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Abstract Markov modulation is versatile in generalization for making a simple sto-
chastic model, which is often analytically tractable, more flexible in application. In
this spirit, we modulate a two-dimensional reflecting skip-free random walk in such a
way that its state transitions in the boundary faces and interior of a nonnegative integer
quadrant are controlled by Markov chains. This Markov-modulated model is referred
to as a 2d-QBD process according to Ozawa (Queueing Syst 74:109-149, 2013). We
are interested in the tail asymptotics of its stationary distribution, which have been
well studied when there is no Markov modulation. Ozawa studied this tail asymp-
totics problem, but his answer is not analytically tractable. We think this is because
Markov modulation is so free to change a model even if the state space for Markov
modulation is finite. Thus, some structure, say, extra conditions, would be needed to
make the Markov modulation analytically tractable while minimizing its limitation in
application. The aim of this paper is to investigate such structure for the tail asymptotic
problem. For this, we study the existence of a right-subinvariant positive vector, called
a superharmonic vector, of a nonnegative matrix with QBD block structure, where
each block matrix is finite dimensional. We characterize this existence under a certain
extra assumption. We apply this characterization to the 2d-QBD process and derive
the tail decay rates of its marginal stationary distribution in an arbitrary direction. This
solves the tail decay rate problem for a two-node generalized Jackson network, which
has been open for many years.

B Masakiyo Miyazawa
miyazawa@rs.tus.ac.jp

1 Tokyo University of Science, Noda, Chiba, Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11134-015-9454-x&domain=pdf

2 Queueing Syst (2015) 81:1-48

Keywords Subinvariant vector - QBD structured matrix - Markov modulated
random walk - Generalized Jackson network - Stationary distribution - Large
deviations

Mathematics Subject Classification 60K25 - 60J27 - 60K37

1 Introduction

Our primary interest is in methodology for deriving the tail asymptotics of the sta-
tionary distribution of a Markov-modulated two-dimensional reflecting random walk
for queueing network applications, provided it is stable. This process has two compo-
nents: front and background processes. We assume that the front process is a skip-free
reflecting random walk on a nonnegative quarter plane of the lattice, and the back-
ground process has finitely many states. We are particularly interested in a two-node
generalized Jackson network for its application.

According to Ozawa [36], we assume the following transition structure. The state
space of the front process is composed of the inside of the quarter plane and three
boundary faces: the origin, and the two half coordinate axes. Within each region, state
transitions are homogeneous, that is, subject to a Markov-modulated random walk,
but different regions may have different state transitions. Between pairs of the four
regions, state transitions may also be different. See Fig. 1 in Sect. 3.1 for details. This
Markov-modulated two-dimensional random walk is called a discrete-time 2d-QBD
process, 2d-QBD process for short, in [36]. We adopt the same terminology. This
process is flexible enough to handle many two-node queueing networks in continuous
time through uniformization. The generalized Jackson network is such an example.

For the 2d-QBD process, we assume that it has a stationary distribution, and denote
arandom vector subject to it by (L, J), where L represents a random walk component
taking values in Ri while J represents a background state. For i = 1, 2, we consider
the tail asymptotics by logarithmic ratios of the stationary tail probabilities in the ith
coordinate directions:

1
—logP(L; >n,L3_; =¢,J =k), n— o0, (1.1)
n

for each fixed ¢ > 0 and background state k, and those of the marginal stationary
distribution in an arbitrary direction ¢ = (cq, ¢2):

1
—logP(c1L1 + 2Ly > x), x — o0. (1.2)
X

It will be shown that those ratios converge to constants (Theorems 3.2, 3.3). They are
negative, and their absolute values are called exponential decay rates. We demonstrate
those tail asymptotic results for a two-node generalized Jackson network with Markov-
modulated arrivals and phase-type service time distributions. This solves a problem
which has been open for many years (see Sect. 4.2 for details).
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Ozawa [36] studied the tail asymptotics in the coordinate directions, including (1.1).
He showed that the method for a two-dimensional reflecting random walk studied by
Miyazawa [27] is applicable with help of invariant vectors obtained by Li and Zhao
[23]. We refer to this method as a QBD approach, which is composed of the following
three key steps:

(1) Formulate the 2d-QBD process as a one-dimensional QBD process with infinitely
many background states, where one of the coordinate axes is taken as a level.

(2) Find right- and left-invariant vectors of a nonnegative matrix with QBD block
structure, which will be introduced shortly, and get upper and lower bounds of
the tail decay rates.

(3) Derive the tail decay rates, combining those results in the two directions.

Here, an infinite-dimensional square matrix is said to have QBD block structure if
it is partitioned into blocks in such a way that each block is a square matrix of the
same size except for the first row and first column blocks, the whole matrix is block
tridiagonal, and each row of blocks is repeated and shifted except for the first two rows
(see (2.4) for its definite form). In step (1), the blocks for the one-dimensional QBD
are infinite dimensional, while, in step (2), those for the nonnegative matrix are finite
dimensional.

A hard part of this QBD approach is in step (2). In [36] the invariant vectors are
only obtained by numerically solving certain parametrized equations over a certain
region of parameters. This much degrades applicability of the tail asymptotic results.
For example, it is hard to get useful information from them for the tail asymptotics
in the two-node generalized Jackson network (see, for example, [12,15]). We think
that this analytic intractability cannot be avoided because no structural condition is
assumed for the Markov modulation. In applications, it may have certain structure.
Thus, it is interesting to find conditions for the invariant vectors to be analytically
tractable while minimizing limitations in application.

Another problem in [36] is complicated descriptions. They cannot be avoided
because of the complicated modeling structure, but we easily get lost in computa-
tions. We think here simplification or certain abstraction is needed.

In addition to those two problems, the QBD approach is not so useful for studying
the tail asymptotics in an arbitrary direction. For this, it is known that the stationary
inequalities in terms of moment generating functions are useful in the case where there
is no Markov modulation (for example, see [19,28]). It is interesting to see whether
this moment-generating function approach still works under Markov modulation.

We attack those three problems in this paper. We first consider the description
problem and find a simpler matrix representation for a nonnegative matrix with QBD
block structure. This representation is referred to as a canonical form. We then consider
the problem in step (2).

For this, we relax the problem by considering a right-subinvariant positive vector,
which is said to be superharmonic, instead of a right-invariant positive vector, which
is said to be harmonic. It is known that the existence of a right-subinvariant vector
is equivalent to that of a left-subinvariant nonnegative vector (for example, see [40]).
When a nonnegative matrix is stochastic, a right-subinvariant vector can be viewed as
a superharmonic function. Because of this fact, we use the terminology superharmonic
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vector. In the stochastic case, it obviously exists. When the matrix is substochastic and
does not have the boundary blocks, this problem has been considered in studying a
quasi-stationary distribution for QBD processes (see, for example, [17,22,23]).

In step (2), we do not assume any stochastic or substochastic condition for a non-
negative matrix with QBD block structure, which is crucial in our applications. As we
will see, we can find necessary and sufficient conditions for such a matrix to have a
superharmonic vector (see Theorem 2.1). The sufficiency is essentially due to Li and
Zhao [23] and related to Bean et al. [2] (see Remarks 2.1, 2.2). However, this char-
acterization is not useful in application as we already discussed. So, we will assume
a certain extra condition to make our answer tractable. Under this extra assumption,
we characterize the existence of a superharmonic vector using primitive data on the
block matrices (Theorem 2.2).

This characterization enables us to derive the tail asymptotics of the stationary
distribution in the coordinate directions for the 2d-QBD process. For the problem of the
tail asymptotics in an arbitrary direction, we show that the moment-generating function
approach can be extended for the Markov-modulated case. For this, we introduce a
canonical form for the Markov-modulated two-dimensional random walk, which is
similar to that for a nonnegative matrix with QBD block structure.

There has been a lot of work on tail asymptotic problems in queueing networks
(see, for example, [28] and references therein). Most studies focus on two-dimensional
reflecting processes or two-node queueing networks. The 2d-QBD process belongs to
this class of models but allows them to have background processes with finitely many
states. There is a huge gap between finite and infinite numbers of background states,
but we hope that the present results will stimulate the study of higher dimensional tail
asymptotic problems.

This paper is made up of five sections and appendices. Section 2 derives necessary
and sufficient conditions for a nonnegative matrix with QBD block structure to have a
right-subinvariant vector with and without extra assumptions. This result is applied to
the 2d-QBD process, and the tail decay rates of its stationary distribution are derived
in Sect. 3. The tail decay rates of the marginal stationary distribution in an arbitrary
direction are obtained for the generalized Jackson network in Sect. 4. We finally give
some concluding remarks in Sect. 5.

We summarize basic notation which will be used in this paper (Table 1).

For nonnegative square matrices T, T;, T;; withindices i, j € Zsuch that T; and T;;
are null matrices except for finitely many i and j, we will use the following conventions
(Table 2).

Table 1 Notation for sets of numbers and vectors

VA The set of all integers, Zy The set of all nonnegative
integers,

R The set of all real numbers, R4 The set of all nonnegative real
numbers,

H {—1,0, 1}, H {0, 1},

(x,y) x1y1 +xoyp forx, y e R2, 1 The column vector whose

entries are all units
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Here, the sizes of those matrices must be the same among those with the same
type of indices, but they may be infinite. We also will use those matrices and related
notation when the off-diagonal entries of T, T;, T;; are nonnegative.

2 Nonnegative matrices and QBD block structure
Let K be anonnegative square matrix with infinite dimension. Throughout this section,
we assume the following regularity condition:

(2a) K isirreducible, that is, for each entry (i, j) of K, there is some n > 1 such that
the (i, j) entry of K" is positive.

2.1 Superharmonic vector

In this subsection, we do not assume any assumption other than (2a) and introduce
some basic notions. A positive column vector y satisfying

Ky<y 2.1

is called a superharmonic vector of K, where the inequality of vectors is entry-wise.
The condition (2.1) is equivalent to the existence of a positive row vector x satisfying
x K < x. This x is called a subinvariant vector. Instead of (2.1), if, for u > 0,

ukKy <y, (2.2

then y is called a u-superharmonic vector. We will not consider this vector, but most
of our arguments are parallel to those for a superharmonic vector because y of (2.2)
is superharmonic for u K.

These conditions can be given in terms of the convergence parameter ¢, (K) of K
(see Table 2 for its definition). As shown in Chap. 5 of the book of Nummelin [34]

Table 2 Conventions for matrices and their MGF

cp(T) sup{u > 0; 22‘;0 uT" < oo}: the convergence parameter of 7',
ver(T) The Perron—-Frobenius eigenvalue of 7' if 7T is finite dimensional,

while it equals cP(T)*1 if T is infinite dimensional

T () > iz €0T; for 6 € R: the matrix MGF of {T}},

Where MGF is for moment-generating function,
Tis(0) i ez €T for 6 € R?: the matrix MGF of {T;;},
rO) yT©) = yor(T(0)), ¥y T+ (0) = yor(Tix(0)),
1-1" 90, T" (this is infinite if ¢, (T) < 1),
Ay The diagonal matrix whose ith diagonal entry is x;,

where x; is the ith entry of vector x
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(see also Chap. 6 of [38]),
cp(K) =sup{u > 0;uKy < y for some y > 0}, 2.3)

or equivalently ¢, (K) = sup{u > 0; uxK < x for some x > 0}. Applying this fact
to K, we have the following lemma. For completeness, we give its proof.

Lemma 2.1 A nonnegative matrix K satisfying (2a) has a superharmonic vector if
and only if c,(K) > 1.

Proof If K has a superharmonic vector, then we obviously have ¢, (K) > 1 by (2.3).
Conversely, suppose ¢, (K) > 1. Then, by (2.3), for any u < 1, we can find a positive
vector y(u) such that yo(#) = 1, all entries of y(u) are bounded by 1, and

uKy(u) < y(u).

Taking the limit infimum of both sides of the above inequality, and letting y =
liminf, 41 y(u), we have (2.1). Thus, K indeed has a superharmonic vector y. O

The importance of Condition (2.1) lies in the fact that A;l K Ay is substochastic,
that is, K can be essentially considered as a substochastic matrix. This enables us to
use probabilistic arguments for manipulating K in computations.

2.2 QBD block structure and its canonical form

We now assume further structure for K. Let mo and m be arbitrarily given positive
integers. Let A; and B; fori = —1,0, 1 be nonnegative matrices such that A; for
i =—1,0,1are m x m matrices, B_1 is an mq X m matrix, Bg is an mg X mq matrix
and B is m x mo matrix. We assume that K has the following form:

By B 0 0 0
B_ Ao Al 0 o .-

k=|0 Aax A A 0 el 2.4)
0 0 A1 Ayp A

If K is stochastic, then it is the transition matrix of a discrete-time QBD process.
Thus, we refer to K of (2.4) as a nonnegative matrix with QBD block structure.

As we discussed in Sect. 1, we are primarily interested in tractable conditions for
K to have a superharmonic vector. Denote this vector by y = (¢, ¥, --.)". That is,
y is positive and satisfies the following inequalities:

Boyo + Biyi < Yo, (2.5)
B_1yo+ Aoyy + A1y, < ¥y (2.6)
A1yy_1+ A0y, + A1y S Yy =200 2.7
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Although the QBD block structure is natural in applications, there are two extra
equations (2.5) and (2.6) which involve the boundary blocks B;. Let us consider how
to reduce them to one equation. From (2.5), Boyy < y, and Boy, # yo. Hence, if
¢p(Bp) = 1, then y, must be the left-invariant vector of By (see Theorem 6.2 of [38]),
but this is impossible because y; > 0. Thus, we must have ¢, (By) > 1, and therefore
(I — Bp)~! is finite (see our convention (Table 2) for this inverse). Let

Co = B_1(I — By)"' By + Ao. (2.8)
Then (2.5) and (2.6) yield
Coy, + A1y, < y1. (2.9

This suggests that we should define a matrix K as

Co Aq 0 0 0
A1 Ao A 0 0

K=|0 Aa A A 0 o (2.10)
0 0 A1 Ay A ---

where Cy is defined by (2.8). Denote the principal matrix of K (equivalently, K)
obtained by removing the first row and column blocks by K. Namely,

Ay A 0 0
A_i Ay AL 0
Ki=10 A, A A ---|- 2.11)

Lemma 2.2 (a) K has a superharmonic vector if and only if K hasa superharmonic
vector. (b) max(cp(K), cp(K)) < cp(K4). () If cp(K) = 1, thencp(K) < cp(K) <
cp(Ky).

Remark 2.1 A similar result for K and K is obtained in Bean et al. [2].

Proof Assume that K has a superharmonic vector y = (¥, 1, -..)". Then, we have
seen that ¢, (Bo) > 1, and therefore (I — Bo)~! < o00. Define y= 3y, ¥,--)" by
Y, = Yuy1 forn > 0, and define Co by (2.8). Then, from (2.9) , we have

Coyo + A1y = Yo-
This and (2.7) verify that y is superharmonic for K . For the converse assume that K is
well defined and y = (3, ¥y, .. .)" is superharmonic for K. Obviously, the finiteness

of K implies that B_1 (I — Bo)~ !By is finite. Suppose that ¢, (Bp) < 1. Then some
principal submatrix of (I — Bg)~! has divergent entries in every row and column of
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this submatrix. Denote a collection of all such principal matrices which are maximal
in their size by Py. Then, for all entries (7, j) of submatrices in Py, we must have, for
alln > 0,

n
(B 1]k [283} [Bilje =0, Vk,£e{l,2,...,m},
s=0 i

ij

because of the finiteness of B_1(I — Bo)~ ! By. This contradicts the irreducibility (2a)
of K. Hence, we have ¢, (By) > 1. Define y = (y¢, y;,...)" as

yo=U—Bo) 'Bi¥o, Y=V, n=1,
where (I — By)~! < oo because of ¢p(Bo) > 1. Then, from (2.8), we have
Coyr = Coyo = B-1yo + Aoy,

and therefore the fact that Coyy + A1y < Yy, implies (2.6). Finally, the definition
of y, implies (2.5) with equality, while the definition of y, for n > 1 implies (2.7).
Hence, y is superharmonic for K. This proves (a). (b) is immediate from (2.3) since
(»1, .. .)" is superharmonic for Ky if (yg, ¥y, ...)T is superharmonic for K (or K).
For (c), recall that the canonical form of uK is denoted by uK foru > 0.1fu > 1, we
can see that uK < uK, and therefore ¢ p(K) <cp (K). This and (b) conclude (c). O

By this lemma, we can work on K instead of K to find a superharmonic vector. It
is notable that all block matrices of K are m x m square matrices and it has repeated
row and column structure except for the first row and first column blocks. This greatly
simplifies computations. We refer to K as the canonical form of K.

In what follows, we will mainly work on the canonical form_f of K. For simplicity,
we will use y = (g, ¥y, - . )T for a superharmonic vector of K.

2.3 Existence of a superharmonic vector

Suppose that K of (2.10) has a superharmonic vector y = (¥0» ¥1»---)". That s,

Coyo + A1y1 < Yo, (2.12)
A1y, + Aoy, + A1y, <Y, n=1. (2.13)

In this section, we consider conditions for the existence of a superharmonic vector.
Letting C; = A1, we recall matrix moment-generating functions for {A;} and {C;}
(see Table 2):
A@)=e A+ A+ A, Cu(0)=Co+e'Cr, O eR.

From now on, we always assume a further irreducibility in addition to (2a).
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(2b) A.(0) is irreducible.

Since A.(0) and C.(f) are nonnegative and finite-dimensional square matrices,
they have Perron—Frobenius eigenvalues y 4% (0)(= ypr(A4(0))) and y (&) (0)(=
re(C4(0))), respectively, and their right eigenvectors A (0) and h(c*)(O), respec-
tively. That is,

AR (0) = y A 0)hA (6), (2.14)
C+(OR A ©) = y O ), (2.15)

where C,(0) may not be irreducible, so we take a maximal eigenvalue among those
which have positive right-invariant vectors. Thus, R4 0) is positive, but R ) is
nonnegative with possibly zero entries. These eigenvectors are unique up to constant
multipliers.

It is well known that y(A*)(O) and y(C*)(Q) are convex functions of 6 (see, for
example, Lemma 3.7 of [32]). Furthermore, their reciprocals are the convergence
parameters of A, (6) and C,(8), respectively. It follows from the convexity of y (4+) (9)
and the fact that some entries of A, (6) diverge as |#| — oo that

lim y™2@©@) = lim y“)®) = +o0. (2.16)
60— —00 60— +o00
We introduce the following notation:
rl =10 e Ry y“@) <1}, T =16 R,y 0) <13,

where F(()ld) # ) implies that Cy is finite, that is, ¢,(Bg) > 1. By (2.16), Fﬁrld) is a
bounded interval or the empty set.

In our arguments, we often change the repeated row of blocks of K and K so that
they are substochastic. For this, we introduce the following notation. For each 6 € R
and h'4*)(9) determined by (2.14), let

160 _ a1 B
A Ah(A*)(e)AZAh(A*)(Q)y £ =0, =+l1,

where we recall that A, is the diagonal matrix whose diagonal entry is given by the
same dimensional vector a. Let

A0 — 29 L 20 4 2O,

Note that A@ = A;<A y G)A*(Q)Ah(A*>(9), and therefore A®1 = (49 (9)1.

The following lemma is the first step in characterizing ¢, (K) > 1.

Lemma 2.3 (a) ¢,(K4) > 1 if and only if T'" # @, and therefore c,(K) > 1
implies T\ £ . (b) ¢, (K+) = (min{y?+(8); 6 € R})~".
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10 Queueing Syst (2015) 81:1-48

This lemma may be considered to be a straightforward extension of Theorem 2.1
of Kijima [17] from a substochastic to a nonnegative matrix. So, it may be proved
similarly, but we give a different proof in Appendix 1. There are two reasons for this.
First, it makes this paper self-contained. Second, we wish to demonstrate that it is hard
to remove the finiteness of m on block matrices.

We now present necessary and sufficient conditions for K, equivalently K, to have
a superharmonic vector.

Theorem 2.1 (a) Ifl"grld) # @, then N = (I — Ky)~" is finite, and therefore G _ =
N11A_1 is well defined and finite, where N1 is the (1, 1)-entry of N. (b) cp(f) >1

holds if and only zfl"grld) # ¥ and

Yer(Co + A1G-) = 1. 2.17)

If equality holds in (2.17) then ¢ ,(K) = 1.

Remark 2.2 The sufficiency in (b) is essentially obtained in Theorem 6 of [23], which s
used in Sects. 3.4 and 3.5 of [36], where the eigenvalue yp:(Co + A1 G_) corresponds
to up(1) in [23]. We do not need the function uy(8) there because we work on a
nonnegative matrix, while substochasticity is assumed in [23].

Proof (a) Assume that 6 € Fg_ld) # (). Then we can find a 6; such that 6; =
arg, min{# € R; y4+(0) = 1}. For this 6y, let y(6;) = (R (6)), "™ (0)), .. )",
and let

g0 _ A1
Ky' = AyonK+Byen-

It is easy to see that K J(fl) is strictly substochastic because the first row of blocks is

defective. Hence, (1 — K f‘) )~! must be finite, and therefore (I — K,) ! is also finite.
This proves (a).

(b) Assume that ¢, (K) > 1. Then I''” + ¢ by Lemma 2.3. Hence, (I — K )"
is finite by (a). Because of ¢), (K) > 1, K has a superharmonic vector. We denote this
vectorby y ={y,;n=0,1,...}7. Letz = {y,; n = 1,2, ...}". Then we have

Coyo + A1y, < Yo, (2.18)
(A_10.0,0,.. )"+ K,z <z. (2.19)

It follows from the second equation that [(/ — K+)_1] 11A-1y9 < y;. Hence, substi-
tuting this into (2.18), we have

(Co+ A1G)yo = Yyo. (2.20)
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which is equivalent to (2.17). Conversely, assume (2.17) and rﬁ") # (). Then we have
(2.20) for some y, > 0. Define z as

=00 —-Ky) ' (A_10.0,0,..)".

Then we get (2.19) with equality, and (2.20) yields (2.18). Thus, we get the superhar-
monic vector (yq, z)" for K. This completes the proof. O

Using the notation in the above proof, let NO =(1-K f‘))_l, and let

’G‘gﬂ) — Nf?I)X(fi)

Then GV must be stochastic because it is a transition matrix for the background state
when the random walk component hits one level down. Furthermore,

=01 A1 -0
G~ _Ah(A*)(Ql)(e IG_)Ah(A*)(QI)'

Hence, form = 1, e=?'G_ = 1, and therefore (2.17) is equivalent to

e (Co + e Ay) < 1, 2.21)

which agrees with y(c*)(é’l) < 1. Hence, we have the following result.
_ . .~ (1d) (1d)
Corollary 2.1 Form =1, c,(K) > 1 ifand only if T, "" N Ty # 0.

This corollary is essentially the same as Theorem 3.1 of [27], so nothing is new
technically. Here, we have an alternative proof. However, it is notable that K may have
boundary blocks whose size is my > 1 while m = 1.

Form > 2, Theorem 2.1 is not so useful in application because it is hard to evaluate
G _, and therefore, it is hard to verify (2.17). Ozawa [36] proposes computing the
corresponding characteristics numerically. However, in its application for the 2d-QBD
process, G _ is parametrized, and we need to compute it for some range of parameters.
Thus, even numerical computations are intractable.

One may wonder how to replace (2.17) by a tractable condition. In view of the case
of m = 1, one possible condition is that y(c*) (0) < 1 for some 6 € F$d), which is
equivalent to (2.21) for general m. However, yp (Co + e A ), which equals y (€ ),
is generally not identical to yp: (Cop + A1G_) (see Appendix 3). So far, we will not
pursue the use of Theorem 2.1.

2.4 A tractable condition for application

We have considered conditions for ¢, (K) > 1 or, equivalently, ¢ ,,(F) > 1. For this
problem, we here consider a specific superharmonic vector for K . For each # € R and
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12 Queueing Syst (2015) 81:1-48

h > 0, define y(0) = (y¢(0), y;(0),...)" by
y,0)=¢e""h, n=>0. (2.22)
Then, fy (6) < y(0) holds if and only if

A.(0)h < h, (2.23)
C.(O)h < h. (2.24)

These conditions hold for y(6) of (2.22), so we only know that they are sufficient but
may not be necessary. To fill this gap, we go back to K and consider its superharmonic
vector, using (2.22) for off-boundary blocks. This suggests that we should replace
(2.24) by the following assumption.

Assumption 2.1 For each 6 € Fild), there is an mg-dimensional positive vector
hO (0) and real numbers co(0), c1(0) such that one of co(0) or c1(6) equals one, and

Boh'?(0) + ¢ Bih"*) (6) = co(0)h ) (), (2.25)
e "B_1h D) + Agh*90) + ¢ A 1R () = ¢1 ()R (0). (2.26)

Remark 2.3 If cg(0) < 1 and ¢1(0) < 1, then (2.24) is equivalent to (2.25) and (2.26).
However, it is unclear whether or not cp(8) = 1 or ¢1(6) = 1 implies (2.24). In
particular, c;(6) = 1 is the case that we need in our application to the generalized
Jackson network. This will be affirmatively answered in Theorem 2.2.

Let

I =16 € R;3h > 0, A(O)h < h, C.(O)h < h},
I =6 € R; 3k > 0, A,(O)h = h, C.(O)h < h).

If F(()f) # @, Cy is finite, and therefore ¢, (By) > 1. F(()lf) is at most a two-point set.

Note that Féf) C F(()ld) N Fﬁd), but F(()lf) = Féld) N Fild) may not be true except for
m = 1. We further note the following facts.

Lemma 2.4 If rid # 0, then F(()lf) is a bounded convex subset of R, and it can be

0+
written as the closed interval [Qxﬁic), Gr(n’z,’(c)], respectively, where

o =inf{o e}, OO =sup o e {0} (2.27)
We prove this lemma in Appendix 2 because it is just technical. Based on these
observations, we claim the following fact.

Theorem 2.2 For a nonnegative matrix K with QBD block structure, assume Con-

ditions (2a) and (2b). (a) Iff‘(gf) # 0, then c,(K) > 1. (b) Under Assumption 2.1,

cp(K) = 1 if and only ifF(()f) # ¥, which can be replaced by F(()f) # 0.

@ Springer



Queueing Syst (2015) 81:1-48 13

Proof (a) We already know that y(0) of (2.22) is a superharmonic vector of K for
0 e F(ld) Thus, Lemma 2.2 implies (a).

(b) The sufficiency of F( 9 # () is already proved in (a). To prove its necessity,
we first note that File) is not empty by Lemma 2.3. Hence, there is a 61 such that
6 = min{6 € R; y“+)(9) = 1}. For this 6;, we show that (2.24) holds for h =
R4 (0)). To facilitate Assumption 2.1, we work on K rather than K. Assume that
a superharmonic y = (y, y;, ...) exists for K. We define the transition probability

matrix PO = {ﬁk(g]); k,¢ > 0} by

5 (61) -1
JACIZRE Por =’ Acg(@])h(o)(e)BlA

p (01) IA(@)
B—lAh(O)(Ql)a P]e =c1(61)” elp =12,

> (01)
Foo™ = Aco(el)h“” o) B0

500 oy A—1
Pio” =€ A onanen)

S 0
POV =A% k=210 -kl <1,

J(A%) 1)’

where 1516(?1) is the null matrix for (k, £) undefined. It is easy to see that PO s a
proper transition matrix with QBD structure by (2.25), (2.26) and y4¥ () = 1.
Furthermore, as shown in Appendix 1, this random walk has the mean drift (6.2) with
01 instead of 6y. Since the definition of 67 implies that (y(A))’ (01) = 0, this Markov
chain is null recurrent.

We next define @ as
< (01) 1 ®1) —6n A —1
yOI A (0)(0 )y()’ ynl =e nAh(A*)(gl)ynv n = 1.
Then the Oth row block of P 3@ jg
501) v (0 501) v (0 —1A—1 0
Péol)y(() v + P(gll)y(l v = 60(01) Ah(O)(g )yO - 00(01) ( 1)

and, similarly, the 1st row block is
P(91)y(91) +P(91)y191) +P(§1)y§91) = c1(6)” ly (91)_

Hence, Ky < y is equivalent to

co@)ly 0 0 0
0 ci6pl 0 0
0 0 I 0 pE O < 5O (2.28)
0 0 0 I

where [ is the mp-dimensional identity matrix. We now prove that cp(6;) < 1 and
c1(61) < 1 using the assumption that either co(61) = 1 orc1(8;) = 1. First, we assume

@ Springer



14 Queueing Syst (2015) 81:1-48

that ¢1(61) = 1, and rewrite (2.28) as

@) Py co@) By 0 Io
oY 0 0 ... 0
< |,

0 0 0 . -

0 0

. < (0))
I, —p% yor

=

where 7 and ﬁfl) are the matrices obtained from 7 and P, respectively, by deleting

their first row and column blocks. Since 154(_91) is strictly substochastic, I — Iv’_f_el) is
invertible. We denote its inversion by U. Then

I 0 0 ...\ [c@)Pg” co@P 0
0 v 0 0 ... o o
y) < 5O
0 U 0 0 o .. |FEY
which yields that

5 (0 50 50 < (0 < (0
co@) (B + BV Un B ) 587 < 57,

where Uy is the (1, 1) block of U. Since (f’ég‘) + ﬁéf')Ullﬁl(gl)) is a stochastic

matrix by the null recurrence of 15(91), we must have that cg(61) < 1. The case for
co(61) = 1is similarly proved. Thus, the proof is completed in view of Remark 2.3. O

2.5 The convergence parameter and z-invariant measure

We now turn to consider the invariant measure of K, which will be used in our appli-
cation. Li and Zhao [23] have shown the existence of such invariant measures for u K
for u > 0 when K is substochastic. We will show that their results are easily adapted
for a nonnegative matrix. For this, we first classify a nonnegative irreducible matrix
T to be transient, null recurrent, or positive recurrent. T is said to be u-transient if

o
Z u"T" < oo,
n=0

while it is said to be u-recurrent if this sum diverges. For u-recurrent 7', there always
exists a u-invariant measure, and 7 is said to be u-positive if the u-invariant measure
has a finite total sum. Otherwise, it is said to be u-null. The book of Seneta [38] is a
standard reference for these classifications.

Suppose that ¢,(K) > 1. We modify K to be substochastic. For this, recall that
cp(K) > 1is equivalent to the existence of a superharmonic vector of K, and that A,
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is the diagonal matrix whose diagonal entry is given by the vector a. Define K fora
superharmonic vector y of K by

= -1
K =A}'KA,.

Then, K1 < 1, thatis, K is substochastic. Itis also easy to see that, for0 < u < ¢, (K),
X is a u-invariant measure of K if and only if fA;l is a u-invariant measure of K.

Furthermore, the classifications for K are equivalent to those for K. Thus, the results
of [23] can be stated in the following form.

Lemma 2.5 (Theorem A of Li and Zhao [23]) For a nonnegative irreducible matrix
K with QBD block structure, let t = c¢,(K), ty = cp(Ky) and assume thatt > 1.
Then, K is classified into either one of the following cases: (a) t-positive if t < t4,
(b) t-null or t-transient if t = t4.

Remark 2.4 The t and ¢4 correspond to o and & of [23], respectively. In Theorem A
of [23], the case (b) is further classified to 7-null and ¢-transient cases, but it requires
the Perron—Frobenius eigenvalue of #(Co + R(#)A_1) to be less than 1 for ¢-transient
and to equal 1 for #-null, where R(¢) is the minimal nonnegative solution X of the
matrix equation:

X =1(X?A_1 + XAg + A)).

In general, this eigenvalue is hard to get in closed form, so we will not use this finer
classification. Similar but slightly different results are obtained in Theorem 16 of [2].

Lemma 2.6 (Theorems B and C of Li and Zhao [23]) For K satisfying the assumptions
of Lemma 2.5, there exist u-invariant measures for 0 < u <t = c,(K). The form
of these invariant measures varies according to three different types: (al) u = t for
t-recurrent, (a2) u =t for t-transient, and (b) u < t.

Remark 2.5 By Lemma 2.5, K is ¢-null for (al) if and only if r = ;.

3 Application to a 2d-QBD process

In this section we show how Theorem 2.2 can be applied to a tail asymptotic problem.
We here consider a 2d-QBD process {Z,} = {(L1,, Lo, J,)} introduced by Ozawa
[36], where L,, = (L1, L2,) is a random walk component taking values in Zi and
{J,} is a background process with finitely many states. It is assumed that {Z,} is a
discrete-time Markov chain. The tail decay rates of the stationary distribution of the
2d-QBD process have been studied in [36], but there remain some crucial problems
unsolved as we argued in Sect. 1 and will detail in the next subsection. Furthermore,
there is some ambiguity in the definition of Ozawa [36]’s 2d-QBD process. Thus, we
first reconsider this definition and show that those problems on the tail asymptotics
can be well studied using Assumption 2.1 and Theorem 2.2.
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3.1 Two-dimensional QBD processes

We will largely change the notation of [36] to make clear assumptions. We partition
the state space S of Z, so as to apply Lemma 2.2. Divide the lattice quarter plane Z%_
into four regions.

Uy ={(0,0)), U ={(,0)eZ>;¢>1}, Up={(0,0) €Z2;¢>1)},
Up = {8, ) eZ2; 0,0 > 1),

where U; for i = 0, 1,2 and U, are said to be a boundary face and the interior,
respectively. Then, the state space S for Z,, is given by

= Up x Vo) U Uy x V1)U Uz x Vo) U Uy x Vy),

where V; are finite sets of numbers such that their cardinality |V;| is given by mg = [V,
=[Vil,my = [Val,m = [Vy|.
To define the transition probabilities of Z,,, we further partition the state space as

Upm = {(€,m)}, £,m € H = {0, 1},

Upo={(n,0) € Zi;n =2}, Upy ={(0,n) € Zi;n > 2},
Ui ={(n, 1) € Z2;n > 2}, Uiy ={(,n) € Z;n > 2},
Upy ={(E,m) € Zi;0,m =2},

On each of those sets, the transition probabilities of Z, are assumed to be homo-
geneous. Namely, for s,s" € A = {0, 1, 4}, their matrices for background state
transitions can be denoted by ASS/) for the transition from ((€,m), k) € Uy to
(L +i,m+ j), k") € S. Furthermore, we assume that

(10) (+0) (01) 0+) an (++) .o
AT =Ay T A=A A=A L e Hy, 3.

ATV =AM, iemjen,, APV =A{" ieH, jeH (32

Throughout the paper, we denote A;;“L) by A;;. This greatly simplifies the notation.

See Fig. 1 for those partitions of the quarter plane Z%r and the transition probability
matrices.

Those assumptions on the transition probabilities are essentially the same as those
introduced by Ozawa [36], while there is some minor flexibility in our assumption that
A(()l(l) 1 (A(ll o) may be different from A(()"(L_l)l) (Agljgo, respectively), which are iden-
tical in [36] Another difference is in that we have mne famllles of transition matrices
while Ozawa [36] expresses them by four families, A ) for s = 0,1,2,and A;;.

By the homogeneity and independence assumptlons we can define Z, 4 in terms

of Z,, and independent increments as
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° °
(l‘r 1) L] L] . . . . . . L]
L] L] L] . L] L] L] L] L]
40D
(=D1|Ap1 An . (.) e © o o o o
A0 4 +0) A(+o
AEHno A1o R e R T
A(u 1n) ( (+1) T Uro
—1)(— 1A(tl) >A 1(-1) A[()%O) Aiiof)o AEwl)A “10 A‘*U)An( D A T Ao? 1)A1 1
Fig. 1 Regions U and transition probability matrices A;; and A(” )
!/
Lo i) = (Lo D XSV U €Uy, dust). B3)

s,s'e A

where X, (ss )(k) is the increment at time n when the random walk component is on Uy

and the background state is k. By the modellng assumption, X, (s’ )(k) is independent
of Zy for £ < n — 1 and L, for given s, s, and k.

The 2d-QBD process is a natural model for a two-node queueing network in various
situations including a Markovian arrival process and phase-type service time distri-
butions. Its stationary distribution is a key characteristic for performance evaluation,
but is hard to get. This is even the case for a two-dimensional reflecting random walk,
which does not have background states (for example, see [28]). Thus, recent interest
has been directed to the tail asymptotics of the stationary distribution.

3.2 Markov additive kernel and stability

Recall that the 2d-QBD process is denoted by {(L1,, L2,, Jp);n = 0,1,...}. To

define the one-dimensional QBD process, for i = 1,2, let Lﬁ,i) Lin and Jn @0 _
(L 3—-iyns Jn), representing level and background state at time 7, respectlvely Thus

{(L(') (’)) n > 0} is a one-dimensional QBD process for i = 1, 2. Denote its
transition matrix by P, For example, P(! is given by

NN 0
Nﬁll) Q(l) Q(l) 0 0
pO=[ 0 0% of o o
0 0 Q(l) Q(l) Q(ll)
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where, using (— /)T = max(0, —j),

Aﬁ(o nim A(( />++0> 0+ 0
() =Dt =D
NJ(I) o A(( NP A{(l—j)w) ((—(i)++> ’
0 A 1) Al AG
AT ATY 0 0
Q;l) _ Ag'j(L—l)l) Ajo Aji 0 =011

0 Ajen Ajo Aj

We next introduce the Markov additive process by removing the boundary at level
0 of the one-dimensional QBD process generated by P! and denote its transition

probability matrix by P That is,

1 1
o o o o o
1
V=10 0 09 o ol o
o o 0% of Q<”

PP and Ql@’s are similarly defined, exchanging the coordinates. Fori = 1, 2, let

Then Q(i) is stochastic. Let v = {v,gi); £=0,1,.. } be the left-invariant positive

vector of Q) when it exists, where véi) is an mq- and m-dimensional vector for £ = 0
and £ > 1, respectively. Define

Qil)(e) — 6_0 Q(l 4 Q(l) +€9 Q(i), i = 1’2

In order to discuss the stability of the 2d-QBD process, we define the mean drifts

“z@ foreachi = 1,2 as

. d .
u =v0 200 @)lp=ol.
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as long as Q) is positive recurrent, where the derivative of a matrix function is taken
entry-wise. Let A = > j.ker A jk- Since A is stochastic and finite dimensional, it has

a stationary distribution. We denote it by the row vector v(*). Define the mean drifts
w1 and o as

i =v O (CAC e+ AL =0 D (A ) + AL
keH jeH

Note that if ; < 0, then Q) is positive recurrent because f; is the mean drift at
off-boundary states of the QBD process generated by Q). We refer to the recent result
due to Ozawa [36].

Lemma 3.1 (Theorem 5.1, Remark 5.1 of Ozawa [35]) The 2d-QBD process {Z,} is
positive recurrent if any one of the following three conditions holds:

(i) If ur <0and py <0, then Mgl) < 0and Mgz) <0.
(i) If w1 = 0and py < 0, then ' < 0.
(i) If w1 < O0and py > 0, then M§2) 0.

Onthe other hand, if ;11 > 0and oy > 0, thenthe 2d-QBD process is transient. Hence,
if (L1, m2) # 0, then {Z,} is positive recurrent if and only if one of the conditions
(1)—(iii) holds.

Remark 3.1 The stability conditions of this lemma are exactly the same as those of
the two-dimensional reflecting random walk on the lattice quarter plane of [10], which
is called a double QBD process in [27] (see also [19]). This is not surprising because
the stability is generally determined by the mean drifts of so-called induced Markov
chains, which are generated by removing one of the boundary faces. However, its proof
requires careful mathematical arguments, which have been done by Ozawa [36].

Throughout the paper, we assume that the 2d-QBD process has a stationary distri-
bution, which is denoted by the row vector # = {n(z, k); (z, k) € S}. Lemma 3.1 can
be used to verify this stability assumption. However, it is not so useful in application
because the signs of /,Lgl) and ug) are hard to get. Thus, we will not use Lemma 3.1

in our arguments. We will return to this issue later.

3.3 Tail asymptotics for the stationary distribution

Ozawa [36] studies the tail asymptotics of the stationary distribution of the 2d-QBD
process in coordinate directions, assuming stability and some additional assumptions.
His arguments are based on the sufficiency part of Theorem 2.1. As discussed at the
end of Sect. 2.3, this is intractable for applications. We will consider the problem in a
different way. In the first part of this section we derive upper and lower bounds for the
tail decay rates using relatively easy conditions. We then assume an extra condition
similar to Assumption 2.1, and derive the tail decay rate of the marginal stationary
distribution in an arbitrary direction.
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To describe the modeling primitives, we will use the following matrix moment-
generating functions.

A**(O) — Z e_(j01+k92)Ajk,
J.keH

Awc(01) = e M AC 1k + Aok + " Ak, A1) = Ao + €M Ay, k € H,
(+1) =6 4D (+1) 01 4 (+1)
Ay @) = e ALy gy + Ay Fet A )
AP O) = A6y, ke Hy,
0 — 0 0 0
Aijcr ') = e 91A5+1;k + A(();cr '+ eelAﬁcr g

0 0 0
AP0 =AY + ALY, ke Hy.

Similarly, A, (62). Aj4(62), A, (62), A;I:) (6), Aj.?k“ (6,), and AS.T) (6>) are
defined. Thus, we have many matrix moment-generating functions, but they are gen-
erated by the simple rule that subscripts * and 4 indicate taking the sums for indices
in H = {0, &1} and {0, 1}, respectively.

Similar to Cy of (2.15), we define the m x m matrix generating functions:

) = A @) + AL 00U — ALY @) AL 0. 34
CRO) = A 0) + ALY 00U — AQY 001 ANY 0. (3.9)

where, fori =1, 2, cp(Ailg (6;)) > 1 is assumed as long as Ci'*) (0) is used.
Similar to T\ and 65" of (2.27), let, for i = 1,2,

reY = (6 e R% 30 > 0, A (@)h < h, CE(O)h < h).
We further need the following notation:
r¢? =(9 eR* 30 > 0, A (O)h <h), TE) =(0cR* 30 >0,0 cT).

max

Recall that the Perron—Frobenius eigenvalue of A, (6) is denoted by y 4= (#), which
is finite because A, (@) is a finite-dimensional matrix. Obviously, we have

r¢9 ={0 e R yA)9) < 1). (3.6)
We now define key points fori = 1, 2.

0" = argy g2 sup{6; > 0;0 € Fl.(id)}, 0m) — argy o sup{6;; 0 € F(fd)}.
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Using these points, we define the vector T by

(2d).

D0, <6571y, my=suplhr e R; 0 € T P10, < 0"}

71 =sup{f e R;0 €T 24 3
3.7

Note that 7; is finite because Fi(id) is a bounded set. It is notable that, in the definitions
(3.7), the condition that A, (@)h < h canbereplaced by A..(6)h = h or, equivalently,
yA(0) = 1. .

Fori = 1,2, define the function £ (65_;) for @ = (0;, 62) as

=)

§7(05-0) = supl6; € R; 6 € TEY) for 051 €10,6,°")

Obviously, E(’) (x) is a convex function because Fl.(id) is a bounded set.
As in [18,19], it is convenient to introduce the following classifications for T =
(t1, ©2).

(Category I) 92(1,1“) < 92(2’” and 91(2’F) < 61(1,1“)’ for which T = (61(1,1“)’ 92(2’F)).
(Category TI-1) 05"7 > 0> ando>" <6"D for which 7 = (g“) O, 92(2*”).

(Category T1-2) 05"7 <0{*D and6o>" > 6", for which 7 = (91(”), g? (91“’”)).

Since it is impossible that 92(]’r) > 92(2,r) and 91(2,1“) > 91(1,1")’ these three categories
completely cover all cases (for example, see Sect. 4 of [27]). These categories are
crucial in our arguments as we shall see in Theorem 3.2 below.

We first derive upper bounds. Let ¢ be the moment-generating function of L.
Namely, ¢(0) = E(e'L-9)). Define its convergence domain as

D=1{0cR*30' >0,00) < oco}.

We prove the following lemma in Appendix 4.

Lemma 3.2 Under the stability assumption,

réd =19 erld. 9 < ¢} cD. (3.8)

max °’

Using this lemma, the following upper bound is obtained.

Theorem 3.1 Under the stability condition, we have, for each nonzero vector ¢ > 0,
im L (2d)
lim —logP((L,c) > x) < —sup{u > 0; uc € I';”}. 3.9)
X—00 X

This theorem is proved in Appendix 4. We next derive lower bounds. We first con-
sider lower bounds concerning the random walk component in an arbitrary direction.
For this, we consider the two-dimensional random walk modulated by {A jx; j, k € H},
which is denoted by {(Y,, J;,); n > 1}. Similar to Lemma 7 of [19], we have the fol-
lowing fact, which is proved in Appendix 5.

@ Springer



22 Queueing Syst (2015) 81:1-48

Lemma 3.3 For each nonzero vector ¢ > 0,

1
liminf = log P(L > x¢) > — sup {(0, ¢): 0 c rf‘”} , (3.10)
X—>00 X
and therefore ¢(0) is infinite for 0 ¢ Fmax, where Fmax is the closure of T,

Note that the upper bound in (3.9) is generally larger than the lower bound in (3.10).
To get tighter lower bounds, we use the one-dimensional QBD formulation. For this,
we require assumptions similar to Assumption 2.1.

Assumption 3.1 For each § € R? satisfying y (A=) (@) = 1, for each i = 1, 2, there
is an mo-dimensional positive vector ROD (@) and functions c(’)(ﬂ) and ci') (0) such
that one of cil)(O) or c(') (6) equals one, and

A>(f<l()10) (Qi)h(Oi)(9) + eezAfk’)ll)(gi)h(A**)(o)
79 A(()( 1))(9 )h(Ol)(o) + A*(lo) (9 )h(A**) (0)
+e” Ay )R 0) = ¢ (O)h A+ 8), a1

where #(ik) = xk fori = 1 and *(ik) = k* fori = 2. We recall that h4**) (0) is the
Perron—Frobenius eigenvector of A, (0).

Theorem 3.2 Assume that the 2d-QBD process has a stationary distribution and
Assumption 3.1. Then, we have the following facts for eachi = 1, 2. For each £ > 0
and either k € V) for £ =0ork € V4 for € > 1,

1
lim —logP(L; >n,L3_; =¢,J =k)=—1. (3.13)

n—-oon

In particular, for Category I satisfying 7; < Gi(i’max) there is a positive constant c( J
such that
lim ¢%"P(L; > n, Ly =£,J =k) = 7). (3.14)
n—oo

Otherwise, for Category II-1 satisfying t; < 9[(1',1“)’ there are positive constants c_lgk)
and 323 such that

liminf " P(L; > n, L3_; = £,J =k) > d, (3.15)

n—o0o

limsup e""P(L; > n,L3_; =£,J =k) <d(l).

n—o0

(3.16)
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This theorem will be proved in Appendix 6. Similar results without Assumption 3.1
are obtained as Theorem 4.1 in [36]. However, the method assumes other assumptions
such as Assumption 3.1 of [36]. Furthermore, it requires a large amount of numerical
work to compute T;.

Combining Theorems 3.1 and 3.2 and Lemma 3.3, we have the following tail
asymptotics.

Theorem 3.3 Under the assumptions of Theorem 3.2, we have

D=T =0 erD; 9 < 7). (3.17)

max °

and, for each nonzero vector ¢ > 0,

1
lim —logP((L,c) > x) = —sup{u > 0; uc € D}. (3.18)

X—>00 X

Proof By Theorem 3.1, we already have the upper bound of the tail probability for
(3.18). To consider the lower bound, let

ue, = sup{u > 0;uc € D}, 6(c) = ucc.

Note that #(c) < t by Theorem 3.1. We first assume that @, < t. Then, by Theo-
rem 3.1, 6(c) € arf‘”, and therefore Lemma 3.3 leads to

1
liminf —logP((L,¢) > x,J = k) > —u, = —sup{u > 0; uc € D}. (3.19)
X—>00 X

Assume 6, = t. In this case, by Theorem 3.1, we have that [ (c)]; = 11 or [0 (¢c)]> =
Tp; equivalently, cju, = 71 or cou, = 12. Since these two cases are symmetric, we
only consider the case cju, = t1. By Theorem 3.2 we have, for each fixed £ and &,

1
liminf = logP(ciLy > n, Ly = £,J =k) > =24 = —u,.

n—oo n Ccl
Since c1 L1 + ca Lo > n for Ly = £ implies that c; L1 > n — ¢4, this yields
!
liminf —logP({(L,¢) > x,J =k) > —u, = —sup{u > 0; uc € D}.
n—oo n

Thus, the limit supremum and the limit infimum are identical, and we get (3.18). O

4 Two-node generalized Jackson network

In this section we consider a continuous-time Markov chain {(L(¢), J(¢))} whose
embedded transitions under uniformization constitute a discrete-time 2d-QBD
process. We refer to it as a continuous-time 2d-QBD process. This process is con-
venient in queueing applications because they are often of continuous time. Since
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the stationary distribution is unchanged under uniformization, its tail asymptotics are
also unchanged. Thus, it is routine to convert the asymptotic results obtained for the
discrete-time 2d-QBD process to those for {(L(z), J(¢))}. We summarize them for
convenience of application.

4.1 Continuous-time formulation of a 2d-QBD process

As discussed above, we define a continuous-time 2d-QBD process {(L (f), J (1))} by
changing P (or P@) to a transition rate matrix. Denote it by PO (or P@). That is,
P has the same block structure as that of P) while P()1 = 0 and all its diagonal
entries are not positive. In what follows, continuous-time characteristics are indicated
by tilde except for those concerning the stationary distribution, because the stationary
distribution is unchanged. Among them, it is notable that I — Ago) and I — Aqo are
replaced by — A(lg and —Ago, respectively, while A(’) and A;; are replaced by AQ.) and
A, j for (i, j) # (0, 0). Similarly, Al k, Ay (0) and C(l)(0) are defined. For example
1 — Aio) (61) is replaced by — Afko) (61), and therefore

éii)(o) *+(0) + A*( 1)(91)(—A(1)(91)) lA(l)(Q ),

as long as (—Aig (61))~ ! exists and is nonnegative. 6532 (@) is similarly defined.
Suppose that we start with the continuous-time 2d-QBD process with primitive data
A~§'k) . These data must satisfy

AuwO1=0, COO1=0, i=1,2,

because of the continuous-time setting. Since the condition for the existence of a
superharmonic vector ki for A (@) ischanged to A, (0)h < 0, we define the following
sets.

[ =10 cR%: 3R > 0, A, (0)h < 0}, 4.1
FCD — 19 cR%30' > 0,0 € I (4,.), (4.2)
FCY =10 eR%3h>0,A.0)h <0,CLOR <0}, i=1,02 (4.3)

The following auxiliary notation will be convenient:
29 =0 cR: 3 >0,A.0h=0,COh <0}, i=1,2 4.4)
Using this notation, we define

~(@i,T ~ ~ (i, mg ~
0(l ) = argy g2 sup{f; > 0; 0 € Fi(id)}, 0(l ma) = argy g2 sup{b;; 0 € F(fd)},
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and define the vector 7 by

fi=sup{fy € R; 0T 0, <07}, & = sup(6r e R; 0 € T55 0, < 6"y,
(4.5)

Remark 4.1 In the definition (4.5), we can replace f’i(id) by F(ze) because F(zd) nd

(6 € R?; C’il*) (0)h < 0} are closed convex sets.

We also need

=1{0 e TP (A); 0 < 7). (4.6)

max

Lety A (0) be the Perron—Frobenius eigenvalue of A** (0). A continuous-time version
of Assumption 3.1 is given by

Assumption 4.1 For each 6 € R? satlsfymg y(A**)(f)) = 1, for eachi = 1, 2, there
is an mg-dimensional posmve vector h (0) and functions c(l)(0) and 55')(0) such

that one of ¢, )(0) or ¢, )(0) vanishes, and, fori =1,

e (A**) ~ ~(10)
AG00ni"" @) + 2 A0 0" 0) = & 0" ). 4.7)
_p, x ~ ~ () - (Ass)
AU @R 0) + A 00h ™ 0) = P O0)h " 0), (4.8)
and, fori = 2,
~ ~(20 ~ - - ~(20
A 0)h™ 0) + " A 000" 0) = é2 0)h™ ). 4.9)
— g ( **) ~ (A**)
A @R 0) + A O0h " 0) =P @R @), @10
We recall that h( o) (0) is the Perron—Frobenius eigenvector of A (0).

Define the domain for the stationary distribution of L as
D = the interior of {# € R?: E(e'% L)) < oo}, 4.11)
where L is a random vector subject to the stationary distribution of L(¢). It is easy

to see that Theorems 3.1 and 3.3 can be combined and converted into the following
continuous version.

Theorem 4.1 For a continuous-time 2d-QBD process satisfying the irreducibility and
stability conditions, I'; C D and we have

1 -
lim —logP((L,¢) > x) < —sup{u > 0; uc € I';}, (4.12)
X—>00 X
and this inequality becomes equality with D = T'; if Assumption 4.1 is satisfied.
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4.2 Two-node generalized Jackson network with MAP arrivals and PH-service
time distributions

As an example of the 2d-QBD process, we consider a two-node generalized Jackson
network with a MAP arrival process and phase-type service time distributions. Obvi-
ously, this model can be formulated as a 2d-QBD process. We are interested to see how
exogenous arrival processes and service time distributions influence the decay rates.
This question has been partially answered for the tail decay rates of the marginal distri-
butions of tandem queues with stationary or renewal inputs (for example, see [3,14]).
They basically use the technique for sample path large deviations, and no joint distrib-
utions have been studied for queue lengths at multiple nodes. For Markov-modulated
arrivals and more general network topologies, there is seminal work by Takahashi and
his colleagues [11,12,15,16]. They started with numerical examinations and finally
arrived at upper bounds for the stationary tail probabilities for the present generalized
Jackson network in [16]. The author [26] conjectured the tail decay rates of the sta-
tionary distribution for a d-node generalized Jackson network with d > 2 and renewal
arrivals.

Thus, the question has not yet been satisfactorily answered particularly for anetwork
with feedback routes. This motivates us to study the present decay rate problem. As
we will see, the answer is relatively simple and naturally generalizes the tandem queue
case. However, first we have to introduce yet more notation to describe the generalized
Jackson network. This network has two nodes, which are numbered as 1 and 2. We
make the following modeling assumptions.

(4a) A customer which completes service at node i goes to node j with probability
rij or leaves the network with probability 1 — r;; for (i, j) = (1,2) or (2, 1),
where r12 + 21 > 0 and r12r21 < 1, which exclude obvious cases. This routing
of customers is assumed to be independent of everything else.

(4b) Exogenous customers arrive at node i subject to the Markovian arrival process
with generator 7; 4+ U;, where U; generates arrivals. Here, T; and U; are finite
square matrices of the same size for eachi = 1, 2.

(4c) Node i has a single server, whose service times are independently and identically
distributed subject to a phase-type distribution with (8;, S;), where B; is the row
vector representing the initial phase distribution and S; is a transition rate matrix
for internal state transitions. Here, S; is a finite square matrix, and B; has the
same dimension as that of S; foreachi = 1, 2.

Let D; = (—S;1)B;. Then S; + D; is a generator for a continuous-time Markov
chain which generates completion of service times with rate D;. Since the service
time distribution at node i has the phase-type distribution with (8;, S;), its moment-
generating function g; is given by

g 0) = (B, (—0Liya — S (=Si1), i=1,2, (4.13)

as long as 01; 1> + S; is nonsingular (for example, see [21] in which the Laplace trans-
form is used instead of the moment-generating function). Clearly, g; (9) is a increasing
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function of 6 from (—o0, 6p;) to (0, 0c0), where —6y; is the Perron—Frobenius eigen-
value of S;.

Let L;(t), Jia(t), and J;»(t) be the number of customers at node i, the back-
ground state for arrivals, and the phase of service in progress, respectively, at time
t, where J;p(¢) is undefined if there is no customer in node i at time ¢. Then, it
is not hard to see that {(L(z), J(¢));t > 0} is a continuous-time Markov chain
and considered as a 2d-QBD process, where L(¢) = (L1(t), L>(¢)) and J(¢) =
(J1a(t), Jag (1), J1p(t), Jop(1)), where J;p(t) is removed from the components of J (¢)
if it is undefined.

We first note the stability condition for this 2d-QBD process. Since, for node i, the
mean exogenous arrival rate A; and the mean service rate y; are given by

A= i Uily) i = (B, (=S) 1),

where v; is the stationary distribution of the Markov chain with generator 7; + Uj, it
is well known that the stability condition is given by

A+ A3—ir@—b)i

= <1, i=12 (4.14)
(I = riara1) i

Pi

We assume this condition throughout in Sect. 4.2.
We next introduce point processes to count arriving and departing customers from
eachnode. By N, i(a) (t), we denote the number of exogenous arriving customers at node

i during the time interval [0, ¢]. Then, it follows from (4b) (also the comment above
(4.14)) that

(a)
E@™N D17 @() = k)1J0) = j) = [exp(t(T; + ¢’ U,))]jk.
We define a time-average cumulant moment-generating function y @ as
. 1 (@
@) = lim —logENi @), i=1,2. (4.15)
t—oo t
It is not hard to see that y @) (9) is the Perron—Frobenius eigenvalue of T; + ¢’ U;.

By Nl.(d) (1), we denote the number of departing customers from node i during the
time interval [0, ] when the server at node i is always busy in this time interval. Let

®; (n) be the number of customers who are routed to node 3 — i among n customers
departing from node i. Obviously, it follows from (4a) that ®;(n) is independent of

Ni(d) (t), and has the Bernoulli distribution with parameter (n, r;3—;). Then,

E(e @M O v N0 (1) = 1)) 0) = )
= [exp(t(S;i + e Ui (rip + i Vi(3—i))Di))]jk ,

where rjg = 1 —r;(3—;). Similar to y (@) we define a time-average cumulant moment-
generating function y 4) by
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. 1 @) (d)
y0®) = lim —logE(e™ "M 0T, g = (6),0,), i =1,2.

One can see that y(id) (@) is the Perron—Frobenius eigenvalue of S; + eV (rio +
e-1r;3_i)) D;.

One may expect that the decay rates for the generalized Jackson network are com-
pletely determined by the cumulants y 19, @) (D) 5, Cd gince their conjugates
are known to be rate functions for the Cramér type of large deviations. We will show
that this is indeed the case. Let

yPO) =y 1900 + 00 +y"00) +y 00,
yO®) =y 900 +y*0) +y00), i=12

We then have the following result.
Theorem 4.2 For the generalized Jackson network satisfying conditions (4a), (4b)

and (4c¢), if the stability condition (4.14) holds then Assumption 4.1 is satisfied, and
we have

2 =1{0 eR%y™ @) <0}, (4.16)
I =0 eR*yPO)=0,y70) <0}, i=1,2 4.17)

Define T and T'; by (4.5) and (4.6). Then the domain D for L is given by Tz and, for
a nonzero vector ¢ > 0,

1 .
lim —logP((L,c) > x) = —sup{u > 0; uc € I';}, (4.18)

X—00 X
where L is a random vector subject to the stationary distribution of L(t).

Remark 4.2 As we will show at the end of Sect. 4.4, the condition that y(i ) @) <0in
(4.17) can be replaced by e - (ra—io + i ra—ii) = 1.

Remark 4.3 For ¢ = (1, 0), (0, 1), Katou et al. [15] obtained the right-hand side of
(4.18) as an upper bound for its left-hand side (see Theorem 4.1 there). Namely, they
derived the inequality (4.12), which is conjectured to be tight in [26]. Theorem 4.2
shows that those upper bounds are indeed tight. Based on the results in [15], Katou et
al. [16] derived upper bounds for the decay rate of the probability P(L = nc + d) for
positive vectors ¢, d with integer entries as n — oo and numerically examined their
tightness. This asymptotic is different from that in (4.18), so we cannot confirm its
tightness by (4.18), but conjecture it to be true since similar asymptotics are known
for a two-dimensional semimartingale reflecting Brownian motion (see [1,9]).

See Fig. 2 to see what the domain looks like.
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0y e = 10 + 6927"12

2 0
e? =719 +elry

Fig. 2 The domain D for the two-node generalized Jackson network

4.3 Primitive data and matrix moment generation functions

In this section we describe transition rate matrices and their moment-generating func-
tions in terms of the primitive data, 7;, U;, S;, B;, of the generalized Jackson network,
and prove (4.16) and (4.17). They will be used to prove Theorem 4.2 in the next
subsection.

To specify those matrices for the generalized Jackson network, we will use the
Kronecker product ® and sum @, respectively, where & is defined for square matrices
A and B as

A®DB=A®L+1,®B,
where /1 and I, are the identity matrices with the same sizes as A and B, respectively.
From this definition, it is easy to see that if A and B have right eigenvectors k4 and
h 4 with eigenvalues y4 and yp, respectively, then

(A® B)(hgs ® hp) = (ya + vB)(ha Q hp). (4.19)

We also will use this computation.
For transitions around the origin, we let

A =Ti®oh, A)=UeL®pB;, A} =104,
Ag(i)l)() =1 ®hL®D1, A~(()(z)_1) =1 ®hL® D1,

where other A~f(.))’s not specified above are all null matrices. This convention for null
matrices is used for all transition matrices. Around U4oUU 1, thatis, the 1st coordinate
half axis except for the origin,

A~§1_)1)0 =1L ®L®(roDy) A(%) =TT oS, A%) =U19hLQ I,
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Agl_)m =LH®L®F2D)®B, A(()ll) =LeU,®5L®8,,
A~(()l()_1) =L ®1L®I3® (rnD:21), A~(11()_1) =1L ®hL®I3®(rD:l).

Similarly, around Uy UU 4, that is, the 2nd coordinate half axis except for the origin,

A(()Z(L) =0 ®L® (D), A =Ti®&T®S Ay =L8U,8 I,
AD =1 ®heB @Dy, A =U10hLo &1L,
A2y =h@LereDi)®1, A =1 ®h®(1nDil)e L.

For transitions within {4, that is, the interior,

Ap=T10dT®5®$, Aon=UiLoL®o®L An=LoU,05® I,
A(—l)() =L QL @D 14, A(—l)l =L QLD ® I,
A~O(—1) =LQ®5LQG (D), Al(—l) =LQLQ LA (rDy).

Thus, we have

A (0) = (T + ' Uy) @ (T + €™ Us)
® (S1 + (e Nr1o+ e 20 1)D)) @ (S 4 (7 %ra + €)1 7%2r1) D).

Recall that @4 (6;) is the Perron—Frobenius eigenvalue of 7; + ¢% U;. We denote
its eigenvector by D ;). Similarly, we denote the Perron—-Frobenius eigenvalues
and vectors of S| + (e %1rig + e %1127 15) Dy and Sy + (e~ %2ry0 + €/17%r21) Dy by
Y19 @) and y @D (8), and ' (0) and KD (), respectively. That is, they satisfy

(Ty + " UNRID(0)) = y 190" (0)), (4.20)
(T2 + U (62) = y 29 (02)h? (62), (4.21)
(S1 + (e ri0 + e 2r) DRI (0) = y 1D (0)h D (9), 4.22)
(S2+ (¢ a0 + "~ 2ra) DD 0) = y 2D 0)h D (6). (4.23)

Thus, recalling y ¥ (@) and letting
R 0) = "9 01) ® K%V (62) @ b (0) @ K (8),
we have, by repeatedly applying (4.19),
A (@R (0) =y (O)R T 6).
Hence, recalling the definition (4.1) of @) we have (4.16).
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We next note that  ‘4) can also be obtained from the moment-generating function
gi of the service time distribution at node i. Fori = 1, 2, let

10) = e rig+ e iy,
Then it follows from (4.22) and (4.23) that
1 0) (B, kD @) (=Si1) = (DO — SHRD(B),

since D;hUD (9) = (B;, KD (0))(—S;1). Hence, premultiplying (y ‘D ()1 — S;)~",
we have

R 0) = 1;(0)(B;. KD (0)) (v "D (O) — )7 (—=S)L.
Let us normalize &9 () in such a way that
(B:, hD @) =1;(0)7". (4.24)

Then we have the following facts since g; is nondecreasing.

Lemma 4.1 Fori = 1, 2, (a) under the normalization (4.24),
RD©O) = (O — ST (=S, (4.25)

and therefore gi(—y D (9)) = 1;(0)~", which yields y ‘(@) = —g ' (1:(0)™"), (b)
vy @) > 0 if and only if t; (0) > 1, which is equivalent to

rio + 893’i Ti(3—i) = 89,- . (4.26)
(c) If U; = (=T;1D)a; for probability vectors «;, that is, the arrival process at node
i is the renewal process with interarrival distribution determined by the moment-
generating function:

f:6) = (i, (=61 — Ty~ (=Ti1)),

then y 9 6;) = — (e %).

Remark 4.4 (a) and (c) are known (see, for example, Proposition 2 of [39] and Lemma
4.1 of [12]).

4.4 Proof of Theorem 4.2

We first verify Assumption 4.1 for i = 1 and 5%1)(0) = 0, Namely, for 0 € R?
satisfying y ) (9) = 0, that is,

Y1901 + v 60 + y 1P 0) + y*P0) =0, (4.27)
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we show that there are some 5(()])(0) and KV () > 0 such that

ALY ODROY @) + AL 0)R D 9) = & 0)n D (8), (4.28)
e A0 ODROD 0) + A0 (0)RD (0) + " A,y (01)RD 0) = 0, (4.29)
where

A (0) = (T1+e" Up) @ (Ta+e2U) & (S + (e " rio+e 2 rn)Dy) @ 5,
A0 =11 @ h ® I3 ® ((ra0 + r21”) Dy),
A(l() pOD) =11 @HL QL& ((ro+ 1" D)1),

AQO) = (T + " UD) @ T ® (S1 + rioe” " Dy),

A6 =1 ® (U2 ® (re™ D)) ® B,

We further require the nonsingularity condition:
A% @) <o. (4.30)

From (4.28), this holds if ¢ (8) < 0.
Since A,(0)h' ™) (0) = 0 by (4.27), (4.29) is equivalent to

AL 00ROV 0) — Ay 1) (0)RD (0) = 0. (4.31)
Note that A*(_ 1y(61) and Ail()_l)(él) have a similar form, so we let

hD @) = k90 @ kP 0) @ B 6),
and guess that, for some scalar a (),
OV @) = a@)h(9).
We first verify (4.28). Since

A ORV0) = a@®) (v @DRD O) + B 0) ® (12h) © KD (6)
+ 110 01) ® k% (0,) ® (S1 + rioe ' DRI (9)),
692A~>(k11) (Gl)h(+)(0) — pla® 0) ® (892 Uzh@“)(ez) ® h(ld)(o)

+ 1 0) @ (e 2 D1 9))) (B2, 12 8),

we choose a(0) = (85, h*¥(8)), which is 1,(8) ' by (4.24). Then

AL @RV @) + 2 A0 0DR P @)= (y190) + Y20 6) + v D 0)) OV (8).
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Hence, we have (4.28) with

0@ =y 1900 + 200 + y 190 =y D 6)).
We next consider (4.31). Recall that Dy = (—S521),. Since

e A0 ODROY ®) = kD 0) @ ((ra0e™™ + r21e” =) (B, RV (6)) Do),
e 2 A,y ODRD (0) = KOV (0) ® ((r20e™® + 21" ") D202 (0)),
Dy (0) = (—=$21)(B,, h*P (8)) = (B, K (0))(—S,1)
= (B. k" (9)) D11,

we have (4.31). Thus, we have verified Assumption 4.1, and therefore # € T' ﬁe) is
equivalent to ¥ () = 0 and y1(@) < 0. Because arguments are symmetric for
nodes 1 and 2, we can get similar results for node 2. Thus, Theorem 4.2 follows from
Theorem 4.1 because of Remark 4.1.

We finally note that, for @ € R? satisfying y ) (9) = 0,3~ (@) < 0is equivalent
toy @id) (#) > 0, which further is equivalent to (4.26). Hence, we have verified the claim
in Remark 4.2.

5 Concluding remarks

We have studied the existence of a superharmonic vector for a nonnegative matrix
with QBD block structure. We saw how this existence is useful for studying the tail
asymptotics of the stationary distribution of a Markov-modulated two-dimensional
reflecting random walk, called the 2d-QBD process. We have assumed that all blocks
of the nonnegative matrix are finite dimensional. This is a crucial assumption, but
we need to remove it for studying a higher dimensional reflecting random walk. This
is a challenging problem. Probably, further structure is needed for the background
process. For example, we may assume that each block matrix has again QBD block
structure, which is satisfied by a reflecting random walk in any number of dimensions
with Markov modulation. We think research in this direction would be useful.

Another issue is about the tail asymptotics for a generalized Jackson network. We
have considered the two-node case. In this case, the tail decay rates are determined by
time-average cumulant moment generating functions, yi(”) and yi(d) by Theorem 4.2.
This suggests that more general arrival processes and more general routing mecha-
nisms may lead to the decay rates in the same way. Some related issues have been
recently considered for a single server queue in Sect. 2.4 of [30], but the network case
has not yet been studied. So, it is also an open problem.

In a similar fashion, we may be able to consider a generalized Jackson network
with more than two nodes. To make the problem specific, let us consider the k node
cases fork > 2. Let K = {1, 2, ..., k}, and let
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k
AROED AR CHESERION
j=1

Then, the sets similar to f‘lzi for k = 2 may be indexed by a nonempty subset A of K,
and given by

fhe = {0 eRK @) =0,7D@0)>0,Vi € K \ A} .

These together with % = {0 € R¥; ) (0) < 0} would play the same role as in
the two-dimensional case. That is, they would characterize the tail decay rates of the
stationary distribution. We may generate those sets from

ke = {0 e Ry @) =0,7D0) > 0} . ieK.

Thus, the characterization may be much simpler than that for a general k-dimensional
random walk with Markov modulation. However, we do not know how to derive the
decay rates from them for k > 3 except for tandem type models in some simple
situations (for example, see [3,7]). This remains a very challenging problem (for
example, see Sect. 6 of [28]).

We finally remark on the continuity of the decay rate for a sequence of the two-node
generalized Jackson networks which weakly converges to the two-dimensional SRBM
in heavy traffic. Under suitable scaling and appropriate conditions, such convergence
is known not only for their processes but for their stationary distributions (see, for
example, [6,13]). Since the tail decay rates are known for this SRBM (see [8]), we
can check whether the decay rate also converges to that of the SRBM. This topic is
considered in [30].

Acknowledgments The author is grateful to an anonymous referee for helpful suggestions to improve
exposition. This work is supported by Japan Society for the Promotion of Science under Grant No. 24310115.
A part of this work was presented at a workshop of Sigmetrics 2014 (see its Abstract [29]).

Appendix 1: Proof of Lemma 2.3

(a) For sufficiency, we assume that Fifd) % (), that is, there is a 6 € rﬁ‘” . For this
0,lety = (y;,¥p,...) fory, = ¢?" B4+ (0). Then it is easy to see that K,y <y,
and therefore ¢, (K) > 1. For necessity, we use the same idea as in the proof of
Theorem 3.1 of [20]. Assume the contrary; that " j_ld) = (J, which is equivalent to
ming y 49 (0) > 1 when ¢,(K4+) > 1 holds, and leads to a contradiction. By this
supposition and the convexity of y(A*) (), there is a 6y such that )/(A*)(BO) > 1 and
(y“42) (6o) = 0.
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We next define the stochastic matrix P@) whose (k, £) block matrix is given by

[T AR k=1 =0, k- e <1,
Pk(f()): I, k:Z:O, (6])
0, otherwise.

Since ) (6y) > 1 > 0, this stochastic matrix P is well-defined. The Markov
chain with this transition matrix is a Markov-modulated random walk on Z, with
an absorbing state at block 0, where [y(A*)(QO)]_IX(QO) is the transition probability
matrix of the background process as long as the random walk part is away from the
origin. Denote its stationary distribution by 7%, That is,

760 260 — 1, (42) (goy7 @0

which is equivalent to

=(0) A—1 _ ., (A =(00) A —1
s Ah(A*)(GO)A*(GO) =Yy (Bo) Ah(A*)((,O)-

Taking the derivatives of A,(0)h4*)(9) = y 42 (0)h4¥) () at 6 = 6, we have

AL (00 (80) + AL (G0) (R (8p)
=y @) (K Bo) + (v 1Y B0)h A (6p).

—1

v 7 6o)
Multiplying by Ah(A*)(go

N from the left, we have

RO o) (P A+ AN A0 1= AV @) (62)
The left side of this equation is the mean drift of the Markov-modulated random walk.
Since (y4+)'(8p) = 0, this drift vanishes, and therefore, the random walk hits one
level below with probability one.

Since we have assumed that ¢,,(K4) > 1, K4 has a superharmonic y . Let y* =
( ya' , y]", ...)" be a superharmonic vector of K, and let

~00) _ —bon A—1 +
yl(qo) —e OnAh(A*)(Go)y”’ n>0. (6.3)

We then rewrite (2.7) as

0 /\0 |
y @) D P I, < I, n= 1 (6:4)
=0,£1

Let f((,f)i)o(eo) be the probability that the Markov chain with transition matrix P s
absorbed at block 0 at time £ given that it starts at state (n, i), and denote the vector

whose ith entry is f((,f)l.)o (6p) by f %). Define its generating function as
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£l . 00) = Z v f1ig (60). (6.5)

Assume that y;(6p) > 1, which is equivalent to
=1 0). (6.6)

We can always take (A (6p) satisfying this condition because the vectors are finite-
dimensional and constant multiplication does not change the eigenvalue. Since J’
is ¥ (8p)-superharmonic by (6.4), it follows from the right-invariant version of Lemma
4.1 of Vere-Jones [40] that

T > £ A @0). ). n > 1. ©67)

However, the random walk is null recurrent. Hence, f *0(1; 6p) = 1. This implies
that (4% (6p): ) = oo because (f5)'(1,6p) = oo and y A=) (6y) > 1, which

implies that y( %) — 0. This and (6.6) conclude that y*© = oo, which contradicts the
fact that y™T is superharmonic for K. Thus, we must have that ming y(A*) ) < 1.

(b) It follows from (a) that ¢, (uK4) > 1 if and only if uy4+(0) < 1 for some
0 € R. By (2.3), cp(K4) > uif and only if ¢, (uK ) > 1. Hence,

cp(Ky) =sup{u > 0;30 € R, uy(0) <1} = (min y A @)1

This proves (b). We remark that the finiteness of m is crucial for (6.6) to hold.

Appendix 2: Proof of Lemma 2.4

(1d) ~ p(d)
r nrf

Since F(()f) is a subset of , it is bounded. For the convexity, we apply

the same method that was used to prove Lemma 3.7 of [32]. For 61, 6, € F(()lf), there
exist positive vectors RV (©) and R (0) such that, fori = 1,2,

AcO)R D ©) < hD©0),  Cu0)hV©) < hD(0).

Choose an arbitrary number A € (0, 1). Let g be the vector whose jth entry g; is
given by

gi =@ j =12 m

Then, using Holder’s inequality similarly to the proof of Lemma 3.7 of [32], we can
show that

A0+ (1 —-1)b)g <g, Ci(A01+ (1 -21)0)g < g.
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(()lf). Thus, F(()lf) is a convex set, and therefore,

This proves that A0 + (1 — A)6, € T
it is a finite interval.

It remains to prove that F(()f) is a closed set. To see this, let 6, be an increasing
sequence converging to fyax. Then, we can find k,, for each 6, such that (2.23) and
(2.24) hold for h = h,, and = 6, and it is normalized so that &, 1 = 1, where 1 is
the column vector whose entries are all units. Since h,, is normalized, we can further
find a subsequence of {h,} which converges to some finite Ao, > 0 as n — oo. Since
6, converges to Om.x as n — 00, we have (2.23) and (2.24) for ko, and Oy,x, Which in

turn imply that i1 > 0 by the irreducibility of A,.(9). Hence, fmax € I, Similarly,

we can prove Opin € I‘(()f). Thus, F(()lf) = [Bmin, Omax]-

Appendix 3: A counter example

We produce an example such that A|G_ # ¢’ A| for any 6 # O for m = 2. For
p,q.r,s > 0suchthat p4+g+r < 1,2p+q < lands < 1, define two-dimensional
matrices A; as

0 01— (p+q+
= (18) = () s (),

Since A = A_1 + Ao + A1 has the stationary measure (s, 1 — (p + r)), the Markov
additive process with kernel {A;; i = 0, 1} has a negative drift by the condition that
2p + g < 1. Hence G_ must be stochastic. Furthermore, the background state must
be 1 after the level is one down because the second column of A_; vanishes. Hence,

10
G_=(10)’

and therefore

Appendix 4: Proofs for the upper bounds

In this section, we prove Lemma 3.2 and Theorem 3.1. To this end, we formulate the
2d-QBD process {Z,} as a Markov-modulated reflecting random walk on the quarter
lattice plane and consider the stationary equation for this random walk using moment-
generating functions. Similarly to the one-dimensional QBD processes in Sect. 2,
we first derive a canonical form for the stationary equations. This canonical form
simplifies transitions around the boundary similar to the QBD case.
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The stationary equation and inequality in canonical form

Assume that {Z,,} has the stationary distribution 7. Let

0O =B Lelh,, J =k), keViw=+,++,
0™ 01 =B L ethy,, J =k), keVi,w=1,+0,+1,
o™ (0) =B L eUy,, J = k), keVa,w=20+ 14,

where Z = (L, J) is a random vector subject to 7. We denote the vectors whose
kth entry is gokw) (@) and gp,gw) (6y), respectively, by @™ (9) and ¢ ™ (6;). Similarly,
7 (i, j) denotes the vectors for the stationary probabilities 7 (i, j, k).

Lemma 6.1 If ¢(0) is finite, then

PO (I — Asi(8))
+e20T @) (1 — cD0)) + " 0" (02) (1 — C2(0)) + ¥ @) =0, (6.8)

where

¥ OO) = P, DU - ADL0))
10 ((1,00A)01) + 70, DAY 62) + () A])
Py DEnU — A O AL O
Y@ O)(1 — AR 62) 7 AT 02,

in which 1/1(1)(91) and llf(z) (62) are defined as

¥ D) = (r(1, DAY 01 +m(1,0)(AL0) — 1)
+ 70, DAY 1) +r(0)AD),
Y0 = e (m (1. DAY, (02) + (0. D(AF) 02) — )

0 0
+ (LAY, + TO)AF).
Remark 6.1 (6.8) reduces the stationary equations to those for the 2d-QBD whose
random walk component is on U/;. Obviously, all the complexities are pushed into

c) @) and y© (8).

Proof Assume that Zg has the stationary distribution 7, then Z,,+1 = (Ly+1, Jut1)
and Z, = (L,, J,) have the same distribution 7. Hence, recalling that H = {0, 1, —1}
and taking the moment-generating functions of (3.3) for J, = k € V4, we have
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(p£+>(0) _ Z (Z ei91+j92(p15/++)(9)[Aij]k,k+ Z % (11 K[ A ik

kKeVy ijeH i,jeH

I Z COHI0 P2 0D (M)A, Tk + Z eie|+jezeel¢£;+>(692)[Aij]k,k)
ieH, jeH ieH,,jeH

+ X (e A e+ Y e (1,0, 1A T )
k'eV) ieH icH,

. 0 2 i 2

+ D (Do AT ek + Y IR0, 1 KA ek )
k'eV, jeH jeHy

+ 3 (0,0, K)(AY h, 69)
k'eVy

as long as (p,£+) (@) and (p,iw)(é?) for w = 1, 2 exist and are finite for all k. Similarly, it
follows from (3.3) that, for k € Vi,

o O + e (1,0,k)
10— 1
= > (e el Al oy e

keV, ieH

+ Z ¢i01=02,81462 1 (1 l,k’)[Ail(?(_l))]k/k)
I'EH+

+ 20 (e O0IAR I+ Y e (1 0.K)1A k)
KeVy ieH ieH

+ 20 (e 1 KA. ek + 0,0, KA k). (6.10)
k'eVy

and <p,£0+) (6») for k € V), is symmetric to go,(fo) (61) fork € V.
Recalling the matrix notation, Ay ;(61), A;+(62), A(l) 61), A(z) (6>) and the vector

notation (o(w)(ﬂ) for w = +, ++ and (o(“’ )(0y) forw’ = 1,40, +1 and £ = 1, and
for w’ = 2, 0+, 1+ and £ = 2, the stationary Eq. (6.9) can be written as

o) = 9 (0)Awi(0) + 2 (1, DAL (0)
+ (V@) AL 0) + 9060 AY 61)
+ (@ (0) A1 (0) + 9P (62) AT (62))
+ (1,040 6) + e2m 0, DA (62) + M 2w (0)AL) (6.11)

as long as ¢(#) is finite, where ¢ (@) is the V. -dimensional vector whose kth entry is
@k (0). Similarly, (6.10) yields

o100 + e (1,0)

= ONAL 0 + 0TV ONAL O) + (1. DAL 0
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+e (m (1,004 01) + m (0. DA || +w(0)AT), (6.12)
and by symmetry,

e (0) + %21 (0, 1)
= 0D 6242,,62) + 9"V O) AT 02) + (1, DAL, | (62)

+e”(m (0. DA 0) + (1,0)AY, | + T O0)A). (6.13)
and

7(0) = @AY + 70, DAY | + 21,04+ 71, DAY

—1)(=1)- (6.14)

Obviously, the Eqgs. (6.11)—-(6.14) constitute the full set of the stationary equations,
and therefore they uniquely determine the stationary distribution 7 because of the
irreducibility.
Assume that [ — A(l)(Gl) and I — A(z) (6) are invertible and recall the definitions
of ¥ (6)) and ¥ ® (6,). Then we can get, from (6.12) and (6.13),
o001 = (9P ONAL O+ VEn)a - AGEe)T. (6.15)
9O = (0" OAD,), 02 + ¥ P O) (1 — AT 0. (6.16)

Substituting these q)(+o) (61) and (p(0+) (62) into (6.11) and using the vector version
of (6.9):

‘,0(+)(0) — (P(++)(0) + 802¢(+1)(91) +€61(P(1+)(92) + 661+92-7T(1, D),
we have

O — A (0))
+e"o O (1 — (A (0) + A*( HODU — A @) Al 01)
2 2

+e"oUD 0 (1 — (Ap®) + AL 02 — AF (02)) 7' AT (62)))

+v@@) =o.
Recalling the definitions of C¥) (@), this yields (6.8). O
Proof of Lemma 3.2
In Lemma 6.1, we have assumed that the moment-generating functions for the sta-
tionary distribution are finite. We cannot use this finiteness to prove Lemma 3.2.
Nevertheless, Lemma 6.1 is useful in the proof of Lemma 3.2. This is because we will

use its inequality version under some extra conditions in a similar way to Lemma 4 of
Kobayashi and Miyazawa [19]. A key idea is the following lemma.
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Lemma 6.2 Assume that @ € R? satisfies one of the following conditions:

(@) 0 € T2 and |9™ 0)| < oo forw = +1, 14,
(®) 0 € T'2? and |91 (6)] < o0,
© 8 TS and |9V 6] < 0,

where |a| = D |a;| for the vector a whose ith entry is a;. Then,

@ O)(I — Aun(8))
+e”2 VO (1 — @) + "o 0)(1 - C2®) + v ®6) <0, 6.17)
and therefore 0 € D.

This lemma is slightly different from Lemma 4 of [19] because we here have
background states. However, we can apply exactly the same arguments to derive (6.17)
from the one-step transition relation (3.3) for each fixed background state under the

stationary distribution. Hence, A, (0)h < h (Ci{,} @)h < h) and
9O I — A (@))h < 00, (9 (0)(1 - CLO)h < 0),

where w(1) = +1 and w(2) = 14, which implies that [@ ) (8)| < oo (| (0)| <
oo, respectively). This completes the proof of Lemma 6.2.

Similar to the proof of Theorem 1 of [19] (see Sect. 4.3 there), it is not hard to see
that Lemma 6.2 yields Lemma 3.2.

The proof of Theorem 3.1

2
For each u, x > 0, we have, for uc € F§ d),

*P((L, ¢) > x) <E@"1((L, ¢) > x)) < p(uc).

Taking the logarithm of both sides of this inequality, we get

1 1
u—+ —loglP((L, ¢) > x) < —loge(uc).
X X

This yields

1
limsup — logP((L, ¢) > x) < —u

x—>o00 X

as long as uc € I‘gd), and therefore

1

limsup — logP((L, ¢) > x, J =k)

x—o0 X
1

< limsup — log P((L, ¢) > x) < —sup{u > 0; uc € T},

x—oo X
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Appendix 5: The proof of Lemma 3.3

Similar to Lemma 4.2 of [19], we can apply the permutation arguments in Lemma
5.6 of [5] twice. For this, we use a Markov-modulated two-dimensional random walk
{(Y,, Jn)}, whose increments X,+1 = Y,11 — Y, have the following conditional
distribution:

P(Xpt1 = U, Jus1 = jlIp = 1) = [Aulij, uw €W i, jeV;.

We here recall that H = {0, £1}. For each n > 1, we permute the Markov-
modulated random walk {(Y,, Jy), £ =0, 1, ..., n} starting with Yy = 0, and define
(™, gy e=0,1,....,n)form =1,2,...,nas

Y =0, ¥ = X1, Y3 = X1+ Xnp2, o, Vi = X1+ + X,

Yl(lm):Xm+l+'.'+X”+X1+X2+.'.+Xm7

Jm _ Jmve,  £=0,1,....,n—m,
¢ Jo——my, L=n—m+1,... n.

Obviously, {(¥, 7)) ¢ = 0,1,...,n}) and J™ = J,, = I for m =
1,2, ..., n have the same joint distribution for all m under the probability measure in
which {J,} is stationary. We denote this probability measure by P, , where v, is the
stationary distribution of the background process {J, }. We next consider the following
eventforn >1,1<m <n,x >0,j €V;and B € B(Ri).

E.(n,m,B) = [ min Y >0, min Y3 >0,Y"™ € B, Jy = J”] ,
1<t<n 1<l=<n

Ey(n,m, B) = [IT,}EH Yg(én) > 0, Y;lm) e B, Jy= Jn} .

Then, we have

Ul_y Ex(n,m, B) D E»(n, M, B), forsome M €{1,2,...,n},
Ul _, Ex(n,m', B) D{Y, € B, Jo = J,},

where M may be chosen so that Yg('l") form = 0,1, ..., n attains the minimum at
m=M.

Since E (n, m, B) has the same probability for any m under PP
E>(n,m’, B), we have

v, » and similarly for
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Py, | min Y >0, min Ypo >0,Y, € B, J, = Jp
1<t=n 1<t<n

A%

1
=Py, ( min Yp» >0,Y,€ B, J, = Jo)

n 1<l<n

1
P (Vy € B.Jy=Jo.Yo=0). (6.18)

We next note the Markov-modulated version of the well-known Cramér’s theorem (see
Theorem 1 of [33]). For this, define the Fenchel-Legendre transform of log y 4=+ (@)
as

A*(x) = sup {(8, x) — log y 4= (0)}.
#cR2

Then we have, for any open set G in R2,
1
liminf —logP(Y,, € nG, J, = jlJo=i) > —A*(), i,je€Vi,z€G. (6.19)
n—oo n

LetSy+ =U4y x Vy,andletog = inf{€ > 1; Ly € S\ S4+}. Since the random
walk {(Y ¢, J¢)} is stochastically identical to {(L¢, J¢)} as long as they are in S, we
have, for y € Zi and G such that G +z C G foreach z € Zi,

]P)er(Ln €nG,o0 > n,Jy = Jo|Lo=y)
Z]P)V+(Yn EnG—_YaO'O >n7‘]l’l = JO)

1

> ;]P’W(Y,, e nG, J, = Jy). (6.20)
Recall that v = {v(z, j); (z,i) € S} denotes the stationary distribution. For zg =

(2,2), let

d = min v(zg, ).
iGV+

Thend > Osince {(L¢, J¢)}isirreducible and V is a finite set. Denote the normalized
distribution of 7 restricted to S \ S+ by mp, and denote the probability measure for
{(L¢, Jp)} with the initial distribution 7o by Py, . Let

G=1{0ecR*0>c),

which satisfies the requirement of (6.20). Then, it follows from the occupation measure
representation of the stationary distribution and (6.18) with B = G that, for any
m,n>1,jeVyiandzg = (2,2) € S4+4,

P(L € nG) = — i]? (L¢ € nG. 0 > 0)
eEn = ¢ €niG,op >
EJT(UO) =1 0
1
> IEJ)7'[()(Lm € nG, Jy, = Jo, 00 > m, Ly = z0)

Ex (00)
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1
> Z Py, (Ly — Lo € nG, Jy, = Jo,
EJT((TO)Z‘EV+
oo > m|Lo = zo, Jo = i)7o(z0, 1)
d
> Py, (L — Lo € nG, Jyy=Jo,00>m, Jo = i|Lo = z0)
Enwo)l.; e :
> — P, (L, € nG, J, = Jo, Ly =
Z Eo o0 ve (L € nG, Jy = Jo, 00 > m|Ly = z0)
d
=— P, Y €nG, Jy =,
Ez(00) Fm €1G, I = Jo, 00 > m)
d
> Py, (Y, € nG, Jp = Jo)

m2Ex(09) "
d

> ——PX,, enG,Jy,=jllo=] ),
Z ZE0) Y €nG, Jy = jlJo = )v+())
where we have used the facts that the distribution of {(L, J¢)} is unchanged under
the conditional probability measures Py, and P, given (Lo, Jo), and similarly {Y ¢}
is unchanged for [P, and P given Jy.

Since x € nG is equivalent to x > ¢, taking logarithms of both sides of the above
inequality and letting m,n — oo in such a way that n/m — ¢ for each fixed ¢ > 0,
(6.19) yields

1 1
liminf ~ logP(L > nc) > lim ﬂ—log]}v(ym >mile, gy = j‘ Jo = j)
n—oo n n—oo n m m

1
> — ?A*(tc).
Since t > 0 can be arbitrary, this implies that

1 1
liminf —logP(L > xc¢) > — ing;A(;c) = —sup{(0,¢c); 0 € 1—‘_(kZd)},
>

X—>00 X

where the last equality is obtained from Theorem 1 of [4] (see also Theorem 13.5 of
[37D.

It remains to prove that @ ¢ T, implies (@) = oo, but its proof is exactly the
same as that of Lemma 4.2 of [19] except for a minor modification. So, we omit it.

Appendix 6: One-dimensional QBD and lower bounds

In this section we prove Theorem 3.2. For this, we apply the Markov additive approach
given in Sect. 5.5 of [28]. This approach is also taken by Ozawa [36], which is essen-
tially the same as that of Miyazawa [27]. We first formulate the 2d-QBD process as
a one-dimensional QBD process with infinitely many background states, taking one
of the half coordinate axes of the lattice quarter plane as level. There are two such
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QBD processes. Since they are symmetric, we mainly consider the case that the first
coordinate is taken as level. Our arguments are parallel to those of Ozawa [36], but
answers are more tractable because of Theorem 2.2.

Convergence parameter of the rate matrix

We first consider the convergence parameters of the so called rate matrix R®) of the

one-dimensional QBD process {(L,(f), J,(f))} for s = 1, 2. This R® is defined as the
minimal nonnegative solution of the matrix quadratic equation

R = (R™)?Q 1 + R Qo+ Q1.

Since arguments are symmetric for s = 1 and s = 2, we will mainly consider the case
s = 1. As is well known, the stationary distribution of PV is given by

”;(11) — thl)(R(l))n_l, n>1, (6.21)

where th,l) = {7V, j, k);k € V) for j =0,k € V; for j > 1}. Then, we can see
that the reciprocal of the convergence parameter c), (R(M) gives a lower bound for the
decay rate of 7O, J, k) for each fixed j, k (for example, see [28] for details).

As shown in [28], this convergence parameter problem can be reduced to finding the
right- (or left-) subinvariant vector of the matrix moment-generating function kal) 01)
by the Wiener—Hopf factorization for the Markov additive process with transition
matrix PV,

Recall that
Alg@en A6 0 0 0
AU 0D Aw@)  Aa@G) 0 0
o6 = 0 Awen(@) Aw@) Aa@) 0
0 0 Ax(=1)(01) Aso(61) A1 (61) - -
Let
Clg 0 = AL 00U — A O) AL O) + Aw@).  (622)

and define the canonical form of kal) (01) as
cly e Aa@) 0 0 0
Ay—1)(01) Ax(01) Ax(01) 0 0
@il)(gl) = 0 Aw=1y(01) Ax0(B1) Asa(61) O

0 0 Ax=1)(01) Ax0(01) Ax1(61) -~
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Similarly, Cf) (6) is defined. It is easy to see that af:) (0) is stochastic for s = 1, 2.

Thus, af) (6y) is a nonnegative matrix with QBD block structure, and therefore we
can apply Theorem 2.2. For this, we note the following fact.

Lemma 6.3 Fors =1, 2, I‘S(i_d) is a nonempty and bounded convex subset of R?.

This lemma is proved similarly to Lemma 2.4 using the fact that 0 € Fﬁ_d) for
s = 1, 2. The following result is immediate from Theorem 2.2.
Lemma 6.4 Under the assumptions of Theorem 3.2, Qi”(el) or, equivalently,
@il) (61), has a superharmonic vector for each 6 € R if and only if the following two
conditions hold:

() cp(A6n) > 1.
(ii) There exists a 6> € R such that 0 = (01, 6,) € Fﬁd) or, equivalently, € T’ gd).
By symmetry, a similar characterization holds for Qg) (62).

It follows from this lemma and the Wiener—Hopf factorization that, for s = 1, 2,
)y — > 0 (s) _ p(s.D)
logcp(RY) = sup{fs > 0; ¢, (07 (65)) = 1} =677, (6.23)

as long as ¢ p(AkaO) (G‘Y(S’F) )) > 1. We are now ready to accomplish our main task.

The proof of Theorem 3.2

From (6.21), (6.23) and the Cauchy—Hadamard inequality (for example, see Theorem
14.8 of volume I of [25]), we have the following lower bound:

1 ,
liminf —logP(Ly > n,Ls_y=£,J =k) > =081, s=1,2. (6.24)
n—oo n

By Lemma 3.3, this lower bound is tight if 6" = 8%"™ because M%) ¢ Ffd).

Thus, it remains to consider the case that OS(S’F) < Qs(s’max). In this case, it follows
from Theorem 2.2 and Lemma 2.5 that Q®) (Os(s’r)) is 1-positive, which is equivalent

to the fact that e R is 1-positive by the Wiener—Hopf factorization. We consider
Categories (I) and (II-1), separately, for s = 1. This is sufficient for the proof because
Category (II-2) is symmetric to Category (II-1).

Assume that the 2d-QBD process is in Category (I) and that Gl(l’r) < Qfl’max). In
this case 7, = QS(S’F) for s = 1, 2. Hence, (6.24) implies (3.13). To prove (3.14), we
apply Theorem 4.1 of [31] (see also Theorem 2.1 of [24] or Proposition 3.1 of [27]).
For this, we consider the left and right nonnegative invariant vectors of kal)(el(l’r),
which is a nonnegative matrix with QBD structure and unit convergence parameter.

Since ¢ (71 — €,0) < oo for any € > 0, we have, similarly to the proof of Theo-
rem 3.1,

1
limsup —logP(Ly > n) < — 1 = 91(1,1“)_

n—oo N
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We now consider the matrix geometric form of the stationary distribution:

7 Vu = n(ll)(R(l))"_lu

7Dk, i) )
=D > o 21 ROV ey e

ki €,j

(H
_ T (k i) _ 1
a(n—1) 2 2 il BN A i(eaR(l )?kl)](zj) xﬁ]“@]

ki £,j

1) k.
(=1 (1+,0) ( ’)
Z” e Z(G )(zn(kz) Xt
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