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Abstract We consider a multi-class priority queueing sys-
tem with a non-preemptive time-limited service controlled
by an exponential timer and multiple (or single) vacations.
By reducing the service discipline to the Bernoulli schedule,
we obtain an expression for the Laplace-Stieltjes transform
(LST) of the waiting time distribution via an iteration pro-
cedure, and a recursive scheme to calculate the first two mo-
ments. It is noted that we have to select embedded Markov
points based on the service beginning epochs instead of
the service completion epochs adopted for most of M/G/1
queueing analyses. Through the queue-length analysis, we
obtain a decomposition form for the LST of the waiting time
in each queue having the exhaustive service.
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Stochastic decomposition · Iterative functional equations
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1 Introduction

Priority queueing systems have been extensively studied by
many researchers, and various priority disciplines have been
proposed for computer, communications systems, produc-
tion systems and other kinds of systems. However, most of
classic priority disciplines, such as the head-of-the-line and
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the shortest-job-first priority disciplines, have no control-
lable parameters. An N (≥ 2)-class priority queueing sys-
tem with time-limited services is defined by controllable
parameters (T1, T2, . . . , TN ). A service period for class-n
messages is controlled by a timer with limited time Tn,n ∈
{1,2, . . . ,N}. The server serves messages until either the
timer expires, or the queue becomes empty, whichever oc-
curs first. The time-limited service with Tn covers a wide
service range, as it is equivalent to the 1-limited service
if Tn = 0 (nonpreemptive service), and to the exhaustive
service if Tn = ∞. Such flexible service disciplines with
controllable parameter set as {Tn} are effective for the per-
formance optimization, e.g. cf. [1, 2, 13] for the polling
systems, and have a potential applicability to processing
systems with multiple grades of service requirements, e.g.
packet multiplexer systems with multiple priority classes
in broadband multimedia networks and the routing scheme
used in the Internet. Communication systems of two buffers
(N = 2) with flexible service disciplines have been analyzed
for various new service disciplines such as the K-limited
service, the D-policy, the Bernoulli schedule, the time-
limited service period scheme, the randomly-timed gated
regime and so on [5, 7, 8, 15, 21] (cf. Sect. 5.3.6 in [22]
for an overview).

Despite the effectiveness of flexible service disciplines,
few analytical results in the literature have been obtained
for flexible priority systems with multiple (N ≥ 3) mes-
sage classes. This may be due to the difficulty of queue-
ing analysis for the above flexible priority disciplines.
Kleinrock and Finkelstein [15] studied a multi-class time-
dependent M/M/1 priority system with a controllable pa-
rameter set {bn}, in which a single server serves a mes-
sage with the highest instantaneous priority at time t de-
fined by q

(r)
n := bn(t − t0)

r for any non-negative number
r , where 0 ≤ b1 ≤ b2 ≤ · · · ≤ bN and t0 denotes the arrival
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time of the message. Katayama [11] analyzed a multi-class
M/G/1 priority system with the Bernoulli schedule with
a controllable parameter set {pn}. Recently, Katayama and
Kobayashi [12] analyzed a multi-class M/D/1 priority sys-
tem with constant service times and exponential timer with
a limited time set {Tn}. We review the previous literature on
the time-limited service: Coffman, Fayolle and Mitrani [5]
considered an M/M/1, alternating service model with pre-
emptive exponentially distributed time-limits (T1, T2), and
determined the generating function of a joint queue-length
distribution by using the boundary value technique for the
first time. Leung and Eisenberg [17] analyzed an M/G/1
vacation model with a non-gated time-limited service, and
obtained an approximate distribution function of the unfin-
ished work at the polling instant by using a weighted sum
of Laguerre functions (cf. Sect. 2.6 in Takagi [21]). Leung
and Lucantoni [18] analyzed M/G/1 vacation models with
constant time-limited service and vacation-dependent, time-
limited service by using exponential time stages to approx-
imate the constant time limits. Eliazar, Fibich and Yechiali
[7] studied an M/G/1 two-queue model with the exhaustive
and randomly timed gated services. Most of papers related
to polling models with time-limited services can be found in
Sect. 5.3.4 in Takagi [22].

In this paper, we shall analyze multi-class M/G/1 pri-
ority queues with nonpreemptive time-limited services and
server vacations, which gives a generalization of the previ-
ous results [12]. The rest of the paper is organized as fol-
lows: Sect. 2 describes the model and notation. In Sect. 3,
we prepare some relations between the nonpreemptive time-
limited service and the Bernoulli schedule. In Sect. 4, we
give a queue-length analysis using embedded Markov points
based on the service beginning epochs. In Sect. 5, we obtain
the LST of the waiting time distribution and the first two
moments. In Sect. 6, we give concluding remarks.

2 The model and notation

There are N (≥ 2) classes of messages that arrive at each
queue with an infinite capacity buffer. Arrivals of class-
n messages form a Poisson process with rate λn, n =
1,2, . . . ,N , where the message classes are priority classes
in the order of indexes (class 1 is the highest, and class N

the lowest). Messages of the same class are served accord-
ing to the FIFO rule. The priority discipline of nonpreemp-
tive time-limited service is defined by a parameter vector
T := (T1, T2, . . . , TN), where Tn (≥ 0) is the maximum at-
tendance time (MAT) and operates as follows: Once start-
ing service of class-n messages, a single server continues to
serve only class-n messages until either queue n becomes
empty or the timer with MAT Tn expires, whichever occurs
first. If a message is in service at the timer expiration, the

server completes the current message service (called non-
preemptive service). In succession, the highest class present
in the system is next served. At service completion of a mes-
sage, if there are no messages in the system, the server goes
away for a vacation according to the following two rules.
Multiple vacation (MV): If, on return from a vacation, the
server finds the system empty, it goes on another vacation
and so on until it finds at least one message waiting on return
from a vacation. Single vacation (SV): The server takes ex-
actly one vacation. If it finds no message in the system, it be-
comes idle until a message arrives. When a message arrives,
it immediately begins the time-limited service. If the server
returns from a vacation to find the system not empty, the
server starts serving a message of the highest class present
in the system.

The service time of class-n message (Hn), the MAT for
class-n messages (Tn) and vacation time (V ) are i.i.d. ran-
dom variables. Given a non-negative valued random variable
X, we denote throughout the paper by X(t) its distribution
function (DF), Xc(t) := 1 − X(t) and by X∗(s) its Laplace-
Stieltjes transform (LST). We denote its finite first and mth
moment of the DF by x and x(m), m = 2,3, . . . , respectively.
The following notation is used for n = 1,2, . . . ,N :

λ+
n :=

n∑

j=1

λj , λ := λ+
N, rn := λn

λ
,

ρn := λnhn, ρ+
n :=

n∑

j=1

ρj ,

ρ := ρ+
N, ρv := λv.

The LST of the DF of a service time (H+
n ) averaged over

messages of class 1 through n is given by

H+
n

∗(s) := 1

λ+
n

n∑

j=1

λjH
∗
j (s).

We also use T := (T 1, T 2, . . . , T N), where T n := E(Tn),
n = 1,2, . . . ,N . We assume that the MAT Tn has an expo-
nential distribution with mean T n = 1/αn(αn ≥ 0), and Hn

and V have general distributions. The server utilization is
less than unity (ρ < 1) for the system stability.

Remark 2.1 For T1 < ∞, class-1 messages are served suc-
cessively until queue 1 becomes empty, because class-
1 messages have priority over all other classes. That is,
(T1 < ∞, T2, . . . , TN) is equivalent to (T1 = ∞, T2,

. . . , TN).

3 Preliminaries

Let us first describe an M/G/1 priority model with Ber-
noulli schedule defined by a parameter vector p := (p1,p2,
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. . . , pN), where pn ∈ [0,1] for n ∈ {1,2, . . . ,N}. Suppose
that a service is given to a message of class n. At service
completion of that message, if there are more class-n mes-
sages, another class-n message is next served with probabil-
ity pn, or a message of the highest class present in the sys-
tem is next served with probability pn := 1 − pn. At service
completion of the class-n message, if there are no messages
of class n, a message of the highest class present in the sys-
tem is served with probability one. At service completion of
a message, if there are no messages in the system, the server
starts on vacation according to the MV or SV rule. The
nonpreemptive, time-limited service priority queues with
T = (T1, T2, . . . , TN) are closely related to the above prior-
ity model with Bernoulli schedule of p = (p1,p2, . . . , pN).
Since the exponential timer is memoryless, we have

pn := Pr{Hn ≤ Tn} = H ∗
n (αn). (1)

For a conditional DF of a service time Hn under no expira-
tion of the timer, we define

F ∗
n (s) := E[e−sHn |Hn ≤ Tn] = H ∗

n (s + αn)

H ∗
n (αn)

. (2)

It follows similarly from the above argument that

F̄ ∗
n (s) := E[e−sHn |Hn > Tn]

= H ∗
n (s) − H ∗

n (s + αn)

1 − H ∗
n (αn)

. (3)

Here, we define joint probability generating functions
(PGFs) for n = 1,2, . . . ,N ,

QFn(z1, z2, . . . , zN) := F ∗
n [∑N

j=1λj (1 − zj )],
QF̄n

(z1, z2, . . . , zN) := F̄ ∗
n [∑N

j=1λj (1 − zj )],
Qn(z1, z2, . . . , zN) := H ∗

n [∑N
j=1λj (1 − zj )],

QV (z1, z2, . . . , zN) := V ∗[∑N
j=1λj (1 − zj )].

(4)

Further we define the following joint PGF,

QM
S (z1, z2, . . . , zN)

:=

⎧
⎪⎪⎨

⎪⎪⎩

[QV (z1, z2, . . . , zN) − V ∗(λ)]
/(1 − V ∗(λ)) (MV)

QV (z1, z2, . . . , zN)

−V ∗(λ)(1 − ∑N
j=1rj zj ) (SV).

(5)

The QM
S (z1, z2, . . . , zN) represents the PGF for the number

of messages in each queue at the beginning of the first ser-
vice after multiple or single vacations.

We obtain the following lemma on the roots from the
lemma of Takács [20, Sect. 1.3].

Lemma 1 For k = 1,2, . . . ,N , the following equation
of zk ,

zk = H ∗
k [yk + λk(1 − zk)],

yk := 1

T k

+
N∑

j=1
(j �=k)

λj (1 − zj ) (6)

has a unique root zk = βk(yk) in the unit circle |zk| = 1: For
Re(y) ≥ 0,

βk(y) :=
∞∑

i=1

1

i!

×
∫ ∞

0
exp{−(y + λk)t}(λkt)

i−1dH
(i)
k (t), (7)

where H
(i)
k (t) denotes the i-fold convolution of Hk(t) with

itself. The following equation

zk = H+
k−1

∗[λk(1 − z) + λ+
k−1(1 − zk)] (8)

has a unique root z1 = γ1(z) ≡ 0 and zk = γk(z)/λ
+
k−1

(k ≥ 2) in the unit circle |zk| = 1: For |z| ≤ 1,

γk(z) :=
∞∑

i=1

λ+
k−1

i!

×
∫ ∞

0
exp{−(λ+

k − λkz)t}(λ+
k−1t)

i−1dH
+(i)
k−1 (t),

k ≥ 2, (9)

where H
+(i)
k−1 (t) denotes the i-fold convolution of H+

k−1(t)

with itself.

Remark 3.1 We have that F ∗
n (s) = F̄ ∗

n (s) = H ∗
n (s) only

for H ∗
n (s) = exp{−hns}, which implies that Hn is a de-

terministic service time. That is, F ∗
n (s) and F̄ ∗

n (s) have a
bias to H ∗

n (s). It should be noted that the queue-length
sequence at service-completion-epochs is not a Markov
chain, except for the constant service time. That is, if
the system is not empty just after the service comple-
tion epoch of a message, then the server needs to know
the past information on the service time of the message
(F̄n or Fn, i.e. the service time with or without timer
expiration) in order to choose a new service for class-
n messages or a service for the highest class messages
present in the system. This point is essentially different
from the Bernoulli schedule using no past information. We
have also that pnF

∗
n (s) = E[e−sHn1(Hn≤Tn)], pnF̄

∗
n (s) =

E[e−sHn1(Hn>Tn)] and H ∗
n (s) = pnF

∗
n (s)+pnF̄

∗
n (s), where

1(A) is the indicator function of the event A.
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4 Queue-length analysis

We need to select service-beginning-epochs as the em-
bedded Markov points for queueing analysis as pointed
out in Remark 3.1. Let �+

n (z1, z2, . . . , zN) for |zn| ≤ 1,
n = 1,2, . . . ,N be the generating function (GF) of the
steady-state probability π+

n (i1, i2, . . . , iN ) that, just after
the service beginning epoch of a class-n message, there are
ij (≥ 0) messages of class-j in the system, j = 1,2, . . . ,N

(j �= n) and in ≥ 1, and �n(z1, z2, . . . , zN) for |zn| ≤ 1,
n = 1,2, . . . ,N the GF of the steady-state probability
πn(i1, i2, . . . , iN ) that, just after the service completion
epoch of a class-n message, there are ij (≥ 0) messages of
class-j left in the system, j = 1,2, . . . ,N , where we have

N∑

n=1

�+
n (1,1, . . . ,1) =

N∑

n=1

�n(1,1, . . . ,1) = 1. (10)

For T = (T 1, T 2, . . . , T N), |zn| ≤ 1 and n ∈ {1,2, . . . ,N},
we obtain the following relationship between these two GFs:

�+
n (z1, z2, . . . , zN)

�+
n (1,1, . . . ,1)

{pnQFn(z1, z2, . . . , zN)

+ pnQF̄n
(z1, z2, . . . , zN)} 1

zn

= �+
n (z1, z2, . . . , zN)

�+
n (1,1, . . . ,1)

Qn(z1, z2, . . . , zN)
1

zn

= �n(z1, z2, . . . , zN)

�n(1,1, . . . ,1)
, (11)

where pn = H ∗
n (1/T n) = H ∗

n (αn). The term pnQFn(z1, z2,

. . . , zN) on the left-hand side of (11) represents the GF
for the number of messages arriving in each queue dur-
ing a service time without timer expiration. Similarly,
pnQF̄n

(z1, z2, . . . , zN) represents the GF for the case with
timer expiration, see Remark 3.1. The last factor 1/zn cor-
responds to the departure of a class-n message just after
the service completion. Considering the events that occur
two consecutive service beginning epochs, we obtain a func-
tional relationship for �+

n (z1, z2, . . . , zN ) that is our starting
point of the following queue-length analysis:

�+
n (z1, z2, . . . , zN)

= �+
n (z1, z2, . . . , zN)pnQFn(z1, z2, . . . , zN)

1

zn

− �+
n (z1, . . . , zn−1, 0̃, zn+1, . . . , zN)

× pnQFn(z1, . . . , zn−1,0, zn+1, . . . , zN)
1

zn

+
n−1∑

j=1

AD1(j) +
N∑

j=n

AD2(j) +
N∑

j=n+1

AD3(j)

+ π0{QM
S (0, . . . ,0, zn, . . . , zN)}

− QM
S (0, . . . ,0, zn+1, . . . , zN), (12)

where

�+
n (z1, . . . , zn−1, 0̃, zn+1, . . . , zN)

:=
∞∑

i1=0

· · ·
∞∑

in-1=0

∞∑

in+1=0

· · ·
∞∑

iN=0

π+
n

(i1, . . . , in−1,1, in+1, . . . , iN )z
i1
1

× · · · zin−1
n−1znz

in+1
n+1 · · · ziN

N , (13)

AD1(j)

:= �+
j (0, . . . ,0, zj = 0̃,0, . . . ,0, zn, . . . , zN)

× {pjQFj
(0, . . . ,0, zn, . . . , zN )

+ pjQF̄j
(0, . . . ,0, zn, . . . , zN)} 1

zj

− �+
j (0, . . . ,0, zj = 0̃,0, . . . ,0, zn+1, . . . , zN)

× {pjQFj
(0, . . . ,0, zn+1, . . . , zN)

pjQF̄j
(0, . . . ,0, zn+1, . . . , zN )} 1

zj

for 1 ≤ j ≤ n − 1, (14)

AD2(j)

:= �+
j (0, . . . ,0, zn, . . . , zN)

× pjQF̄j
(0, . . . ,0, zn, . . . , zN)

1

zj

− �+
j (0, . . . ,0, zn+1, . . . , zN )

× pjQF̄j
(0, . . . ,0, zn+1, . . . , zN)

1

zj

for n ≤ j ≤ N,

AD3(j)

:= �+
j (0, . . . ,0, zn, . . . , zj−1, 0̃, zj+1, . . . , zN)

× pjQFj
(0, . . . ,0, zn, . . . , zj = 0, . . . , zN)

1

zj

− �+
j (0, . . . ,0, zn+1, . . . , zj−1, 0̃, zj+1, . . . , zN)

× pjQFj
(0, . . . ,0, zn+1, . . . , zj = 0, . . . , zN)

1

zj

for n + 1 ≤ j ≤ N,

π0 :=
N∑

j=1

�j(0,0, . . . ,0)
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=
N∑

j=1

�+
j (0, . . . ,0, zj = 0̃,0, . . . ,0)

× Qj(0,0, . . . ,0)
1

zj

. (15)

The first two terms on the right-hand side of (12) corre-
spond to the case that a service is given to class-n, and when
the service is completed, another class-n message is next
served because of the service time without timer expiration
(Fn with the LST F ∗

n (s)). The terms ADk(j), k = 1,2,3
correspond to the case that a service is given to class-j , and
when it is completed, the highest priority class of messages
present in the system is class-n, i.e. to the three cases with
(i) 1 ≤ j ≤ n − 1 and pj and pj (without and with a timer
expiration), (ii) n ≤ j ≤ N and pj (with a timer expiration)
and (iii) n + 1 ≤ j ≤ N and pj (without a timer expira-
tion), respectively. The last term on the right-hand side of
(12) corresponds to the case that when a service is com-
pleted, there are no messages in the system and the highest
priority class of messages in the system just after a vaca-
tion period is class-n. The minus terms on the right-hand
side of (12) and the minus terms in ADk(j), k = 1,2,3 cor-
respond to the case that the server has not any of class-
n messages at the beginning of service. Note here that
�+

n (z1, . . . , zn−1, 0̃, zn+1, . . . , zN)/zn is independent of zn.
We obtain the following result from the steady-state func-

tional relationship (12).

Theorem 1 For T = (T 1, T 2, . . . , T N), |zn| ≤ 1 and n ∈
{1,2, . . . ,N},
�+

n (z1, z2, . . . , zN)

= zn

zn − pnQFn(z1, z2, . . . , zN)

× [ϕn(zn, zn+1, . . . , zN)

− ϕn(βn(yn), zn+1, . . . , zN)], (16)

where

ϕn(zn, zn+1, . . . , zN)

:=
n−1∑

j=1

AD1(j) +
N∑

j=n

AD2(j) +
N∑

j=n+1

AD3(j)

+ π0{QM
S (0, . . . ,0, zn, . . . , zN)

− QM
S (0, . . . ,0, zn+1, . . . , zN)}.

The yn and βn(y) are given by (5) and (6) in Lemma 1, re-
spectively.

N∑

n=1

�+
n (z1, z2, . . . , zN)

zn

{zn − Qn(z1, z2, . . . , zN)}

= π0[QM
S (z1, z2, . . . , zN) − 1], (17)

π0 =

⎧
⎪⎪⎨

⎪⎪⎩

(1 − ρ)
1/λ

v/(1 − V ∗(λ))
(MV)

(1 − ρ)
1/λ

v + V ∗(λ)/λ
(SV)

(18)

�+
n (1,1, . . . ,1) = �n(1,1, . . . ,1) = rn. (19)

Note that both sides of (17) are invariant for T = (T 1, T 2,

. . . , T N).

Proof Equation (12) can be rewritten as

�+
n (z1, z2, . . . , zN)

[
1 − pnQFn(z1, z2, . . . , zN)

1

zn

]

+ �+
n (z1, . . . , zn−1, 0̃, zn+1, . . . , zN )

× pnQFn(z1, . . . , zn−1,0, zn+1, . . . , zN)
1

zn

=
n−1∑

j=1

AD1(j) +
N∑

j=n

AD2(j) +
N∑

j=n+1

AD3(j)

+ π0{QM
S (0, . . . ,0, zn, . . . , zN)

− QM
S (0, . . . ,0, zn+1, . . . , zN)}

=: ϕn(zn, zn+1, . . . , zN). (20)

The right-hand side of (20) is a function of only zn, zn+1, . . . ,

and zN , which is denoted by ϕn(zn, zn+1, . . . , zN). Putting
zn = βn(yn) defined in Lemma 1 in the both sides of (20),
the first term on the left-hand side of (20) equals zero, and
the second term is unchanged because of the independency
of zn. That is, we get

�+
n (z1, . . . , zn−1, 0̃, zn+1, . . . , zN)

× pnQFn(z1, . . . , zn−1,0, zn+1, . . . , zN)
1

zn

= ϕn(βn(yn), zn+1, . . . , zN). (21)

Hence, the above statement leads to (16). Using (11) and
(19), the invariant functional relationship (17) can be rewrit-
ten as

N∑

n=1

�+
n (z1, z2, . . . , zN)

=
N∑

n=1

{�n(z1, z2, . . . , zN) − �n(0,0, . . . ,0)}

+ π0Q
M
S (z1, z2, . . . , zN ), (22)

the both sides of which represent the PGF for the number
of messages in each queue at the service beginning epochs
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of any class. The probability π0 defined in (15) is deter-
mined using the normalization condition (10) and (12), see
Remark 4.1. Equation (19) follows from (10), (11) and (12),
see Remark 4.2. �

Theorem 2 For T = T 1, T 2, . . . , T N , |zn| ≤ 1 and n ∈
{1,2, . . . ,N},

�n(z1, z2, . . . , zN)

= Qn(z1, z2, . . . , zN)

zn − pnQFn(z1, z2, . . . , zN)

× [ϕn(zn, zn+1, . . . , zN)

− ϕn(βn(yn), zn+1, . . . , zN)], (23)

N∑

n=1

zn − Qn(z1, z2, . . . , zN)

zn − pnQFn(z1, z2, . . . , zN)

× [ϕn(zn, zn+1, . . . , zN) − ϕn(βn(yn), zn+1, . . . , zN)]
= π0[QM

S (z1, z2, . . . , zN) − 1]. (24)

Proof Eliminating �+
n (z1, z2, . . . , zN) from (16) and (17) in

Theorem 1 by using (11) and (19), we obtain the statement
of Theorem 2. �

We know that (23) and (24) correspond to (12) and (15) in
Katayama [11] and (8) and (10) in Katayama and Kobayashi
[12], respectively. We have thus reached the same point with
the previous results [11, 12]. For waiting time analysis in the
next section, let us define the PGF for the number of class-n
messages present in the system at service completion epochs
of class-n messages as follows: For n ∈ {1,2, . . . ,N} and
|z| ≤ 1,

Ln(z) := �n(1, . . . ,1, zn = z,1, . . . ,1)

�n(1,1, . . . ,1)

= 1

rn

H ∗
n {λn(1 − z)}

z − pnF ∗
n {λn(1 − z)}

× [Gn(z) + rnpn − Gn(1)], (25)

where Gn(z) := ϕn(z,1,1, . . . ,1). For derivation of (25),
we have used (19), (23) and the normalization condition
of Ln(z). That is, it follows from Ln(1) = 1 that the term
Gn[βn(yn)] after setting z1 = z2 = · · · = zN = 1 equals
Gn(1) − rnpn. Our remaining problem is thus the determi-
nation of the unknown function Gn(z), see Remark 4.3. We
have already the same type of functional equation for Gn(z)

and the solution in Katayama [11], following which the rest
of this section is devoted to the determination of Gn(z).

Theorem 3 For n ∈ {1,2, . . . ,N} and |z| ≤ 1,

Gk(z) − Gk[fk(z)] = Ak(z) +
N∑

j=k+1

Bj,k(z),

k = n,n + 1, . . . ,N. (26)

The null sum (
∑N

j=N+1) is equal to zero and Ak(z), Bj,k(z)

and fk(z) are defined as

Ak(z) := z − H ∗
k {αk(z) + 1/T k}

z − H ∗
k {αk(z)} Ck(z),

Bj,k(z) := z − H ∗
k {αk(z) + 1/T k}

z − H ∗
k {αk(z)}

× 1 − H ∗
j {αk(z)}

1 − H ∗
j {αk(z) + 1/T j }

[Gj [βk
j (z)] − Gj(1)],

fk(z) := βk

[
λ+

k−1 − γk(z) + 1

T k

]
,

(27)

where

Ck(z)

:=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 − ρ

ρv

[V ∗{αk(z)} − 1] (MV)

1 − ρ

ρv + V ∗(λ)

×[V ∗{αk(z)} − αk(z)V
∗(λ)/λ − 1] (SV)

αk(z) := λ+
k − λkz − γk(z),

(28)

βk
j (z) := βj

[
αk(z) + 1

T j

]
, j = n + 1, n + 2, . . . ,N.

The βk(y) and γk(z) are given in Lemma 1.

Proof Let us consider a set {xn,k; k = 1,2, . . . , n−1} which
makes null the terms on the left-hand side of (24), zk −
Qk(z1, z2, . . . , zN ), k = 1,2, . . . , n − 1. It is proved that
these n − 1 roots constitute a unique analytic solution for
the set of n − 1 equations, zk − Qk(z1, z2, . . . , zN) = 0 for
k = 1,2, . . . , n − 1 (Lemmas 5.1 and 5.2 in Kesten and
Runnenburg [14] and Sect. 3.8 in Takagi [21]). By setting
zk = xn,k, k = 1,2, . . . , n − 1 in all factors on the both sides
of (24), we have

zn − Qn(xn,1, . . . , xn,n−1, zn, . . . , zN)

zn − pnQFn(xn,1, . . . , xn,n−1, zn, . . . , zN)

× [ϕn(zn, . . . , zN) − ϕn(βn(y
n
n), zn+1, . . . , zN)]

+
N∑

j=n+1

zj − Qj(xn,1, . . . , xn,n−1, zn, . . . , zN)

zj − pjQFj
(xn,1, . . . , xn,n−1, zn, . . . , zN)

× [ϕj (zj , . . . , zN) − ϕj (βj (y
n
j ), zj+1, . . . , zN)]

= π0[QM
S (xn,1, . . . , xn,n−1, zn, . . . , zN) − 1], (29)
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where yn
j := 1/T j − λj (1 − zj ) + ∑n−1

k=1 λk(1 − xn,k) +
∑N

k=n λk(1 − zk), which is based on yj in Lemma 1.
Again, setting zn = z, zn+1 = zn+2 = · · · = zN = 1 in all
terms on the both sides of (29), we obtain the functional
equation (26), where we have used γn(z) = ∑n−1

k=1 λkxn,k,

(= xn(z,1,1, . . . ,1)). This equation can be obtained as
follows: The xn,k, k = 1,2, . . . , n − 1 is a function of
zn, zn+1, . . . , zN , which is denoted by xn,k(zn, zn+1, . . . , zN).
We introduce

xn(zn, zn+1, . . . , zN)

:=
n−1∑

k=1

λkxn,k(zn, zn+1, . . . , zN)

=
n−1∑

k=1

λkH
∗
k

[
λ+

n−1

{
1 −

∑n−1
k=1λkxn,k

λ+
n−1

}

+
N∑

k=n

λk(1 − zk)

]
. (30)

It is seen that (30) is identical with (7) in Lemma 1, putting
again zn = xn(z,1, . . . ,1)/λ+

n−1 = γn(z)/λ
+
n−1 after setting

zn = z, zn+1 = zn+2 = · · · = zN = 1 in the both sides of
(30), since we have

∑n−1
k=1 λkxn,k = xn(zn, zn+1, . . . , zN). �

Theorem 4 For k = n,n + 1, . . . ,N and 0 ≤ z ≤ 1,

Gk(z) :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑

ik=0

[
Ak(σ

ik
k (z)) +

N∑

j=k+1

Bj,k(σ
ik
k (z))

]

for k ≥ 2 and T k �= 0,

Ak(z) +
N∑

j=k+1

Bj,k(z)

for k = 1 or T k = 0(k ≥ 2),

(31)

where the sequence {σ i
k(z)} is defined by

σ 0
k (z) := z,

σ i
k(z) := σ i−1

k [fk(z)], i = 1,2,3, . . . , 0 ≤ z ≤ 1,
(32)

and Ak(z),Bj,k(z),Ck(z),αk(z),β
k
j (z) and fk(z) are given

in Theorem 3. The βk(y) and γk(z) are given in Lemma 1.

Proof The functional equation for Gk(z) given in Theo-
rem 3 can be successively solved using the iterative proce-
dure in Kuczma et al. [16], assuming that Gk+1(z),Gk+2(z),

. . . ,GN(z) are known and starting from k = N . It should
be noted that fk(z) = 0 in the case of pk = 0 because
of βk(z) = 0, and f1(z) = β1(0). The functional equation
should be solved in the following two cases, separately:
(i) fk(z) = constant, i.e. k = 1 or pk = 0 (k ≥ 2) and (ii)
fk(z) �= constant, i.e. k ≥ 2 and pk �= 0. Hence the solution
of (26) is given by (31) together with (32). �

Remark 4.1 The probability that the system is empty at an
arbitrary epoch is identical with π0 in the present priority
queues due to the PASTA (Poisson arrivals see time av-
erages) property and Finch’s departure theorem [9] (also
called Burke’s theorem [21]). The decomposition property
gives a probabilistic interpretation of (18) in Theorem 1 that
the first factor, 1 − ρ, on the right-hand sides represents the
probability that the system without vacations is empty at an
arbitrary epoch, and the second factors represent the proba-
bilities that the system is empty at an arbitrary epoch in vaca-
tion periods of the MV or SV rule, respectively, Boxma [3].

Remark 4.2 We have

rn := λn∑N
j=1 λj

= �n(1,1, . . . ,1)
∑N

j=1�j(1,1, . . . ,1)

= �+
n (1,1, . . . ,1)

∑N
j=1�

+
j (1,1, . . . ,1)

, (33)

which means the rate balance of arrival and departure of
class-n messages.

Remark 4.3 For the GF of the joint queue-length distribu-
tion �n(z1, z2, . . . , zN) (not the marginal queue-length dis-
tribution, i.e., Ln(z)), we have to solve the functional equa-
tion,

ϕn(zn, zn+1, . . . , zN)

− ϕn[fn(zn, zn+1, . . . , zN), zn+1, . . . , zN ]
= gn(zn, zn+1, . . . , zN ), (34)

where fn(zn, zn+1, . . . , zN) := yn
n defined in the proof of

Theorem 3. gn(zn, zn+1, . . . , zN) is obtained from (24),
however, the explicit expressions for xn,k = xn,k(zn, zn+1,

. . . , zN), k = 1,2, . . . , n − 1 should be given, see the proof
of Theorem 3.

5 Waiting time analysis

We denote by W ∗
n (s) the LST of the DF of the waiting time

of a class-n message, n = 1,2, . . . ,N . Then, we have the
following equation for the FIFO order of service:

Ln(z) = W ∗
n (λn(1 − z))H ∗

n (λn(1 − z)), (35)

since the number of class-n messages left behind by a de-
parting class-n message is equal to the number of class-n
messages that arrived while that message was in the system.
Finally, we obtain the following result.

Theorem 5 In the unsaturated priority queues, assured by
ρ < 1, with exponential timer having the mean MAT T =
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(T 1, T 2, . . . , T N) and the server vacation of MV or SV rule,
W ∗

n (s), n ∈ {1,2, . . . ,N} is given by

W ∗
n (s) = λ

s − λn + λnH ∗
n (s + 1/T n)

× [Gn(1) − Gn(1 − s/λn) − rn

× {1 − H ∗
n (1/T n)}]. (36)

The Gn(z) is given in Theorem 4. The probability of delay is
given by

Wc
n(0) =

{1 (MV),
ρv + ρV ∗(λ)

ρv + V ∗(λ)
(SV). (37)

Proof The LST W ∗
n (s) is derived from (25) and (35) to-

gether with Theorem 4. The probability Wc
n(0) is obtained

using the initial value theorem Wn(0) = lims→∞ W ∗
n (s). �

Corollary 1 The LST W ∗
n (s) is independent of T 1, T 2, . . . ,

T n−1 and depends on only T n,T n+1, . . . , T N .

Proof This statement follows from that Gn(z) in (36) is
independent of pk, k = 1,2, . . . , n − 1, because βn(y) and
γn(z) defined in Lemma 1 are independent of pk, k =
1,2, . . . , n−1, and Gn(z) is determined in the descent order
starting from k = N . �

Corollary 2 For the exhaustive service (T n = ∞), W ∗
n (s) is

expressed by the following decomposition form of Fuhrmann
and Cooper [10], cf. Theorem 4.1 in Miyazawa [19],

W ∗
n (s) = (1 − ρn)s

s − λn + λnH ∗
n (s)

[
λψn(1)E(Vn)

1 − ρn

R∗
Vn

(s)

+ λπ0ψ0n(1)E(V0n)

1 − ρn

R∗
V0n

(s)

]
. (38)

The LST R∗
X(s) appearing on the right-hand side of (38) is

the LST of the DF of the forward (backward) recurrence time
of a non-negative random variable X defined by

R∗
X(s) := 1 − X∗(s)

E(X)s
,

V ∗
n (s) := ψn(1 − s/λn)

ψn(1)
, (39)

V ∗
0n(s) := ψ0n(1 − s/λn)

ψ0n(1)
,

where

ψ0n(z) := QM
S (0, . . . ,0, zn = z,1, . . . ,1)

− QM
S (0, . . . ,0, zn = 0,1, . . . ,1),

ψn(z) := Gn(z) − π0ψ0n(z).

Proof Putting 1/T n = 0 in Theorem 5, (38) follows from
(36). Gn(z) is given by the sum of ψn(z) and π0ψ0n(z),
that is, ψn(z) has not the factor QM

S (z1, z2, . . . , zN), see
Sect. 6. For the derivation of V ∗

n (s) and V ∗
0n(s), we have

used X∗(0) = 1 because of the proper DF X(t). �

Corollary 3 For 0 ≤ T n<∞,

E(Wn) = 1

rnλn{1 − H ∗
n (1/T n)}

× [G(1)
n (1) − rn(1 + λnp

(1)
n )], (40)

E(W 2
n ) = 1

rnλ2
n{1 − H ∗

n (1/T n)}2

× [2rn(1 + λnp
(1)
n )2 + λ2

np
(2)
n

− 2(1 + λnp
(1)
n )G(1)

n (1)

+ {1 − H ∗
n (1/T n)}G(2)

n (1)], (41)

p(m)
n := dm

dαm
n

H ∗
n (αn), m = 1,2, . . . , (42)

and for T n = ∞,

E(Wn) = λnh
(2)
n

2(1 − ρn)
+ G

(2)
n (1)

2rnλn(1 − ρn)
, (43)

E(W 2
n ) = λnh

(3)
n

3(1 − ρn)
+ λ2

n(h
(2)
n )2

2(1 − ρn)2
+ h

(2)
n

2rn(1 − ρn)2
G(2)

n (1)

+ G
(3)
n (1)

3rnλn(1 − ρn)
, (44)

where the first three derivatives of Gn(z) at z = 1 are de-
noted by G

(1)
n (1),G

(2)
n (1) and G

(3)
n (1), respectively.

Corollary 4 For the exhaustive service priority queues
(T = ∞) with the MV rule, E(Wn) is obtained from (43),
where a set of recursive equations to calculate G

(2)
k (1),

k = n,n + 1, . . . ,N is given by

(1 − ρ+
k )(1 − ρ+

k + 2ρkρ
+
k−1)G

(2)
k (1)

= rkλkλ
+
k−1(1 − ρk)

2h
+(2)
k−1 + rkλ

2
k(ρ

+
k−1)

2h
(2)
k

+ λ2
k(1 − ρk)

2
N∑

j=k+1

{
rjh

(2)
j

(1 − ρj )2
+ h2

j

(1 − ρj )2
G

(2)
j (1)

}

+ 2rkλk(1 − ρ)(1 − ρk)
2 v(2)

2v
. (45)

(The formulas for the SV rule (or no vacation model with
V = 0) can be obtained from the above result using the re-
placement given in Remark 5.1, see Corollary 3 in [12] on
the second moment E(W 2

n ).)
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Proof Setting 1/T k = 0 in Theorem 3, we have

Gk(z) − Gk[fk(z)]

=
N∑

j=k+1

[Gj {βk
j (z)} − Gj(1)]

+

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 − ρ

ρv

[V ∗{αk(z)} − 1] (MV),

1 − ρ

ρv + V ∗(λ)

×[V ∗{αk(z)} − αk(z)V
∗(λ)/λ − 1] (SV),

(46)

where fk(z),αk(z) and βk
j (z) are given in Theorem 3. The

recursive equations (45) is obtained by differentiating both
sides of (46). (Vanishing the term with v(2)/2v on the right-
hand side of (45), the recursive equation for G

(2)
k (1) is iden-

tical with (8.25a) in Sect. 3.8 [21], see Remark 5.1.) �

In two special cases of the 1-limited service or the ex-
haustive service for the lowest class messages, we get the
following formulas independent of the mean MATs as in
Corollary 1.

Corollary 5 For T 1, T 2, . . . , T N−1 ≥ 0 and T N = 0 or
T N = ∞, E(WN) is given by: For the 1-limited service
(T N = 0) and the MV rule,

E(WN) = λh(2)

2(1 − ρ)(1 − ρ+
N−1)

+ 1

(1 − ρ+
N−1)

v(2)

2v
, (47)

and for the exhaustive service (T N = ∞) and the MV rule,

E(WN) = λNh
(2)
N

2(1 − ρN)

+ λ+
N−1(1 − ρN)2h

+(2)
N−1 + λN(ρ+

N−1)
2h

(2)
N

2(1 − ρN)(1 − ρ)(1 − ρ + 2ρNρ+
N−1)

+ 1 − ρN

1 − ρ + 2ρNρ+
N−1

v(2)

2v
, (48)

see Corollary 4 in [12] on the second moment E(W 2
N).

Remark 5.1 For the present priority queues without server
vacations (V = 0), we can obtain the moments of the wait-
ing time distributions E(Wm

n ) by vanishing the terms with
v(k)/kv, k = 2,3, . . . from the equations given in Corollar-
ies 3–5. Further we can obtain the moments for the single
vacation model, E(Wm

n )SV, m = 1,2, . . . and the conserva-
tion law for the single vacation model corresponding to (50),
using the following replacement, cf. Remark 4.2 in [12],

[
v(k)

kv

]

MV
↔

[
v(k)

k{v + V ∗(λ)}/λ
]

SV
, k = 2,3, . . . . (49)

Remark 5.2 We have the M/G/1 conservation law for the
present time-limited service priority queues with T and the
MV rule,

N∑

n=1

ρnE(Wn)/ρ =
∑N

n=1 λnh
(2)
n

2(1 − ρ)
+ v(2)

2v
(MV), (50)

since the service discipline is work-conserving and non-
preemptive for all n, Chap. 3 in [21].

6 Concluding remarks

As shown in Corollary 2, we consider an M/G/1 vacation
model with arrival rate λn, service time Hn and two types
of vacations, i.e., a nonzero-vacation time Vn and a zero-
vacation (exhaustive vacation) time V0n. For 0 ≤ T n ≤ ∞,
we also obtain an expression for the LST W ∗

n (s) corre-
sponding to (38), using D∗

n(s) := F̄ ∗
n (s)W ∗

n (s), H ∗
n (s) =

pnF
∗
n (s) + pnF̄

∗
n (s) and (39). Taking the inverse LST af-

ter some rearrangement of (36) together with (37), we get
the following level-crossing formula,

dWn(x)

dx
= λn

∫ x

0
Hc

n(x − y)dWn(y)

+ λψn(1)V c
n (x) − λnpnD

c
n(x)

+ λπ0ψ0n(1)V c
0n(x) − Wn(0)δ(x − 0),

x > 0, (51)

where δ(x) is Dirac’s delta function. The left-hand and right-
hand sides of (51) represent the down- and up-crossing rates
at a level x, respectively, for a sample path Wt of the work-
load process {Wt } [4, 6]. It is possible to give a probabilistic
interpretation of each term on the right-hand side of (51).
However, it should be noted that the expression for W ∗

n (s)

contains itself, i.e., W ∗
n (s), in the minus term with D∗

n(s) in
the case of pn �= 0, that is, we have not such decomposi-
tion form for W ∗

n (s) as in Corollary 2 for the non-exhaustive
service (T n �= ∞).

A direct derivation of the LST W ∗
n (s) (not through the

queue-length analysis in this paper) may be a future re-
search. For the generalization of the MAT instead of the ex-
ponential distribution, it seems to be rather effective to apply
numerical approaches studied by Leung et al. [17, 18], who
considered the case of constant MAT.
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