R12Al(,,o,1),22A1n0,217

12 ey

where every diagonal element of R, is positive. From this inequality, we obtain
- it -
npn - L(ng) n pn—1 . )
|:Z°‘ Rll] = [Rn ok Z“ Ry Rz Ai 12240521 L
n=1 k,m n=1 k.l

This contradicts that Ry is o-transient and we obtain ) o~ ;& R" < 00, elementwise.
Furthermore, this leads us to cp(R) > o« = cp(R11) and, from this and cp(R) <
cp(R11), we have @« = cp(R) = e?. As a result, we obtain statement (ii) of the
proposition and this completes the proof. O

Proof of Corollary 2.1 In a manner similar to that used in the proof of Proposition 2.2,
let S7 be the set of indexes of nonzero rows of Ay and S» = Z4\S1. Then, reordering
the rows and columns of R according to S7 and S», we obtain R given by expression
(C.1), where R11 = ([Rlk.1; k,I € S1) is positive and hence irreducible and Rip =
([Rlk.1; k € 81,1 € $2) is also positive. From the proof of Proposition 2.2, we know
that cp(R) = cp(R11) = €. By these facts and the Cauchy—Hadamard theorem, we
obtain, fori, j € S;,k € S, andn > 1,

I T 5
lim sup ([R”]i,j)" = lim sup ([R’fl]i,j)" —e?, (C.6)
n—o0 n—oo
1 -
limsup ([R"]; x)" < e ’. (C.7)
n—o0

Since [RY,];; is subadditive with respect to n, for example, [Rffrnz],-,,- >

[R}}1i.i [R|}1i,i for ny,ny € Zy, the limit sup in Eq. (C.6) can be replaced with
the limit when i = j (see, for example, Lemma A.4 of [21]). Furthermore, we have,
fori, j € S;,ke S andn > 1,

1

1 1 _
= lim inf ([RfflRu]i,j)" > lim inf ([Rfflli,i[Ru]i,j)" =e",

==

i (771,

(C.8)
1 1 1 _
liminf ((R"];.6)" = liminf (IR} Rizlie)" = liminf (IR il Rizli )" = ™.
(C.9
Hence, we obtain Eq. (2.16). It is obvious by expression (C.1) that, for i € S and
J€Zy, [R"])i;=0. mi
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