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Abstract This paper discusses the asymptotic behavior of
the loss probability for general queues with finite GI/M /1
type structure such as GI/M/c/K, SM/M/1/K and
GI/MSP/1/K queues. We find an explicit expression for
the asymptotic behavior of the loss probability as K tends to
infinity. With the result, it is shown that the loss probability
tends to 0 at a geometric rate.
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1 Introduction

A Markov chain with state space {(0,j) : 1 < j <mp} U
{G,j): 1 <i<K,1=<j<m}issaid to be finite GI/M/1
type if it has a transition probability matrix (TPM) of the
form
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By C (0] o --- 0
B A Ao o --- 0
poo| Bk A0
Bx_1 Ax-1 Agx—2 - Al A

Bx 1 Ax-1 Agx—2 - Al A

where A;, B;,0<i < K — 1 and C are matrices. The matri-
ces A;,0<i <K — 1, are m x m, the matrices B;, 1 <i <
K — 1, are m x mg, the matrix Bg is mq X mg, and the ma-
trix C is my x m. For each state (i, j), the first component i
is called level and the second component j is called phase.
Embedded Markov chains in several queueing models such
as GI/M/c/K, GI/MSP/1/K, SM/M/1/K queues, have
the above finite GI/M /1 type structure. We abbreviate MSP
and SM with Markovian service process and semi-Markov.

Let nK) = (n(()K), e n(KK)), with Jl’(()K) = (Jféf), ﬂég),
K K K) _(K K -
...,rr(gm;) and 7t§ ) = (711»(1 ),7T,~(2 ),--.,Tfi(m)), l<i=<K,

be a stationary distribution of P50, That is, = &) is a solu-
tion of the linear system

K
I T L Y
i=0

Here and subsequently, 1 denotes a column vector of ap-
propriate size all of whose components are equal to 1. As
we see in several examples in Sect. 5, the loss probability
of specific queues with finite GI/M/1 type structure is ex-
pressed in terms of th(K). Thus the asymptotic behavior of
the loss probability is uncovered if we investigate the as-
ymptotic behavior of th(K). The main objective in this paper
is to do this.
(K)

It is not a difficult task to show that X satisfies

(K)

Ty :c(K)UK(g+0(1)), as K — oo
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with ¢®) such that

lim logc®) = 0.
K—oo K
However, it turns out that obtaining the exact value of
limg oo ¢'&) is challenging, meaningful and interesting in
our judgment.

Throughout the paper, o(-) may denote a scalar-,
a vector-, or a matrix-valued function. When o(-) indicates a
vector- or a matrix-valued function, it should be interpreted
as componentwise.

In the main theorem of this paper, we find the following
asymptotic behavior of n(KK) (see Theorem 1):

n%{) =caKg+o(aK), as K — oo, 2)

where ¢ > 0,0 <o < 1, and g is an m-dimensional proba-
bility vector.

From the result (2), we can use the value co X g as an
approximation of JT(KK). Our approximation may reduce the
computational complexity drastically for the following rea-
son: once we compute ¢, o and g, we can obtain co X g
immediately for various values of K, while the exact value
7'[%0 must be computed again whenever K is changed.

For finite buffer queues, the loss behavior has been one
of the important topics of research in telecommunication
systems and should be estimated accurately for buffer di-
mensioning. Many researchers have analyzed asymptotic
loss probability for various queueing systems with finite
buffer. Baiocchi found the asymptotic loss probability of
the M/G/1/K queue [1] and the MAP/G/1/K queue [2].
Baiocchi and Blefari-Melazzi [3] studied approximations of
the loss probability of the MAP/G/1/K queue by the tech-
nique in [2]. Approximations for the loss probability in the
M/G/c/K queue are proposed in Miyazawa [13]. Baiocchi
[1] and Choi et al. [5] gave the asymptotic loss probability
of the GI/M/1/K queue. Recently, Miyazawa et al. [14]
obtained the asymptotic behavior of the loss probability for
a finite queue with QBD structure.

In addition, there are several works on analysis of asymp-
totic loss probability of queues with batch arrivals. A sim-
ple approximation for the loss probability was proposed by
Tijms [19] for the GIX /G /c/K + ¢ queue under the partial
rejection strategy. Gouweleeuw [8] extended the approxima-
tion in [19] to the GIX/G/c/K + ¢ queue under the com-
plete rejection strategy. Kim and Choi [11] studied the as-
ymptotic loss probability for the GIX /M /c/K queue under
the partial and complete rejection strategies. In another pa-
per by Gouweleeuw [9] an approximation was suggested to
evaluate the loss probability in a single server queue where
the arrival process is a batch Markovian arrival process.

This paper is organized as follows. In Sect. 2, we present
without proof the asymptotic behavior of Jt(KK) as K tends to
infinity. Section 3 is devoted to the derivation of useful an-
alytical properties which will be exploited in Sect. 4, where
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we give the proof of the asymptotic behavior of JI(KK), stated

without proof in Sect. 2. In Sect. 5, we apply the asymp-
totic behavior of n%K) to several queueing models with fi-
nite GI/M /1 type structure to find the asymptotic behavior
of the loss probability.

2 Asymptotic behavior of n;(K) as K — oo

Consider a Markov chain of finite GI/M /1 type with TPM
(1). We assume that the Markov chain is irreducible for
sufficiently large K. We also assume that the matrix A =
Y 2 A is irreducible. Here A is substochastic but not nec-
essarily stochastic. When A is stochastic, e denotes the sta-
tionary probability vector of A, that is, & is the unique vec-
tor satisfying « A = o, «l = 1. When A is stochastic, we
assume that

o0
pl=a) iAl>1.
i=1

Under the conditions that P is irreducible for suffi-
ciently large K and that A is irreducible, it is not difficult to
see that the following are equivalent (see Neuts [16, 17]):

(i) A is not stochastic, or A 1is stochastic and
a2 iAl> 1.
(i) 0 < sp(G) < 1, where G is the minimal nonnegative

solution of the non-linear matrix equation
oo

G=>) AG'. 3)
i=0

Here and subsequently, sp(-) denotes the spectral ra-
dius.

@iii) 0 < sp(R) < 1, where R is the minimal nonnegative
solution of the non-linear matrix equation

R= Z R'A;. 4)
(=0

(iv) The equation

x@ =z, O0<z<l 5)

has a unique solution, where x(z) is the maximal
eigenvalue of the  matrix-valued function
A=Y 20 AnZ", ie., x(2) =sp(A(2)).

Let o denote the unique solution in (0, 1) of (5). It is
well known that both sp(G) and sp(R) are equal to o, that
is, o is the maximal eigenvalue of G and R. Let g and &
be respectively left and right maximal eigenvectors of G,
scaled by

gl=gé=1.
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Let  and r be respectively left and right maximal eigenvec-
tors of R, scaled by

nE=nqr=1

To describe our main result, let us introduce the correspond-
ing infinite GI/M /1 type Markov chain whose TPM P (>
is given by

By C O O O

B Ay Ay O O
peI_| By A Al Ay O | ©)

B Az Ay Ap A

From the assumption that A is not stochastic, or A is sto-
chasticand & ) 72, iA;1 > 1, itis well known that the above
infinite GI/M/1 type Markov chain has the unique sta-

tionary distribution 7 = (71'(()00), nioo), ...), with n'(()oo) =
gy and ™ = (P, )i = 1,

Now we are ready to present our main result. We defer
the proof to Sect. 4.
(K)
K

Theorem 1 The probability vector w5~ satisfies

(K)

Tk :caKg+0(oK),

as K — o0,
with

_1r( - x(0)
h o(l—o0)

3

where x'(0) = %X(Zﬂz:a'

Remark Theorem 1 may be generalized to the Markov chain
with a TPM that has different transition probabilities for the
boundary level K. However, the generalization seems to re-
quire much more effort than the case of the Markov chain
with TPM (1). Further Theorem 1 is sufficient for the study

of the asymptotic behavior of queueing models represented
as Markov chains of finite GI/M /1 type.
When mqg = m, and C = Ao, it is known that nﬁoo) =

n(()OO)R, see Chap. 1 of Neuts [16]. Since Rr = or, the next
corollary is immediate from Theorem 1.

Corollary 1 Ifmo =m, and C = Ay, then

(K)

T =cioXg +o0(c’),

as K — o0,
with

7r( = x/(0))
(1-0)

cl =

3 A transient Markov chain of M/G/1 type

We consider an M/G/1 type Markov chain with TPM P
given by

Ao Al Ay A
~ Ay A1 Ay Aj
P=110 Ay A Ay --- | @)

The reason for considering the Markov chain with TPM
P is as follows. Relabeling the level of the Markov chain
with TPM (1), we obtain a Markov chain with TPM P K)

Ay Ay Ax-—2 Ag-1 Bk
Ay Ay Ax-2 Ag-1 Bg-1
ﬁ(K) — . . . . : (8)
o --- A Al Ar B>
o --- 0 Ao Al B
o --- 0 (0] C By

Letting K — oo in (8) yields, formally, Pin (7). Therefore,
in order to obtain the asymptotic behavior of the stationary
distribution for the Markov chain with TPM P(K) it seems
natural to consider the Markov chain with TPM P first. Ac-
tually, the results on the Markov chain with TPM P in this
section are essential for the proof of Theorem 1 in Sect. 4.
Every state of the Markov chain with TPM (7) is tran-
sient because A is not stochastic or A is stochastic and
o> 2 iA;1 > 1. Further, if the Markov chain has a sta-
tionary measure T = (Tg,7T1,...), Where T, is an m-

dimensional vector forn =0, 1, 2, ..., then we have
n+1
ﬁn=ﬁ0A,,+Zﬁ,~A,,_,-+1, n=0,1,2.... )

i=1

By (9), the ‘formal’ generating function ﬁ(z) = Ziio Ta"
satisfies

2M1(2) =TI AR) + Fo(z — DAQ).

From this we obtain the following ‘formal’ equation:
M(2) = TP (),

where

()= - Dzl —A@) " =@ = DI

with m x m identity matrix /.

Now we investigate the matrix-valued function ®(z) on
{zeC:|z| < 1,det(zI — A(z)) # 0}. First we study the fac-
tor (zI — A(z))~" in ®(2).
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Proposition 1 For |z| < 1, we have
zl — A(z) = Hg(2)(z] — G), (10)
where Hg(z) =1 — Y 700> p0 AkGF 1721,

Proof Observe that

o o0
Hc()(zl —G)=zI — G — ZZAka—iZi
i=1 k=i

o o0
SIPIFCE
i=0 k=i+1
Hence we may immediately write

Hg(2)(zI — G)

o0 o o
=z -G — Z(ZAka—f - > AkG"—")z"
i=1 \k=i

k=i+1

o0
—i—ZAka
k=1

oo o
=z -G — ZA,-Z’ + ZAka,
i=1 k=1

so (10) follows from (3). U

Proposition 2 The matrix-valued function Hg(z) is nonsin-
gularon {z € C:|z| < 1}.

Proof By Theorems 3 and 4 in Gail et al. [7], det(zI — A(z))
has m zeros (counting multiplicities) in the open unit disk.
Since sp(G) < 1, det(zI — G) has m zeros (counting multi-
plicities) in the open unit disk. Therefore det(Hg (z)) has no
zeros in the open unit disk. U

Let z1, 22, ..., zn (not necessarily distinct) be the zeros
of det(zI — A(z)) on {z € C: |z| < 1}, with z; = 0. Then
o is a simple zero of det(z/ — A(z)) and |z;| < o fori =
2,3,...,m.

Consider the following Laurent series expansion of ®(z)
atz=0:

o
D)= ) 7,
i=—v
0< |zl <min{|z;|:z; #0,i =1, ..., m},
where v = max;<; j<u{the order of pole of the (i, j)-

component of ®(z) at z = 0}. In the case where a function
has a removable singularity at a point, we say that the func-
tion is analytic at the point, by abuse of terminology. When
a function is analytic at a point, we define the order of pole
at the point as 0.

@ Springer

Proposition 3 Suppose that x is an m-dimensional row
vector such that x(zI — A(z))~! is analytic at z = 0. Let
yi=x9;,i=0,1,2,..., be an m-dimensional row vector.
Then

@ yo=x,
(i) yoAi + 345 yiAisi—k=y;,i=0,1,2,....

Proof (i) We have
x®(z) = (z — Dzx(zl — A@2) ! = (z - Dx,
for|z| <1, z#z1,.-., 2Zm-

Since x(zI — A(z))~! is analytic in z = 0, so is x ®(z). Let-
ting z — 0 leads to x g = x.
(ii) We have

x®(2)(zI —ARR) =(z—1)zx

—(z—Dx(l —A®R), lzI <1,
SO
2xP(z) =xP(2)A(2) + (z— DxA(z), Izl <.
Hence
o (0.¢] (0.¢]
zzyizi = (Zy,-zi) (Z AiZi>
i=0 i=0 i=0
(0.¢] oo
+zyOZA,-zi _yOZAiZi
i=0 i=0
oo o
= Z(Z yi+12i> (Z Aizi)
i=0 i=0
oo
+2yo ) Al el <1

i=0
Dividing both sides by z yields
[e ) o [e )
Yoyt = (Zymzi) (ZA#)
i=0 i=0 i=0

o0
+yoy Al 2l <l (1)

i=0

Comparing the coefficients of z' in (11), we obtain the as-
sertion (ii). ([

Recall that the solution o of (5) is the maximal eigen-
value of G and that g and & are respectively left and right
maximal eigenvectors of G scaled by g1 = g& = 1. The so-
lution o of (5) is also the maximal eigenvalue of R, and 7
and r are respectively left and right maximal eigenvectors of
R scaled by né =gr =1.
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Proposition 4 We have that Hence
. -1 . _
9) gzl — A(lz)) is analytic at z =0, ch;(o)_l = lim gzl — G)(zl — A@) !
(i) g®, = (17;,"0*”;7 +o(c™),asn — 0. o
x' (@) |
Proof (i) Observe that - hm (= o)g|: —ol— ’((7));:’7
_ 1 1
gzl —G)=(z—o0)g, + ((zl —A@) - Eﬂ)}
—x'(0)
1
)
=—7. 14
1 T x’(o)n (14)
-G '=—— fi ey Zm-
geI=G) " ="—"8 forz#zi....zm Substituting (14) into (13) completes the proof of (ii).  [J
Since gz — A@@)™' = gzl — G 'He(x)™" =
—-gHg(z)™", for |z] < 1,z #z1.....2m. and Hg(2) is 4 Proof of Theorem 1

analytic in the unit disk, g(z/ — A(z)) ! is analytic at z = 0.
(ii) Observe that

gP(2) = (z— Dzgzl — A@) ' —(z— Dg
—1
= ET s — - g
—1
=079 o) + (),
—0
for|z| < 1,2# 21, Zm, (12)

where W(:) = C=fgHg()™! — G=p7gHg(0) ™" ~
(z — 1)g. Note that W(z) is analytic in the unit disk (ex-
cept the removable singularity at z = o). Let W(z) =
> W;z' be the power series expansion at z = 0. Then
U; =o((1 4+ €)'), as i — oo, for any € > 0.

From (12) it follows that

o0 o0
gy ®i=(1-0)) o 'gHg(o) "7

i=0 i=0

o
+Y Wi, 2l <o

i=0

Comparing the coefficients of z' on the both sides of the
above equation, we have

gd, =(1—0)o 'gHs(o) ' +¥;, i=01,...,

SO

go;, =(1- (f)cr_igH(;(cr)_1 +o(c™), asi— o0o. (13)
By (3) and (4), it can be shown that & and 75 are re-
spectively right and left maximal eigenvectors of A(o) =
Z A ot By Lemma 5.8 in Falkenberg [6], we can see

that = —; (0)577 is the principal part of (z/ — A(z))" L.

Before proving Theorem 1, we introduce several notations.
For the notion of matrices introduced in this section, we re-
fer the reader to Chap. 5 of Latouche and Ramaswami [12].

Let {(XI(K), J,(K)) :t=0,1,2,...} be the Markov chain
with TPM P in (1). Forn, p,q =0, 1,..., K, let , Ry’
be the m x m matrix whose (i, j)-component is

(n RS

0

_ (K) _ (K) _
:IE( 2(; I{Xt(K)=q’JI(K)=j} X, P Jy ),
t=

where
K =inf(r > 1: XK =n).

Let {(X;, J;):t=0,1,2,...} be the Markov chain with
TPM P in (6). For n,p,q =0,1,2,..., let ,Fp, and
nRpg be the m x m matrices whose (i, j)-components are,
respectively, given by

(nFpgij EP(‘CL] = Tn, Jrq =j| Xo=p,Jo=1i),

T —1

(anq)ij = E(Z 1{X1=f1»/t=j}

t=0

X0=P,Jo=i>,

where
T, =inf{t > 1: X, =n}.
Let {(X;,J,):t=0,1,2,...} be the Markov chain with

TPM P in (7). Forn, p,q =0,1,2,...,let , R 5, be the m x
m matrix whose (i, j)-component is

Th—1
(nRpg)ij sE(Z L%,=g. =) | Xo=p. Jo =i),

t=0
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where
Z,=inf{t > 1: X, =n).
To prove Theorem 1, we need the following lemma.

Lemma 1 There is an m-dimensional row vector B such
that

1Fikg =0Kr/3+0(oK), as K — oo.

Proof Let {()A(,, J;) :t=0,1,2,...} be aMarkov chain with
TPM P of the following form:

-3 -2 -1 0 1 2

1| A3 Ay

B
0 .- Az Ay A1 Ao

Let 1%00 be the m x m matrix whose (i, j)-component is

o0
(Roo)ij =E (Z L%,=0.7=)

t=0

)A(()zo,jozi).

By the monotone convergence theorem, we have

lim 1RKK=],é0(). (15)
K—o0
On the other hand, from the relation RX—! = [Rjx =

1F1x 1Rk k (see Theorem 5.2.3 in Latouche and Ramaswami
[12]), we have

1Fix =R (G R ™ (16)
By (15) and (16), we have
1Fig = RE T ((Roo) ™" +0(1))
=X rn(Roo) ™" +0(a™),
which completes the proof. O

Now we prove Theorem 1.

Proof of Theorem 1 Let hy =g®;,i=0,1,..., be an m-
dimensional row vector. Then, by Propositions 3 and 4(i),
we have

ho=g, and
i+1

hi =hoAi + > hiAipi . i=0.1,2,....
k=1

@ Springer

From this it follows that

(hx—2,...,ho)

=(hK_1,...,h0)|: , 17)

Ay OmxK-2)m
Q(K)

where O, %k —2)m denotes the m x (K — 2)m zero matrix
and Q%) is given by

Ay Ap 0] 0 0

A Ay Ag 0 0

Q(K) B Az Ap Al Ao (@]
Ag-2 Agx-1 Ak Ay Ap

Agx—2 Agx-1 Ag—2 - A1 Ay

Equation (17) is rewritten as

(hx-2,...,ho)
_ (K)y—1
=hg_1[A0Omx & —2ymlUk—1ym — Q")

where I(g_1), denotes the (K — 1)m x (K — 1)m identity
matrix. The above equation implies that

ho = hg—1[A0 Omxk—2ym1 Ik —1ym — QK ™!

x |:0(K—2)m><m:| )
I

Observe that

(18)

1| Ok-
[A0 Ok ~2m1 Uk —tym — Q)™ [ K 12)"”’”}
m

K K R
=R = | Fig 1R§g§ =1F1k k—1Roo-

Substituting the above equation and kg = g into (18) yields

g=hk_11Fix k—1Ro. (19)
By the monotone convergence theorem, we have
lim 1 Roo = Roo, (20)

K—oo

where ﬁoo is the m x m matrix with (i, j)-component

oo
(Roo)ij = E(Z Li%,=0.5,=/)

t=0

)?Ozo,fozz).
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Substituting Proposition 4(ii), Lemma 1 and (20) into (19) Finally, substituting (21) into (23) yields
yields (00)
o0 /
1—
_ (1 —-0)o 11+0(G_K) n(KK)znl r( X (U))aKg—i—o(ch), as K — oo,
(1= x'(@no¥ o=
x (cKrp + 0 X)) (Roop + (1)) which completes the proof of Theorem 1. (]
1- ~
= ﬁﬁRoo +o(1), as K — oo.
I=Xx(0) 5 Examples
Therefore
_ 1= x'(0) In this section, we apply Theorem 1 to investigate the as-
BRoo = (21)  ymptotic behavior of the loss probability for some specific

T el-o0) ¥

On the other hand, by Theorem 5.2.1 in Latouche and
Ramaswami [12], we have

K K K K K

X -
Zﬂ(l "1 Fix k-1 Roo. (22)

(00)

By (22), Lemma 1, (20) and the fact that 7' = z{° 4
o(1) as K — o0, we have

7l =@ + o) (@ rB + 00 ")) (Roo + 0(1))

queueing models.

Example 1 (GI/M/c/K queue) We consider the GI/M/
c¢/K queue with general interarrival time distribution H (-).
The service times of customers are exponentially distributed
with mean p~!. The system has a finite buffer of size K
to store incoming customers, including any customer in ser-
vice. The offered load p is p = (cu fooot dH@®))~! and is
assumed to be less than 1.

The system size embedded just before the arrival
epoch constitutes a Markov chain with TPM P&K—c¢+D

=7\ KrBRoo +0(cX), as K — oco. (23)  given by
ALY (0) -
0 by b; 0
(eY) (1) (D
1 by b, b,
o1 b(()c—l) b%c—l) b;c_l) bgc_—ll) a0
K—c+1 : : x
Pl = e b(()c) bgc) bé‘) bi‘_)1 ai aop )
c+1 b(()c-H) bYH) b;c-H) bf.c_ﬁl) ” 4 a0
K—1| k-1 ,(k-1) (k-1 k-1
K b(() ) b% ) bé ) bE_l ) aK—c AK—c—1 GaK—c-2 ag
K—1 K—1 K-1 K—1
Lo Y Y b &V ke ag—em1 ak—c— ao |
i . - itc—1) 5 (i+c—1 i+c—1 .
where a; = % e~ UL 1B (1, i > 0. For explicit ex- B = (0§ TV BT b0 imia

pressions ofb;i), 0<i<K-1,0<j <min{i 4+ 1, c}, see
Simonot [18].
In the notation of Sects. 1 and 2 we have

Ai=a;, 1=0,1,2,...,
0) (0)
by b 0 e 0
1) 1) (1)
by by b, e 0

By = i X . . ) ;

=D =D 1) )
bO bl b2 bc—l

C=(0,...,0,a0)",

where the superscript T stands for vector transposition. Note
that A(z) = ) 72, a;7' = H*(cpt — cpuz), where H*(s) =
fooo e 'd H (¢). Further o is the unique solution in (0, 1) sat-
isfying H*(cu — cpuz) = z.
Letx®) = (0, () be the stationary probability
vector of PK—¢+D Tn the notation of Sects. 1 and 2,

(K)

K—c+1 K
n(() ¢ )=(x(§ ),...,xc_l),

and
(K—c+1) __ _(K)
T =Xite—1-
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By Theorem 1, the loss probability P]ffi)s of the

GI/M/c/K queue has the following asymptotic behavior:

(K) _ (K) _ __(K—c+1)
PLoss_xK _nK—c—H

3O (Ut cpH (e — epo)) oy
o(l—o0)

+o(cX), as K — co.

It is well known that xl.(oo) = xc(‘fl)

(c0) (00)

i=et+l i > ¢ —1.Espe-

cially x; " =x, | 0. Hence
(k) _ T (1 cpH ™ (ep — cuo))
Loss — O_C_l(l _ O,) o
—i—o(aK), as K — oo.

Remark When ¢ = 1, the above result is reduced to Theo-
rem 3 in Choi et al. [5]. More precisely, for the GI/M/1/K
queue,

PIECI)(S)S =14 pH"(u—po)oX +o6X), ask — .
Example 2 (GI/PH/1/K queue) We consider the GI/PH/
1/K queue with general interarrival time distribution H (-)
with mean A~!. The service time distribution is phase-
type with irreducible representation (y, 7'), and mean /,L_l s
where p is an m-dimensional row vector and 7" is an m X m
matrix. The system has a finite buffer of size K. The offered
load p is p = ﬁ and is assumed to be less than 1.

By N,EK), we denote the number of customers in the sys-
tem immediately before the nth customer’s arrival. Y,EK) de-
notes

y (&) _ phase of the service at that time if N,gK) >1,

" 0, it NK) — 0.
Then {(N5), v%))} is a finite GI/M /1 type Markov chain
whose TPM is given by (1), where A,, is the m x m matrix
whose (i, j)-component is the probability that exactly n de-
partures occur during an interarrival interval and the service
phase is j at the end of that interval when there are suffi-
ciently many customers to be served in the system and the
service phase is i at the beginning of that interval. The ma-
trices B,, n=0,1,..., K — 1, and C are given by

B():l—yA()l,
o0

B, = Z Al, n=1,2,....,K—1,
k=n+1

CZ)IA().

@ Springer

The matrix-valued function A(z) =) oo ) A;2' is expressed
as follows (Neuts [16], p. 65):

o 00 o
AR =) A" = / eTHTr g H (),
0
n=0

with 70 = —T1.
By Theorem 1, the loss probability PL((’;)s of the GI/PH/
1/K queue has the following asymptotic behavior:
(K) (K)
PLoss =Tk 1
(00) ’
w, r(l—x'(o
=1 ( x ))UK—i—o(aK), as K — oo.
o(l—o0)
(24)
It is known that nﬁloo) = néoo)yR”, n=1,2,.... Thus
7 =@ - R and
(00)., _ _(00) _ _ -1yl
T, r=m, YRr=o@U—-R)"1)" (yr). (25)

Now we calculate o and x’(o). For z € (0, 1), let —v(z) be
the eigenvalue of T + T pz with the largest real part. Then
x(2) = H*(v(2)), where H*(s) = [;~e™'dH (1), s > 0.
Hence o is the unique solution of

H*(v(o))=0, 0<o<l.
Further
x'(@)=H"(v()V'(0). (26)

Let ¢(z), 0 < z < 1, be the right maximal eigenvector of
A(z) with ¢ (z) = 1. We note that ¢ (o) = & and that ¢ (z),
0 < z < 1, is the right eigenvector of T + T%yz corre-
sponding to the eigenvalue —v(z). Thus (T + T%yz)¢ (z) =
—v(2)¢ (2), from which we obtain

TOy& + (T + T0)¢ (o) = —v'(0)& — v(0)¢ (o).
Noting that 9(T + T yz) = —v(z)n, we have
V(0)=-T")(yé). 27)
Substituting (25-27) into (24) leads to

& _ +H*’<v(a>)(nT°)(ys>>GK
Loss ™ y(I —R)~1(1 —0)
Ky

+o(o as K — oo.

Example 3 (SM/M/1/K queue) We consider the SM/M/
1/K queue in which the interarrival times form a semi-
Markov process with semi-Markov kernel H(:) =
(H;j ()i, j=1,2,...,.m» with fundamental mean 21 defined as

K fooo td H (1)1, where K is the stationary probability vector
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of H(oo). The service times are exponentially distributed
with mean p~!. The system has a finite buffer of size K.
The offered load p is p = % and is assumed to be less than 1.

By observing the system immediately before the arrival,
we construct an embedded Markov chain with TPM given
in (1), where

00 N
A= / e P g,
0

n=01...,K -1,
n!
o0
B, = Z A, n=0,1,....K—1,
k=n+1

C = Ayp.

Further, A(z) = Y oogAn" = [o e"CVdH(@) =
H*(u — z), where H*(s) = fooo e 'dH (t). For a deeper
discussion of this queueing system, we refer to Sect. 4 of
Neuts [15].

By Corollary 1, the loss probability P]Efs)s of the SM/M/
1/K queue has the following asymptotic behavior:

(K) (K)
PLoss =Ty 1
(00) /
wy r(l —x'(o
=20 ( 1 ))O’K-I—O(UK), as K — oo.
(1-o0)
(28)
Since 7 =™ R", n=0,1,2 and Y2 w1 =
n - 0 ’ — My Ly &y ey n=07’*n -
Kk, we have
n(()oo)r =k(I—Ryr=((—-o0)kr. 29)

Let ¢(z), 0 < z < 1, be the right maximal eigenvalue of A(z)
with 9¢(z) = 1. Then A(2)$(z) = x(2)¢(2), 0 <z < 1,
gives

A'(0)E + A(0)8'(0) = x'(0)E + ¢ (o).

Since nA(o) = on, we have

(@) = 1A' ()€ = un / 1O H (1. (30)
0

Substituting (29) and (30) into (28) leads to

o0
PIE(I)(S)S = Kr(l - /,L)]/ te" "V aH (1) ’;‘)GK
0

+o(aK), as K — oo.

Example 4 (GI/MSP/1/K queue) We consider the GI/
MSP/1/K queue where the interarrival times are indepen-
dent and identically distributed and the service process is

Markovian service process (MSP). The system has a finite

buffer of size K. For a deeper discussion of this queue-
ing system, we refer to Bocharov et al. [4], Gupta and
Banik [10]. The asymptotic of the loss probability for the
SM/M/1/K queue can also be obtained by Theorem 1 or
Corollary 1.

References

1. Baiocchi, A.: Asymptotic behaviour of the loss probability of the
M/G/1/K and G/M/1/K queues. Queueing Syst. 10, 235-247
(1992)

2. Baiocchi, A.: Analysis of the loss probability of the MAP/G/1/K
queue Part I: asymptotic theory. Commun. Stat. Stoch. Models
10(4), 867-893 (1994)

3. Baiocchi, A., Blefari-Melazzi, N.: Analysis of the loss probability
of the MAP/G/1/K queue Part II: approximations and numerical
results. Commun. Stat. Stoch. Models 10(4), 895-925 (1994)

4. Bocharov, PP, D’ Apice, C., Pechinkin, A.V., Salerno, S.: The sta-
tionary characteristics of the G/MSP/1/r queueing system. Au-
tom. Remote Control 64(2), 127-142 (2003)

5. Choi, B.D., Kim, B., Wee, 1.-S.: Asymptotic behavior of loss prob-
ability in GI/M/1/K queue as K tends to infinity. Queueing Syst.
36, 437-442 (2000)

6. Falkenberg, E.: On the asymptotic behavior of the stationary dis-
tribution of Markov chains of M /G /1-type. Commun. Stat. Stoch.
Models 10(1), 75-97 (1994)

7. Gail, H.R., Hantler, S.L., Taylor, B.A.: Spectral analysis of
M/G/1 and G/M /1 type Markov chains. Adv. Appl. Probab. 28,
114-165 (1996)

8. Gouweleeuw, F.N.: The loss probability in finite-buffer queues
with batch arrivals and complete rejection. Probab. Eng. Inform.
Sci. 8, 221-227 (1994)

9. Gouweleeuw, FEN.: Calculating the loss probability in a
BMAP/G/1/N +1 queue. Commun. Stat. Stoch. Models 12, 473—
492 (1996)

10. Gupta, U.C., Banik, A.D.: Complete analysis of finite and infinite
buffer GI/MSP/1 queue—a computational approach. Oper. Res.
Lett. 35, 273-280 (2007)

11. Kim, B., Choi, B.D.: Asymptotic analysis and simple approxima-
tion of the loss probability of the GIX /M /c/K queue. Perform.
Eval. 54(4), 331-356 (2003)

12. Latouche, G., Ramaswami, V.: Introduction to Matrix Analytic
Methods in Stochastic Modeling. ASA-SIAM Series on Statistics
and Applied Probability (1999)

13. Miyazawa, M.: Approximations of the queue-length distribution
of an M /Gl /s queue by the basic equations. J. Appl. Probab. 23,
443-458 (1986)

14. Miyazawa, M., Sakuma, Y., Yamaguchi, S.: Asymptotic behaviors
of the loss probability for a finite buffer queue with QBD structure.
Stoch. Models 23, 79-95 (2007)

15. Neuts, M.F.: Markov chains with applications in queueing theory,
which have a matrix-geometric invariant probability vector. Adv.
Appl. Probab. 10, 185-212 (1978)

16. Neuts, M.F.: Matrix-Geometric Solutions in Stochastic Models:
An Algorithmic Approach. Johns Hopkins University Press, Bal-
timore (1981)

17. Neuts, M.E.: Structured Stochastic Matrices of M /G /1 Type and
Their Applications. Dekker, New York (1989)

18. Simonot, F.: A comparison of the stationary distributions of
GI/M/c/n and GI/M /c.J. Appl. Probab. 35, 510-515 (1998)

19. Tijms, H.C.: Heuristics for finite-buffer queues. Probab. Eng. In-
form. Sci. 6, 277-285 (1992)

@ Springer



	Asymptotic analysis for loss probability of queues  with finite GI/M/1 type structure
	Abstract
	Introduction
	Asymptotic behavior of piK(K) as K ->
	A transient Markov chain of M/G/1 type
	Proof of Theorem 1
	Examples
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


