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1 Introduction

Markov additive arrival processes (MAAPs) have been used to model the arrival
processes of many stochastic systems, for example, telecommunication and service
systems in random environments [2]. Their usefulness lies in capturing burstiness in the
arrival processes, thus departing from the usual renewal-type assumptions. MAAPs
are described by a couple (A, X), where the process A is the counting process of
arrivals, and the process X is a modulating Markov process. A popular model is the
Markov modulated Poisson process (MMPP), which has been widely used to model a
variety of relevant stochastic systems [2,25]. For a broad range of queues with MMPP
input, analytical results have been derived, often employing the matrix computational
approach. The main objective of this paper is to generate functional central limit theo-
rems (FCLTs) for MAAPs, in particular, the counting process A, and their applications
in specific, practically relevant, queueing systems.

FCLTs for MMPPs have been studied in the literature under two types of scalings.
In the first scaling, time is scaled up by a parameter n while space is scaled down
by +/n, and thus the transition times of the modulating Markov process are implicitly
accelerated by a factor n. Under this scaling, assuming that the modulating Markov
process has a finite number of states and is irreducible, an FCLT can be proven for
the scaled arrival process, where the limit process is a Brownian motion [reviewed
in (2.1)—(2.5)]. This has been applied to prove heavy-traffic limits for single-server
queueing (network) models; see, for example, [25, Ch. 9]. Under this same scaling,
Steichen [23] considered an MAAP where the arrival process in each state can be
non-Poisson, and proved an FCLT with a Brownian motion limit. That result was also
applied to study some single-server queueing networks in [23].

In the second scaling, time is not scaled, but the arrival rates in each state are scaled
up by n and the space is scaled down by /7, while at the same time the transition rates
of the modulating Markov process are scaled up by n® for some o > 0. Under this
scaling, an FCLT has recently been proved for the scaled arrival process in [1], where
the limit process is a Brownian motion [reviewed in (2.6)—(2.8)]. This is then applied
in [1] to prove an FCLT for the M /M /oo queue with MMPP input. This scaling is
useful in many-server systems, where the demand is relatively large but service times
do not scale as the demand gets larger, and the modulating Markov process may speed
up or slow down.

FCLTs for MAAPs MMPPs, in which the Poisson arrival rate jumps between several
values, significantly generalize the traditional Poisson setting. Nonetheless, in many
applications the assumption of the input being locally Poisson is not adequate. To
remedy this, we consider in this paper a general class of MAAPs, where the arrival
process in each state can be a general stationary counting process, including renewal
processes. We prove an FCLT for this class of MAAPs, in Theorem 2.1, under the
second type of scaling and under three regimes of « values, ie.,0 < a < 1,0 = 1,
and o > 1. The limit process is also a Brownian motion, whose variance coefficient
compactly captures the variabilities in the interarrival times in each state as well
as the variabilities in the modulating Markov process. We apply this FCLT to two
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queueing systems: a general infinite-server queue and a fork—join network with the
non-exchangeable synchronization (NES) constraint.

General infinite-server queue Several recent papers have studied infinite-server
queues with MMPP input. Exact analysis and related approximations have been
derived for specific infinite-server queues in random environments (Markov or semi-
Markov modulated) in [3,5,9,11,12,17,19]. In [1], an M /M /oo queue with MMPP
input is studied, leading to an FCLT for the queue length process under the second
type of scaling mentioned above. [4] studies an M /G /oo queue with MMPP input
and general service times depending on the state of the modulating Markov process
upon arrival. The exact mean and variance formulas for the transient and stationary
distributions of the queue length process are provided, and asymptotic results are also
obtained in the regime where the arrival rates are scaled up by »n and the transition
rates are scaled up by n!*€ for some € > 0. Central limit theorems are proved for the
M /M /oo queue with both the arrival and services modulated by a finite-state Markov
process in [6,7], where the arrival rates are scaled up by n.

In Sect. 3, we establish an FCLT for the queue length process joint with the arrival
and departure processes in the G/G/oo queue where both the arrival process and
the service time distributions are modulated by a Markov process (applying Theorem
2.1), thus generalizing the existing literature substantially. The limiting queue length
and departure processes are continuous Gaussian processes, of which we characterize
the transient and steady-state distributions. We also derive a stochastic decomposition
property: the variabilities of the arrival process and modulating Markov process are
captured in one limit component, while those of the service process are captured in a
second independent limit component.

Fork—join network with NES In our second application, we consider a fork—join net-
work with NES, where both the arrival process and the joint service time distributions
of the parallel tasks of each job are modulated by a Markov process. In the network,
each job is forked into a fixed number of parallel tasks, each of which is processed in
a multiserver service station, and after service completion, each task will join a buffer
associated with the service station, waiting for synchronization. The NES constraint
requires that synchronization occurs only when all the tasks of the same job are com-
pleted. It is important to understand the joint dynamics of the service process as well
as the waiting buffers for synchronization.

Heavy-traffic limits are proved for a single-class multiserver fork—join network with
NES, in the underloaded quality-driven (QD) regime [14] and the critically loaded
quality-and-efficiency driven (QED) regime [16]. The setup considered is such that
the arrival process is general (satisfying an FCLT), whereas the service times of the
parallel tasks form i.i.d. random vectors that can be correlated. In addition, in [15],
an infinite-server fork—join network with NES in a renewal alternating environment
(up—down cycles) is studied, where the service vectors of parallel tasks are correlated
and the service processes are interrupted during the down periods.

In this paper we study a multiserver fork—join network with NES in the QD regime,
where both the arrival and service processes are modulated by a Markov process. We
apply our FCLT for the MAAP to obtain a multidimensional Gaussian limit process for
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the processes representing the number of tasks in service at each station and the number
of tasks in the waiting buffer for synchronization associated with each station, jointly
with the arrival process and the process representing the number of synchronized jobs.
We characterize the transient and steady-state joint distributions of the limit queueing
processes, as multivariate Gaussian distributions, and of the synchronized process, as
a Gaussian distribution. We also observe a similar stochastic decomposition property
as in the infinite-server queues above, where the two independent limit components
capture the variabilities of the arrival and modulating Markov processes and of the
service processes separately.

1.1 Organization of the paper

The rest of the paper is organized as follows. We finish this section below with a
summary of notation used in the paper. In Sect. 2 we present the general MAAP,
review the existing FCLTs for MAAPs, and state the new FCLT under the second type
of scaling. In Sect. 3 we apply the FCLT for the MAAP to a general infinite-server
queueing model with both arrival and service times modulated by a Markov process. In
Sect. 4, we apply the FCLT for the MAAP to a fork—join network with both arrival and
service processes being modulated by a Markov process. The proofs of these results
are presented in Sect. 5. We make some concluding remarks in Sect. 6.

1.2 Notations

The following notation will be used throughout the paper. R and R, (R and Ri,
respectively) denote sets of real and real non-negative numbers (d-dimensional vectors,
respectively,d > 2).Fora, b € R, wedenotea Ab := min(a, b). Forany x € Ry, |x]
is used to denote the largest integer no greater than x. We use a bold letter to denote
a vector, for example, X := (x1,...,Xy) € RN .1(A) is used to denote the indicator
function of a set A. For two real-valued functions f and g, we write f(x) = O(g(x))
if lim sup, _ o, |f (0)/g(x)] < oo,

All random variables and processes are defined on a common probability space
(2, F, P). For any two complete separable metric spaces S| and S», we denote by
S1 x &> their product space, endowed with the maximum metric, i.e., the maximum
of two metrics on S and Sp. S* is used to represent k-fold product space of any
complete and separable metric space S with the maximum metric for £ € N. For a
complete separable metric space S, D([0, 00), S) denotes the space of all S-valued
cadlag functions on [0, c0), and is endowed with the Skorohod J; topology (see, for
example, [8,10,25]). Denote D = D([0, 00), R). The space D([0, co), D), denoted
by Dp, is endowed with the Skorohod J; topology, that is, both inside and outside D
spaces are endowed with the Skorohod J; topology. Let D([0, oo)¥, R) = D denote
the space of all “continuous from above with limits from below” real-valued functions
on [0, c0)¥ with the generalized Skorohod J; topology [18,24] for k > 2. Weak
convergence of probability measures u, to u will be denoted by u,, = u.
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2 An FCLT for Markov additive arrival processes

Consider a Markov additive arrival process (A, X). The process X = {X(¢) : t > 0}
is a finite-state irreducible stationary Markov process with state space S = {1, ..., I}
and transition rate matrix Q = (g;;)i,j=1,...1- The process A = {A(t) : t > 0}
is a counting process modulated by the Markov process X, defined as follows. Let
m = (my, ..., ;) be the stationary distribution of the Markov process X. We assume
that the process starts in stationarity at time 0.

We introduce some auxiliary notations. Let I'T be a matrix with each row being the
steady-state vector 7z, and P(¢) = (P;;(t));, j=1,..,; be the transition matrix, that is,
P;j(t) := P(X(t) = jIX(0) =1i) foreacht > 0. Let Z = (Z;}); j=1
fundamental matrix, given by

,,,,,

Zij :=/0 (Pij(t) —mj)dt.

It holds that Z = (IT — Q)" ! — .

When the process A is an MMPP, that is, arrivals follow a Poisson process with rate
Ai when X = i,i € §, FCLTs are proved for the process A in two different scalings.
In the first scaling that was introduced in Sect. 1, both time and space are scaled by n,
and the diffusion-scaled process A" = {A"(r) : t > 0} is defined by

A1) :==n"1? (A(m) - imim), t>0. 2.1)
i=1
By Theorem 2.3.4 in [26], one can show that
A"= A in D as n— oo, 2.2)
where A = {A(¢) : t > 0} is a driftless Brownian motion with variance coefficient
o =i+ B, (2.3)
with

A= Zni)\,-, (2.4)

and
1 1
B = ZZZMK]‘T[,‘ZU. 2.5)
i=1 j=1

See also the discussion in Example 9.6.2 in [25]. Note that under this scaling, the
transition rates of the modulating Markov process are scaled up by n.

In the second scaling introduced in Sect. 1, time is not scaled, but the arrival rates
A are scaled by n and transition rate matrices are scaled by n* for « > 0. Namely,
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we consider a sequence of the processes (A", X") indexed by n, and write the cor-
responding quantities by a superscript . Assume that A7 /n — A; > O fori € S as
n — oo and Q" = n“Q for some o > 0. Note that the stationary distribution of X"
remains the same, 7. Define the diffusion-scaled process A" = {A” (t) : t = 0} by

1
. 1
A = (A”(t) —~ Zm;’r), for >0, >0, (2.6)

i=1
Then it is shown in [1] that

A"= A in D as n— oo, (2.7)

where the limit process A = {A(t) : t > 0} is a driftless Brownian motion with
variance coefficient

B, a<l1 8§=1—a/2,
o) ={r+B, a=1,8=1/2, (2.8)
Aoa>1,8=1/2,

with A and f being defined in (2.4) and (2.5), respectively.

Remark 2.1 When o = 1, the limit processes under both scalings in fact coincide,
as the arrival process and the modulating Markov process are sped up at the same
rate. When o > 1, the modulating Markov process is sped up at a faster rate than the
arrival process in each state, and thus the variability in the limit comes only from the
Poisson processes with the spatial scaling n~!/2. When 0 < « < 1, the modulating
Markov process is sped up at a slower rate than the arrival process in each state, and
thus the variability in the limit comes only from the modulating Markov process with
the spatial scaling n~(1=/2),

In this paper, we consider the second type of scaling and prove an FCLT for the
diffusion-scaled processes A" when the process A" is general, including renewal
process, in each state of X”.

Let r,:‘ be the k™ jump time of X" fork =1,2,3, ... and r(’; =0.Foreachi € S,
define

A =E

[A”(r,iz +s) — A (]
S

X"w)y=i for iy <u<rt —i—s] , (2.9)

and

i

im0 AP 0027
s

)X”(u) =i for i <u<ty +s:|.

(2.10)
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Assume that A" = (A},...,A}) and v" = (v], ..., v]) are positive vectors. Note
that when the process A” is Poisson in each state of X", we have that )\;7 = vi”, i =
1, ..., I. Note also that if the arrival process is renewal in each state, the parameter
vt =AY (CZ’ l.)z, where CZ, ; is the coefficient of variation (CV) of the interarrival times
when the Markov process X" is in state i.

Then, we can write, for each t > 0,

t ! t
E[A" ()| X" (s), 0 <s <] :/ )»;l(,,(s)ds = Z/ MAIX"(s) =i)ds, (2.11)
0 = Jo
and
' 1 '
Var[A"(1)|X"(s), 0 <s < t] =/ v;'(,,(s)ds = Z/ V(X" (s) = i)ds. (2.12)
0 —'Jo

We make the following assumption on the parameters.

Assumption 1 The parameters A" and v" satisfy

n n

v
——>AER1, — >veRl as n— .
n + n +

The transition rate matrix Q" = n* Q for some @ > 0.

We now state the main result of this section. Its proof, as well as the proofs of all
results presented in Sects. 3 and 4, is provided in Sect. 5.

Theorem 2.1 Under Assumption 1, for the diffusion-scaled process A" in (2.6), (2.7)
holds, where the limit process A is a driftless Brownian motion with variance coefficient

B, O0<a<1,8=1-a/2,
o) =10v+p, a=18=1/2, (2.13)
v, a>1,8=1/2,

with B being defined in (2.5) and
I
b= > mv. (2.14)
i=1

Remark 2.2 When the modulating Markov process X" is in state 7, if the process A"
is renewal, we obtain v = zllz 1 ni)»,-cg ;» Where A; is the arrival rate and ¢, ; is the

CV of the interarrival times in the limit and v; = Aici P
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3 Application to infinite-server queues

In this section we apply the FCLT of the MAAP process, Theorem 2.1, to G/G1 /oo
queues with Markov modulated arrival and service processes. It is shown in [13] that
an FCLT for the number of customers/jobs in a G/ G /oo queue holds, provided that
the arrival process satisfies an FCLT and the service times are i.i.d. with a general
distribution. Our FCLT below extends the existing results in [1] and [4] by allowing
more general arrival process, in that in each state of the underlying Markov process, the
arrival process can be a general stationary point process, including a renewal process.
It also proves the joint convergence of arrivals, queue length, and departure processes
(rather than just queue length). The limiting queue length process is a continuous
Gaussian process and possesses a stochastic decomposition property. Our results also
generalize [13] for G/ G /oo queues in a Markov random environment.

Consider a sequence of G/G/oo queues modulated by a Markov process X",
behaving as described in Sect. 2. The arrival process A" is an MAAP with ;' denoting
the arrival time of job k, k > 1. The service times {1, ; : kK > 1} arei.i.d. with a general
distribution F; (independent of n) when the underlying Markov process X" is in state
i upon the customer’s arrival. Namely, we assume that the service time distribution of
a customer is determined at the epoch of the arrival time, according to the state of the
underlying Markov process X”. We also assume that conditional on the modulating
Markov process X", the arrival and service processes are independent, and that the
system starts empty. Let F :=1— F;,i =1,...,[.Let Q" = {Q"(¢) : t > 0} be
the queue length process describing the evolution of the number of customers in the
system. Let D" = {D"(¢t) : t > 0} be the departure process counting the number of
completed jobs. We have the following balance equation:

D'(1) = A"(t) — Q"(t), t=>0. (3.1)
Define the diffusion-scaled processes Q” = {Q"(t) :t >0} and D" = {ﬁ” ) :t>
0} by
Q"(1) :==n"*(Q"(1) — ng (1)),
D"(t) := n=%(D"(t) — nd(t)) = A"(t) — O"(t), t>0. (3.2)
where
! t ! t
q) = Zkini/ Ff(s)ds, and d(r) := Zkini/ Fi(s)ds, t>0.
i=1 0 = 0

i=1

Theorem 3.1 For the sequence of G/ G 1 /oo models with Markov modulated arrival
and service processes described above,

(A", 0", D"y = (A, Q. D) in D* as n— oo,

where A is the arrival limit defined in Theorem 2.1, the process D= {D(t) 1t >0}
is defined by D(t) := A(t) — Q(t),t > 0, and
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A |0 s=1-w2,0<a <1,
01+ 02 8=1/2, a>1.

The limit process Ql = {Ql (t) : t = 0} is a continuous Gaussian process, defined by

t 1
01(0) ::a(a)/ (ZmFi”(t—s))dW(s), t>0,
0 \io

where WA is a stgndard Brownian motion and o*(a) is defined in (2.13). The limit
process Q2 = {Q2(t) : t > 0} is a continuous Gaussian process defined by

1 t poo
02(1) = / / 1(s +xi > DdK; (tidis, %), (3.3)
i=1 70 /0
where the processes I%,- = {Iei (s,x):s,x>0},i=1,...,1, areindependent Kiefer

processes with mean 0 and covariance function
Cov(Ki(s, x), Ki(t, 1)) = (s AD(F;(x A y) = () F; (), s,1,x,y =0,

foreachi =1,...,1. The processes W and Iei, i =1,...,1, are independent, and
thus so are the processes Q1 and Q».

Here the integrals in (3.3) are defined in the mean-square sense following [13]; see
the precise definition in (5.35)—(5.36).

Remark 3.1 We remark that there is a stochastic decomposition property in the limit
process, as shown in the independence of Ql and QQ. Note that the corresponding
prelimit processes are evidently dependent because of the modulating Markov process.
The limit process 01 captures the variabilities resulting from the arrival process, as
well as those resulting from the modulating Markov process. The limit process o
captures the variabilities from the service process, while, perhaps surprisingly, it is not
affected by the variabilities of the modulating Markov process other than the steady-
state distribution 7. This is also shown in the following characterization of the limit
processes.

Corollary 3.1 Under the assumptions of Theorem 3.1, the limit process Q is Gaussian,
with mean 0 and covariance function

Cov(Q(1). O(t +u))
B (2{21 n,-F;(s))(zi’:lmE“(s +u))ds, S=1-a/2, 0<a<l,
= 10%(a) fé (Zi[:l 7'[,~Ff(s))(z:i1:1 i Ff (s + u))ds
+ 3w g (Fi()FEu+9)ds, §=1/2, a>1,
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for t,u > 0, where ,3 and o%(a) are defined in (2.5) and (2.13), respectively. Its
stationary distribution has variance

Var(Q(c0))
Bl (2{:1 zt,-Fi”(s))zds, S=1-a/2, 0<a<l,

_ RV
= | mim 02 5 (S mFE ) ds = Xy mia [ FE(5)ds,
§=1/2, a>1,

with mg ; being the mean service time associated with F;. In addition, the limit process
D is Gaussian, with mean 0 and covariance function

Cov(D(1t), D(t + u))
Efot (Zi]=1 ”iFi(S))(ZiI:l i Fi(s +u)>ds, 5=1—-0a/2, 0 <a <1,

= 10%(a) fé (Zi[:] mFi(s))(zil:] i Fi(s + u))ds
+3 i Jy (Fi()F u+9)ds, §=1/2, a>1,

fort,u >0, andlim;_, o0 t " Var(D(@)) = o2(a).

Remark 3.2 When F;,i = 1, ..., 1, are identical, our results establish an FCLT for
G/GI /oo queues with an MAAP and i.i.d. service times. Moreover, when the arrival
process is an MMPP and the service times are exponential with rate u (independent
of the modulating Markov process), our results reduce to those in [1] for M /M /oo
queues.

4 Application to fork—join networks

In this section we apply the FCLT for the MAAP to a many-server fork—join network
with the non-exchangeable synchronization (NES) constraint, where both the arrival
process and the joint service time distribution of the parallel tasks are modulated by a
Markov process.

Consider a sequence of many-server fork—join networks with NES indexed by n
and let n — oco. We assume that the systems are operating in the QD regime, which
is asymptotically equivalent to systems with infinite-server service stations. There is
a single class of customers. Let the arrival processes A” be an MAAP as described in
Sect. 2. Let %! = (nf’i, R nﬁ(’i) be the service times that customer £ brings in for
the K parallel tasks when the underlying Markov process X" is in state i at the epoch
of arrival. Assume that the service times {#®! : ¢ > 1} arei.i.d. with a continuous joint
distribution function F® and marginals Fk(i), k=1,...,Kandi =1,...,1.Let Fj(’lz

be the joint distribution of the service times of parallel tasks j, k for j,k =1,..., K
andi =1,...,1. Let FP be the distribution of the maximum of the service times
g e FY () = P}’ < x, Vj) for x > 0. Denote Gy := 1 — F")

fork=1,....K,andGY =1 —-F9D i=1,....1
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Let Q" = (07, ..., ') be the numbers of tasks in service at service stations k =
1,...,K.LetY" = (Y, ..., Yl’é) be the numbers of tasks that have completed service
but are waiting for service at the waiting buffers for synchronization corresponding
to the service stations k = 1,..., K. Let §" = {8"(r) : + > 0} be the process
counting the number of synchronized jobs. Define the diffusion-scaled processes Qn =
(01, ..., 00, Y =@, ..., V%) and §" by

A 1
Qr () : n—,;(QZ(t) — ngi(1)),

IS 1
Y @) = n—(;(YIZ'(t) —ny(@), k=1,....,K, 1=0,

and
. 1
S*(t) = — (8" (1) —ns(r)), t=0,
n
where
I r
) =3 him / G (s)ds.
i—1 0
Mo)_EZAm/RG@u) GV (s)ds, k=1,..,K, 1>0,
i=l1
and

1 '
s(t) == Zkini/o Frg)(s)ds, t>0.
i=1

Theorem 4.1 Forthe fork—join networks with NES and Markov modulated arrival and
service processes described above, (A Q Y S") = (A Q Y S) in D2K+2 as
n— 0o, whereA lsthearrlvalllmltdeﬁnedm Theorem?2.1, Q (Ql, .. QK) Y =
(Y1, .. YK) and S are defined as follows:

k
© Or1+ Or2, 8=1/2, a>1,

. [P, s=1-a2, 0<a <1,
' Yii+ Yio, 8=1/2, a >1,

A [le, 5—1—<x/2,0<o:<1,

»
Il

5 S, §=1-a/2, 0<a <1,
Si+8, §=1/2, a>1.

The limit processes Qk,1 = {Qk,](t) > O},I}M = {)?k‘l(t) :t > 0}, and
Sy = {81(t) : t > 0} are continuous Gaussian processes defined by
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tf 1 )
Oi1(1) == o(a)/ (chi’)@—s))dvv(s), >0,
0 \i=
tf 1 )
Yii(t) = a(a)/ (Z 7 (F (0 =) = F) (1 = s)))dW(s>, 120,
0 \iz
P
S1(t) = a(a)/ (ZmFrEf)(t—s))dW(s), t>0,
0 \i=1

where W is a standard Brownian motion with variance coefficient Gz(q) as defined in
Theorem 2.1. The limit processes Qg2 = {Qr2(t) : t > 0}, Yr 2 = {Yi2(t) : t > 0}
and S» = {S2(t) : t > 0} are continuous Gaussian processes defined by

! t
Ora(t) = Z/ / 1(s +xx > DdK; (Tiris,x), >0,
io170 JRE
It
Veot) == le/o /M (1 +xx < 1) — 1(s +xj <1, V))dK;(miris, x), >0,
1=

It
SH(t) = Z/O /RK (I(S +x; <t, Vj))dKi(JTi)\.[S,X), t >0,
i=1 +

where K; (s, X) are independent multiparameter Kiefer processes (Gaussian random
field) with mean O and covariance Cov(K (s, X), K, (t,y) = (s A t)(F(’)(X AY) —
F(’)(X)F(’)(y)) fors,t > 0and X,y € RK The integrals in Qk 2(1), Yk 2(t), and

S (1) are deﬁned in the mean squared sense. The Brownian motion W is independent
from K; =1, , I, and thus Qk 1 and Q j,2 are independent, and so are Yk 1 and

?jg foreachk, j = 1, ..., K. S1 and 52 are also independent.

Remark 4.1 We remark that there is also a stochastic decomposition property (analo-
gous to the one we have seen for the infinite-server queueing model). The variabilities
in the arrival process and the Markov process are captured in Qk 1 Yk s and §; for
each k, while the variabilities in the service process are captured in Qk 2, Y k.2, and Sz

Corollary 4.1 Under the assumptions of Theorem 4.1, the limit process (Q, Y) is
a multidimensional Gaussian process with mean zero and covariance functions, for
Jok=1,...,K, 1,1 >0,

Cov(Q;(1), Ox(t))

| CovQ;10), Ok, s=1-a/2, 0<a <1,
| Cov(Q,1 (1), Ok 1 (t) + Cov(Q) (1), Qupt)), 8=1/2, a>1,

Cov(Y; (1), Yi(t)))
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Cov(Y;1(0), Yi1(t)), 8=1—a/2, 0<a <1,
Cov(¥;1(t), Vi1 (1)) + Cov(¥ja(t), Vo)), 8=1/2, a>1,

Cov(Q; (1), Yi(1))

| CovQ1), Y1), s=1-a/2, 0<a <],
Cov(Q;1(1), Vi1 () + Cov(Qj2(t), Via(t)), 8=1/2, a > 1,

where

int' f 1 ) 1 )
Cov(Q;1(1), Q1 (1)) = 0% (@) / (Z mGﬁ.’)(z—s)) (Z TG — s)) ds,
0 i=1 i=1

int' [ 1 . )
Cov(¥1(1). Ti1 (1) = o> (@) /0 (Z mi (F @ —s) - FDa —s)))

i=1

1
% (Z 7 (Fk(i)(t/ —s5)— FO@ — s)))ds,

i=1

int f 1 )
Cov(Q.1(1), Y1 () = 02 (@) /0 (ZmGﬁ”(r—s))
i=1
I .
(T (000 - -0) Jas
i=1

1 A ]
Cov(Q)a(1). Qrat) = D miki / GHEENED

; 0

i=l1

_F]@(t — ) FP @ — s)) ds,

. ) 4 At .

Cov(¥ja2(1), Yia(t)) = D midi / (Flla=s.1 =9
¢ 0 '

i=1
—F =) FP (W —s)
—FO =5 =)+ F(t =) FO (' — 5)
— Fk(’il)n(t' —5,t—3)
+ PO =) FD(t =) + FO((t =) A (1 = 5))
—FD @ —s)FD (' — s)) ds,

1 N4 ) ) .
Cov(Q;2(0), Yio(t)) = D miki /0 (F @ =5t =)= F =) FP ' =)
i=1
—FO =5t =)+ FO4 - P~ s)) ds
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with o2 () being definedin (2.13), and, forj =1,..., Kandx,y > 0, Fj n(x,y) :=
F(z) forz e R_If satisfying z; = x Ay and zj; =y for j" # j.

In addition, the limit process S is a continuous Gaussian process with mean zero
and covariance functions, for t,t' > 0,

Cov(81(1), $1(t)), 6=1—a/2, 0 <a <1,
Cov(81(1), $1(1)) + Cov($2(1), $2(1")), 8=1/2, a > 1,

Cov(S(t), S(t")) = |
where
Cov($1(1), $1(1))
int' f 1 ) ! )
- 02(05)/ (Z i FO (1 — s)) (Z i FO@ — s))ds,
0 i=1 i=1

Cov(S2(1), $2(t))

1 (AL
=S mn / (Frgp((t —AM =) — ED @ —s)FD (¢ — s)) ds
i=1 0

with o%() being defined in (2.13), and lim,_, oot~ Var(S'(t)) =o2(a).

5 Proofs
5.1 Proof of Theorem 2.1
In this section we prove Theorem 2.1. First of all, we write the process A" as
Aty = ATt + A1), >0, (5.1)
where
NG 1 n ! n
Aj) = — (A (t) — /O AXn(s)ds) (5.2)
and
. 1 ' !
A1) = — /0 Wn(syds = > midjt ). (5.3)
i=1

We now focus on proving the convergence of A’l’ Without loss of generality, we

pick state 1 as the reference state. Let fg’ be the first time that X" (¢) reaches state
1 from the initial state, and T;" be the (k + 1)th jump time of X" (¢) reaching state 1

(i.e., the k™ excursion time). Define a counting process associated with the sequence
{Tk" k=1,2,...}:

N'(t) ==max{k: T}’ <t, k=0,1,2,...}, t>0, and T :=0.
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Then we can decompose the process A’ into three processes:

Aty = A% (1) + AL, (0) + AT 5(1), 120, (5.4)
where
R t/\T(;l
AL () =5 (MTO)— [ Kewds ). (5.5)
. Ty
A = — Z AT — AT(T] ) — /T D dgds ). 66
k= k—1
A~ t
?3(1‘) = — Aﬂ(l‘) - An(Tnn(t)) / A”;{”(S)ds . (57)
Tl’\l”’(f)

We will prove the convergence of the three processes A’f s A’l’ 5, and A’I’ 5 in the
following lemmas.

Before proving the convergence of the three processes A’l’ 1 A’l’ 5» and A’l’ 3, We
present some properties of the processes N" and the sequence {7} : k =0, 1,2, ...}.
Let

I =10 - T,

for k = 1,2,.... Then {Tk” k= 1,2,...} forms an i.i.d. sequence of random

variables. Let y" := E [T{’]. It is evident that y” < oo and there exists ¥ > 0 such
that " = n=%y, since X" has transition rate matrix Q" = n“Q. Thus, it follows
from the FLLN for delayed renewal processes that

1

—N" =y le in D as n— oo, (5.8)
n

where e(t) =t fort > 0.

Lemma 5.1 Forany e > 0 and fixed T > 0,

lim P| sup |A'1’ (] >e)=0. (5.9)
=00 ref0, 7]’
Proof 1Tt suffices to show that
lim E|: sup |A1 1(:)@ (5.10)
n— o0 te 0
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By (5.5), we obtain the following upper bound:

R 1 5 1 IAT67
E | sup |A’f 1(t)| < <E| sup A"t ANTY) +—E| sup / )L')’(,,(S)ds
1e[0,T] ’ n 1€[0,T] n 10,710

%E [E[a"T AT x"@) s = 7]

1 TAT(;I
n
+$E ‘/0 )»X,l(s)ds
2 TAf(;’
—E Monionds
n5 0 X" (s)

,125 (max ,\")E[TO”]. (5.11)

A

IA

| /\

By Assumption 1, we have that 1 5 Max;cs Al — Max;esA; < 00 asn — oo.

Since Q" = n“(Q, it is evident that E[T"] = O(1/n%) (see, for example, [21, pp.
256-257]). Thus, it follows that

2 -
a(max)»") [T31— 0 as n — oo,
n eS

and we have proved (5.10). O

Lemma 5.2 Forany € > 0 and fixed T > 0,

n—0o0 t€[0,T]

lim P( sup |A}5(0)| > e) = 0. (5.12)

Proof Foreachk =1,2,3, ..., define

. T+t
A= sp L A"(Tk"_l+t)—A”(Tk”_1)—/n Mewids|.  (5.13)
0<t<Ty' T
To prove (5.12), it suffices to prove that
Jim E[AY )] =0. (5.14)

By (5.13) and conditioning, we obtain that

Ain 1 non non 1 Tl:;n(T)“ n
E[A}ny] = E HA Tyniry+) — A (TN"(T))H +5E - Axn(s)ds

N™(T)

2 Tin 1y n 2 " -
ZE noyds | < —B(Iirgg(ki)E[Tl 150 as n— oo,

IA

n n n
N™(T)
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where the convergence follows from Assumption 1 and E [TI"] = n~%y. Thus, the
lemma is proved. O

Lemma 5.3

. {o, S=1-a/2 0<a<l, 515

=17
1.2 A, §=1/2, a>1,

in D as n — oo, where the limit process Al isa driftless Brownian motion with
variance coefficient v defined in (2.14).

To prove this lemma, we need the following lemma, whose proof follows from a
direct generalization of Theorem 2.7 in [22].

Lemma 5.4 Let {&,; : i > 1} be an i.i.d. sequence for each n and U,(t) =

ZL" tJé,” for eacht > 0 and any « > 0. Then U, = U inDasn — oo,
where U is a stochastic process with stationary independent increments, if and only
ifUy(t) = U(t) in R for eacht as n — oo.

Proof of Lemma 5.3 Define a process A’fyz = {A’b(t) .t >0} by

) Ln*1/y) LT
Al = > (An nS/T A’)’{,,(S)ds), t>0, (5.16)

k=1 k—1

where AZ is defined in (5.13). We first show that, for each t > 0,

0, é=1—-a/2,0<a <1,

) (5.17)
AW, §=1/2, a>1,

Al (1) = [

in R as n — oo, where fi(t) has a normal distribution with mean 0 and variance
vt, with v defined in (2.14). This follows from applying the CLT for doubly indexed
sequences by noting that the summation terms in (5.16) are i.i.d. for each given n. It
suffices to show that, as n — o0,

y 1 o 0, §=1—a/2,0 <1,

n“Var | A} — _5/ Ag‘(n(g)ds — 1 o/ =« (5.18)

n® Jin : vy, §=1/2, a > 1.
By conditioning, we obtain

Var A 5/n )‘X"(s)ds

y 1 Tn . 1 Tn
- Var(A'll) + Var n—a/fn )L’;(,,(Y)ds —2Cov A’f, —8/ X,,(s)ds
0

0
= E[Var(A}|1X"(s) : T} <5 < T")] + Var(E[A}|X"(s) : T} <5 < T]'])
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([0
W

o
( X,l(s)dsj| — E[AT]E [/ A';(n(s)dsD
Ty

E / d 2 \% /Tln AL d 2 \%4 /Tn A d

= — U n S ar n S |— —=gvar n N
n28 i X"(s) n28 7y X" (s) n28 7y X" (s)
1 T I B
= n%E - vXH(S)ds =% Zvi E o 1(X"(s) =i)ds |. (5.19)
0 i=1 0

Under the assumption on the underlying Markov process X", we obtain that for each
i=1,...,Tandt >0,

t
/ 1(X"(s) =i)ds = mit as n — o0. (5.20)
0

Since E[YV“I"] = n~%y, we obtain that as n — o0,

T)l
0, §d=1—-u/2,0<a<1
C(28 n ’ k] k)
EUE 1(X =i)ds | —
|:/~n (X =1) Sj| [_ 6=1/2, a > 1.

vy,
(5.21)
Thus, we have proved (5.17). By Lemma 5.4, we obtain that
o 0, §=1—u/2,0 1,
A, = 1o @/2. 0 <a< (5.22)
Ay, §6=1/2, a>1,

in D as n — co. Now by (5.8), Theorem 11.4.5 of [25], and the continuous mapping
theorem, we can conclude the convergence in (5.15). O

Completing the Proof of Theorem 2.1 Recall the representation of the process A" in
(5.1)—(5.3) and (5.4)—(5.7). By Lemmas 5.1 and 5.2, we obtain that A’l”l = 0 and

A’l’ 3 = 0asn — oo, respectively. By Lemma 5.3, we obtain that (i) A’f = Al in

Dasn — oo, when § = 1/2 and o > 1, where Al is a driftless Brownian motion
with variance parameter v, and (ii) A'l'z = 0inDasn — co,whend =1 — /2 and
O<a<l.

By Proposition 3.2 in [1], we obtain that

Ay, 8=1—-0a/2, 0<a <],
A= 1A, §=1/2, a=1, (5.23)
0, §=1/2, a>1,
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in D as n — oo, where the limit process Az = {Az(t) : t > 0} is a Brownian motion
with mean 0 and variance coefficient §. Here, the Brownian motion A1 is independent
of A,. Thus the proof is complete. O

5.2 Proofs for applications to infinite-server queues

Proof of Theorem 3.1. We first note that the process Q" can be written as

A'(t) I

0"ty = > DT + i > DX () = i)

k=1 i=1

PRV A" (s)
=/ / ZI(S +x; > DHLX"(s) = i)d Z 1o <xi) |, t>0.
00 - k=1

(5.24)

From this, we obtain the following representation for the diffusion-scaled process Q":
0"(t) = Q1) + Q5(¢) fort > 0, where

t ¢ 1
o1 ::/O F,‘(',,(S)(t — $)dA"(s) :/0 ZF;'([ —H1(X"(s) =i)dA"(s) (5.25)
i=1
and

! t oo
0L(t) == nl/HZ/O /0 1(s + x; > HL(X"(s) = i)
i=1

A" (s)

1
> (M < x) — Fi(x) | - (5.26)
k=1

N\

We next prove the convergences ?f Q’f and Qg
To prove the convergence of Qf, we show that

lim P( sup |Q%(1) — 01(1)| > e) =0. (5.27)
n— 00 0<t<T
Note that

P( supT|Q7(r> - 01(0] > e)

0<t<

< P| sup
0<t<T

1
/0 S FE - UK (s) = idd (A"(s) - A(s))
i=1

®
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+ P sup >e], (5.28)
0<t<T

where A is the limit process of the arrivals A" as givenin Theorem 2.1. The convergence
to zero of the first term on the right-hand side of (5.28) follows from the convergence
A" = A in Theorem 2.1. To prove the convergence of the second term in (5.28), we
first observe that the process Q’fz = {Q’f’z(t) : t > 0} defined by

1
/t Z FE(r —$)(L(X"(s) = i) — 7;)d A(s)

0 o

;1
0,1 :=/0 > FE (- (LX"(s) = i) — m)dAGs), 120,
i=1

is a Markov process. It is easy to check that the generators of the processes A’f 2

converge to zero. Thus, by [10, Ch. IV, Thm. 2.5], we obtain the convergence of the
second term in (5.28). To show the joint convergence

(A", 01) = (A, Q1) in D* as n— oo, (5.29)

by endowing the product space with the maximum metric we see that the convergence
of A" by assumption and Q” in (5.27), as well as the continuity of their limits A and

Q1 , imply that (5.29) holds.
Next we will show the convergence of Q7. Define the sequential empirical processes

= {K!'(t,x) : 1, x > 0} by
[nt]
K], x) = Z(l(nkz <x)—F(x), t,x>0,

foreachi =1, ..., 1.By[13,Lemma 3.1] and the independence oflei",i =1,...,1,
we know

K'=K; in Dp as n— oo, (5.30)
where K i,i = 1,...,1, are independent Kiefer processes defined in Theorem 3.1.

We let A7 = {A(t) : t > 0} be the process counting the number of arrivals whose
service type is i, i.e.,

Al(t) := max {j 201X () =10) < t} , 120, (5.31)
vyhere ko := 0 and r(’} = 0, fori = 1,...,I. Define the fluid-scaled processes
A} = n_lAl'.’ foreachi = 1, ..., I. Thus, Theorem 2.1 directly implies the functional

weak law of large numbers (FWLLN) for Al'.', i.e.,

(AT,..., A"y = (mire, ..., mrhe) in DY as n— oo (5.32)
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We can rewrite (5.26) as

1
05 =—n'PR" 050, 120, (5.33)
i=1

where the processes le = {Qg,i(t) : t > 0} are defined by
A t o A -
05 (1) :=/ / 1(s + x; < )dK]' (Al (s),x;), t=>0. (5.34)
0 JO

Tightness of the processes {Q” :n > 1} in D follows directly from the tlghtness of
the corresponding processes for the G/GI /oo queuesin[13],fori =1,..., 1. Thus,
we obtain the processes {Q : n > 1} that are tight.

We now focus on proving the joint convergence of finite-dimensional distributions
of Q” and Q2 We only need to show the case § = 1/2, since otherwise the limit Q2

vanishes. Define the process Qz,, = {sz,(t) :t > 0} by

t oo
02:0r:= [ [ 16+ 30 = naRiminas. ), (5.35)
o Jo
fort > 0andi =1, ..., I. The integral Qz,i in (5.35) is understood as a mean-square
integral. Specifically, we define
02 (t) :=1im 0o 021(t), >0, (5.36)

where 1.i.m represents mean-square limit, that is,
) . . 2
lim £ [(Qz,,-(r) 0) ] -
[—00
and

t o0
02,i1() == / / 1, (s, x)dK; (miAis, X;)
o Jo

= ZA,@((?T[MSLP 0); (rikist, t —sb)
j=1

with 1; ;(-, -) defined by

I
1:(s,x) :=1(s =0)1(x <1t)+ ZI(SLI <s < sé)l(x <t-— s§)

j=1
with the points 0 = s{ < sé < - < sll = t being chosen so that maxi<;< |s§. —
sl —>0asl — oo,and fora; < ay, by <by,andi=1,....1,
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Ay ((a1,b1); (a2, b2)) = Ki(az, bo) = Ki(ar, b)— Ki(az, b)+Ki(ar, br). (5.37)

We define the additional processes Q; i = {Q; ;@) > 0} and Q; i =
{05 ,,() :1 =0} by

t o0
04, () :=/0/0 1, (s, X)d K" (A" (s), x;)

[
= 2 A4 (A", 0 (A1 = s},

j=1

t o0
05,1 32/ / 1. (s, x)dK] (i dis, X;)
0 Jo

l
=D Age((ikisi_y, O): (midish. 1 = 5)).
j=1

where A i is defined similarly to A e in (5.37) with K; replaced by K . By the weak

convergence of K;' to K; in Dp as n — oo, we easily obtain that, fori =1,..., 1,
o fdd. A
05, —> Q2i1 as n— 0o,

d.d. . o . e .
where f—) stands for the convergence in finite-dimensional distributions. By noting

that Q’; ;11 =1,...,1,and A" are independent from each other, together with (5.29),
we have

A"n An  An “n fd.d. A A ~ N

(A", 07, Q2,1,1v ey Qz’”) — (A, 01,02,1,0,.--,Q2,11) as n— oQ.

In order to establish the joint convergence of A”, ) ’f, and Qg ; in finite-dimensional
distributions, i =1, ..., 1, i.e.,

N ~ ~ A fd.d. AA N ~
(Anv Q’ils Qg’ls s QS’]) — (Aa le QZ,L D) QZ,I) as n — o0, (538)

it is sufficient to show the following: for any 7 > 0 and € > O,

lim P( sup |04, (1) — 0%, ()] > e) =0, i=1,....1, (5.39)
T

n—oo OSIS
and, fort > Qand € > O,

lim lim P (|Qg)i,,(z) — 051> e) —0, i=1,...,1 (5.40)

[— o0 n—00
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We can easily obtain (5.39) from (5.30) and (5.32), as well as the continuity of K il =
1, ..., I.Following the proof of [13, Lemma 5.3], we immediately see that (5.40) also
holds. Therefore, we have shown (5.38). By the continuous mapping theorem, together
with (5.33) and § = 1/2, we further have

sn An Ap fdd. A A A
(An’ Q’i’» Qg)—)(Aa Ql’ Q2) as n — oQ.

Since {Q? :n > 1} and {Q’; : n > 1} are tight as previously shown, we have
established the weak convergence of o" joint with A" when § = 1 /2 and o > 1.
Furthermore, by noting (3.1) and (3.2), as well as the continuous mapping theorem,
we obtain the weak convergence of (A", Q", D" jointly. The case when § = 1 —« /2
and 0 < o < 1 can be obtained analogously by noting that the limit Qg vanishes as
n — oo. Therefore, the proof of Theorem 3.1 is complete. O

Proof of Corollary 3.1 The covariance functions of O can be obtained similarly to
[13, Lemma 5.1] in combination with Itd isometry as well as the fact that the Kiefer

processes K ;,withi =1, ..., I, and the arrival limit A are independent of each other.
The covariance functions of D can also be derived similarly. We omit the details here
for brevity. O

5.3 Proofs for applications to fork—join networks

Proof Sketch of Theorem 4.1 We first note that the processes QF, Y}, and S can be
represented as

A'(r)

O =D > 1)+ > OLX" () = i)
=1 i=1
A7(s)

I
= 2/ / 1(s + x> HL(X"(s) = i)d Z 1n% <x) |,
io17/0 /R =1

At(t) 1
YR = > D A 40t <0 =1+ <0 VLX) =)
=1 i=1

I
=3 [ [ s =0 - 1642 < v e =i
i=1 70 JRY

A"(s)

dl > 1" <x)
=1
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At(t) I
S" ()= D > A+t < VHLX () = i)
=1 i=1
A”(S)

I
=Z// s+ <1, VOLX () =Dd | D 1" <x)
i=1/0 JRE =1

Then we can obtain the representations for the diffusion-scaled processes QZ f’k", and
8 as follows:

! t
01 (t) = Z/O G (1 — )1(X"(s) = i)d A" (s)
i=1
1 t
+n1/2—52/ / 1(s + xi > 0)dK; (Al(s), x)), (5.41)
i=17/0 JRE
1 t )
Vi) = Z/ (F (1 =) = FO (1 — sH1X" (s) = i)d A" (s)
i=170

LY
a2 [ A bad =0 = 16+ <0 vinak A1),
i=1 0 R+

(5.42)
I
S"(t) = Z/ FO@ —)1(X"(s) = i)d A" (s)
i=170
I t . —_ .
+n1/HZ/ / I(s +x) <1, Vj)dK; (A (s), x'), (5.43)
i=170 JRY
where the processes A;’, i =1,...,1, are defined in (5.31), and the multiparameter

sequential empirical processes K ln = {k 7 (t,x):t>0,x e Rf} are defined by

L ]

AR 1 i . %

K;(t,x) = NG > A" <x) - FPx), >0, xeRf.
=1

The weak convergence of the first terms in (5.41)—(5.43) follows analogously from
the proof for (5.25) in Theorem 3.1. Note from [14, Thm. 3.1] and the independence
of K,i=1,...,1,that

IA{zn = IA{:I in D([0,00),Dg) as n — oo, (5.44)

where K;,i =1,...,1,are independent generalized Kiefer processes with covariance
functions in Theorem 4.1. With similar argument to the proof in Theorem 3.1 and [14,
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Sect. 6.2], we can also show the weak convergence of EheAsegonAd terms in (5.41),
(5.42) and (5.43), as well as the joint convergence of (A, @, Y, S). The details are
omitted for brevity. O

Proof of Corollary 4.1 The covariance functions of Qj(t) and l?k(t/), and S‘(Z) and
S(t') are analogous to [14, Thm. 3.4] for j,k =1, ..., K,and ¢, > 0, together with
the fact that the generalized Kiefer processes K;’s are independent,i =1, ..., 1. We
omit the details for brevity. O

6 Concluding remarks

We have studied a large class of MAAPs that can capture more burstiness and vari-
abilities than MMPPs. Under mild conditions on the parameters, we have established
an FCLT for the MAAPs. The FCLT is applied to non-Markovian infinite-server sys-
tems and fork—join networks with NES. It can be also similarly applied to obtain
two-parameter heavy-traffic limits for infinite-server systems as in [20]. The FCLT
can be potentially applied to study large-scale service systems in Markov random
environments, for example, queueing networks in which all stations are modulated by
the same Markov process. The results can also be used to study resource allocation
and system design problems for such queueing and network models. It may also be
interesting to study the (sample-path) large deviation problems for queueing systems
with MAAPs.
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