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Abstract

Stochastic networks with complex structures are key modelling tools for many impor-
tant applications. In this paper, we consider a specific type of network: retrial queueing
systems with priority. This type of queueing system is important in various applica-
tions, including telecommunication and computer management networks with big
data. The system considered here receives two types of customers, of which Type-1
customers (in a queue) have non-pre-emptive priority to receive service over Type-2
customers (in an orbit). For this type of system, we propose an exhaustive version of
the stochastic decomposition approach, which is one of the main contributions made
in this paper, for the purpose of studying asymptotic behaviour of the tail probability
of the number of customers in the steady state for this retrial queue with two types of
customers. Under the assumption that the service times of Type-1 customers have a
regularly varying tail and the service times of Type-2 customers have a tail lighter than
Type-1 customers, we obtain tail asymptotic properties for the numbers of customers
in the queue and in the orbit, respectively, conditioning on the server’s status, in terms
of the exhaustive stochastic decomposition results. These tail asymptotic results are
new, which is another main contribution made in this paper. Tail asymptotic proper-
ties are very important, not only on their own merits but also often as key tools for
approximating performance metrics and constructing numerical algorithms.
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1 Introduction

Rapid advances in the fields of computer and communication technologies, with fast
increasing internet, big data and smartphone applications, have significantly changed
every aspect of our life. These accelerated developments have continuously raised
new challenges in modelling, performance analysis, system control and optimization,
such as those for queueing systems, including priority retrial queues (see, for exam-
ple, Sutton and Jordan [33], Dimitriou [9], Phung-Duc [32], Walraevens, Claeys and
Phung-Duc [34] among others). As a consequence of these challenges, the resulting
stochastic models become progressively more complex, due to, for example, depen-
dence structures, dimensions and the size of the data involved. For such networks,
non-transformation exact solutions are hardly seen, whereas asymptotic behaviours
and properties are among the key candidates that we search for.

In this paper, we consider a single-server retrial queue with two types of customers
(Type-1 and Type-2), denoted by M1, M>2/G1, G2 /1. This model was studied by Falin,
Artalejo and Martin in [14]. In this model, customers arrive according to a Poisson
process at rate A > 0 and with probabilities g € (0, 1) and p = 1 — g to be Type-
1 and Type-2, respectively. In other words, Type-1 and Type-2 customers form two
independent Poisson arrival processes with rates 1 = Ag and L, = A p, respectively.
If the server is idle upon the arrival of a Type-1 or Type-2 customer, the customer
receives the service immediately and leaves the system after the completion of the
service. If an arriving Type-1 customer finds the server busy, it joins the priority queue
with an infinite waiting capacity. If a Type-2 customer finds the server busy upon
arrival, it enters the orbit and makes retrial attempts later for receiving a service. Each
of the Type-2 customers in the orbit repeatedly tries, independently, to receive service
according to a Poisson process with a common retrial rate p until it finds the server
idle, and receives its service immediately. Type-1 customers have non-preemptive
priority to receive service over Type-2 customers. Thus, as long as the priority queue
is not empty, all retrials by Type-2 customers from the orbit are blocked (or failed),
and all blocked Type-2 customers return to the orbit with probability one. Each Type-i
customer, i = 1, 2, has service time Tg,, whose common probability distribution is
Fg.(x) with Fg, (0) = 0, and all service times are independent, and are assumed to
be independent of the arrivals. Tg; is assumed to have a finite mean B; 1,1 = 1,2,
where the second subscript is used to indicate the first moment of the service time. The
Laplace-Stieltjes transforms (LST) of the distribution function Fg, (x) is denoted by
Bi(s),i =1,2. Let p1 = A1B1,1, p2 = A2B2,1 and p = py + p2 = A(gB1,1 + pB2,1).
It follows from [14] that this system is stable if and only if p < 1. We assume that
p < 1 throughout this paper. For the service times T, of Type-i customers, i = 1, 2,
we make the following assumptions:

Al. Tg, has tail probability P{Tg, >t} ~t~“ L(t) ast — 00, where a; > 1;
A2. Tg, has tail probability P{Tg, > t} ~ ¢ "'t L(t) as t — 00, where —o0 <

ap <ooifr >0,0ra; > ayifr =0.
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Here, L(t) represents a slowly varying function at oo (see Definition A.1).

There are many references in the literature for asymptotic analysis for queues
without retrials, for example, Asmussen, Kliippelberg and Sigman [3], Boxma and
Denisov [6], and more references can be found in two excellent surveys: Borst et
al. [5] and Boxma and Zwart [7]. Concerning retrial queues, we refer readers to the
following books or review articles for an updated status of studies and for more ref-
erences therein: Falin [13], Artalejo and Gémez-Corral [2], Kim and Kim [21] and
Phung-Duc [32]. We also mention here the following two references, which are closely
related to the study in this paper: Kim, Kim and Ko [23] and Kim, Kim and Kim [22].
Priority retrial queueing systems are a type of very important retrial queues, which find
many applications, for example, in computer network management and telecommu-
nication systems. In such systems, there are usually two or more types of customers.
A survey of studies on single-server retrial queues with priority calls (or customers),
published in 1999, can be found in Choi and Chang [8]. Since then, more publications
on priority retrial queues became available, such as Artalejo, Dudin and Klimenok [1],
Lee [24], Gémea-Corral [19], Wang [35], Dimitriou [9], Wu and Lian [36], Wu, Wang
and Liu [37], Gao [18], Dudin et al. [11], Walraevens, Claeys and Phung-Duc [34]
(who, assuming Fpg, (x) = Fpg,(x), considered special situations of the model studied
in this paper using a different method), among possible others. Readers may refer to
[9,37] for more detailed reviews of the above-mentioned studies.

Different from the above-mentioned studies, our focus in this paper is on the
heavy-tailed behaviour of stationary (conditional) probabilities. Specifically, under
the assumptions that the tail probability of the service time for Type-1 customers is
regularly varying and the tail probability of the service time for Type-2 customers is
lighter than that for Type-1 customers (see Assumptions Al and A2), we characterize
the tail asymptotic behaviour for the following key system performance metrics:

PO-0 Conditional tail probability of the number of customers in the orbit given that
the server is idle;

PO-1 Conditional tail probability of the number of customers in the orbit given that
the server is serving a Type-1 customer;

PO-2 Conditional tail probability of the number of customers in the orbit given that
the server is serving a Type-2 customer;

PQ-1 Conditional tail probability of the number of customers in the queue given that
the server is serving a Type-1 customer;

PQ-2 Conditional tail probability of the number of customers in the queue given that
the server is serving a Type-2 customer.

We did not include the conditional probability of the number of customers in the queue
given that the server is idle, since the queue is obviously empty when the server is idle.
The tail asymptotic behaviour is one of the key subjects in applied probability. It is
also very useful in approximations and computations, such as providing performance
metrics and developing numerical algorithms (see Liu and Zhao [26] for some of its
applications).

The main contributions made in this paper are twofold:

(1) The proposal of an exhaustive stochastic decomposition approach for com-
plicated probability generating functions (PGFs), or transformations in general, of a
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probability distribution. This approach decomposes a complicated PGF into a product
of PGFs, or equivalently decomposes ar.v. into a sum of independent r.v.s, called inde-
pendent components, to which detailed probabilistic interpretations are provided. We
refer to this extended version of stochastic decompositions as the exhaustive stochastic
decomposition approach. This exhaustive version of the stochastic decomposition is
an extension of the idea presented in the literature; for example, see Liu, Wang and
Zhao [29]. This paper is one of the sister papers (see Liu, Min and Zhao [25] and
Liu and Zhao [27,28]) demonstrating the usefulness of the exhaustive decomposition
approach to different types of queueing models.

Stochastic decomposition has been widely used in queueing system analysis. For
example, it is well known that for the M /G /1 retrial queue, one can stochastically
decompose the total number of customers in the system as the independent sum of
the total number of customers in the corresponding standard M /G /1 queueing sys-
tem (without retrials) and another random variable (r.v.). The exhaustive version of
the stochastic decomposition approach is also to decompose a r.v. into independent
components, but in a more systematic way, applied to more complicated PGFs (or
transformations), such that detailed probabilistic interpretations for each decomposed
component can be provided. We expect that this extended version of decompositions
can be applied to other queueing models and used in other applied probability areas.

(2) Tail asymptotic results for the conditional probabilities, specified in PO-i
(i =0,1,2)and PQ-i (i = 1,2) for the M|, M2/G1, G2/1 priority retrial queue-
ing model. These tail asymptotic results are new. Tail probability behaviour is an
important topic, which was not touched in [14]. The stochastic decompositions of
these generating functions allow us to analyse tail asymptotic behaviour for each
independent component in the decompositions, which lead to our final tail asymp-
totic results, stated in detail in the following theorem. For the purpose of stating this
theorem, let Rgue be the number of Type-1 customers in the queue, excluding the
possible one in the service, let Ry, be the number of Type-2 customers in the orbit,
and let Iier = 0, 1, or 2 according to the status of the server: idle, busy with a Type-1
customer, or busy with a Type-2 customer, respectively. To stay consistent with the
literature notation, let Ry be a r.v.whose distribution coincides with the conditional
distribution of Ry given that I = 0, or

d
Ro = Ror | Iser =0,

where the symbol “ <> stands for equality in probability distribution. Similarly, for

i = 1,2, we define the two-dimensional r.v. (R;1, R;) as
d .
(Ri1, Ri2) = (un61 Rorb) | Lser = 1.

We can now state the main results on tail asymptotics.

Theorem 1 For the M, M3/G 1, G2/1 priority retrial queueing model, studied in
[14], under assumptions Al and A2, we have, as j — 00,
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(1)
. . AiA5! ar g
P{Row > jllser =0} = P{Ro > j} ~ apn(l — ,0)2(1 _pl)al—l - J L(j).
(1.1
2) L
P{Rque > jllser = 1} = P{R RV — E— LY )T 1.2
{Rque > JjlI b=PlRu =y~ e ) (1.2)
o [ 1 g T
P{Rorb>]‘lser—1}—P{R12>]} |:1—)O p1:|‘(a1—1)(1—,01)“1 -] ! L(/),
(1.3)
™t . .
PRy > 1l = 2) = P(Ray = j) ~ | P04 LU Ir=0"(14
que ser Aot (g )2 ( Al )/ i~y . o .
BN (B e (), ifr > 0;

aag!
(1= p)a — D = ppa—!

P{Rowy > jllser =2} = P{Rp2 > j} ~ TLG). (L)
Recalling the assumptions made on the service times, we notice that all above condi-
tional probabilities are also regularly varying with a dominant influence by the service
time distribution for Type-1 customers, except for the case r > 0, for which the tail is
dominated by the service time for Type-2 customers.

To guide readers to detailed analysis for our main contributions, we provide a step
by step presentation in the following sections:

Step 1: Preliminaries. In this step, we present three PGFs, all obtained from [14], one
for the tail behaviour in Theorem 1(1), and the other two for Theorem 1(2). We
rewrite these generating functions in a preferable form for making decompo-
sitions. We also provide probabilistic interpretations for the functions g and
h contained in these three PGFs.

Step 2: Stochastic decompositions. In this step, in terms of the exhaustive stochastic
decomposition approach, we provide stochastic decompositions for the gen-
erating functions (or part of the generating function for the case of the r.v. Ry)
provided in Step 1. Equivalently, we show that each of the these functions can
be viewed as the generating function for the sum of some well-constructed
independent r.v.s, each with a detailed probabilistic interpretation.

Step 3: Tail asymptotics. In this step, we first specify tail asymptotic properties for
each decomposed component obtained in Step 2 and then identify the domi-
nant contributions to derive the results stated in Theorem 1.

The rest of the paper is organized as follows: Sect. 2 is our Step 1, in which we
express the probability generating functions of interest, obtained in [14], in the forms
in favour of making stochastic decompositions, which are our starting point. Section 3
is devoted to Step 2, in which the proposed exhaustive stochastic decompositions are
performed on the three key generating functions. Our Step 3, presented in Sect. 4,
is to derive the tail asymptotic properties, based on the results obtained in previous
sections. Most of the detailed analysis is organized in Appendices B and C following
the concluding section, Sect. 5.
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2 Preliminaries—step 1

For the M1, M>/G1, G2 /1 priority retrial queueing model, according to the definitions

of the r.v.s Ry and (R;1, Rj2) for i = 1,2 (given in the Introduction), we have that
Ro has the PGF Ro(z2) € E(zX) = E(F|I = 0), and (Ri1, Rip) has the

PGF R;(z1,22) dof E(zf“zg"z) = E(zfq"ezg‘“bllser = i) fori = 1, 2. These three
generating functions are key probability quantities of the queueing model. In [14], the
authors obtained expressions for Ro(z2), R1(z1, z2) and Ry (z1, z2), together with the
facts that P{lsey =0} =1 — p, P{lser = 1} = py and P{lsr = 2} = p5.

In this section, we first rewrite these three generating functions into forms favourable
for making stochastic decompositions and also provide probabilistic interpretations
for two important functions /2 and g (in Sects. 2.1.1 and 2.1.2, respectively) contained
in the generating functions.

2.1 Generating function Ry (z)

First, we denote

B(s) =qBi(s) + pPa(s), 2.1)
8(z2) =qh(z2) + pz2, (2.2)

where the function %(z;) is uniquely determined by the equation

h(z2) = 1 (A — A1h(z2) — X222). (2.3)

Then, the PGF R((z2), obtained in [14], can be rewritten as

1
Ro(z2) = exp {—w / K(u)du} , (2.4)
22
where
Y =pir/(n(l — p)), (2.5)
Ku) =K,u) - Kp(u) - Kc(u), (2.6)
with
Koy =2 —PL 1780 2.7
)4 1—u
Kp(u) =l . M, (2.8)
P 1—gu
Ke(w) =~=* I —u 2.9)

I—p1 Bk —rgw) —u’
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Ro(z2) will be used for us to obtain the tail asymptotic properties in Theorem 1(1).
In Step 2, we will show that all K, (u), Kp(u) and K.(u) can be viewed as the PGFs
of three independent r.v.s., with detailed probabilistic interpretations, and therefore
K (u) is also a PGF.

It is worth mentioning that (i) B(s) in (2.1) is the LST of the mixed distribution
Fp(x) & g Fp, (x) + pFg,(x); and (ii) both hi(z) in (2.3) and g(z2) in (2.2) can be
regarded as the PGFs of r.v.s, which will be verified in the next subsections.

2.1.1 Probabilistic interpretations of h(z;)

h(zy) is a function in the expression of function g(z2) (see (2.2)), which appears in
all K,(u), Kp(u) and K.(u) (see (2.7), (2.8) and (2.9)). Therefore, as will be seen,
the probabilistic interpretations of both 4(z;) and g(z) are crucial for the stochastic
decomposition of K (z7).

In this section, we show that /(z2) is closely related to the busy period 7,, of the
standard M /G /1 queue with arrival rate A1 and the service time Tg,. By Fy(x), we
denote the probability distribution function of 7, and by «(s) the LST of F,(x). The
following are well-known results about this standard M /G /1 queue:

a(s) = Pi(s + 11 — Ara(s)), (2.10)

o € E(Ty) = p1.1/( — p1). (2.11)

Throughout this paper, we use the notation N (¢) to represent the number of Poisson
arrivals with rate b within the time interval (0, ¢]. Now, let us consider N;, (Ty), the
number of arrivals of a Poisson process at rate A, within an independent random time
Ty. The PGF of N;, (Ty) is easily obtained as follows:

oo X n
A
E(z2")=[ 3 292 oxgp () = an — oz, (212)
0 0 n!
n=

It then follows from (2.10) that
a(d2 — A2z2) = Bi1(A — A (ra — A222) — A222). (2.13)

By comparing (2.3) and (2.13) and noticing the uniqueness of 2 (z>), we immediately
have
h(z2) = a(rz = A222), (2.14)

which, together with (2.12), implies that hi(z2) = E(zy 2""*') is the PGF of the non-

negative integer-valued r.v. Ny, (Ty).
2.1.2 Probabilistic interpretations of g(z;)

For g(z3) defined in (2.2), we show that it is also the PGF of a non-negative integer-
valued r.v., denoted by X,, i.e., g(z2) = E (zf #). In fact, it follows from (2.2) that
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d |1, with probability p,
Xe = { Ny, (Ty), with probability . 2.15)
Also, it is easy to obtain that E(Nj,(Ty)) = A281,1/(1 — p1) and
E(Xg) =p+qrafii/(1 —p1) =p/(1—=p1). (2.16)

2.2 Generating functions R;j(z, z;) fori =1, 2

In this section, we rewrite the generating functions R;(z1, z2), i = 1, 2, obtained in
[14], in a different form preferred for stochastic decompositions.
To this direction, fori = 1, 2,let F, éle) (x) be the so-called equilibrium distribution of

the service distributions F, (x), which is defined as i (x) € g7 [i¥(1— Fp ()dr.

The LST of Fj (x) can be written as () (s) = (1 — B;(s))/(Bi.15). Let T4 be ar.v.
having the distribution F§” (x).

Similarly, let Ff”(x) € (g1 + pP2.1)~" fif (1 = F(1))dr be the equilibrium
distribution of the mixed distribution Fg(t) (see the last paragraph in Sect. 2.1) of the

service times. The LST of F§” (x) can be written as 8 (s) = (1 — B(s))/((gB1.1 +
pBa1)s).Fori =1,2, let Tﬂ(f) be a r.v. having the distribution F ﬁ(:) (x). Moreover, let
Fs?(x) = a! [ (1 = Fo())dr be the equilibrium distribution of Fy (x), which is
the busy period function defined in Sect. 2.1.1. The LST of Fée) (x) can be written as
a@(s) = (1 — a(s))/(a1s). Let T, be a r.v., having the distribution F.* (x). This
notation is introduced here for convenience, but will not be used until Sect. 3.

Then, the PGFs R1(z1, z2) and R2(z1, z2), obtained in [14], can be rewritten as

R1(z1,22) =Ma(z1, 22) - M1(z1, 22) - S, (21, 22) - Ro(z2), (2.17)
Ry(z1,22) =8p,(21, 22) - Ka(z22) - Ke(22) - Ro(22), (2.18)

where K,(z2), K.(z2) and Ry(z2) are given in (2.7), (2.9) and (2.4), respectively, and

h(z2) —z1

: , (2.19)
Bi(L— Az —A222) — 21

Mi(z1,z2) =(1 — p1)

[P ' [(A—Ag(zz))(ﬂza—xg(zz))—ﬂz(x—xlzl—Azzz))H]
b M —p1) (B2 — 2g(22) — 22)(h(22) — 21) ik
(2.20)
Sp (1. 20) = AT AC TN T D) e o i=12. (221)

Bi A—Xriz1 — A2

R1(z1, z2) and R>(z1, z2) will be used for us to obtain the tail asymptotic properties
in Theorem 1(2). In Step 2, we will show that all factors in the expressions of Ry (z1, z2)
and R»(z1, z2) can be viewed as the PGFs of some r.v.s., with detailed probabilistic
interpretations.

@ Springer



Queueing Systems (2020) 96:169-199 177

3 Stochastic decompositions—step 2

In this section, we show that all three factors K, (), Kp (1) and K. () in the expression
of K(u) [see (2.6)] are PGFs. Therefore, the integrand function K (#) in the PGF
Ry (z») is also a PGF. Furthermore, we show that all factors in the PGFs R (z1, 22)
and R>(z1, z2) [see (2.17) and (2.18)] are PGFs. These decomposition results are
needed in Step 3 for deriving the tail asymptotic results stated in Theorem 1.

3.1 Stochastic decomposition of K(u)

Denote
v =p/(1—p1) <1, (3.1

where the inequality follows from the stability condition p = p1 + p2 < 1.
The decomposition result for K (1) can be stated in the following proposition.

Proposition 3.1 All factors K,(u), Kp,(u) and K (u) in the expression of K (u), given
in (2.6), are PGFs. Therefore, K (u) itself is also a PGF. Furthermore, if K is a r.v.
having the PGF K (u), and K,, K}, and K. are independent r.v.s having the PGFs
Kq(u), Kp(u) and K. (u), respectively, then K can be stochastically decomposed as

KLK,+Kp+Ke (32)

where K,, Kj, and K. can be specifically constructed by

da 10, with probability 1 — py,
Kq = No (T© . .. ) (3.3)
v, (T "), with probability pr;
d
Kp = N x, (T4); (34)
and
da 10, with probability 1 — ¥,
k. 4 ) 3.5
¢ { Zi]=1 XD with probability 0. (3-5)

In the above expressions, ¥ is defined by (3.1); N )\Z(Tofe)) is the number of arrivals

for the Poisson process with rate \y within the time interval (0, Tage)]; Ny x, (Tﬁ(e))
represents the number of the batched Poisson arrivals, with rate A and batch size
Xg, within the time interval (0, nge)], where X has the PGF g(z) given in (2.2);

and {XS)};’; is a sequence of i.i.d. non-negative integer-valued r.v.s., each with the
same PGF K,(z) - ,356) (A — Ag(2)), namely, Xgi) 4 o+ N;\,Xg(Tﬁ(;)), where the two

components are assumed to be independent, and P(J = i) = (1 — N i > 1,
independent of{Xél) 12

We defer the proof of Proposition 3.1 to Appendix B.
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3.2 Stochastic decompositions of Ry (21, z;) and R (21, 22)

It was proved in [14] and in Sect. 3.1, respectively, that Ro(z2), K,(z2) and K (z2)
are PGFs. In this section, we show that all four remaining factors M;(z1, z2) and
Sg; (z1,22), for i = 1,2, in the expressions of R;(z1,z2) and Ra(z1, z2) (given in
(2.17)and (2.18), respectively) are also PGFs. Compared to the effort for the exhaustive
stochastic decomposition for K (z2), it is more demanding here to get decompositions
for Ry(z1, z2) and Ry (z1, 22).

For stating the decomposition result, we need some preparations. First, for the
probabilistic interpretations of the functions Sg; (z1,z2), i = 1, 2, we introduce the
concept of splitting.

Definition 3.1 Let N be a non-negative integer-valued r.v., and let {X;}?°, be a
sequence of i.i.d. Bernoulli r.v.s, which is independent of N, having the common
0-1 distribution P{X; = 1} = cand P{Xy =0} =1 — ¢ with 0 < ¢ < 1. The two-
dimensional r.v. (Z,ivzl Xi, N — Z,]cvzl X)), where Z? = 0, is called an independent
(c, I — ¢)-splitting of N, denoted by split(N; ¢, 1 — ¢).

For probabilistic interpretations of M; (z1, z2),i = 1, 2, we introduce the following
r.v.s. Let {(Yy,1, ¥5,2)}52 , be a sequence of independent two-dimensional r.v.s, each
with the common PGF gz + pz2, and let {Z,, }310:1 be a sequence of independent r.v.s,
each with the common PGF g(z;). Assume that these two sequences are independent.
In terms of the above two sequences, we construct, for k > 1,

i—1 k—i
(Dt De2) £ 3 (ot Ya2) + 30, Z,), with probability 17k, i =1,2,....k, (3.6)

n=1 m=1

and then, in terms of (Dx, 1, Dk 2), we construct

d . .

(ngl’], Hﬁ1»2) = (Dk,h Dy ») with probability (q/pl)kbﬁ],k, k>1, (3.7
d . .

(Hﬂz,la Hﬂ2,2) = (Dx 1, Di,2) with probability (p/pz)kbﬂz,k, k>1, (3.8)

where L
(At
bg, k =/0 %e_“dF,s] @, k=1, (3.9)
and
© ot
bg, k = ; o e MdFg,(t), k=>1. (3.10)

Here, itis worthwhile to mention that (¢ /1) Z,fil kbg, 1 = 1(see (B.13)foraproof),
and (p/p2) Y po kbg, x = 1 (its proof is similar).
We can now state the decomposition results for R;(z1, z2) and R2(z1, 22).

Proposition 3.2 Besides Ro(z2), Kq(z2) and K:(z2), all the other four factors
M;(z1, z2) and Sp;(z1, z2), i = 1,2, in the expressions of Ri(z1, z2) and Ra(z1, 22),
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given in (2.17) and (2.18), respectively, are also PGFs. Furthermore, fori = 1,2,
if (M1, Mi2) and (Sg; 1, Sg; 2) are two-dimensional r.v.s having the PGF M;(z1, z2)
and Sg, (21, 22), respectively, then the r.v.s (R;1, R;2) fori = 1, 2 can be stochastically
decomposed as

(Ri1, Ri2) < (May, Ma) + (Myy, M) + (Sg,1, Sp,2) + (0, Ro), (3.11)
d
(R21, R22) = (8,1, Sp,,2) + (0, Ky) + (0, K¢) + (0, Rp), (3.12)

where, fori =1, 2,
d ..
(Sg;.15 Sp:.2) = Spllt(Nx(Téf)); q.p) (3.13)

with N, (Tﬂ(’_e) ) being the number of Poisson arrivals with rate A within the time interval
©, T5);

410, with probability 1 — p1,
My, M) = j 3.14
(M11, M12) { 7 (HY (3.14)

B0 Héi)’z), with probability p1,

where J is independent of (H %

| &)1 Hy') (i = 1), having the distribution P(J = i) =
(I=ppy iz 1
(Ma1. May) d |0, with probability 1 — ¥,
2020 =\ (Hg, 1, Hpy ) + (0, Ka) + (0, Ke), with probability 9;
(3.15)
and the probabilistic structures for K,, K. and Ry have been provided in previous

sections.

We defer the proof of Proposition 3.2 to Appendix B.

4 Tail asymptotics—step 3

In this section, based on the stochastic decomposition results obtained in the previous
section, we prove the tail asymptotic results presented in Theorem 1. Before that,
we provide some comments on the assumptions in Al and A2. The service time 7g,
has a so-called regularly varying tail at oco. It is well known that for a distribution F
on (0, 00), if F is regularly varying with index —o, ¢ > 0 (see Definition A.1) or
F € R_,, then F is subexponential (see Definition A.2) or F € S (see, for example
Embrechts et al. [12]).

Clearly, under the assumptions in Al and A2, the service time Tg, of Type-1 cus-
tomers has a tail probability heavier than the service time 7, of Type-2 customers. If
r > 0, T, has a light tail, i.e., E(eng‘Z) < oo for some ¢ > 0. If r = 0, then T, has
a regularly varying tail with index —ay. We also notice that since T, introduced in
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Sect. 2.1.1, is the busy period of the standard M /G /1 queue with arrival rate 11 and
service time 7Tp,, its asymptotic tail probability is regularly varying according to de
Meyer and Teugels [10] (see Lemma A.1).

4.1 Tail asymptotics for Rp—Proof of Theorem 1(1)

In order to obtain the tail asymptotic property for Ry [or Theorem 1(1)], we first present
tail asymptotic properties for the components K,, K;, and K, respectively, and then
the property for K. These results are summarized into the following lemma.

Lemma4.1 As j — oo, we have

(1)
« I a S —ppa ! 7 '
: )‘1)‘;1_1 c—ay+1 .
P{K ~ ST, 4.2
{Kp > Jj} @ =D = ppa—T () 4.2)
) 4 :
P{K: > j} ~——P{K; > j}; (4.3)
11—
(2)

aag!
p(1 = p)(ar — H(A = ppa~!

P{K > j}~ JTUTILG). 44

Refer to Appendix C for a proof of Lemma 4.1.

Proof of Theorem 1(1) By (2.4), the PGF R(z) is expressed in terms of the PGF K (7).
Therefore, the tail probability of R is determined by the tail probability of K. The
following asymptotic result is a straightforward application of Theorem 5.1 in [25]:

PRy > j} ~ ALy A
> ~ .
0= ai p(1 = p)a — DA — ppa—!

CJTUL(),  (45)

where i is given in (2.5).

4.2 Tail asymptotics for R, (i, k = 1, 2)—Proof of Theorem 1(2)

In order to obtain tail asymptotic properties for R;x, i, k = 1, 2, based on the stochastic
decompositions for R in (3.11) and (3.12), we first present tail asymptotic proper-
ties for the components Sg, x and M;; in (3.13), (3.14) and (3.15). These results are
summarized into the following lemma.
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Lemma4.2 As j — 00, we have

(1)
A9 :
P{Sp.1 > j}~ m(al—l_l) L), (4.6)
LAt .
PUSpa > J) ~ i J L, @.7)
i .
. - " J L)), ifr =0,
P{Sg,1 > j} ~ fziaz(k lir)uz_l Ve o 4.8)
RO () L), = 0,
1 et ifr=0
PiSp2>jY~ { Biet /o NS 4.9)
HOP  (25) LG, ifr =0
©)
. £1 .
P(M11 = )~ T2 P(Sp > ), (4.10)
1 gt
P{M > j} ~ [ - } ST L, 4.11)
D= ppa pr(a—1) 7 /
P{My > j} =0P{Sp1 > j}, (4.12)
Aadt
P(My > j}~ D - TATILGY. (413)

(1 =p)ar = D = ppa-!

Refer to Appendix C for a proof of Lemma 4.2.

Now, we are in the position to prove Theorem 1(2). Note that the tail asymptotic
properties for K,, K. and Ry have already been derived earlier. Based on Lemma 4.2
and by identifying dominant contributions made from the tail probabilities P{M;; >
J} P{Sg.k > j}, P{Ks + K¢ > j}and P{Ry > j}to P{R;x > j}, Theorem 1(2)
can be proved as follows.

Proof of Theorem 1(2) Recall (3.11). By (4.12), (4.8) and (1.1), M>; and Ry have tail
probabilities lighter than j_’“Jrl L(j),and by (4.10), (4.13), (4.6) and (4.7), M1, M23,

Sp,,1 and Sg, o have regularly varying tails with index —a; +1. By (3.11) and applying
Lemma A.5, we obtain

P{R11 > j} = P{My1 + M11 + Sg,,1 > j}

~ P{My + Sg,1 > j}~ P{Sg,,1 > j} (referto (4.6)),

1 —p
(4.14)

P{Ri2 > j} = P{Mx» + M2+ Sg, 2+ Ro > j}
~ P{May + My + Sg, 2 > j} (refer to (4.13), (4.11) and (4.7)).
4.15)
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By a similar argument, it follows from (3.12) that

P{Ry > j} = P{Sp,,1 > j} (referto (4.8)), (4.16)
P{Ry > j} = P{Sg, o+ Ko + K. + Ro > j}
~ P{K,+ K. > j} (referto (4.1) and (4.3)), 4.17)

where we have used the fact, by (4.9), that Sg, » has a tail probability lighter than
JTUFLG).

Recall the definition of R, i, k = 1, 2, given in Sect. 1. We know that P{Rque >
JUser =i} = P{R;1 > j}and P{Rowy > jllser = i} = P{Rj2 > j},i = 1,2. This
completes the proof of Theorem 1(2). O

5 Concluding remarks

In this paper, we considered a priority retrial queueing model, which was first consid-
ered in [14]. This is a relatively complex queueing system with two types of arrivals,
priority and non-priority, joining a regular queue and a retrial orbit, respectively, and
served by a singer server. This model was considered in [14], and expressions of the
generating functions for some key probability measures were obtained by the authors.
However, tail probability behaviour, which is important on its own merits and also in
applications, of these key probability measures was not touched in [14], which is the
focus of this paper. We proposed an exhaustive stochastic decomposition approach
to decompose a complicated generating function (or a transformation) into indepen-
dent components with clear probabilistic interpretations. For each component in the
decomposition, we provide tail asymptotic results for the associated probabilities, with
which we successfully obtained tail asymptotic results (Theorem 1) for probabilities
of the number of customers in the queue or in the orbit, under various conditions.

The proposed exhaustive stochastic decomposition approach is a generalization of
the standard decomposition, frequently used in probability and also in queueing appli-
cations. We expect that this decomposition approach can be used for other queueing
systems and in other areas of applied probability. In fact, this paper is one of the
sister papers (see, for example, [25,27,28]) in exploring its potential usefulness and
importance.

It is of interest to continue the research in this direction. One of the natural exten-
sions is to apply this exhaustive stochastic decomposition approach to other queueing
systems. Another interesting problem is to explore its potentials in the analysis of
statistical queueing networks, defined through big data (see, for example, [33]).

To conclude the paper, we would like to provide intuition on the results in Theo-
rem 1(2). First, let us recall a well-known result for the standard M /G /1 queue: If the
service time is regularly varying with index —aj, then the stationary queue length is
also regularly varying, but with index —a + 1. Such a conclusion can be made through
a distributional Little’s law (see, for example [3]). For the model studied in this paper,
the condition /g = 1 means that the server is serving a Type-1 customer. Under this
condition, both types of customers have to wait, customers of Type-1 in the queue
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and customers of Type-2 in the orbit. Therefore, both Rque|lser = 1 and Rogp [ Iser = 1
have an asymptotic tail of the form Const - j"”“L(j) (given in (1.2) and (1.3),
respectively), due to the regularly varying assumption for the service time of Type-1
customers in Assumption A1l. Here, and throughout the appendices, Const stands for
a (but not necessarily the same) constant. On the other hand, the condition /gy = 2
means that the server is serving a Type-2 (lower-priority) customer, which implies
that no Type-1 customers were waiting in the queue at the beginning of service of this
Type-2 customer. In other words, I = 2 implies that all Type-1 customers in the
queue must be those who arrived after the beginning of the service time of this Type-2
customer. Therefore, Rque|lser = 2 has an asymptotic tail of the form given in (1.4),
determined by the service time assumption (in Assumption A2) of Type-2 customers.
However, Ry |lser = 2 still has an asymptotic tail of the form Const - j"““ L(j)
(see (1.5), determined by the assumption on Type-1 customer’s service time), since
the customers in the orbit could be those who arrived during the service times of Type-
2 customers, and/or during the service times of Type-1 customers who were served
before the current Type-2 customer in service, due to the priority discipline.
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Appendix A: Definitions and useful results from the literature

Definition A.1 (for example, see Bingham, Goldie and Teugels [4]) A measurable
function U : (0, c0) — (0, o0) is regularly varying at oo with index o € (—00, 00)
(written U € Ry ) iff limy— oo U(xt)/U(t) = x° forall x > 0. If 0 = 0 we call U
slowly varying, i.e., lim;— o, U (xt)/U(t) = 1 for all x > 0.

For a distribution function F, denote F ©f' | _ F for the remainder of the paper.

Definition A.2 (for example, see Foss, Korshunov and Zachary [17]) A distribution
F on (0, co) belongs to the class of subexponential distribution (written F' € S) if
lim;_, oo F*2(t)/F(t) = 2, where F = 1 — F and F*? denotes the second convolution
of F.

Lemma A.1 (de Meyer and Teugels [10]) Under Assumption Al,

P{T, >t} ~ ATUL@) ast — oo. (A1)

(1= pp)@*!
The result (A.1) is straightforward due to the main theorem in [10].

LemmaA.2 (pp.580-581 in [12]) Let N be a rv. with P{N = k} = (1 — o)k~ 1,
O<o<1,k=>1, and {Yk},‘z‘;1 be a sequence of non-negative, i.i.d. r.v.s having a
common subexponential distribution F. Define S, = Y j_, Y. Then, P{Sy > t} ~
(1—=F@)/(1—0)ast — oo.
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Lemma A.3 (Proposition 3.1 in [3], or Theorem 3.1 in [16]) Let N, (t) be a Poisson
process with rate A and let T be a positive r.v. with distribution F, which is independent
of Ny(t). If F(t) = P{T > t} is heavier than eViast — 00, then P(N,(T) >
Jj)~ P{T > j/A}as j — oo.

Lemma A.3 holds for any distribution F* with a regularly varying tail because it is
heavier than e~V as t — oo.

LemmaA.4 (p.181 in [20]) Let N,.(t) be a Poisson process with rate % and let T be
a positive r.v. with distribution F, which is independent of N, (t). If F(t) = P{T >
ty~e W "L(t) ast — oo forw > 0 and —oco < h < oo, then

J
P(N,(T) > j) ~ A0+ w)" ! (—) JTMLG), > oo

A+ w

LemmaA.5 (p.48in[17])Let F, F and F be distribution functions. Suppose that F €
S IfF;(t)/F(t) — ciast — oo forsomec; >0, i = 1,2, then Fy x F»(t)/F(t) —
c1 + 2 ast — 00, where the notation F x F» stands for the convolution of F| and
F.

LemmaA.6 (pp.162—163 in [20]) Let N be a discrete non-negative integer-valued r.v.
with mean value iy, and let {Y}72 | be a sequence of non-negative i.i.d. r.v.s with
mean value wy. Define So = 0 and S, = 22’:1 Yi. If P{Y, > x} ~ cyx "L(x) as
x — oo and P{N > m} ~ eym~"L(m) as m — oo, where h > 1, cy > 0 and
cy >0, then P{Sy > x} ~ (CN;/)’, + uney)x "L(x) as x — oo.

Remark A.1 1t is a convention that in Lemma A.6, cy = 0 and ¢y = 0 means that
limy_ oo P{Ys > x}/(x""L(x)) = 0 and limy— o0 P{N > m}/(m~"L(m)) = 0,
respectively.

The following two criteria are from Feller (see p.441 in [15]), which are often used
to verify that a function is completely monotone.
Criterion A.1 If ¥;(-) and v (-) are completely monotone, so is their product
D1()920).
Criterion A.2 If ¥3(-) is completely monotone and 4 (+) is a positive function with a
completely monotone derivative z‘/‘j‘(-), then 93 (94(-)) is completely monotone.

To prove Lemma C.2, let us list some notations and results which will be used. Let
F(x) be any distribution on [0, co) with the LST ¢ (s). We denote the nth moment of
F(x) by ¢, n > 0. It is well known that ¢, < oo iff

d(s) = Z %(—s)k +o(s™), n=>0. (A.2)

@ Springer



Queueing Systems (2020) 96:169-199 185

Based on (A.2), we introduce the notation ¢, (s) and 55,1 (), defined by

() E (=1 {qs(s) -3 i—’,‘(—s)k} . n=0, (A3)
k=0
() E u(s)/s"1. n = 0. (A4)

LemmaA.7 (pp.333-334 in [4]) Assume thatn <d <n+1,n € {0, 1,2,...}, then
the following two statements are equivalent:

1—F@t)~t74L@t), t— oo;

and

Guls) ~ 14— ”)FF((Z)+ =D sy, s o0,

LemmaA.8 (Lemma 3.3 in [27]) Assume that n € {1, 2, ...}, then the following two
statements are equivalent:

l—F@)~t"L@{), t— o0; (AS)

and

. an—l(xs) - an—l(s) _
R% L/s)n—Dl —logx, forallx > 0. (A.6)

In [27], Lemma A.8 was proved by applying Karamata’s theorem, the monotone
density theorem and Theorem 3.9.1 presented in [4] (see, p.27, p.39 and pp.172-173,
respectively).

Appendix B: Proofs for results in step 2

Proof of Proposition 3.1

By (2.14) and the definition of (@ (s), we can write (1 — h(u))/(1 —u) = Aroq -
a© (Ay — Aou), from which, and by (2.7), (2.2) and (2.11), we have,

1—p1 1 — h(u)
Ko(u) = pp [q- - +P}=,0106(e)()»2—/\zu)+1—01, (B.1)

which leads to the stochastic decomposition given in (3.3) for the r.v. K.
It follows from (2.8) that

& Ax)" ¢
Kp(z) = ﬁ(e)(x—kg(z)) = f Z(g(z))nge—kxdl;ge)(x) —FE <ZNA,xg(Tﬁ( ))> )
(UN—— n

(B.2)
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which leads to the stochastic decomposition given in (3.4) for the r.v. Kp.
It follows from (2.9) that

-1
Ko(w) = (1 — 9) [1 1o 1= - kg(u»]
I—u 1—g)

1—-9
1= Ka(u) -ﬁé% — ag(u))

-9+ 2(1 N (Ko@) - B0 — rg@))),  (B.3)

which leads to the stochastic decomposition given in (3.5) for the r.v. K.
Finally, (3.2) follows immediately from (2.6).

Proof of Proposition 3.2
We divide the proof of Proposition 3.2 into three parts.
Sg; (21, z2) are PGFs with detailed probabilistic interpretations

Following Definition 3.1, for the split(N; ¢, 1 —c¢) itis easy to see that (Z,ivzl Xr, N—
S8, X) has the PGF

E (¢ g TEim Xy Z []‘[ E(z*2) X")} PN =n)

n=0 Lk=1

=Y (czi+ (1 —)z2)" P{N =n}, (B.4)
n=0

where [T) = 1.
Recalling (2.21), we can write, fori = 1, 2,

Sp (21, 22) = B (h—hz1—Aa22) = / Z(QZH-PZZ) ()" /e ™ dFg (x),

B.
which leads to (3.13) by setting N = N;(T4") and ¢ = ¢ in (B.4). ©
M (z1, z2) is a PGF with a detailed probabilistic interpretation
It follows from (2.19) that

Mi(z1,22) = 1= p = i(l — p)p} (Hp (z1,22))" . (B.6)
1 — p1Hp, (21, 22) —
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where
I Bi(A—Az1 — A2z22) — h(z2)
H s = —- B.7
b, 22) p1 21 — h(z2) ®-D
_ 1 A1 =Mz — Mz2) — Bi1(h — Mh(z2) — A222) (by 2.3)).
o1 z1 — h(z2)
(B.8)

Clearly, by (B.6), (M11, M12) can be regarded as a random sum of two-dimensional
r.v.s. provided that Hg, (z1, z2) is the PGF of a two-dimensional r.v. To verify this, we
rewrite (B.8) as a power series. Note that

oo X k
(M(gz1 + pz)D)*  _
Bi(A —Agz1 — Apz2) = /0 E S M k‘p -e MdFp, (1)
k=0 :

=B+ bpi(qz1 + pza)*, (B.9)
k=1

where bg, i is given in (3.9). By (2.3) and (B.9),

h(z2) = Bi(h — Aqh(z2) — hpza) = BI(M) + Y bp, x(qh(z2) + pz2)*.  (B.10)
k=1

Substituting (B.9) and (B.10) into the numerator of the right-hand side of (B.8), we
obtain

[ (qz1 + pz2)* — (gh(z2) + pz)t
Hg (z1,22) = — - ) bg,, < )
PR ; ok 21— hz)

00 k

= % S bpa Yz + pz2) T gh(za) + pz)t
k=1 i=1

o0
= i’zkbﬁl,ka(m,zz), (B.11)
I T
where
1< . .
Di(zr,22) = 1 3 (qa1+ p2)' ™ (gh(z) + pa) ™. (B.12)

i=1
Note that gh(z2) + pzo = g(z2) and gz; + pzo are the PGFs of (one or two-

dimensional) r.v.s. It follows from (B.12) that for k > 1, Dy(z1, z2) is the PGF of
a two-dimensional r.v. (D 1, Di 2), which can be constructed according to (3.6).
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In addition,

oo S o0 ()\l‘)k Y /oo
kbg, x = —_— dF, =A dF, = . (B.13
1; .k ;fo G A0 = | Py 0 =pi/g. (B13)

Namely, (g/p1) Z,fil kbg, r = 1, which, together with (B.11), implies that
Hag, (21, z2) is the PGF of a two-dimensional r.v. (Hg, 1, Hg, 2), which can be con-
structed according to (3.7).

By (B.6), the two-dimensional r.v. (M1, M12) can be constructed according to
(3.14), which is a random sum of i.i.d. two-dimensional r.v.s (Hf(;l)’l, H/g’])’z), i > 1,
each with the same PGF Hpg, (z1, 22).

M (z1, z3) is a PGF with a detailed probabilistic interpretation

Let
A—A —A — A —Ah(z2) — A
H, (1. 22) = r Bl 121 — A222) — Bl 1h(z2) = 2222) (B.14)
qp2 71 — h(z2)
Using (B.14), (2.7) and (2.9), we can rewrite (2.20) as follows:
M>(z1,22) =0 - Hg, (21, 22) - Ka(22) - Ke(z2) +1 = 9. (B.15)
Similarly to (B.11), we can derive (details omitted) from (B.14) that
p o
Hpp(oro22) = - > kbp, k- Di(z1, 22), (B.16)
k=1

with bg, x given in (3.10).

Similarly to (B.13), we can verify that (p/p2) Z,fil kbg, r = 1, which,
together with (B.16), implies that Hpg, (z1, z2) is the PGF of a two-dimensional r.v.
(Hpg, 1, Hg, 2), which can be constructed according to (3.8).

By (B.15), the two-dimensional r.v. (M3, M>3) can be constructed according to
(3.15).

Appendix C: Proofs of Lemmas 4.1 and 4.2 in step 3

In this section, we prove Lemma 4.1 and Lemma 4.2. Before proceeding, we provide
the following facts, which will be used in our proof multiple times.

Applying Karamata’s theorem (for example, p.28 in [4]), and using Assumption
Al and Lemma A.1, respectively, gives, as t — 00,

Al

___atlp, C.1
pra—1) ® b

P(T) > 1} ~
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and
1

ai(ar — (1 — ppart!

Applying Proposition 8.5 (p.181 in [20]) to the density Fﬂz (t)/B2,1 and using
Assumption A2, give, as t — 00,

PTE = 1)~ L), €2

A2 —ar+1 : _
o matlp ) ifr =0
—1 ’ k)
P{T > 1) ~ ";‘“2 ) . (C.3)
#r ceTMrme (), ifr > 0.

Furthermore, since Fg(x) = q Fg, (x) + pFg,(x) and based on Assumptions Al and
A2, we have P{Tg > t} = qP{Tp, > t} + pP{Tp, > t} ~ gt~ L(t) ast — o0,
from which Karamata’s theorem implies that

Al

L e—ar+l
e L. (C.4)

P(T" > 1} ~

Proof of Lemma 4.1

Recall (2.4), which relates the PGF of K to the PGF of Rg. With this relationship, we
first study the tail probability for K, which can be regarded as the sum of independent
r.v.s K, Kp and K (refer to (3.2)). By (3.3), (C.2) and applying Lemma A.3, we have

AV o
2 CJTOTIL(G), - oo

P{Ky > j} = p1 P(Ny,(T9) > j} ~
{ >]} P1 { )\2(0{ )>J} (al—l)(l_pl)al

(C.5)

. NuUTE) ;
Recall (3.4), K, = N;L,Xg(Tﬂ(L)) 4 Zi:f b )Xg), where Xif) has the common

distribution X. By (2.15), and then applying Lemma A.3 and using Lemma A.1, we
know that

P{Xg > j} ~ qP{Niy(To) > j} ~ q25' (1= p)™ 71 j7ULG).
Similarly, applying Lemma A.3 and using (C.4), we have

q)\'al—l

. -—a1+1L .
@i+ pho@ —1) .

P{NA(T4) > j} ~

based on which, by (2.16) and applying Lemma A.6, we have,
AV
plar — DA — ppa~!

Next, we 4study P{K. > j}. By (3.5), we know that P{K, > jt =
P X0 > j), where P(J = i) = (1 — 99!, i > 1, and X\ has the

P{Kp > j} ~ JTOYLG), j o 0o, (CH)
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same distribution as that for X, = K, + N;L,Xg(Tﬂ(ze)). Note that N;L,Xg(Tﬂ(f)) 4

NATE) iy @) : . :
D1 X, where X, has the common tail probability P{X, > j} ~ Const -

JTUL(j) and P{NA(T/;?) > j} ~ Const - j~2H1L(j). Therefore, by applying
Lemma A.6 (and noticing that ap > a; if r = 0 in Assumption A2), we have

PNy x,(Tg)) > j) ~ Const - max(j=F1L(j). j= L(jN=o(1) - "' L()).
(C.7

By (C.5), (C.7), applying Lemma A.2 and Lemma A.5, we have, as j — o0,

9 D 9
P(Ke > j) ~ =5 PIXe > J} = 77 PIKa+ Ny x (Tg) > j) ~ 1= P(Ka > Jl.
(C8)

which, together with (C.5), (C.6) and (3.2), leads to

aag !
145 - j ll]+1L(j)’ ]_) 00,

PlRat Ke = N~ T @ = = pya

(C.9)
At
p(1—p)a — D — pp)a-!

P{K > j} ~ L), > oo,

(C.10)
Proof of Lemma 4.2

.. d d d
By Proposition 3.2, Sg, 1 = NAI(T/éle)), Sg2 = N;Lz(Téle)), Sgy1 = NM(Tﬁ(;)) and
Sg,,2 4 Ny, (Tﬂ(ze)). By (C.1) and applying Lemma A.3, we obtain

A
PUSp = )~ Sy L) (C.11)
, gt .
Pl =1~y RO €

By (C.3) and applying Lemma A.3 and Lemma A.4, we obtain

apy—1

)“2)“1 . i—a +1 . . _
P{Sﬂ 1> j}~ p2(az—1) JTRTL()), . ifr =0, (C.13)
> PEVSTCN TS e GV SIS ~2L(j), ifr >0
par atr ) J)s ’
A‘LZI2 '*d2+1L H f _ 0
Y p2(g27]) .] (.])7 mr =y,
P{SﬁZ,Z > J} A%(Az+r)a271 A2 J '—LIZL( ) .f 0 (C.14)
par "\ ot J J), ir >u.
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Next, we will study the asymptotic tail probabilities of the r.v.s M, i,k = 1,2. By
Proposition 3.2, we know that

J
P{My > j}:plp{ZHgﬁ{k >j}, k=1,2, (C.15)
i=1
P{M> > j} = ﬂP{HﬁLl > j}, (C.16)
P{My > j} =9 P{Hg,»+ K, + K. > j}. (C.17)

To proceed further, we need to study the tail probabilities of the r.v.s Hg, x for i, k =
1,2.

Tail asymptotics for Hg, 1 and Hg, 4

Taking zo — 1 in (B.8) and (B.14), we can write

Hg,. I Bi(Ar —Az1) — 1
E(Zlﬁll)sz(Zl,l):E'

= ,Bfe)(?nl — Xz1),

z1 — 1
(C.18)
Hpg,, Ba(A1 — Az1) — 1 ,
E(Z1ﬂ21)=HI32(Z1,1)=$~ pr— :ﬂét)(kl—)xlzl).
(C.19)
Therefore, Hg, | 4 NM(T,g(,-e)) 4 Sg.1,i=1,2,and
P{Hg 1 > j} = P{Spg.1 > j}, i=12, (C.20)

whose asymptotic tails are presented in (C.11) and (C.13), respectively.

Tail asymptotics for Hg, >

Unlike for the other r.v.s discussed earlier, more effort is required for the asymptotic
tail behaviour for Hg, », which will be presented in Proposition C.1. Before doing that,
we first present a nice bound on the tail probability of Hg, >, which is very suggestive
for an intuitive understanding of the tail property for Hg, ».

Taking z; — 1in (B.12) and (B.11), we have,

k
1 . .
E(z"%) = Di(l.22) = 22+ pn) T (ghz) + p2)* T, (C21)

i=1

o0
H
E("?) = Hp (1, 20) = % 23 kbg i - D1, 22). (C.22)
k=1

@ Springer



192 Queueing Systems (2020) 96:169-199

It follows from (C.21) that, for k > 1,

i—1 k—i
Di2 <Y ¥, + > Z, with probability 1/k fori =1,2,....k,
n=1 n=1

where {V,,}7° , and {Z,}7° | are sequences of independent r.v.s, which are independent
of each other, with Y,, and Z,, having PGFs g 4 pz2 and gh(z2) + pza, respectively.

We say that Y is stochastically smaller than Z, written as ¥ <;; Z, if P{Y > t} <
P{Z > t} forall t. It is easy to see that ¥, <s Z,, forall ny, ny > 1. Define

k—1

kz_ZY and DY, <Yz,

n=1

Then, by Theorem 1.2.17 (p.7 in [31]),

D{y <y Dia <s DY,. (C.23)

Furthermore, it follows from (C.22) that Hpg, > 4 Dy >, with probability (q/p1)kbg, .
fork > 1.
Now, define the r.v.s HﬁLI 2 and Hé]l’z as follows:

H , < D, with probability (q/p1)kbg,  fork = 1,
H{ , = D/, with probability (q/p1)kbg, x for k > 1.

Then, by (C.23),
Hj 5 <u Hp 2 <g Hf 5. (C.24)

Note that H é‘l ,and H éjl  have the following PGFs:

L

kb, i - E(z2" ):pi kbg, k - (q + pza)* ",

Mg
MS

HL
E@" =L
o1

k=1 k=1
(C.25)
HY > ©
EGmy = L3 kbg - B = L3 kg i - (gh(z) + pza) .
Lo e
(C.26)

Next, we will study the asymptotic behaviour of P{H ﬂL1 > j}and P{H é]] 2>k
respectively. Let N be a r.v. with probability distribution P{N = k} = (q/p1)kbg, k,
k > 1. Therefore, (C.25) and (C.26) can be written as

N—1 N—1
d d
Hf )= Z Yo and Hf , = Z Zs,
k=1 k=1
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where N is independent of both Z; and Y, k > 1.
Then, it is immediately clear that

00 00
PN >m}=(q/p1) Y kbg.x=(q/p1) [mz,sl,m+1+ 3 Bﬂl,k] (c27)
k=m+1 k=m+1

where bg, k = Y oo b n-

Using the definition of bg, , in (3.9), and applying Lemma A.3, we know that
Zm,k = P{Ny(Tg,) > k — 1} ~ Ak~ L(k) as k — oo, which, together with
Proposition 1.5.10 in [4], implies that

A4
P{N > m} ~ Lnf‘“JrlL(m) as m — oo. (C.28)

p1(ar — 1)

Recall the following three facts: (i) Y isa0—1r.v., which implies that P{Y; > j} — 0
as j — o0; (ii) Zy has the same probability distribution as X defined in (2.15), which
implies that P{Zy > j} = P{Xg, > j} ~ Const - j7"L(j) as j — oo; and (iii)
E(Yy) = pand E(Z;) = E(Xg) = p/(1 — p1) < o0, given in (2.16). Then, by

Lemma A.6, we know that

—1
PUHE = jl e 222 i C.29
pr2> i ~ar S (s (C.29)
ap )\1)»“1_1
U i~ . 2 Ca—aptly s
P{Hg , > j} A= o@D 4 L(j). (C.30)

Remark C.1 It follows from (C.24) that P{H}; , > j} < P{Hg, 2 > j} < P{Hj, , >
j}, whereas the asymptotic properties of P{HﬁL1 2 > j} and P{H/f,]l 2 > J}are
given in (C.29) and (C.30), respectively. This suggests that P{Hg, > > j} ~

ap—1
c- ;?1'()}121—1) - jTUFIL(j) as j — oo for some constant ¢ € (ar, a1/(1 — p1)®~!).In

Proposition C.1, we will verify that this assertion is true.

Proposition C.1 As j — oo,

1
TG (€31

) 1 —p 1 Mg
P{Hg > > j} ~ |: - _1}.;
o1 (I = ppn pi(ar —1)

To prove this proposition, we need the following two lemmas (Lemma C.1 and
Lemma C.2). Setting z; = 1 in (B.7) and noting h(z3) = a (A2 — A222), we obtain

Hg, > I Bi(A2 — A222) — a(A2 — A222)
E = 17 = — . = )\, —_ )\, s
(z,"") = Hg, (1, z2) o 1= a0a —nz) y (A2 — A222)
(C.32)
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where

L i) —als)

— C.33
pr 1 —als) (39

y(s) =

Lemma C.1 y (s) is the LST of a probability distribution on [0, 00).

Proof By Theorem 1 in [15] (see p.439), the lemma is true iff y(0) = 1 and
y (s) is completely monotone, i.e., y (s) possesses derivatives of all orders such that
(=D" jsnn y(s) > 0fors > 0,n > 0.Itis easy to check by (C.33) that (0) = 1. Next,
we only need to verify that y (s) is completely monotone. By (C.33) and (2.10) and
using Taylor expansion, we have

y(s) = L Bi(s +x1 = A1) = Bi(s + A1 — hia(s))

o1 1 —a(s)
_ 1 1 — ﬁl(n)(s—i-h) - f")(s—i—kl) )
B E ' 1 —als) |:n2_(:) n! (=A)7 = ’;T(_Mam)

_ Ly (2" 8" (5 + 1)

' (14 @@+ 4 @) ™), (C.34)
n:

n=1

where 8 f") () represents the nth derivative of Sy ().

It is easy to check that, for n > 1, both (—1)”5{")(s +Ap)and 1 +a(s) +--- +
(a(s))"! are completely monotone, and so is their product (by Criterion A.l in
Appendix A). Therefore, y (s) is completely monotone. O

Remark C.2 Let T, be ar.v. whose the probability distribution has the LST y (s). Then,
H
the expression Ez, Pz _ v (A2 — A222) in (C.32) implies that Hg, , 4 Ny, (Ty).

LemmaC.2 Ast — oo,

_1=p 1 B Al C—art1
Pty =1 o1 [(1 — pp™ 1} pi1(a; — 1) ! L. (639

Proof First, let us rewrite (C.33) as

(s)_i_i.l_ﬂl(s). s
= T s 1= a(s)

(C.36)
In the following, we divide the proof of Lemma C.2 into two parts, depending on
whether a; (> 1) is an integer or not.

Case 1: Non-integer a; > 1. Suppose thatn < a; < n+1,n € {1,2,...}. Since
P{Tg, > t} ~ t~“L(t) and (1 — p)“ T P{T, > t} ~ ¢t~ L(t), we know that
Bin < 00, Brat1 = 00, ay < oo and a4 = o0. Define B ,(s) and o, (s) in a
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manner similar to that in (A.3). Therefore,

1= pBi(s) ﬂlk k=1, 1y PLa(s)
=1 +Z =0T (D, (C.37)

N

1 —oz(s) Oln(s)

1+Zk'( 4 (== (C.38)

k=2

By Lemma A.7,

I'a —ml'n+1-ay)
[(ap)

(1= p) oy (s) ~ Buls) ~ sUL(1/s), s 0.

(C.39)
Furthermore, it follows from (C.38) that

s _ 1/ay
F=al@) 1 (o) Y, =9k 4 (=D o) 24

" an(S) n
=—I—Zuks —(=D)'—=+4+0@G"), (C.40)

l

where u1, us, ..., u,—1 are constants. By (C.36), (C.37) and (C.40), we have

Br1 au(s) ﬁl,n(s)
S

n—1
J/(S)=1+Zeksk+(—1)”-—[—’-—— }+0(S"),
k=1

(C4D

where e, e2, ..., e,—1 are constants. Based on the above, we define y,—1(s) in a
manner similar to that in (A.3). Applying (C.39), we have

L [ B an(s)  Brals)
Yn—1(8) ~ — . — =
prag | ay S K
N);].l—p1|: 1 B ].F(al—n)F(n—i—l—al)
o1 o1 (I —pp4 (ap — DI'(a1 = 1)

s“7IL(1 /).
(C.42)

Then, making use of Lemma A.7, we complete the proof of Lemma C.2 for non-integer
a) > 1.

Case 2: Integer a; > 1. Suppose that a; = n € {2,3,...}. Since P{Tp, >
t} ~ t™L(t) and (1 — p))"t'P{T, > t} ~ t~"L(z), we know that a,,_; < 00
and B ,—1 < oo, but whether o, or By, is finite or not remains uncertain. This
uncertainty is essentially determined by whether | xoo t~L(t)dt is convergent or not.
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Define [3\1,,,_1 (s) and @, —1 (s) in a way similar to that in (A.4). Then,

1_ n—
fl(s) =,31,1+Zﬁlk( T 4 (—s)t l,Bln (), (C.43)
k=

n—1

1zals) _ o + Z X — (=) T (=) @ (). (C.44)

By Lemma A.8, we obtain, for x > 0,

(1= p)" @1 (xs) — (1 — p1)" @1 (5)
~ Bia—1(xs) — Bia—1(s) ~ —(logx)L(1/s)/(n —1)! ass | 0.
(C45)
Furthermore, it follows from (C.44) that
Ky . 1/Oll
I—als) 14 (1/a1> S0 % (=T (=)= (1 /o) @1 (5)
— ——Zuks 19 l(s) 106N, (C.46)
Ol

1

where u', 1), ..., u),_, are constants. By (C.36), (C.43) and (C.46), we have

n—1
1
y(s) =1+ je,;s"+<—1>"s"—‘-—[@ Gn1(s) — ﬂl,n_l(s>]+0<s">,
k=1

p1oy [ o
(C47)

wheree|, €5, ..., e, _, are constants. Based on this, we define ¥, _»(s) in a way similar
to that in (A.4). Then,

1 ~
Pn—2(s) = (=D)"e,_; + —— [& -1 (s) — ,Bl,nl(s)] + O(s). (C48)

prog | ag

It follows from (C.47) and (C.45) that

Pa2(xs) =Faals) 1 [& i G ) =T (s) E,nfl(m—ﬁl.nfl(s)}

m--————— = - 11m m
510 L(1/5)/(n —2)! pron | o si0 (n— DL(1/5)/(n — D! 510 (n — DL(1/s)/(n — D)

_Ml—p1|: I 1]( I
T, (I —p)" n—

Applying Lemma A.8, we complete the proof of Lemma C.2 for integer a; = n €
{2,3,...}. m]

1 logx) . (C.49)
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Proof of Proposition C.1 1t follows directly from Remark C.2, Lemma C.2 and
Lemma A.3. O

Referring to Remark C.1, we know from (C.31) thate=(1—p)p; ' [1/(1—p1)@ —1].
Now let us confirm that a; < ¢ < a1 /(1 — ,01)“1_1, which is equivalent to checking
thata p1(1—p)? '+ (1—p)® < landa;p;+(1—p1)® > 1. This is true because
arp1(1 — pp)® =1 4 (1 — p1)® is decreasing in p; € (0, 1) and ajp; + (1 — p)® is
increasing in p; € (0, 1).

Tail asymptotics for Hg, >

As we shall see in the next subsection, our main results do not require a detailed asymp-
totic expression for P{Hpg, » > j}. It is enough to verify that it is o(1) - FTOtL()
as j — oo.

Taking z; — 1 in (B.16), we have

|

H
E(z,™%) = Hp,(1,22) =

kS

o
2y kbgy i - Di(1, 22). (C.50)
2 k=1

It follows from (C.50) that Hpg, > 4 Dy >, with probability (p/p2)kbg, i, for k > 1.

Define the r.v. H,%,z 4 D,E{z, with probability (p/p2)kbg, i, for k > 1. Then, by

(C.23), we have, Hp, » <y Hp, ,. Note that Hg , has the PGF
HY P = pY -~ _
E(z,*") = — ) kbp k- E(zy") = — - Y kbp, i - (qh(z2) + pz2)* .
P, T P2 T
(C51)

Let N* be a r.v. with probability distribution P{N* = k} = (p/p2)kbg, k. k > 1.

Therefore, (C.51) implies H,fé,z 4 ]1(\/:*1—1 Zi, where N* is independent of Z, k > 1.
Similar to (C.27), we can write

00
P{N* > m} = (p/p2) |:m5ﬁ2,m+1 + Z Eﬁz,k:| ; (C.52)
k=m+1

where bg, x = >0, bg, ». By the definition of bg, , given in (3.10) and applying
Lemma A.3 and Lemma A.4, we know that Eﬁz’k = P{N;(Tp,) > k—1} = O(1) -
k=% L(k) as k — oo. Furthermore, by (C.52) and applying Proposition 1.5.10 in [4],
we have

P{N*>m}=01) -m™ T 'L(im) asm — co. (C.53)

As pointed out in Sect. 2, P{Z; > j} ~ Const - j~™L(j) as j — o0. By
Lemma A.6, we know P{Hﬁ(é’2 > j} = O(1) - max (j_“Z‘HL(j),j_”lL(j)) as
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Jj — oo. Since P{Hg,» > j} < P{H/%,2 > jland ay > aj, we have

PlHp2 > j} = O() - max (j=F LG, 7 L() = o) - j = L(j).
(C.54)
After the above preparations, we now return to the proof of the tail asymptotic

properties for M, i,k =1, 2.
By (C.15) and applying Lemma A.2, together with (C.20), we have

P(Myy > ji~ —2 P(Hp > j) =~ P{Sp,1 > j} (referto (C.11)),
1 —p1 I—p1

(C.55)

P{Mp > j} ~ - Pl p(Hp o > j} (referto (C.31)). (C.56)

—
Immediately, from (C.16) and (C.20),
P{M> > j} =0 P{Hg,1 > j} =0 P{Sp,1 > j} (referto (C.13)).

(C.57)

By (C.17) and applying Lemma A.5, together with (C.54),

P{My > j} =9 P{Hp2+ Ko+ K > j} ~ 0 P{Ks+ K. > j} (refer to (C.9)).
(C.58)
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