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Abstract We present a technique to estimate the arrival rate from delay measure-
ments, acquired using single-packet probing. With practical applications in mind, we
investigate a lower bound on the value of probe separation, to obtain a satisfactory
estimate in a fixed amount of time. This leads to a problem: how long does it take
for an M/D/1 queue to converge to its steady state as a function of the load? We
examine this problem using three independent approaches: the time until the autoco-
variance of the transient workload process becomes negligible; the time it takes for
the first transient moment of the workload process to get close to its stationary limit;
and the convergence rate of the transient workload distribution to stationarity. These
approaches yield different, yet strikingly similar results. We conclude with a recom-
mendation for the probe separation threshold, and a practical approach to obtaining
an arrival rate estimate using single-packet probing.

Keywords Active probing · Single packet · M/D/1 · Threshold · Autocovariance ·
Mean · Convergence rate
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1 Introduction

In this paper we present a method for estimating the arrival rate on the basis of delay
measurements, acquired by using single-packet probing. We consider the case where
all packets are assumed to be the same size and the arrival process is Poisson, so
that a single hop-network can be modelled by an M/D/1 queue. Although the as-
sumption of Poisson arrivals is inaccurate, since a Poisson process cannot include the
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Fig. 1 Probing stream

traffic burstiness of any kind, or describe long-range dependence [1], it nevertheless
provides valuable insight into network behaviour. Thus, the problem is equivalent to
estimating the mean waiting time (and hence the arrival rate) by observing the system
at consecutive time points d time units apart.

We investigate a threshold value for probe separation, above which the assumption
of independent measurements holds to a reasonable approximation. To this end we
consider three different approaches: the time until the autocovariance of the transient
workload process becomes negligible; the time it takes for the first transient moment
of workload process to get close to its stationary limit; and the convergence rate of
the transient workload distribution to stationarity. Even though these three approaches
yield quite different equation forms, the threshold values are very close.

In the case of an M/D/1 queue, delay can be modelled explicitly by transient
and/or stationary workload distributions. However, the transmission and propagation
delays are fixed per route, and do not convey information about the underlying net-
work dynamics.

1.1 Single-packet experiment

A standard method for investigation of Internet traffic is active probing. We consider
a single-packet experiment, which consists of injecting a sequence of probes into the
network, such that the time separation between probes is some constant value d (see
Fig. 1) and the probe service time is xp . It is common in active probing to choose
small probes, so that the invasiveness to the network is minimised. In this paper we
comply with this practise, by selecting the probe service time to be much smaller than
the cross-traffic service time. The input of the experiment is a sequence of arrival-time
stamps {t1, t2, t3, . . . , tn} or {t1, t1 + d, t1 + 2d, . . . , t1 + (n−1)d}, and the outcome
of the experiment is a sequence of departure-time stamps, {t∗1 , t∗2 , t∗3 , . . . , t∗n }. The
objective is to use these raw measurement data to estimate the arrival rate in the
single-hop network.

We combine the input and the output raw data to give a sequence of differences

{t∗1 − t1, t
∗
2 − t2, t

∗
3 − t3, . . . , t

∗
n − tn}, (1)

yielding a new sequence which is equivalent to probe delays {δ1, δ2, δ3, . . . , δn}. The
delay of the ith packet is defined as

δi ≡ t∗i − ti = wi + xi + D,
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where wi is the waiting time, xi is the service time and D is the transmission and
propagation delay combined, of the ith packet. The transmission delay, D, predom-
inantly occurs as a result of asynchronous clocks of the sender and receiver, and the
propagation delay is dependent on the physical medium and the distance. However,
in the case of the equisized cross-traffic packets, this problem can be removed ap-
plying a linear-based algorithm [2] to the delay measurements, to remove the clock’s
skew. In this paper, we begin the analysis after the ‘non-queueing’ delay D has been
eradicated from the delay measurements. Let us denote the new measurement set by
{δ∗}. Then, assuming negligible service time, we have for the ith packet,

δ∗
i ≡ t∗i − ti = wi + xi ≈ wi.

1.2 Estimation

Active probing can be used to estimate a number of different quantities, such as
packet loss across a network path, the capacities of links [3, 4], and the unused ca-
pacity or available bandwidth across a path [5].

Existing active probing techniques are typically based on heuristics. There have
been a few recent studies on non-empirical methods, aiming to provide theoreti-
cal understanding of single-hop bandwidth estimation. In [6] an analytic methodol-
ogy was developed, featuring intrusion residual analysis in the context of single-hop
probing. Also, [7] has shown a stochastic analysis of the problem of estimating ca-
pacity/bandwidth of a single congested link. This was the first model to provide an
asymptotically accurate estimation for capacity and available bandwidth in the pres-
ence of arbitrary cross-traffic.

Outside of the active probing domain, there have been numerous papers regard-
ing parameter estimation in queues. [8] considered parameter estimation for a FIFO
queue with deterministic service times and two independent arrival streams of ‘ob-
served’ and ‘unobserved’ packets.

Basawa and Prabhu [9, 10] considered moment and maximum likelihood estima-
tion of the model parameters for a GI/G/1 queue. [11] and [12] further investigate
maximum likelihood estimation for a GI/G/1 queue. Reference [13] provides an
overview of the literature on statistical analysis of queueing systems.

Our approach is simpler: we are interested only in estimating the arrival rate based
on restricted information, for which we use moment estimation. Our main interest is
the restriction.

1.3 Overview

This paper is organised into four sections. Following this introductory section, in
Sect. 2 we apply the single-packet probing technique to a single-hop network, with
an additional assumption that all packets are of the same size. We make use of the
stationary and transient workload distributions and their respective moments, for an
M/D/1 queue, to model time delays observed by the probes. Consequently, we pro-
pose an estimation procedure to obtain an arrival rate in a single-hop network.

In Sect. 3 we examine the problem of probe separation from several angles. In
each case the aim is to specify a threshold value for probe separation, above which
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the assumption of independent measurements holds to a reasonable approximation.
We begin with the standard approach of examining autocorrelation: when this is ef-
fectively zero, then we can assume that the process is close to independent. We apply
a result of Abate and Whitt [15] to give a separation threshold. A second approach
is to examine the closeness of the mean workload process to its stationary value. An
approximate result for the time at which the mean is 95% of its stationary value yields
a separation threshold, which is very similar to the autocorrelation-based threshold.
The third approach is to consider the convergence rate of the transient distribution to
the stationary distribution, following Lund, Meyn and Tweedie [26]. This result gives
only an exponential rate of approach. However, the fact that this result matches the
other results up to a constant multiple adds further weight to the separation threshold
result. These results specify a separation threshold value, which is such that probes
further apart than the threshold can be considered to yield approximately independent
measurements. The section concludes with a recommendation for the probe separa-
tion threshold and describes a practical approach to experimentation using single-
packet probing.

Section 4 gives a summary and conclusion.

2 Estimating the arrival rate

2.1 Estimation procedure

We consider an M/D/1 queue: a process with input At , an ordinary Poisson process
with constant intensity λ, and constant service time b.

Let Wt;c denote the workload process, with initial condition W0;c = c. Then

Wt;c = c + bAt −
∫ t

0
I{Ws;c > 0}ds, c ≥ 0, t ≥ 0. (2)

To describe the transient behaviour of the queueing system analytically, is a difficult
task. It is for this reason, that often in the literature results are given in an implicit
way. In the case of an M/D/1 queue, the probability that the workload is zero at
time t , given an initial workload of c ≥ 0 is given by

P(Wt;c = 0) =
⎧⎨
⎩

∑� t−c
b

�
k=0 (1 − kb

t
)e−λt (λt)k

k! if t ≥ c;

0 if t < c.

Also, using (2),

E(Wt;c) = c + λbt −
∫ t

0
P(Ws;c > 0) ds.

In this section we present a method for estimating the arrival rate in single-hop net-
work, using periodic single-packet probing (as described in Sect. 1.1). The set of
data we wish to model, Sw = {t∗1 − t1 − xp, t∗2 − t2 − xp, . . . , t∗n − tn − xp}, corre-
sponds to a sequence of waiting times that the probes experience in the queue, say
{w1,w2, . . . ,wn}.
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Fig. 2 Stationary workload distribution (theoretical and from simulation). The network was simulated
with the following parameters; all cross-traffic packets are the same size and take b = 0.001 s to process,
probes are very small, xp = 0, the link rate is μ = 1000 pkt/s, cross-traffic packets arrive at rate
λ = 700 pkt/s and N = 3000 probes are sent with a period d = 100b. The stairs function represents
simulation data and the circles are obtained from the stationary workload distribution

If the consecutive probes are spaced sufficiently far apart from each other, then
they will each observe a network close to its stationary state (see Fig. 2). In this case,
we can model the data in the set Sw with the stationary workload distribution for the
M/D/1 queue, given by [14, p. 152]

P[W ≤ x] = (1 − λb)

�x/b�∑
j=0

e−λ(bj−x) [λ(bj − x)]j
j ! , x ≥ 0. (3)

The modelling consists of two parts. We construct an estimator given the assumption
that cumulative delay measurements follow a stationary workload distribution. The
second part is finding a threshold for the probe separation, say α, such that a probe
stream constructed with a period d > α, will produce close to independent measure-
ments on the stationary distribution.

Due to the simple form of the mean for the stationary workload process, we can
use the method of moments to construct an estimator for the arrival rate. That is, we
can match the mean of the data in the set Sw with the stationary workload mean
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given by [16, p. 201]

m1 = E[W ] = λb2

2(1 − λb)
,

i.e. we choose λ̂ so that

w̄ = 1

n

n∑
i=1

wi = λ̂b2

2(1 − λ̂b)
.

So, a point estimate of λ is given by

λ̂ = ψ(w̄) = 2w̄

b(2w̄ + b)
,

where ψ is an increasing function, and λ = ψ(m1). Hence

P
[
ψ

(
w̄ − 1.96

sw√
n

)
≤ ψ(m1) ≤ ψ

(
w̄ + 1.96

sw√
n

)]
≈ 0.95,

gives an approximate 95% confidence interval for the arrival rate, λ:
(

w̄ − 1.96 sw√
n

b(w̄ − 1.96 sw√
n

+ 1
2b)

,
w̄+1.96 sw√

n

b(w̄+1.96 sw√
n

+ 1
2b)

)
. (4)

2.2 Iterative scheme

So far we have only stated that the separation between probes, d , has to be ‘large
enough’ to justify the assumption that probes see close to independent events; but
‘how large’ is the question. The key observation is that seeing independent events
depends on the workload process reaching its steady state between two consecutive
probes. Thus, the question of how large d has to be, relates to how far the observed
process is from its steady state.

Time constraints commonly occur in practice. Thus, when we are talking about
the ‘best’ estimate, it must be put in a context of a limited time-frame.

In order to improve the estimate we need to increase the number of probes (or
the sample size). However, for the estimate to be reliable, the measurements have
to be sufficiently far apart to be effectively independent, but if we have a limited
time-frame, the number of probes is limited. The best we can do then is to choose
d/b as close as possible to the threshold value α, that is d ≈ αb, where α = α(ρ) is
specified in Sect. 3.5. But, in order to determine the appropriate α, we need to know
the utilisation of the system (or the arrival rate), which is what we want to estimate.

What we propose is an iterative scheme, not unlike a pilot sample commonly used
in sampling surveys: see Cochran [17]. However, rather than estimating the variance,
here we estimate the required separation. The form of the pilot sample can be readily
modified by the user to suit the specific application.

We inject a probe stream with probe separation d0, where d0 = α(ρ0)b, so that d0
is the threshold separation for utilisation ρ0. One of the user choices is to select d0.
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Table 1 Iterative scheme in the critical region ρ ∈ (0.9,1). Network parameters in the experiment are:
d = 50b, N = 100 probes, xp ≈ 0 s, b = 0.001 s. Only for λ = 900 pkt/s does the confidence interval
contain the true parameter value

λ [pkt/s] λ̂ [pkt/s] CI Bias [pkt/s] Bias [%]

900 897.3 (875.7,912.5) −2.7 −0.3

950 941.5 (929.7,949.9) −8.4 −0.9

970 960.3 (953.1,965.5) −9.7 −1.0

990 975.4 (971.4,978.5) −14.5 −1.5

999 980.1 (976.9,982.5) −18.9 −1.9

We choose d0 = 50b, so that ρ0 ≈ 0.81. We use a sample of N = n0 probes. This is
another user choice: if n0 is too small then the result of the pilot sample is unreli-
able, if it is too large we may have spent too much on a sub-optimal experiment. We
choose n0 = 100. The result of this sample then is an estimate of utilisation; call this
estimate ρ̂1.

If ρ̂1 ≤ ρ0, then we already have a satisfactory (small) experiment. We now per-
form a second (larger) experiment with d = d1, where d1 = α(ρ̂1)b; or at least one
with d ≥ d1.

If ρ̂1 > ρ0 then we have a problem, since the separation d0 is not enough to ensure
stationarity, and as a result we are likely to have an underestimate of ρ. Table 1
indicates that if a sample with N = 100, d = 50b is used for a network with ρ ≥ 0.95,
the result is a significant underestimate.

However, this underestimate can be at least approximately allowed for. To a good
approximation, based on simulation, it is found that

E(ρ̂100;50 |ρ) ≈ ξ(ρ) = 0.996ρ − 0.4(ρ − 0.8)2, ρ ≥ 0.8. (5)

We can then adjust the estimate to ρ̂∗
1 = ξ−1(ρ̂1) and proceed as before. Similar

expressions, based on simulation, could be derived for other sample size and separa-
tions as required.

Now, we could choose to run another experiment with d = α(ρ̂∗
1 )b, but as ρ gets

close to 1, the value of α(ρ) becomes very large, and the overall benefits of increasing
probe separation may be outweighed by the consequent reduction in sample size. This
is suggested by Table 1: even with a sample of 100, which is sub-threshold, the bias is
not too serious except when ρ gets quite close to 1; and the bias can be approximately
corrected for.

In any case, we recommend a choice of separation for the second experiment in
the range d0 ≤ d ≤ α(ρ̂∗

1 )b. We note that if N ≥ n0 and d ≥ d0 then the bias will be
less than that indicated by the approximation (5).
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3 Probe separation threshold

3.1 Introduction

We wish to take effectively independent observations on the system, and thus we are
concerned with the time between observations so that the observations are effectively
independent. In the limit as T → ∞, Wt and Wt+T are independent. We seek T so
that Wt and Wt+T are effectively independent. This is equivalent to determining T

so that WT

d≈ W , i.e. the time for the workload process to have effectively reached its
stationary distribution. This time has been called the relaxation time or the settling
time for the process.

The relaxation time for a queueing system has been the subject of study for
some time. Early results are given in [14] and [16]; see also [18–21]. A more recent
overview is given in [22] and [23]. Further, we note that the results of [24] suggest
that, at least asymptotically, there is an independence “threshold” in some queueing
systems.

3.2 Workload autocorrelation-based threshold

Autocorrelation plots are commonly used for assessing ‘pseudo independence’ in a
time-series: it is a standard practical tool. This approximate independence is ascer-
tained by computing autocorrelations for data values at varying time lags. For exam-
ple, if a sequence of data is such that we can treat it as if it were independent, then the
corresponding autocorrelations should be near zero for any time lag. However, if this
is not true, then one or more of the autocorrelations will be significantly non-zero.

For a sample {y1, y2, . . . , yN }, an autocorrelation coefficient at lag k can be found
by [25]

rk = Ck

C0
,

where Ck is the autocovariance function

Ck = 1

N − k

N−k∑
t=1

(yt − ȳ)(yt+k − ȳ)

and C0 is the variance function

C0 = 1

N

N∑
t=1

(yt − ȳ)2.

When an autocorrelation plot is being used to test for independence, the critical values
±2/

√
N , where N is the sample size, are recommended [25].

Figure 3 illustrates how pseudo independence of the delay measurements improves
with the increase of the probe separation. For example, when d = 2b (probes are very
close) the autocorrelation plot of the workload measurements shows strong correla-
tion. At lag 1 the autocorrelation is just under 1, after which it gradually declines to
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Fig. 3 Autocorrelation of the probe workload measurements. Network parameters: number of probes
200, link rate is 1000 pkt/s, cross traffic arrives at rate 800 pkt/s, probe rate is 1/d , where d is the probe
separation, crosstraffic packet service time is b = 0.001 and probe service time is xp = 0

about −0.4, and then it increases back to zero as the lag increases further. A similar
sort of pattern is exhibited for d = 5b with the approach to zero less slow.

When d = 10b (probes are further apart) the plot starts with a moderately high
autocorrelation at lag 1 (approximately 0.65) and then rapidly decreases. After lag
100 the autocorrelation increases, with a significant noise component, and in this
region is effectively zero. The decreasing autocorrelation is approximately linear and
as such is a signature of the weak autocorrelation.

On the other hand, when d = 50b, with the exception of lag 0 almost all of the
autocorrelations are non-significant. The plot exhibits no obvious pattern and so we
expect the data to be close to independent. In fact, later on we show that for the
utilisation of ρ = 0.8, as used in Fig. 3, probe separation needs to be d > 44b to
assume an approximate independence of measurements.

In this section we analyse the correlation between periodic probe observations,
which are d time units apart, with the assumption that the probe service time xp ≈ 0.
Under such conditions, we can apply the result on covariance function of the work-
load process, from Abate and Whitt [15], for a special case of an M/D/1 queue.

Consider the workload process Wt;c, as defined earlier in (2). Also, let {W ∗
t : t ≥ 0}

be a stationary version of the workload process, where W ∗
0

d= W . In the following,
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we use results for the first three moments of the stationary workload. These are given
by [16, p. 201]

m1 = E[W ] = λb2

2(1 − λb)
, (6)

m2 = E[W 2] = 2m2
1 + λb3

3(1 − λb)
, (7)

m3 = E[W 3] = λb2

1 − ρ

(
3

2
m2 + bm1 + 1

4
b2

)
. (8)

Abate and Whitt [15, p. 752] showed that “a summary description” of the time it
takes for the dependence between W ∗

0 and W ∗
t to die out (in the stationary version) is

given by

u = σ 2

var(W ∗
0 )

= m3 − m2m1

(1 − ρ)(m2 − m2
1)

, (9)

where mk denotes the kth moment of the stationary workload process. Substituting
(6), (7) and (8) for m1, m2 and m3 into (9) and simplifying, we obtain an indication
of the time to approximate independence, for an M/D/1 queue

u(ρ) = b
3 + 4ρ − ρ2

(4 − ρ)(1 − ρ)2
, where ρ = λb. (10)

This then is the autocorrelation-based threshold for separation: the time to ap-
proximate independence. In Fig. 4 we illustrate the dependence of the separation
threshold, u(ρ)/b given by (10), on the system utilisation, ρ. From the plot we see
that, if the utilisation of the system is ρ = 0.6, then the probes have to be spaced at
least 10 service times apart to assume independence, and if the utilisation is ρ = 0.8,
then the probe separation needs to be greater than 43 service times. In general, as the
utilisation increases, so does the probe separation necessary to assume independence
of measurements. This is as expected because higher utilisation means on average
longer busy periods, and thus it takes a longer amount of time to erase the memory
of the past information. Notice, in the limiting case as ρ → 1 then u/b → ∞.

In order to relate this result back to our problem, we plotted the graph of autocorre-
lation at lag 1 versus the probe separation, for a simulation performed with utilisation
of ρ = 0.75 and N = 1000 probes (see Fig. 5). Here we observe that the autocorrela-
tion decreases as we increase the separation between probes. According to (10), for
the measurements in the sample to be considered independent, the probe separation
needs be chosen such that d > 27b (see vertical line in Fig. 5).

3.3 Threshold based on transient mean workload

As t → ∞, the first moment of the transient workload process approaches its steady
state value, that is E[Wt;c] → E[W ]. In order to separate the steady state value m1,



Queueing Syst (2009) 61: 255–272 265

Fig. 4 Separation threshold, u(ρ). Service time: b = 1

from the proportion of the steady state value attained at time t , we define a func-
tion H1(t) to be a ratio of the first transient moment (starting empty) and stationary
moment [15],

H1(t) = E[Wt;0]
E[W ] . (11)

Thus, H1(t) represents the time dependent moment function starting empty: see
Fig. 6.

The function H1(t) is non-negative, increasing and approaches 1 as t → ∞.
Hence, we can interpret it as a distribution function. In the literature [15], it is called
the moment cdf. We comply with this convention.

Let h11 be the mean of the moment cdf H1(t), and let mk = E[Wk] be the kth
moment of the steady state workload cdf. Then, by the corollary to Theorem 6 of
Abate and Whitt [15, p. 758],

h11 = m2

2m1(1 − ρ)
(12)

where m1 is given in (6) and m2 is given in (7). Substituting these into (12), we get

h11 = b(ρ + 2)

6(1 − ρ)2
. (13)
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Fig. 5 Autocorrelation at Lag 1 vs. normalised probe separation d/b. Network parameters: number of
probes is N = 1000, system utilisation ρ = 0.75, cross-traffic service time b = 0.001, probe service time
xp = 0

Similarly, Abate and Whitt [15, p. 758] give the second moment of the cdf H1 as

h12 = 1

(1 − ρ)2

(
m3

3m1
+ m2

)
= b2 1 + 4ρ + ρ2

6(1 − ρ)2
,

and hence the variance corresponding to H1 is given by

v12 = h12 − h2
11 = b2 2 + 20ρ + 5ρ2

36(1 − ρ)4
.

In the absence of the effectively intractable 95th percentile of H1, we use a simple
approximation based on the normal quantile:

v(ρ) = h11(ρ) + 1.645
√

v12(ρ).

The graph of v(ρ)/b is shown in Fig. 7. Clearly, there is an element of arbitrariness
about the chosen percentile. Despite the approximations, and the difference in func-
tional form, the graphs of u(ρ) and v(ρ) are remarkably similar. This lends support
to the threshold value.
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Fig. 6 Moment cdf H1. Network parameters: b = 1, c = 0, ρ = 0.7

3.4 Convergence rate of the workload distribution

In the previous subsection we examined the approach of the mean transient work-
load to its stationary limit. In order to get another view of the approach to stationar-
ity, we proceed by evaluating the convergence rate, say β , of the transient workload
distribution to the stationary workload distribution. This section applies the results
on convergence rate from Lund, Meyn and Tweedie [26] for the special case of an
M/D/1 queue. They showed that for many Markov processes (including workloads
in queues), the largest possible convergence rate is the radius of convergence of the
moment generating function of the first hitting time to zero, and that this radius of
convergence is often bounded by ‘drift inequalities’ based on the generator of the
input process.

Consider again the workload process, Wt;c given by (2). Let Wt;c and W ′
t;c′ be two

sample paths of the process, driven by the same sample path of bAt , but starting from
different the initial levels c and c′, respectively. If c < c′, then by (2) W ′

u;c′ − Wu;c =
c′ − c for all u ≤ t and therefore Wt;c < W ′

t;c′ . In other words, {Wt;c} is a pathwise
ordered Markov process.

The process Wt;c converges exponentially fast to W , if there exists a β > 0 such
that

lim
t→∞ eβt sup

A

∣∣P[Wt;c ∈ A] − P[W ∈ A]∣∣ = 0.
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Fig. 7 Plots of the separation thresholds based on autocorrelation and mean workload, u(ρ) and v(ρ).
Service time: b = 1

The best possible exponential rate of convergence, β∗ denotes the largest such β .
Define τ0;c = inf{t ≥ 0 : Wt;c = 0} as the first hitting time to state zero and

τ0;0 = 0. Denote by Mc(s) = E[esτ0;c ] the moment generating function (MGF) of
the first hitting time to zero. From Theorems 2.1 and 2.3 in [26], it follows that the
best possible exponential rate of convergence, β∗, is the radius of convergence of Mc

for any c > 0.
It was shown by Prabhu, Takács and others [14, 22, 26] that

Mc(β) = ecη(s)

where η(s) is a solution of the functional equation

η(s) = s + φ
(
η(s)

)
,

and φ(u) is the characteristic exponential of the input process

φ(s) = ln E
[
esbA1

] = λ
(
ebs − 1

)
.

We are interested in the largest value of s for which η(s) < ∞. This is, the largest
root of the equation

f
(
η(s)

) = s,

where f (y) = y − φ(y). For a stable M/D/1 queue f (y) = y − λ(eby − 1).
Theorem 4.1 from Lund, Meyn and Tweedie [26] states that the exponential con-

vergence rate β∗ is attained for

β ≤ β∗ = sup
{
f (s) : s > 0

} = sup
{
s − φ(s) : s > 0

}
.
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Thus, equating f ′(s) with zero yields the maximum of the function f (s), that is

s = 1

b
ln

1

λb
= − lnρ

b
, and

f

(
− lnρ

b

)
= λ − 1

b
(1 + lnλb).

Therefore, the desired exponential convergence rate is

β∗ = λ − 1

b
(1 + lnλb) = 1

b
(ρ − 1 − lnρ).

Now this means that, for any event A

sup
A

∣∣P[Wt;c ∈ A] − P[W ∈ A]∣∣ < Ke−β∗t .

But the constant K is unspecified, though bounds can be placed on it. However, in
order that

∣∣P[Wt;c ∈ A] − P[W ∈ A]∣∣ < ε,

we require that Ke−β∗t < ε, and hence

t > w(ρ) = κ

β∗(ρ)
.

This suggests that the threshold value should take the form

w(ρ) = b
κ

ρ − 1 − lnρ
, 0 < ρ < 1.

This gives a third form for the threshold value, of a different functional form to the
other two. But it ought to be a multiple of the others. Choosing κ = 1 gives a close ap-
proximation to the other threshold values: see Fig. 8. Our confidence in the threshold
value is further increased.

3.5 Summary and experimental procedure

We choose to adopt as the threshold value

α(ρ) = ⌈
u(ρ)

⌉
,

though there is little difference between u(ρ), v(ρ) and w(ρ) (see Fig. 8 and Table 2).
The percentage difference between them is greatest when ρ is small, and the threshold
is small, in which case it does not matter much.

A recommended experimental procedure is described in Sect. 2.2, though now the
detail of the separation threshold α(ρ) can be filled in.
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Fig. 8 Plots of the three threshold values: u(ρ), v(ρ) and w(ρ). Service time: b = 1

Table 2 Values of u, v, w and the threshold α for a selection of values of ρ

ρ u v w α

0.10 1.07 1.11 0.71 2

0.20 1.55 1.64 1.24 2

0.30 2.27 2.41 1.98 3

0.40 3.43 3.61 3.16 4

0.50 5.43 5.66 5.18 6

0.55 7.01 7.26 6.76 8

0.60 9.26 9.52 9.02 10

0.65 12.62 12.86 12.38 13

0.70 17.88 18.08 17.64 19

0.75 26.77 26.86 26.54 27

0.80 43.44 43.23 43.20 44

0.85 80.11 79.05 79.87 81

0.90 186.77 182.79 186.53 187

0.95 773.44 750.59 773.14 774

4 Conclusion

In this paper we looked at the problem of estimating the arrival rate for electronic
traffic on the basis of delay measurements, acquired using single-packet probing.
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Table 3 Summary: separation thresholds

Autocorrelation-based threshold u(ρ)/b = 3 + 4ρ − ρ2

(4 − ρ)(1 − ρ)2

Mean-based threshold v(ρ)/b = ρ + 2 + 1.645
√

2 + 20ρ + 5ρ2

6(1 − ρ)2

Distribution-based threshold w(ρ)/b = κ

ρ − 1 − lnρ

This led to an investigation of a lower bound on the value of probe separation in
order that adequate convergence to the steady state is achieved.

We considered the case of an M/D/1 queue, and used three independent ap-
proaches:

1. The time until the autocovariance of the transient workload process (starting
empty) becomes negligible.

2. The time it takes for the first transient moment of the workload process to approach
within 5% of its stationary limit.

3. The convergence rate of the transient distribution to the stationary workload dis-
tribution.

In the first two cases, we evaluated a threshold value for the probe separation, with
respect to the system utilisation, ρ. The third case determines a rate of convergence
which specifies a threshold only up to a multiplicative constant. The results are sum-
marised in Table 3.

Figure 8 is a visual representation of the results given in Table 3, with κ = 1. The
similarity of these graphs endorses the threshold.

The practical application of these results is a procedure, described in Sect. 2.2
based on a separation threshold, specified in Table 2, which enables sound inference
concerning the utilisation to be obtained.
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