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Abstract In this paper, we consider all singular cases of random walks in the quarter
plane. Specifically, exact light tail asymptotics for stationary probabilities are ob-
tained for all singular random walks.
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1 Introduction

Tail behaviour of stationary probabilities for random walks in the quarter plane has
long been a key issue, because not only its theoretical interest, but also its important
applications. For a detailed literature review and recent development of studies, we
refer readers to Miyazawa [11, 12] and Li and Zhao [9, 10].

Let X4, X1, X2, and X be random variables having the distributions, respectively,

pi,j» where i, j =0, £1; pi(,lj), where i =0,+£1 and j =0, 1; pl.(i), where i =0, 1

and j =0,%£1; and pfg?, where i, j = 0, 1. Then the random walk considered in
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this paper is a two-dimensional discrete-time Markov chain L, on the state space S =
Zi ={(m,n);m,n=0,1,2,...}, partitioned as 7% = SLUS1USUSy, where S =
{(m,n)ym,n=1,2,..},51={(m,0);m=1,2,...},5={0,n);n=1,2, ...} and
So = {(0, 0)}, with the following transition probabilities:

P{Liy1=(ma,n2)|L; = (my,ny)}

P(Xi=(my—my,ny—mny)), if (ma,n2) €S, (my,ny)eSy,
=y P(Xx=(my —my,ny —ny)), if (ma,np) €S, (my,ny) € S
withk=0,1, 2.

Let

M= (M, M =<Z (ZP:J) Z (ZP:J))
MO = (MO u D) = (Z <Zp(1)> Z (Zp(l))),
MO = (MO M) = (Z <Z p(2>> Z (Z p<2>)).

When M # 0, a necessary and sufficient condition for stability was obtained in Fay-
olle, Iasnogorodski, and Malyshev [3] and amended by Kobayashi and Miyazawa
(Lemma 2.1 of [7]).

Theorem 1.1 (Theorem 1.2.1 in [3] and Lemma 2.1 in [7]) When M £ 0, the random
walk is ergodic if and only if one of the following three conditions holds:

1. My <0, My <0, MM\" — M,M" <0, and MyMP — M M <0;
2. My <0, M, >0MM‘2> MM§2><oandM“><olfM“)_o
3. M, >0, M, <0, MXM}(,I) MM <0,and MP <0if MP =0.

Throughout the paper, we assume that the random walk is stable and denote the
joint stationary probability vector by m, ,. For this random walk, the fundamental
form (for example, see p. 5 of [3]) is given by

—h(x, y)m(x,y) =hi(x, y)m1(x) + ha(x, y)m2(y) + ho(x, y)mo,o0, (1.1

where

o0 (o8] o0
Ty = D Twax™ YT M) =) waex™
m=1

m=1n=1

o
() =Y 7oy,

n=1
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1 1 o
h(x.y) =xy<Z > pijx'y - 1) =a(x)y* +b(x)y + c(x)
i=—1j=—1
= a(y)x? +b(y)x + &),
1
. y>_x<z 3 Dy )
i=—1j=0
= a1 (x)y + b1 (x) = a1 (x> + b1 (y)x + ()
2
() =y(z S pxiyi )
i=0 j=—1
=@ (V)x + b (y) = ar(x)y* + ba(x)y + c2(x),
h — (0) i
0. y)= ZZWC y’
i=0 j=0
= ag(x)y + bo(x) = do(y)x + bo(y),
with
a(x) = p_1.1+ po1x + p1.1x2, b(x) = p_1.0— (1 = po.o)x + p1.ox?,
¢(x) = p_i,—1 + po—1x + p1.—1x%,
ay)=pi-1+proy+piay’s, b)) =po—1— (1= poo)y+ poiy>,
EY) = p_1,—1+ p—1,0y + p—1.15%,
1 1 1 1 1
a@) = pl  +pogx +pigats i) =pl o = (1= phg)x + pigx’,
~ 1 1 1 1 ~ 1
al(y)—p§3+pf¥y, bl(y)—pé())—leréfy, a(y)=p_ 10+p(])1y,

2 2 2 2 2 2
az(x)—pé{erHx bz(x)—p(()())—1+p§())x cx) = ()1+P§)

2 2) 2.2 )

a) =p + ety + A b)) =pgt — (1= pSo)y + poiy*.

0 0 0
ao@) = pg) +pigx. bo@) = pigx — (1= pgp).

~ ~ 0 0
ao(y)=p1,o+p1,1y, bo(y)=p(()}y—(1 —péé)

By simple algebra, we obtain

=a(l)—c()=a'()+51)+& 1),
M =a(1) —e()y=d' () +b' 1)+ (1),

(1.2)
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- 7N

Case 1 Case 2 Case 3 Case 4

Fig. 1 Singular cases corresponding to part 1 of Lemma 1.1

K om 7

Case 5 Case 6 Case 7 Case 8

Fig. 2 Singular cases corresponding to part 2 and part 3 of Lemma 1.1

MO = ay(1) =& (1) + B (1) + & (1), (13)
M =ay(1) — & (1) =aj (D) +by(), |

MP =ay(1) — (1) = @ (1) + bh(D), (14)
MP =ap(1) = aj(1) + by(1) + ¢5(1), '

where ’ is the derivative of a function. The above expressions will be used to simplify
the stability condition in later sections.

Definition 1.1 A random walk in the quarter plane is called singular if #(x, y), as a
polynomial of two complex variables x and y, is either reducible or of degree one in
at least one variable.

A necessary and sufficient condition for a random walk to be singular was obtained
in [3] and is stated as follows.

Lemma 1.1 (Lemma 2.3.2 in [3]) The random walk is singular if and only if one of
the following conditions holds:

1. There exists (i, j) such that only p; j >0and p_; —; > 0;
2. There exists i with |i| =1 such that for any j, p; j =0,
3. There exists j with | j| =1 such that for any i, p; j =0.

Based on the above lemma, it is easy to see there are a total of eight possible differ-
ent cases (or transition diagrams) for the singular random walks, which are depicted
in Fig. 1 and Fig. 2.

In the analysis throughout the paper, we assume a positive probability for every
possible transition in all singular cases. Only minor modifications might be needed if
the probability were to be zero for a possible transition.
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Remark 1.1 Our focus is on a stable random walk with light-tailed behaviour of its
stationary probabilities, which is equivalent to the case of M # 0. By light-tailed
behaviour, we mean that both complex functions 71 (x) and 75 (y) have a convergence
radius greater than 1, which is equivalent to both 7; ¢ and g ; being light-tailed.
When M =0, Lemma 3.3 in [7] showed that the random walk is heavy-tailed. When
M # 0, all random walks are light-tailed. For non-singular cases, this was proved in
[3] (for example, Corollary 3.2.4). For the singular cases, this is also true. In fact,
analytic continuation in each singular case is automatically clear from the detailed
analysis provided in the following sections except for case 3. In this case, analytic
continuation is not immediately clear and the kernel method in [3] seems not feasible.
Instead, one can use other methods (for example, He, Li, and Zhao [6], [3, 11], or
Guillemin and Simonian [5]) to show that both 7; o and g, ; are light-tailed.

The literature study has mainly been focusing on non-singular random walks. Tail
asymptotic analysis for singular cases is only available for a few specific models, for
example, the priority queues (see Abate and Whitt [1] and Li and Zhao [8] for details
and relevant references). It is of interest to provide a complete description of the tail
asymptotic properties for all singular cases, which is the purpose of this paper. Based
on the fundamental form (1.1), a modified kernel method is applied to confirm that
the exact tail asymptotics for boundary probabilities 7, o (and 7 ,) for the singular
cases have the same four types as that for the non-singular cases. This is also true for
the two marginal distributions: n,i,l) =), T, and 71,52) =Y. Tm.n, but details will
not be presented in the paper since they only require some minor efforts. However,
a new type of exact tail asymptotic property for joint probabilities m;, , along a co-
ordinate direction, say for a fixed n as m — oo, can appear for a reducible & (x, y).
For tail asymptotic properties in the joint distribution along a coordinate direction,
we define and analyze the generating functions:

00
(pj(x):Zni’jxl_l, j=>0,
i=1

o0
Yiy) =) mi;y~ i=0.

j=1

Notice that ¢g(x) = m1(x) and ¥o(y) = m2(y). Recursive relationships will be ob-
tained for ¢;(x) and v, (y), respectively, based on the balance equations of the ran-
dom walk:

0 1 2
(1- P((),()))ﬂo,o = P(_f,om,o + P((),)_lﬂo,l + p-1,-171,1, (1.5)

1 0 1 2
(1- p(()’()))m,o = Pg,())ﬂo,o + P(,f,oﬂz,o + p-1,-1m21 + pi,)q”(),l

+ po,—-171,1, (1.6)

1 1 1
(1 - P((),()))ﬂi,o = Pi’())ﬂifl,o + P(_f,oﬂwrl,o + p-1,-1Ti+1,1 + P1,-17i—1,1

+ po,—17i1, i =2, (1.7)
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2 0 2 1
(1- P((),()))ﬂo,l = P((),iﬂo,o + P((),)_lﬂo,z +po1,—1m2+ p(_f,lm,o

+ P-1,071,1, (1.3

2 2 2
(1 - P((),()))ﬂo,j = P((),iﬂo,jfl +P((),)_1770,j+1 + P—1,-171, j+1 + P—1,1701, -1

+p-10m1,j, =2, (1.9
(I = po,0)7i,j = P1,—1Ti—1,j+1 + P—1,—17i+1,j+1 + PO, —17Ti j+1
+ P1,07i—1,j + P—-1,0Ti+1,j + P1,1Ti—1,j—1 + P0,17i, j—1

+p 11Ty jo1, 122,7>2. (1.10)

Throughout the paper, a Tauberian-like theorem (see, for example, Theorem 4 in Ben-
der [2] or Corollary 2 in Flajolet and Odlyzko [4]) is frequently used for asymptotic
analysis.

The rest of the paper is organized as follows: In Sect. 2 to Sect. 6, all eight singular
cases are analyzed and exact tail asymptotics are obtained for boundary probabilities
(7,0 and 7o ,) as well as for joint probabilities along a coordinate direction (7, ;
for j > 1 and m; , for i > 1). Finally, concluding remarks are offered in Sect. 7.

2 Exact tail asymptotics for case 1 and case 2

Since these two cases are symmetric, we provide a detailed analysis only for case 1.
Corresponding results for case 2 can be easily obtained by symmetry.
In this case, we have

a(x)=0, b(x) = p_1,0— (1 — po,0)x + prox’, c(x)=0, (21
ay)=proy, by =—0-poo)y, (y) = p-1,0y-
(2.2)
Hence,
h(x,y)=[p-1,0— (1 — po.0)x + p1,0x*]y. (2.3)

To make h = 0, we should have y =0 or

Lo =Pt V(= po0)?—4piop-10 _ (p-10+ pro) £ |p_1.0— prol
2p1.0 2p10 '

Under the stability condition, we have M, < 0 since My = 0 (remember that we are
considering the light-tailed case only for M # 0). The condition M, < 0 is equivalent
to p—1,0 > p1,0- Therefore,

{P—l,o/m,o,
x = |

Letx =1 and |y| < 1. Then (1, y) is finite and the fundamental form leads to

hi1(1, y)m (1) + ha (1, y)ma(y) + ho(1, y)mo,0 =0,
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or

hi(1, y)mi (1) + ho(1, y)7o,0
m(y) = -2 . @4
ha(1,y)
if ha(1, y) # 0. Notice that h2(1, y) = (a2(1)y —c2(1))(y — 1) gives two zeros: y = 1
and y = c2(1)/az(1) > 1 according to the stability condition. Also, y = 1 is a zero of
the numerator in (2.4) since 72 (y) is the generating function of a probability sequence

that should be finite at y = 1. Specifically, since

hi(L,y) =ai()(y — 1), ho(1, y) =ao(1)(y — 1),

we have

ay (D (1) + ao(1)mo,0
m(y) = - (2.5)
(1) —ax(l)y
Obviously, y = ¢z(1)/az(1) is the dominant simple pole of 72 (y), which leads to an
analytic continuation of 7 (y) and (2.5) implies that

a()\
no,j+1=c(cj(l)), Jj=0. 2.6)
Therefore, for large j,
a (1))’
70, j+1 "~ C o)
where
_ a1 (1)1 (1) +ap(1)mo,0 @7
(1)

It follows from (2.6) that ¢ = 7,1 and according to the definition of w2 (y), ¢ = m2(0).
Now, using expression (2.5) in the fundamental form and let y = 0 leads to

c2(x)c + bo(x)mo,0

m(x) =—

b1(x)
b1(x) has two zeros:
) (l) (1) (1)
n pOOi\/(l Po,0)> —4PZ1 P10
xbl 6 , (28)
2pio

of which, x,;l <1 is removable and x,jrl > 1 is the dominant pole of 71 (x). This gives
an analytic continuation of 1 (x) and implies that for large i,

1 i
TTi41,0 ™~ €1,0 s
(J@f)
1

where ¢ ¢ is a constant that can be expressed in terms of ¢ and ¢ o, which will be
explicitly determined in Sect. 2.3. We therefore postpone the expression of ¢ o to
Sect. 2.3.
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For tail asymptotics along a coordinate direction, we consider the sequence of
generating functions ¢, (x) or ¥, (y).

2.1 Along the x-direction

By multiplying balance equations (1.6), (1.7), and (1.10) to an appropriate power of
y and taking summations, and after some simplifications, we have
b1 (x)po(x) = ag (x),
b(x)ep1 (x) + a1 (x)go(x) = aj (x),
b(x)gj(x) =aj(x), Jj=2,

where
ag(x) = —ca(x)1o,1 — bo(x)70,0,
aj (x) = —ca(x)mo,2 — ba(x)m0,1 — ao(x)mo,0,
a;f(x) = —c2(X)mo, j4+1 — b2(x)mo,j —ax(X)mo,j—1, J=2.
Therefore,
_ap(x)
@o(x) = i)
_a;(0)bi(x) —a1(x)ay(x)
100 = b(¥)b1 (x) ’
L aj(x) .
gl)](x)— b(x) , J=

Note that the two zeros of b(x) are given by

v 1=poox/(—poo)?—4p_i0p10

= 2.9
b 2p10 9

of which x,” <1 is removable and x;r is a simple pole of ¢;(x), j > 2. For ran-
dom walks in case 1, we specifically have x, =1 and x; = p_1,0/P1,0- Using the
Tauberian-like theorem to the above functions ¢;(x), j > 0, we immediately have
the following tail asymptotic properties.

Theorem 2.1 For the case 1 singular random walk, we have the following tail asymp-
totic properties along the x-direction: for large i,

1 i
Ti+1,0 ™~ Ccl,0\ — 5
(xlf)
1
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(@) i+
C11(7)v if xp, <xy,
1
e 1\¢
Ti+1,1 ™~ Y60 (X_Jr) ) lfxb xb )
7
1 . .
‘1, 1(T) C x>

‘l i
Titl,j ”Cl,j<x—+ . J=2.

where all constants ci 0, CY,)l fort=a,b,cand cy for j > 2 are independent of i
and explicitly determined in Sect. 2.3.

Remark 2.1 The Tauberian-like theorem provides a relationship between the asymp-
totic property at the dominant singularity of the generating function and the tail
asymptotic property of the coefficients (probabilities of interest) of the function.
Therefore, the decay rate is the reciprocal of the dominant singularity of the func-
tion. For example, the dominant singularity of ¢ (x) is given by the smallest zero of
the functions b(x) and b1 (x) since at which the numerator of the expression for ¢ (x)
is not zero.

2.2 Along the y-direction

By using balance equations (1.8), (1.9), and (1.10) and a similar argument to that in
Sect. 2.1, we have

EMNVIOY) + b (M Wo(y) =g (y),
EMV2() + b Y1) +a (M Wo(y) = af (),
Vi1 () bWV (») + a1 (y) =ai(y), i>2,

where
ag(y) = =1 ()10 — bo(y)mo,0,
@t (y) = —¢1(y)ma,0 — bi1(y)m1,0 — do(y)mo,0,
ar(y) = —E1mit1.0 — b1(Mmo — a1 (Ti-10, i >2.
Let y*
1
lim <1 el )>¢n(y) =cop, n=0,
y—y* ax(1)
and

&(y*)ez1 +b2(y*)e2,0=0,
E(y*) 22 +b(y*)ea1 +ar(y*)e2,0 =0,
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P-1,02,j+1 — (1 = poo)ea,j + proca,j—1=0, j=2,

where ¢2 o0 = c. Solving the above second-order relations, we obtain

n—1
cz,nzA(p“’) +B, nxl
P-1,0

For determining A and B, from Ay (1, y*) = l;z(y*) + ax(y*) =0 and

(V) (A+ B) +ba(y*)e =0,

¢(v®) [A ppl*o + B} +b(y*)(A+ B) +ax(y*)c =0,
-1,0

we obtain

P1,0
P-1,0

P1,0|:A +B} +[P-1.0— (1 = po,0)](A+ B) =0,

which yields B = 0. From ¢(y*)(A + B) + br(y*)e =0, we get

_ b
ey

where c is given in (2.7).
Finally, the asymptotic properties follow from the Tauberian-like theorem.

Theorem 2.2 For the case 1 singular random walk, we have the following tail asymp-
totic properties along the y-direction: for large j

(e
T[O,_/-‘rl C<C2(1)> )

i—1 i
D\/
ni7j+1NA<pl’0> <62( )>, i>1.
P-1,0 ax(1)

Remark 2.2 Case 2 is completely symmetric to case 1, for which one can easily find
the result.

2.3 Determinations of coefficients in 2.1

Coefficients cq g, cgt)l fort =a,b,c, and ¢y, ; for j > 2 in Theorem 2.1 can be ex-
pressed, according to the analysis in Sect. 2.1 and the Tauberian-like theorem, as

—ag(xg'l)

c1,0= )
» D+, +_ -
Py o%p, (X, — Xp,)

+ +
ai (xbl)az)k(x},l)

(a)
1= — )
Pt Gl = 3 b))
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—ay(x)ad ()
1 2 _ _?
PLOPY ox 2 (g — X, ) (7 — x;)

_afGg)bi () — ar(x))ag ()

b)) _
1=

(©)
1,1

C = —
PLox; (xp — x;)b1(x;)
and for j > 2,
koot
o —aj(xy) . ()0, j41 + ba(x) 0, + ax(x) )mo, -1
CLj= T T
P1,0X, (xb Xp ) P1,0X, (xb Xy, )

(G ED? + b () (EG) + () (aza))f—l
pl,o)c;'()cl;Ir —x;) (1)

In the above expressions, all components are explicitly expressed in terms of sys-
tem parameters and probabilities 7 o, 77,1 (noting that ¢ = g, 1) and mp . In the fol-
lowing, we express 7o, and g 2, and 71 (1) and w2 (1) (therefore, (1, 1)) in terms
of mp,0. This also leads to a determination of 7o according to the normalization
condition: 1 =x (1, 1) +m1(1) + m2(1) + 70,0-

First, from

ag(x) _ ag(x)
b g —x)(x = xf)

Ti(x) =

we conclude that since 0 < xb_1 <1, xb_l is also a zero of the numerator, i.e.

ag(xb_l) = —Cz(xb_l)JTOJ — bo(xb_l)n’(),() =0.
Therefore, we can express g, 1 in terms of g o as follows:

bo(xy,)70,0
Ty, =———. (2.10)
CZ(xbl)

Using (2.10) we express 1 (1) in terms of 7q,o:

(Do +bo(Dmoo

m1(1) b () = —1170,0, (2.11)

where

—bo(x,))

c2(x,,)
bi(1)
Now, we can use the above result to express m2(1) in terms of mp o as follows.

From

c2(1)

+bo(1)

1 =—

_ ar(Dm (1) + ap(1)mo,0
(1) —ax(l)y

m2(y)
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we obtain
_ar(Dn +ap(D)

== D a0

70,0 = —1270,0,

where
_ _ar(Dn +ap(1)
() —ax(l) -

For expressing m (1, 1) in terms of m ¢, we consider the following expression,
which is valid for all cases:

w(x,1)

1 1 1 1 ~ 0 0
eIt + P = 12 o+ P im0 + (D) + [p1 + Py 700

(p1.1+ pro)x — (p-1,1 + p-1,0)

’

from which, by using the above result, we have

m(1,1) =t3m0,0,

where
1 1 1 1 ~ 0 0
t et + P =1 o + 2 it +ax (D + [P + P
3= .
(p1,1+ pro)x —(p-1,1+ p-1,0)
Remark 2.3 In case 1, p1,1 = p—1,1 = 0. However, we keep pj,1 and p_; 1 in the

expression for #3 since in this way the expression becomes valid for case 5 as well.

Finally, 7,0 is determined as

1
T o=-——
0.0 1l+H+0+1
and
0,2 = 70,1 02(1)
2(1)

from the Taylor expansion of (2.4).

3 Exact tail asymptotics for case 3

In this case, we have
ax)=praix>, b)) =—(-poo)x, c@x)=p_i 1
ay)=pi1y. b =—-0-poo)y. ) =p_i 1

@ Springer



Queueing Syst (2013) 74:151-179 163

Therefore, the kernel function % is given as

h(x,y) =a(x)y* +bx)y +c(x) = p11x2y* — (1 — po,o)xy + p—1,—1

P-1,-1

=p1,1(xy—1)<xy— ) (3.1
P11

Since My = M, in this case, for the system to be stable we need M, = M, < 0 or

P11 < p-1,-1-
From balance equations, we also have

EMVIY) + ba()Yo(y) = ag(y),
EMNV2(Y) + b Y1) +a (Vo) = af(y),
Vi1 () + bV () +aW i (y) =ar(y), i>2,

and

c()1(x) + b1 (xX)@o(x) = ag (x),
c()@2(x) + b(x)g1 (x) + ai (N)go(x) = aj (x),
c()@j41(x) +b(x)g;(x) +a(x)pj—1(x) =aj(x), j=2,

where Zz;k (y), i >0, and a*(x), j >0, are given in Sects. 2.1 and 2.2, respectively. In
fact, the above recursive relations hold for all singular cases.

Remark 3.1 In this case, one can see easily that the system is stable if and only if

. .. 1 1 1 1 2 2
(@) pi1 < po1-1s G) pily — Py — P o — 2P < 0; and (i) pg) — pil) —

2 2
p(()yl] — 2p§’)71 < 0.

3.1 Asymptotics along a coordinate direction

Consider the function 1 (x) first, which will lead to the exact tail asymptotic property
for m; 0.

This singular case is the only case for which the provided analysis in this paper
could not automatically lead to analytic continuation to the circle beyond the unit
one. Instead, according to Remark 1.1, we assume that the radius of convergence
for both 1 (x) and m>(y) is greater than 1. Under this assumption, we can choose
proper y = % as a function of x to be Y (x) = 1/x to make the right-hand side of the
fundamental form equal to zero, or

—ha(x, Y (x))m2 (Y (x)) — ho(x, ¥ (x))70,0
hi(x,Y(x))

T (x) =

at least in the region: ¢ < |x| < R, where 0 < ¢ < 1 and R is the dominant singular
point of 1 (x). Since 7> (Y (x)) is analytic for |x| > 1, it is easy to see that the zeros
of h1(x, Y(x)) are the only potential poles of 71 (x).
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To determine the dominant pole of 71 (x), we notice that i1(1l,Y (1)) =0 and
R (1,Y(1)) < 0 from ergodic condition. Therefore, it is easy to see that 21 (x, Y (x))
has two zeros in [—1, 1] and one zero in (1, 00). Let x4om be the zero of i1 (x, Y (x))
in (1, oo), which is the dominant simple pole. It is clear now that 7; o has an exact
geometric tail with the decay rate ﬁ Here, x4om can be easily found by noticing

xhi(x, Y () = a1 () —x) +x(x = Dx[p{) + po] = P9 o+ 2111}

_ 2r..(1) (N (€8] (N (N (N
== D[Py +pio] —x[p5 0+ P2 ] =PI = poax

- i),

which leads to

1 1 1 1 1 1 1 1
PN o+ p) P 1 o+ 0+ P+ 4
Xdom = - . (32)
2p1o

We can similarly determine that 7o ; has a geometric solution by letting x =

X(y)= % To determine the dominant simple pole yqom for m2(y), which is the zero
P—1,—1

of hr(X (y), ¥) in (1, 00). Now, we show that Xdom Ydom = . In fact, since

P11
P-1,-1
X (Ydom) Ydom = o
P-1,-1
Y (xdom)Xdom = s
P11
and
h(X (Ydom), Y(xdom))
P—1,-1
=p1.1 [X(ydom)y(xdom) — 1]|:X(ydom)Y(Xd0m) - i :| = 0,
we obtain
D—1,—1
Y (xdom) X (Ydom) = .
P11
Therefore,
P-1,-1
XdomYdom = .
P11

By induction, we can show easily that ¥;(y), i > 1 (¢j(x), j > 1) has the
same dominant singular point as ¥o(y) (@o(x)). Using the recursive relations for
¥i(y) (¢j(x)) and then solving the corresponding second-order relation as we did in
Sect. 2.2, we obtain the following theorem.

Theorem 3.1 For the singular random walk in case 3, we have the following exact
tail asymptotic properties:
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1. (Along the x-direction): For large i,

1 i
mo~e(o-). (33)
Xdom

J i J i
n,-.,-~D1(”‘*‘xd°m>( ! >=Dl( ! )( ! ) i1 (34
' pP-1,—-1 Xdom Ydom Xdom

where c1 and D1 are constants independent of i and j.
2. (Along the y-direction): For large j,

1 J
7o, ™~ Cz( ) ) 3.5

Ydom

i J i J
m’jND2<p1,1ydom)< 1 ) :D2< 1 >( 1 ) =1 (6
P-1,-1 Ydom Xdom Ydom

where co and D3 are constants independent of i and j.

Remark 3.2 The coefficients cy, ¢, D1, and D; are independent of i and j. We did
not provide expressions for these coefficients though it is possible. The main reason
is that expressions for them involve information about generating functions 7 (x) or
1 (y) for which we do not have explicit expressions. Therefore, these coefficients
cannot be explicitly expressed in terms of system parameters in general.

4 Exact tail asymptotic for singular case 4

First, notice that this is not a symmetric case to case 3. In this case, we have

ax)=p_11, b)) =—(1—poo)x,  c(x)=pi_1x% (4.1)
ay)=pi-1, by =—0-poo)y, ) =p-11y (4.2)

and

h(x,y) =a(x)y* +bx)y +c(x) = p_1.1y* — (1 — po,o)xy + p1,—1x>

P1,—1
=p_1,1(y—X)<y— x>. (4.3)
P-1,1
To make h(x, y) =0, we need either y = x or
P1,—1
= X.
pP-1,1
Since in this case M = — My, there are two possibilities for the system to be stable:
MyMP — MMP <0, if My >0; (4.4)
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MM — MM <0, if M, > 0. (4.5)

Analysis for these two possibilities are completely symmetric. Therefore, we only
provide details for My, > 0,1i.e. p_1,1 > p1,—1.

4.1 Along the y-direction

When y =x and |x| <1, m(x, y) < oo. It follows from the fundamental form that

_ ha(x, x)ma(x) + ho(x, x)70,0
(X)) =— ) . (4.6)

On the other hand, when y = x and |x| < 1, we clearly have |y| < 1. It fol-
lows from the fundamental form agaln that

mi(x) = hl(x’ Py . A.7)

P-1.1

Combining Egs. (4.6) and (4.7), and substituting x by y in all expressions lead to,
when |y| <1,
N()

= 4.8)
) B (

where

1,—1 1,—1 1,—1
N@y) = hl(y,y)|:h2<y7 P Y>772<p Y> +ho<y7 P Y>770,0]
P-1,1 P-1,1 P-1,1

P1,—-1
—h (y, —y)ho(y, Y)70,0-
P—1,1

Let ygom be the dominant singular point of 7>(y). Since |p L=Ly| < |ydom| when

[y < |Ydoml, ng(hy) is analytic on the disk |y| < |ydom| + & for some ¢ > 0. It
follows that yqom is elther a zero of h (y, y) or a zero of hy(y, y).

For the case of max{péli, pili, p%} > 0, since h1(0,0) >0, h(1, %) <0,

hi(=1, ==Ly > 0and i (y, Z=L y) > 0 when y is sufficiently large, A (y, 2= y)

has two positive zeros, yi and yp, with yi € [0, 1] and y; € (1, 00), as well as a

> 0. By simple algebra, we can show easily
1 1 1
|y{1= y1 and |y{| = y1 if and only lfmax{pf) . p(() ' pi o} =0

In the case of max{p(()li pili pil())} 0 hi(y, p'

negative zero, y;' € (=1, —00), if p;

. In

this case, we let |y;| = co. Similarly, if p 1>0, hz(y y) has three zeros: 1, y, and
y5, where

2 2 2 2 2 2
—(=p =P )1 PP P ap
2= @ ’
2py;
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2 2 2 2 2 2
) (l—péf () \/[1_ () (>]2+4p()<>

Y2 =
2p(2)

Since hy(1,1) = 0 and h’(l 1) <0, y» € (1,00). Clearly, |y | > y». Note that

h,(1,1) < 0 follows from h5(1,1) = (2) + M, 2 and the stability condition. In the

°
Py, .
case of p1 1 =0,y = ﬁ and yJ' does not exist, so we let yJ' = oco. Hence,
—Po. =P

| Vdom| = min{yy, y2}. Assume Nl(yl) # 0 (see Remark 4.1 for the case of N(y) =0).
Applying the Tauberain-like theorem on ¥(y), we obtain the asymptotics for 7o ;.
Using a similar argument to that for Theorem 3.1, we obtain the asymptotics for 7; ;
forafixedi > 1.

Applying the Tauberain-like theorem on o (y), we obtain the asymptotics for mrq_;
and using a similar argument used for Theorem 3.1, we obtain the asymptotics for 7; ;
for each fixed i > 1 as given below.

Theorem 4.1 For the singular random walk in case 4, we have the following exact
tail asymptotic properties:

1. (@) If y1 <y2and max{pélf, pﬁl()), p“]) o} # 0, 0r if y2 < y1, we have, for large j,

1 /7!
*
70, ™~ €o,1 (ydom)( ) s
Ydom

1\
i j ~ €51 (Vdom) <} (}’dom)< ) ,oix1;
Ydom

() If y1 < y2 and max{p(()li pil()), p(lf o} =0, we have, for large j,

1 \/!
0,5 ~ [ (1yaom]) + (—1Y 15 1 (= |ydom|>](|yd—|) ,
om

7ij ~ [} (Ivdoml )iy 1 (Iydoml) + (= D7~ ¢} (<[ ydom|)

A
xcal(—momo](m) Y

where X1(y) = 2=Ly, Xo(y) =y, and

Pll

. y
* = 1 1—
¢.1(1ydom!) y»ﬁlom< |ydom|>nz(y),

. y
¢} 1(=|ydoml) = lim <1— )ﬂz( ),
0.1(=Iaom) y——[ydom| “1yaoml )2

. 1 i—1 i—1
¢ (y)= 1(y)<X o )> 1(y)<X (y)) ,
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—h2(Xo(y), y)

B¥ = ,

1) = 20X ) = Koy
—b

At(y)=—Br(y) + fy()y)

@O (D) (1)}

2. (@) If yi=yrand max{p0 1> P10 P_10 0, we have, for large j,

A 1Y
[( 1)/ lc()1(_|Yd0m|)+ca4(ydom)J]( ) )
Ydom
Tij ~ [(—1)f—‘c;‘(—|ydom|)c3,1(—|ydom|) + A% (Ydom) € 4 (Vdom) j

| i1 1 V!
(vom) JGa) - =
X1(Ydom) Xdom

1 1 1 .
) If y1 = y2 and max{p(() i, pi ()), p( f o} # 0, we have, for large j,

1 \/!
ES .
no,j~co,4(ydom)1( ) ,
Ydom

1 i—1 1 j—1
T, j~ Cé)4()’dom) [AZ(Ydom)<m> i|j<xd ) , 1>1,
om om

where

bz()’)
c(y)

2
¢0,4(Ydom) = _lim (1— )Nz(y) and  Aj(y) =

Y= Ydom Ydom
Remark 4.1 In the case of N(ydom) =0, Ydom Will be a simple pole and, therefore,
m;,; has an exact geometric decay. Since N(y) is a function of 7'[2("7 L.=1y) when
[¥] < Ydom»> Where m2(y) is not explicitly determined, we are unable to glve a simple
characterization for N (ygom) = 0. For some special cases, it becomes possible. For
example, if y; = yp, we can show that it is equivalent to & 1(y2, =Ly,) =0, ora

17 1,1
simple characterization of N (y) =0 is given by

al(yz)il ‘jyz+b1(yz)=o

4.2 Along the x-direction

Let xgom be the dominant singular point of 71 (x). From (4.6), x4om is either a zero of
h1(x, x) or the dominant singular point of 72 (x).

It is easy to see that hi(x,x) has three zeros: 1, x; > 0 and xp < 0 with
|x2| > xp if pg?) # 0. Let yf = x if x; > 1 (noting that x; > 1 if and only if

1) ) 1) 1) Pl—

P 10> Poy1t+2p 1+ Prgs otherwise let y = oo. Slncep o Lx < x when x > 0,
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hy(x, <1 if x; > 1. Thus, |xgom| = min{y], y1, y2}.
Applymg the Tauberlan hke theorem on ¢p(x), we obtain the tail asymptotics for
;0. Using a similar argument used for Theorem 3.1 to 7; ; for fixed j > 1, we ob-
tain the following tail asymptotic properties.

Theorem 4.2 For the singular random walk in case 4, we have the following exact
tail asymptotic properties: for large i,

1. ) If y1 < min{yz,yT} and max{pélz,p%,p(lfo} #0; or (b) if y2 <

min{y, yi'}; or (¢) if y|' < y2, then

1\l
TTi,0 ~ €0,1 (xdom)( ) ,
Xdom

—1
1 ! .
i, j ~ €0,1(Xdom)C j (Xdom) ., J=1
Xdom

. 1 1 1
(d) If y1 < min{y}, y2} and max{pg, pi, p'| o} = 0, then

7,0 ~ [c0.1 (IXdoml) + (_l)llcO,l(_|xdom|)]<xd ) ,
om

7i.j ~ [¢j (Ixdoml) 0,1 (IXdoml) + (= 1)* "¢ (—|xdoml)c0,1(—Ixdoml)]

1 i—1
X( ) s J=1,
| Xdom|

where Y1 (x) = p1 _lx Yo(x) =x,

xX—>[xdom|

. X
co.1(Ixdoml) = lim (11— o] T1(x),
om

. X
c0,1(—1%dom|) = _lim (1 " T |>7T1(X),
- om

—> —Xdom

1 /! 1 \/!
ci(y)= Al(y)(Y( )) B (x )(Y( )> ,

_hl(x’ YO(X),)

Bi(x) =
aN N () — Yoolx
A1) = — By (x) + b(l(;‘).

1 1 1
2. @ Ify1=y2 <y and max{pg), pi, p'| o} =0, then

) 1 i—1
m0,j ~ (—=1)" "o 1 (—|xdoml) + co,4(xdom)i( ) ,
Xdom
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i j ™~ [(—l)i_lco,l(—deoml)cj(—lxdoml) + A4(Ixdoml)co,4(1xdom!)i

1 f‘l} 1 \/!
X | ———= — ., J=1
<Y1(|xd0m|)> (xdom>

. 1 1 1
(b) If yf =y2s0r (©)ify1 =y2 <y and max{pé’i, pfy()), p(_l)’o} #0, then

7,0 ~ €0,4(Xdom)i ( ) ,
Xdom

| j-1 1\
Ti,j ~ €0,4(Xd )[A4(Xd )(7) ]l( ) . i1,
b o o Y1 (Xdom) Xdom

2
) m(x).

Remark 4.2 For M, > 0, the tail asymptotic properties can be obtained in the same
fashion simply by switching x and y.

—b
As) =29 aaom) = lim (1—

c(x) X—>Xdom Xdom

5 Exact tail asymptotics for case 5 and case 6

These two cases are symmetric. We only provide details for case 5. Corresponding
results can be easily obtained by symmetry.
In case 5, we have

a(x) = p_11+ po1x + pi1x?, b(x) = p_1,0— (1= po,0)x + p1,0x2,
c(x)=0,

a(y)=proy+pi1y, b)) =—(1—poo)y+ poiy*
&) = p-1,0y + p-1.17%
5.1 Along the x-direction

Using the same method as in Sect. 2.1, we have

b1 (x)po(x) = ag (x),
b(x)@1(x) +ai(x)go(x) = aj (x), (5.1
b(x)g;(x) +a(xX)gj_1(x) =aj(x), j=2.
The above recursive relations give a general solution

ag(x)

bi(x)’

po(x) = (5.2)
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o a0\ W am\ T
(Pj(x)—AO(x)<—m> +mzow(—m> , Jj=1, (5.3)

where Ag(x) is determined from expressions (5.2) and (5.3) for j = 1, together with
(5.1) as follows:

—a1(x)go(x) _ —al(x)Z‘:—g; B —al(x)a(’)“(x)

PO=TNGT T T bwhio

From the expression for ¢; (x), it is clear that the zeros of b(x) and by (x) are only
possible poles of ¢;(x), j > 0, and it does not have any other smgular pomts

Based on the expressions for b(x) and by (x), the zeros xb and xb of them are
given, respectively, by (2.9) and (2.8). Moreover, since b(1) < 0 and b(O) >0, we
have 0 <x, <1< x;'. Similarly, 0 < x, <1< x;l. This means that only x; and
x;l are possible poles of ¢; (x).

When j = 0, the following lemma follows immediately from the expression for
@o(x) in (5.2).

Lemma 5.1 For j =0, we have for large i,
41,0 ™ Cl,0<—+) ,
Xp,

_ao(x )
Cl1,0 = 0 — -
Py Oxbl(xbl _xbl)

where

For asymptotic properties of ¢;(x) at the dominant singular point for j > 1, a
direct analysis reveals that there are three cases:

1. xh < xb . In this case, xb is the dominant singularity (pole) and
(x) - j
) ~er 1= =),
®j Lj Xpr

](X)*

[ a(x;r) :|j bix +) ()(-xb ) +a1 (x;_)
)

txt — @O+
P1,0xp (xb b P1,0%p, (xhl _xbl)

where

€lLj=

2. x;r = x}‘f] . In this case, x; is also the dominant pole and
X Jj+1
i ~eri(1-—) .
Xp+
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where

. |: a(x;) i|j1 —ay (x;)ag(x;")
2= +o+F_ - 1 _ -’
P1.0x, (X, —X;) Pl,opﬁ,())x;rz(x; —x;))(x; —Xp,)
3. x; > x;; . In this case, the dominant singularity x;Ll is a simple pole. Therefore,
x
pix)~c3 (1 ——),

Xp+

where

—m(x;,ﬁ)<_a<xb+l>)f--1

€3,j =C1,0
/ b(x;") b(x;)

According to the Tauberian-like theorem, we obtain the asymptotic properties for
m;,; for fixed j > 1 for large i.

Theorem 5.1 For the singular random walk in case 5, we have the following exact
tail asymptotic properties along the x-direction for large i:

+ +
1. Forxb <Xy

LY G+D/7
ALy L ) G=nte

+_ o+
2. For x, =X,

1\ G+1)
Ti+1,j ™~ C2,j e i )
X !

1 i
s =e(5).
by

Remark 5.1 All coefficients ¢; ; can be explicitly expressed in terms of system pa-
rameters, which will be done in Sect. 5.3.

+ +
3. Forx, > Xp s

5.2 Along the y-direction

In this case, we can use the standard procedure of the kernel method for non-singular
random walks presented in [10]. In the following, we express w2 (y) in terms of 771 (x)
considering x as a function of y.

First, consider the equation 4 (x, y) = 0. For a fixed y, the two roots are given by

X+(y) =

_E@>iJﬁ@r4awaw
2a(y) 4a*(y)
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_ [ =poo) = poayl | 1 D(y)
2(p1o+ p1,1y) 2\ (pro+ pray?*’

2
D(y) =[po.1y — (1 = poo)]|” —4(p1o+ pran)(p-1.0+ p-1.1Y).

where

To locate the two branch points, notice that D(1) > 0 and D(I;O#) < 0, which

implies that D(y) has a root (a branch point), denoted by ys3, between 1 and %.
If p(z) | —4p1,1p—1,1 > 0, the other distinct root, denoted by y4, of D(x) is greater

than 1=200 ; otherwise this root is smaller than —y3. Write

Po,1
D(y) =d(1 = 1) (1 = 1>,
Y3 Y4

where d = [pg | —4p1.1p-1.11y3)4.
For |y| <1, let

X_(y), if[X_WI=IX+OW],

=X =
X o(y) =X+(Y), if | X_(y)| > | X+()].

According to [3], Xo(y) is analytic everywhere except on the cut [y3, y4]. Let
P(x,y) = Zil=71 Z}=71 pijxiyl = h(;c—‘y) + 1. It can be shown, either directly
or similar to the argument used in [3], that equation P(x,y) =1 for |y| = |x| =1
cannot hold except for x = y = 1. Hence, for |[y| =1 and y # 1, | Xo(y)| # 1 since
P(Xo(y), y) = 1. Itis easy to see that

— po,0+ po,1 — ~D(=1D)|

2|p1,0 — p1,1l

I
| Xo(=1)| =

By direct algebra, we obtain |Xo(—1)| < 1. It follows that for |y| =1,y # 1,
| Xo(y)| < 1. This is because if there were y’, |y’| = 1, such that | Xo(y")| > 1, then
there would exist y”, |y”| =1 and y” # 1, such that | Xo(y”)| = 1, which is impos-
sible. Since X((y) is analytic on the disk |y| < 1, we obtain that | Xo(y)| < 1 when
|¥] <1 from the maximum modulus principle.

Therefore, we have

0=nh1(Xo(»), y)m1 (Xo(») + h2(Xo(»), ¥)m2(») + ho(Xo (). ¥) 70,0
or

h1(Xo(y), y)m1(Xo(y)) + ho(Xo(y), y)70,0
ha(Xo(3), y)

Xo()ag(Xo(»)
sy + ag (Xo(3) + ho(Xo (), ¥)70,0

h2(Xo(y), y)

m(y) =—
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~ a1(Xoag(Xo())y + a5 (Xo(n))b1 (Xo () + ho(Xo(), )b1 (Xo(¥))70,0
b1 (Xo(ha(Xo (), ¥) '

To specify the type of exact tail asymptotics, we need to locate zeros of
h2(Xo(y), ). For convenience, let us study the zeros of the polynomial

g =aha(Xo(), y)ha(X1(0), ¥) =a()b3(y) — b(0)b2(»)aa (y) + E(»)a3 (y),

where X1 (y) is defined by

X1(y) = X_(y), if[X_(]> X3,
X (), X=X+

Since g(0) =0 and g(1) = 0, we only need to solve a polynomial equation of de-
gree 4.

From M, < 0, we know 1} (Xo(1), 1) =h/(1, 1) < 0.1t follows that 2 (Xo(y), y)
has a zero in (1, y3] if h2(Xo(y3), ¥3) = O since h2(Xo(1), 1) = 0. Denote such a
zero by y*. Using the same argument as in Sect. 5.2 of [10], we can show that y*
is the only possible zero of 42 (Xo(y), y) whose modulus is in (1, y3]. Also, let ¥ be
the solution of Xo(y) = x;'l in (1, y3], where xg'l is given in (2.8) if such a solution
exists, otherwise let y > y3. Similarly, we assume y* > y3 if h2(Xo(y), y) has no
zero with its modulus in (1, y3]. This convention is simply for convenience of using
the minimum function. Finally, let ygom = min(y*, y, y3) be the dominant singular
point of w2 (y).

Using the Tauberian-like theorem on 5 (y) as well as on né (y) when ygom = y3 <
min(y*, ¥), we obtain the tail asymptotics for 7o ;. By a similar argument to that for
Theorem 3.1, we can show that ¥;(y), i > 1, has the same dominant singular point
as Yo(y) = m2(y) and the tail asymptotics for 7z; ; fori > 1.

Theorem 5.2 For the singular random walk in case 5, we have a total of four different
types of tail asymptotic properties along the y-direction for large j.

Type 1: (Exact geometric decay) For Yiom = min{y*, ¥} < y3 or Ydom =y =
y* =y,

1)/}
*
To,j ~ Cog]()’dom)<—> s
Ydom

1 i—1 1 i—1
i j ™~ 03,1 (Ydom) |:AT(yd0m) <_X1(yd0m)> + Bik(ydom)<xo(ydom)> i|

1 \/!
X ( ) , i>1;
Ydom

Type 2: (Geometric decay multiplied by a factor j~'/%) For ygom = y3 = min{y*, 3}
and y* # 3,

ey (Ydom) 1 J-1
0,2 .
w0~ = = 1/2<ydom) : (5.4)
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. [A% (¥dom) + (i — 1) B (Ydom)] 1 i
o] 7 €02 (dom) N X1 (Vdom)
1/2 1\
xj~ (—) , iz (5.5)
Ydom

Type 3: (Geometric decay multiplied by a factor j—3/%) For y3 = ygom < min{y*, ¥},

¢4 3 (Ydom) 1 i=2
%3 .3/2< )
o, J ) (5.6)
! ﬁ Ydom
i~ )[Ag‘(ydom> + (i — 1) B (Ydom)] 1 -l
b 03 Ydom ﬁ Xl (.Ydom)
e LT
x j732f — , =1 (5.7
Ydom

Type 4: (Geometric decay multiplied by a factor j) For ygom = y* =y < y3,

1)/
7o, j ~ 53,4(Ydom)j(_) ,
y3

1 i—1
Ti,j ™~ CSA()’dom) [Az(ydom) (m) ]
om
1 \/!
X j< > , i>1,
Ydom
where 03,1 (Ydom)» 03’4(yd0m), B1(y), A1(y) and A4(y) are given in Sect. 4 and
CE; 2()’dom) lim m2(y),
’ Y—> Ydom ydom
0(9;’3()’d0m) _1)1311 1/

b2(y)

A3(y) =— o) A3 (),
% hZ(XO(y)’ y’)
B —_ s
2= X2 )

—h(Xo(y),
Bi(y) = 2(5((;()y) y)_

Remark 5.2 Coefficients co;, A;, and B; are explicitly expressed in terms of sys-
tem parameters, since they are dependent on the function 7> (y), which is explicitly
determined in this case.
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5.3 Determinations of coefficients ¢; j fori =1,2,3,and j >0

All coefficients ¢; ; in Sect. 5.1 can be explicitly expressed in terms of system pa-
rameters. For this purpose, we only need to determine g o, 7,1, and g 2. The same
method used in Sect. 2.1 can be repeated here.

Since the expression for ¢g(x) for case 1 is also valid for case 5, we have

bo(x;,)10,0
ol =——— ——
c2(xp,)
To,2 = 7o 1a—2(1)
’ Tl

70,0 is determined according to the normalization condition with the same formula:

1

Too=—"—,
O Yy tntn

where #; and 3 share the same expressions as for case 1, and we have

_ar W+ XgW{Ipi + piol = [0 o + P D+ lao(D) + X(DIp

= - 2 2 2
(WX, +{Ip{) + P — [Py + p 1)

0) )
1ot pPial

6 Exact tail asymptotics for case 7 and case 8

Case 7 and case 8 are symmetric. Here, we provide details for case 7 only and the
corresponding results for case 8 can be easily obtained by symmetry. for case 7, we
have

a(x)=0,  b(x)=p_10— (1= poo)x+ p1ox’,
c(x) = p_1,—1+ po—1x + p1,—1x7,
a(y)=pi-1+proy. b)) =po—1— - poo)y,
c(y)=p-1,-1+P-1,0)-

6.1 Along the y-direction

Consider the kernel equation % (x, y) = 0. For a fixed y, we find

i ————
Koty = PO /b () —4a(E(Y)

2a(y) 42 (y) ’

where D(y) = [po,—1 — (1 — po,0)y]* = 4(p1.—1 + P1.0Y)(P-1,—1 + P—1,0¥)
Let y; = l[?}a:)lo' Since D(0) > 0, D(yz) <0 and D(1) > 0, D(y) has two zeros,
denoted by y; and y;, in the interval (0, 1). Let x = Xo(y) be defined in the same
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way as in Sect. 5.2 and follow a similar argument there to show that | Xo(y)| <1 for
Iyl = 1.

Since Xo(y) and mp(y) are analytic on |y| = 1, and 71 (x) is analytic on |x| =1,
near |y| = 1 we can write

—h1(Xo(y), Y)m1(Xo(y)) — ho(Xo(y), ¥)70,0
ha(Xo(y), y) '

Since for |y| > 1, | Xo(y)| < 1, the only possible singular point of m>(y) is a zero of
h2(Xo(y), ). Therefore, mo,; has a geometric solution with rate 1/ydom, where ygom
is the dominant pole of w5 (y). Using the same argument as in Sect. 5.2 of [10], we
can show that ygom is a simple zero of h2(Xo(y), y) and h2(Xo(y), y) has no other
zero on the circle |y| = ydom-

Now, using the Tauberian-like theorem and a similar argument to that for Theo-
rem 3.1, we have the following tail asymptotic property.

m(y) =

Theorem 6.1 For the singular random walk in case 7, the joint distribution has an
exact geometric tail along the y-direction with rate 1/Ydom; i.e. for a fixed i > 0 and

for large |,
1\/!
70, ~ Co( > ,
Ydom
| i1 1\
[ (em) () o2
X1(Ydom) Ydom
where
Co = —h1(X0(Ydom)» Ydom)71 (X0 (Ydom)) — ho(Xo(Ydom)s ydom)n0,0

h/z (X0(ydom)» Ydom)X6 (Ydom)

_ =Cob1 dom)
and A=—G "

Remark 6.1 Cp can expressed explicitly in terms of the unknown function m(x).
However, it cannot be explicitly expressed in terms of system parameters unless fur-
ther information about the unknown function becomes available.

6.2 Along the x-direction

Once again, consider the kernel equation 4 (x, y) = 0. For a fixed x, the unique y is
given by

c(x)

—b(x)’

Near the unit circle |x| =1, all Y (x), 71(x) and m2(Y (x)) are analytic. Hence, we
have, near |x| =1,

y=Yx) =

—ha(x, Y (x)ma2 (Y (x)) — ho(x, Y (x))mo,0
hi(x, Yo(x))

m(x) =

3
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which, in fact, holds for ¢/ < |x| < R’, where 0 < ¢’ < 1 and R’ is the dominant
singular point of 71 (x). Note that 7> (Y (x)) is analytic if |Y (x)| < Ydom, Where Ydom
is the pole of w2 (y).

We first notice that b(x) has two zeros xZE given by (2.9). We then consider the
equation Y (x) = y*, where y* is the zero of hy(Xo(y),y) in (1, 00), or c(x) +
y*b(x) = 0. Since c(0)+y*b(0) > 0and c(1)+y*b(1) < c(1)+b(1) <0, Y (x) = y*
has a unique root, denoted by x, in (1, x;'). If X # Xo(y™), we have

ha(x, Y (x))
1m =
x=i ha(Xo(Y (x)), Y (x))

)

which indicates that X is a potential pole of 77 (x) since

iy = TG Y @ITAY (0) — ho., Y (@)
A hi(x, Yo(x)) ’
—h1 (Xo(Y (), ¥ )m (Xo(¥ (1)) = ho(Xo(¥ (). Y)0.0.

ha(Xo(Y (x)), Y (x))

m(Y(x)) =

Note that x; is not a singular point of 71 (x) since Xo(¥Y (x)) < 1 when Y (x) > 1.
Let x* be the zero of & (x, Y (x)). Using elementary algebra, we can show that x* is
positive and simple, and /1 (x, Y (x)) has no other zeros on the circle |x| = x*.

Again, by using the Tauberian-like theorem and a similar argument to that for
Theorem 3.1, we have the following tail asymptotic property.

Theorem 6.2 For the singular random walk in case 7, the joint distribution has the
following exact tail asymptotic properties along the x-direction; i.e. for a fixed j and
for large i,

1. (Exact geometric decay) If x* # X, then m; j has an exact geometric tail decay

with rate equal to max{x]—*, %}, or

where Xdom = min{x*, X} and c,; are constants independent of i and j.
2. (Geometric multiplied by a factor of i) If x* = X, then m; ; has a geometric tail
decay with rate x* multiplied by a prefactor i, or

1 i—1
o~ (=1
T, j Cl,j(l— )<xd0m> )

where xqom = x* = X and c;f o are constants independent of i.

Remark 6.2 In the above theorem, we can explicitly express ¢ ; and CT) j in terms
of ¢1,0 and CT,O’ respectively, as for case 4. However, c1 ¢ and CT,O are dependent
on the unknown functions 72(y) and 71 (x), respectively. Therefore, they cannot be
explicitly expressed in terms of system parameters unless further information about
the unknown functions becomes available.
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7 Concluding remarks

In this paper, we considered exact tail asymptotics of stationary probabilities for sin-
gular random walks in the quarter plane. This brings to a closure the study on exact
tail asymptotics of the joint distribution along a coordinate direction and also of the
two marginal distributions. For a stable random walk in the quarter plane with M # 0,
there are a total of four possible types of exact tail asymptotics along a coordinate di-
rection and of a marginal distribution for all cases, non-singular or singular, except
for singular cases 5 and 6. They are exact geometric and geometric multiplied by a
pre-factor of n~1/2, n=3/2 and n, respectively. For case 6, for a fixed j > 0 and large
i, m; j has a new type of exact tail asymptotic. A symmetric property holds for case 7
as well.

Another note is that all asymptotic coefficients can be explicitly expressed in terms
of system parameters for following cases: case 1, case 2, case 5, and case 6. For other
cases, coefficients depend on functions that cannot be explicitly expressed using the
analysis provided in the paper.

In this paper, we only considered random walks in the quarter plane, which are
allowed to move to neighborhood states, that is, jumps are not allowed. For a random
walk in the quarter plane which allows jumps, or for a random walk in a higher
dimensional space, many interesting problems are still open.
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