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Abstract We consider a 2-class queueing system, operat-
ing under a generalized processor-sharing discipline, in an
asymptotic regime where the arrival and service rates of the
two classes are vastly different. We use regular and singular
perturbation analyses in a small parameter measuring this
difference in rates. It is assumed that the system is stable,
and not close to instability. Three different regimes are ana-
lyzed, corresponding to an underloaded, an overloaded and
a critically loaded fast queue, respectively. In the first two
regimes the lowest order approximation to the joint station-
ary distribution of the queue lengths is derived. For a crit-
ically loaded fast queue only the mean queue lengths are
investigated, and the asymptotic matching, to lowest order,
with the results for an underloaded and an overloaded fast
queue is established.
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1 Introduction and summary

In this paper we consider a 2-class queueing system, oper-
ating under a generalized processor-sharing discipline, in an
asymptotic regime where the dynamics of the two classes
occur on vastly different time scales. This was motivated
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by the work of van Kessel et al. [9]. The disparity in ser-
vice characteristics reflects the extreme heterogeneity in job
sizes observed in the Internet, with a vast majority of short
jobs (‘mice’) and a tiny fraction of large jobs (‘elephants’).
The jobs arrive as Poisson processes of rates λ (the ‘fast’
class) and ελ (the ‘slow’ class), where 0 < ε � 1. The fast
and slow jobs have exponentially distributed service require-
ments with parameters 1 and εν, respectively. The server
works at unit rate, and if neither queue is empty it devotes
fractions 1 − γ and γ of its effort to the fast and slow jobs,
respectively, where 0 ≤ γ ≤ 1. If one queue is empty the
server works at unit rate on the other queue. It is assumed
that the system is stable, and not close to instability.

This problem has been analyzed, without ε being nec-
essarily small, in a pioneering paper by Fayolle and Iasno-
gorodski [6], and more recently by Guillemin and Pin-
chon [8]. They consider the generating function F(x, y) for
the joint stationary distribution of the number of jobs in the
two queues, which leads to a functional equation involving
the unknown functions F(x,0) and F(0, y). The determi-
nation of these boundary functions is reduced, by means of
a complicated analysis, to a Dirichlet problem on a circle.
Related references are given in [6, 8].

In this paper, we use perturbation analyses in the small
parameter ε. Three different regimes are analyzed. First, if
0 ≤ γ < 1 − λ, so that the fast queue is underloaded, we use
a direct perturbation analysis of the balance equations for
the joint stationary distribution of the queue lengths. Such
an approach has been adopted by Altman et al. [2] for de-
numerable Markov chains, who establish rigorous results,
and provide expressions for the higher-order terms in the as-
ymptotic expansion. Asymptotically, to lowest order in ε, it
turns out that for 0 ≤ γ < 1 − λ the mean number of jobs
in the slow queue is independent of γ , but the mean number
of jobs in the fast queue, and hence the mean waiting time,
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increases with γ . Hence there is no significant advantage to
taking 0 < γ < 1 − λ. An intuitive interpretation of the re-
sults, due to Borst [3], is presented. We have verified that
the results in [6] (after correction of some misprints) and [8]
lead to our lowest order asymptotic results. However, this
took significant effort, and the direct approach in this paper
is much simpler when 0 < ε � 1.

We have not attempted to investigate the conditions in [2]
that establish, for singularly perturbed Markov chains, the
existence of a unique solution which is an analytic function
of ε, since it appears difficult to do so. However, for the
problem under consideration, the results in [6, 8] give in-
tegral representations with limits and integrands which are
analytic functions of ε.

We next consider the regime 1 − λ < γ ≤ 1, so that the
fast queue is overloaded when the slow queue is not empty,
and it needs the idle periods of the slow queue to recover
stability. The motivation for doing so is to allow for some
priority for the slow jobs. It now turns out, asymptotically to
lowest order in ε, that the mean number of jobs in the slow
queue decreases as γ increases with 1 − λ < γ ≤ 1, but the
mean number of jobs in the fast queue, and hence the mean
waiting time, is O(1/ε). We perform a singular perturba-
tion analysis of the functional equation for F(x, y) when
x = 1 − εξ with ξ = 0(1). We have verified, after signifi-
cant effort, that the results in [8] lead to our lowest order
approximations to F(0, y) for |y| <

√
γ ν/λ, F(x,0) for

|x| < √
(1 − γ )/λ and F(1−εξ,0). (An explicit expression

for F(1 − εξ,0) is not given in [6].) Again, the results in [8]
give integral representations with limits and integrands that
are analytic functions of ε. We derive asymptotic approxi-
mations to the joint stationary distribution of the number of
jobs in the two queues.

Finally, we consider the regime γ = 1 − λ + √
εδ, where

δ = O(1) may have either sign, so that the fast queue
is critically loaded. We restrict our attention to the mean
queue lengths. In particular, we are interested in how the
mean fast queue length changes from O(1) to O(1/ε) as δ

changes from a large negative value to a large positive one.
We now consider the functional equation for F(x, y) when
x = 1−√

εu with u = O(1). In order to calculate an asymp-
totic approximation to the mean number in the fast queue,
we need to evaluate the correction term f1(0, y) in the ex-
pansion

F(0, y) = (ν − λ − λν)/ν + √
εf1(0, y) + O(ε). (1.1)

The derivation of this boundary function requires the solu-
tion of a Dirichlet problem, so we use the result in [6]. We
show, with somewhat more effort, that the result in [8] leads
to an equivalent expression for f1(0, y). We establish the
matching, i.e., agreement to lowest order, of the asymptotic
approximation to the mean number in the fast queue with
the results for an underloaded and for an overloaded fast

queue, by analyzing the regimes
√

ε|δ| � 1, and −δ � 1
and δ � 1, respectively.

The remainder of the paper is organized as follows. In
Sect. 2 we formulate the problem. In Sects. 3, 4 and 5 we an-
alyze the underloaded, overloaded and critically loaded fast
queue, respectively. The derivation of the correction term
in (1.1) is given in Appendix 1 using the result in [6], and in
Appendix 2 using the result in [8].

2 Formulation

We consider two parallel infinite capacity queues for differ-
ent traffic classes, operating under a generalized processor-
sharing discipline. The jobs arrive as Poisson processes of
rates λ (the ‘fast’ class) and ελ (the ‘slow’ class), where
0 < ε � 1. The fast and slow jobs have exponentially dis-
tributed service requirements with parameters 1 and εν, re-
spectively. The server works at unit rate, and if neither queue
is empty it devotes fractions 1−γ and γ to the fast and slow
jobs, respectively, where 0 ≤ γ ≤ 1. The corresponding in-
stantaneous service rates are 1 − γ and εγ ν. If one queue is
empty the server works at unit rate on the other queue, so it
is work conserving, and the stability condition is

λ

(
1 + 1

ν

)
< 1, (2.1)

which we assume holds.
Let p(m,n) denote the stationary probability that there

are m jobs in the fast queue and n jobs in the slow queue. Let
I (·) be the indicator function. Then the balance equations
satisfied by p(m,n) are

{λ + ελ + I (m ≥ 1)[1 − γ I (n ≥ 1)]
+ ενI (n ≥ 1)[1 − (1 − γ )I (m ≥ 1)]}p(m,n)

= λI (m ≥ 1)p(m − 1, n) + ελI (n ≥ 1)p(m,n − 1)

+ [1 − γ I (n ≥ 1)]p(m + 1, n)

+ εν[1 − (1 − γ )I (m ≥ 1)]p(m,n + 1). (2.2)

The normalization condition is

∞∑
m=0

∞∑
n=0

p(m,n) = 1. (2.3)

The mean numbers of jobs in the fast and slow queues are

E(m) =
∞∑

m=0

∞∑
n=0

mp(m,n),

(2.4)

E(n) =
∞∑

m=0

∞∑
n=0

np(m,n).
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From Little’s result, the corresponding mean waiting times
are E(m)/λ and E(n)/(ελ). From [6], the conservation law
of Kleinrock implies that

E(m) + E(n)

εν
= λν

(ν − λ − λν)

(
1 + 1

εν2

)
. (2.5)

This relationship between the mean numbers of jobs is use-
ful both as a check on the analysis, and for understanding
the results. In particular, if 0 ≤ γ < 1 − λ, so that the fast
queue is underloaded, E(n) = λ/(ν − λ − λν) + O(ε) and
E(m) = O(1). If 1 − λ < γ ≤ 1, so that the fast queue is
overloaded when the slow queue is not empty, E(n) = O(1)

and E(m) = O(1/ε). In the transition region where γ +
λ − 1 = O(

√
ε ), so that the fast queue is critically loaded,

E(n) = λ/(ν − λ − λν) + O(
√

ε ) and E(m) = O(1/
√

ε ).
If we introduce the generating function, as in [6, 8],

F(x, y) =
∞∑

m=0

∞∑
n=0

p(m,n)xmyn, |x| ≤ 1, |y| ≤ 1, (2.6)

then, from (2.2)[
λ(1 − x) + (1 − γ )

(
1 − 1

x

)

+ ελ(1 − y) + εγ ν

(
1 − 1

y

)]
F(x, y)

=
[
(1 − γ )

(
1 − 1

x

)
− εν(1 − γ )

(
1 − 1

y

)]
F(0, y)

+
[
εγ ν

(
1 − 1

y

)
− γ

(
1 − 1

x

)]
F(x,0)

+
[
γ

(
1 − 1

x

)
+ εν(1 − γ )

(
1 − 1

y

)]
F(0,0). (2.7)

Here

F(0,0) = 1 − λ

(
1 + 1

ν

)
, (2.8)

i.e., 1 − ρ, where ρ is the load.

3 Underloaded fast queue

We here consider the case in which the fast queue is un-
derloaded, corresponding to λ < 1 − γ . We seek a solution
of (2.2) and (2.3) in powers of ε,

p(m,n) = p0(m,n) + εp1(m,n) + O(ε2). (3.1)

It follows from (2.2) that

{λ + I (m ≥ 1)[1 − γ I (n ≥ 1)]}p0(m,n)

= λI (m ≥ 1)p0(m − 1, n)

+ [1 − γ I (n ≥ 1)]p0(m + 1, n). (3.2)

Hence

p0(m,n) =
{

λ

[1 − γ I (n ≥ 1)]
}m

p0(0, n), m ≥ 0, n ≥ 0.

(3.3)

If we sum (2.2) on m, and expand in powers of ε, we
obtain

∞∑
m=0

{λ + νI (n ≥ 1)[1 − (1 − γ )I (m ≥ 1)]}p0(m,n)

= λI (n ≥ 1)

∞∑
m=0

p0(m,n − 1)

+ ν

∞∑
m=0

[1 − (1 − γ )I (m ≥ 1)]p0(m,n + 1). (3.4)

It follows that

λ

∞∑
m=0

p0(m,n)

= ν

∞∑
m=0

[1 − (1 − γ )I (m ≥ 1)]p0(m,n + 1), n ≥ 0.

(3.5)

From (3.3), the lowest order asymptotic approximation to
the stationary probability that there are n jobs in the slow
queue is

P(n) =
∞∑

m=0

p0(m,n)

= [1 − γ I (n ≥ 1)]
[1 − γ I (n ≥ 1) − λ]p0(0, n), n ≥ 0, (3.6)

and

∞∑
m=0

[1 − (1 − γ )I (m ≥ 1)]p0(m,n + 1)

= (1 − γ )(1 − λ)

(1 − γ − λ)
p0(0, n + 1) = (1 − λ)P (n + 1). (3.7)

From (3.5–3.7) we obtain

λP (n) = ν(1 − λ)P (n + 1), n ≥ 0. (3.8)

But, from (2.3) and (3.1),

∞∑
n=0

P(n) = 1. (3.9)

Hence,

P(n) = (ν − λ − λν)

ν(1 − λ)

[
λ

ν(1 − λ)

]n

, n ≥ 0. (3.10)
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An expression for p0(m,n) follows from (3.3), (3.6) and
(3.10). The lowest order asymptotic approximations to the
mean numbers of jobs in the fast and slow queues are

E(m) ∼
∞∑

m=0

∞∑
n=0

mp0(m,n)

= λ

ν(1 − λ)

[
(ν − λ − λν)

(1 − λ)
+ λ

(1 − γ − λ)

]
, (3.11)

and

E(n) ∼
∞∑

n=0

nP (n) = λ

(ν − λ − λν)
. (3.12)

We note that the approximation for E(m) increases with γ ,
while that for E(n) is independent of γ .

An intuitive explanation of the above results has been
given by Borst [3], in a more general setting where the ar-
rival and service rates are state-dependent. We repeat his ex-
planations here for the problem under consideration. As the
value of ε becomes smaller, the dynamics of the fast queue
evolve on an increasingly fast time scale compared to the
slow queue. In the limit ε → 0, a complete time scale de-
composition occurs, and the dynamics of the fast queue will
completely average out on the relevant time scale for the
slow queue. Thus the fast jobs take away a constant service
rate equal to the traffic intensity λ, and the slow jobs behave
as in an isolated system with service rate 1 − λ. Hence, the
marginal distribution of the number of jobs in the slow queue
is geometric with parametric λ/(ν(1 − λ)), as in (3.10). In
particular, the marginal distribution is independent of γ .

Conversely, the dynamics of the slow jobs will nearly
vanish as ε → 0 on the relevant time scale for the fast jobs,
which will reach some sort of statistical equilibrium for a
given number of slow jobs. Thus, when there are n jobs in
the slow queue, the fast jobs behave as in an isolated system
with n permanent customers and service rate 1−γ I (n ≥ 1).
The conditional number of fast jobs then follows the distri-
bution of a birth-death process with birth rates λ and death
rates 1 − γ I (n ≥ 1), as in (3.3).

If we expand the generating function in (2.6) in powers
of ε,

F(x, y) = F0(x, y) + εF1(x, y) + O(ε2), (3.13)

we obtain from (2.7) and (2.8),

(1 − γ − λx)F0(x, y)

= (1 − γ )F0(0, y) − γF0(x,0) + γF0(0,0), (3.14)

and

F0(0,0) = 1 − λ

(
1 + 1

ν

)
. (3.15)

It follows that

F0(x,0) = (ν − λ − λν)

ν(1 − λx)
. (3.16)

This is consistent with (3.3), with n = 0.
There are some unfortunate misprints in [6]. Specifi-

cally, the factor F(0,0)
√

μ1/λ1 should appear in the nu-
merator of the expression for u(ρ) in (6.3), and the factor
F(0,0)

√
μ2/λ2 should appear in the numerator of the ex-

pression for v(θ) in (6.6). Also, there should be a factor 2
multiplying the integrals in (6.4) and (6.5). The subscripts
under the square roots in the second expression for K(θ) at
the top of page 340 should be 1 instead of 2. The last defi-
nition below (1.2) should be q = μ2 − μ∗

2. With these cor-
rections we obtained, after some straightforward but tedious
calculations, (3.16) and

F0(0, y) =
[

1 − λ

(
1 + 1

ν

)]

×
{

1 + λ(1 − γ − λ)y

(1 − γ )(1 − λ)[ν(1 − λ) − λy]
}

.

(3.17)

The expressions for F(x,0) and F(0, y) in [8] are in a
more compact form. Surprisingly, however, the evaluation
of F0(x,0) and F0(0, y) took significantly more effort, but
it did lead to (3.16) and (3.17). It follows from (3.14–3.17)
that

F0(x, y) =
[

1 − λ

(
1 + 1

ν

)]

×
{

1

(1 − λx)

+ λ(1 − γ − λ)y

(1 − λ)(1 − γ − λx)[ν(1 − λ) − λy] } .

(3.18)

Then, from (2.6), (3.1) and (3.13), we obtain an expres-
sion for p0(m,n) which agrees with (3.3), where p0(0, n)

is given by (3.6) and (3.10). While it was satisfying to ob-
tain this agreement with the results in [6, 8], it is evident
that the direct approach in this paper is much simpler when
0 < ε � 1.

4 Overloaded fast queue

We now consider the case in which the fast queue is over-
loaded when the slow queue is not empty, corresponding to
λ > 1 − γ . It follows from (3.3) and (3.15) that

p0(m,0) = λmp0(0,0)

= λm

[
1 − λ

(
1 + 1

ν

)]
, m ≥ 0, (4.1)
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and that p0(m,n) = 0 for m ≥ 0, n ≥ 1. Hence, from (2.6),

F0(x, y) = (ν − λ − λν)

ν(1 − λx)
. (4.2)

This cannot hold for x = 1, since F0(1,1) < 1. Conse-
quently, we consider x = 1 − εξ , where ξ = 0(1), and let

F(1 − εξ, y) = 
0(ξ, y) + ε
1(ξ, y) + O(ε2). (4.3)

The determination of 
0(ξ, y) will enable us to obtain an as-
ymptotic approximation to p(ζ/ε,n). From (2.7) and (2.8),
since F0(0, y) = (ν − λ − λν)/ν,
[
(γ − 1 + λ)ξ + (γ ν − λy)

(
1 − 1

y

)]

0(ξ, y)

= γ

[
ν

(
1 − 1

y

)
+ ξ

]

0(ξ,0) −

[
1 − λ

(
1 + 1

ν

)]
ξ.

(4.4)

In particular, since 
0(0,1) = 1,


0(0, y) = (γ ν − λ)

(γ ν − λy)
. (4.5)

Note that γ ν > ν(1 − λ) > λ, from (2.1). Hence,

E(n) ∼ ∂
0

∂y
(0,1) = λ

(γ ν − λ)
, (4.6)

which decreases as γ > 1 − λ increases, to the exact value
λ/(ν − λ) when γ = 1. From (2.5) it follows that

E(m) ∼ λ(γ − 1 + λ)

ε(ν − λ − λν)(γ ν − λ)
, (4.7)

so that the mean number of jobs in the fast queue, and the
corresponding mean waiting time, are O(1/ε).

We will determine 
0(ξ,0) by requiring 
0(ξ, y) to be
analytic for |y| < 1. We define

ω = γ − 1 + λ > 0, (4.8)

and

�(y) = λy2 − (λ + γ ν + ωξ)y + γ ν, (4.9)

and note that the left-hand side of (4.4) vanishes if �(y) = 0.
We next define

η(ξ) = 1

2λ

[
(λ + γ ν + ωξ)

−
√

(λ + γ ν + ωξ)2 − 4λγ ν

]
, (4.10)

where the positive square root is to be taken for ξ ≥ 0. Then
�(η(ξ)) = 0 and �(γ ν/λη(ξ)) = 0. If η(ξ) = eiθ , where θ

is real, then |η(ξ)| = 1 and, from (4.9)

λe2iθ − (λ + γ ν + ωξ)eiθ + γ ν = 0. (4.11)

Hence,

ωξ = −(λ + γ ν)(1 − cos θ) + i(λ − γ ν) sin θ, (4.12)

so that Re ξ ≤ 0, since ω > 0. It follows that |η(ξ)| < 1
and γ ν/λ|η|(ξ)| > 1 for Re ξ > 0, and so �(y) = 0 has the
unique solution y = η(ξ) in |y| < 1.

From (4.4), and the analyticity of 
0(ξ, y) for |y| < 1,
we obtain

γ

{
ν

[
1 − 1

η(ξ)

]
+ ξ

}

0(ξ,0) =

[
1 − λ

(
1 + 1

ν

)]
ξ.

(4.13)

Although the analyticity of the asymptotic approximation is
not ensured by that of the exact solution, (4.13) shows that
its requirement determines 
0(ξ,0). Since �(η(ξ)) = 0, it
follows from (4.8) and (4.9) that
[
(ξ + ν) − ν

η(ξ)

]
[γ (ξ + ν) − λη(ξ)]

= ξ [(1 − λ)ξ + (ν − λ − λν)] . (4.14)

Hence, from (4.13),


0(ξ,0) = (ν − λ − λν)[γ (ξ + ν) − λη(ξ)]
γ ν[(1 − λ)ξ + (ν − λ − λν)] . (4.15)

From (22) in [8], we have verified, with some effort, that
F(x,0) ∼ F0(x,0) for |x| <

√
(1 − γ )/λ and F(0, y) ∼

F0(0, y) for |y| < √
γ ν/λ, where F0(x, y) is given by (4.2).

As noted before, γ ν > λ. From (23) in [8], after significantly
more effort, we have verified that 
(ξ,0) ∼ 
0(ξ,0), as
given by (4.15). Since �(η(ξ)) = 0 and �(γ ν/λη(ξ)) = 0,
(4.8) and (4.9) imply that

(γ ν − λy)(1 − y) − (γ − 1 + λ)ξy

= λ[y − η(ξ)]
[
y − γ ν

λη(ξ)

]
. (4.16)

Hence, from (4.4) and (4.13), we obtain


0(ξ, y) = γ ν
0(ξ,0)

[γ ν − λη(ξ)y] . (4.17)

In particular, from (4.15) and (4.17),


0(ξ,1) = (ν − λ − λν)

[(1 − λ)ξ + (ν − λ − λν)]

×
{

1 + γ ξ

[γ ν − λη(ξ)]
}

. (4.18)

But,

E(m) ∼ −1

ε

∂
0

∂ξ
(0,1), (4.19)
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and the approximation in (4.7) readily follows from (4.18),
since η(0) = 1. Generally, from (4.17),


0(ξ, y) = 
0(ξ,0)

∞∑
n=0

[
λη(ξ)y

γ ν

]n

. (4.20)

But, from (4.10) and (4.15),

lim
ξ→∞η(ξ) = 0, lim

ξ→∞
0(ξ,0) = (ν − λ − λν)

ν(1 − λ)
. (4.21)

Hence, from (4.2), F0(1 − εξ, y) matches with F0(x, y) for
εξ � 1, ξ � 1 and we form a composite asymptotic approx-
imation by adding the two approximations and subtracting
their common part,

F(x, y) ∼ (ν − λ − λν)

ν(1 − λx)
+ 
0

(
1 − x

ε
, y

)

− (ν − λ − λν)

ν(1 − λ)
. (4.22)

For εm = ζ = O(1),

p

(
ζ

ε
,n

)
= επn(ζ )

= ε[π(0)
n (ζ ) + επ(1)

n (ζ ) + O(ε2)], (4.23)

and, from the Euler-Maclaurin summation formula [1]

∞∑
m=0

∞∑
n=0

p(m,n)(1 − εξ)myn − (ν − λ − λν)

ν[1 − λ(1 − εξ)]

∼
∞∑

n=0

∫ ∞

0
e−ξζ π(0)

n (ζ )dζyn

= 
0(ξ, y) − (ν − λ − λν)

ν(1 − λ)
. (4.24)

Hence, from (4.20),
∫ ∞

0
e−ξζ π

(0)
0 (ζ )dζ = 
0(ξ,0) − (ν − λ − λν)

ν(1 − λ)
, (4.25)

and
∫ ∞

0
e−ξζ π(0)

n (ζ )dζ = 
0(ξ,0)

[
λη(ξ)

γ ν

]n

, n ≥ 1. (4.26)

Also, from (4.15),


0(ξ,0) = λ(ν − λ − λν)[γ − (1 − λ)η(ξ)]
γ ν(1 − λ)[(1 − λ)ξ + (ν − λ − λν)]
+ (ν − λ − λν)

ν(1 − λ)
. (4.27)

It remains to invert the Laplace transforms in (4.25) and
(4.26), to obtain expressions for π

(0)
n (ζ ), n ≥ 0.

From (4.10), we have

η(ξ) = 2γ ν
[
(λ + γ ν + ωξ)

+
√

(λ + γ ν + ωξ)2 − 4λγ ν
]−1

. (4.28)

But [5], for l = 1,2, . . .,

(
p +

√
p2 − a2

)−l = l

al

∫ ∞

0
e−pt Il(at)

dt

t
, (4.29)

where Il( ) is a modified Bessel function. Hence,

[
λη(ξ)

γ ν

]l

= l

(
λ

γ ν

)l/2

×
∫ ∞

0
e−ξζ e−(λ+γ ν)ζ/ωIl(2

√
λγ νζ/ω)

dζ

ζ
,

(4.30)

for l = 1,2, . . . . Also,

[(1 − λ)ξ + (ν − λ − λν)]−1

= 1

(1 − λ)

∫ ∞

0
e−ξζ exp

[
− (ν − λ − λν)

(1 − λ)
ζ

]
dζ. (4.31)

We define the convolution integral

Vl(ζ ) = l

(
λ

γ ν

)l/2 ∫ ζ

0
exp

[
− (ν − λ − λν)

(1 − λ)
(ζ − z)

]

× e−(λ+γ ν)z/ωIl(2
√

λγ νz/ω)
dz

z
. (4.32)

Then, for l = 1,2, . . . ,

[
λη(ξ)

γ ν

]l

[(1 − λ)ξ + (ν − λ − λν)]−1

= 1

(1 − λ)

∫ ∞

0
e−ξζ Vl(ζ )dζ. (4.33)

It follows, from (4.25–4.27), (4.30) and (4.32), that

π
(0)
0 (ζ ) = (ν − λ − λν)

ν(1 − λ)

×
{

λ

(1 − λ)
exp

[
− (ν − λ − λν)

(1 − λ)
ζ

]
− νV1(ζ )

}
,

(4.34)

and

π(0)
n (ζ ) = (ν − λ − λν)

ν(1 − λ)

[
λ

(1 − λ)
Vn(ζ ) − νVn+1(ζ )

+ n

ζ

(
λ

γ ν

)n/2

e−(λ+γ ν)ζ/ωIn(2
√

λγ νζ/ω)

]
,

n ≥ 1. (4.35)
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From (4.23), we have the asymptotic approximation to the
joint stationary probabilities

p(m,n) ∼ επ(0)
n (εm), m = O(1/ε), n ≥ 0. (4.36)

5 Critically loaded fast queue

Finally we consider the case in which the fast queue is criti-
cally loaded, corresponding to

γ = 1 − λ + √
ε δ, (5.1)

where δ = O(1) may have either sign. We will restrict our
attention to the calculation of the mean queue lengths. In
particular, we are interested in how the mean fast queue
length changes from O(1) to O(1/ε) as δ changes from a
large negative value to a large positive one. We now expand
in powers of

√
ε, and let

F(0, y) = f0(0, y) + √
ε f1(0, y) + O(ε), (5.2)

and, with x = 1 − √
εu, where u = O(1),

F(1 − √
εu, y) = �0(u, y) + √

ε�1(u, y) + O(ε). (5.3)

Then, if we equate terms of O(
√

ε) in (2.7), we obtain

λf0(0, y) = (1 − λ)[�0(u,0) − f0(0,0)], u �= 0. (5.4)

It follows that

�0(u,0) = f0(0,0)

(1 − λ)
,

(5.5)
f0(0, y) = f0(0,0) = (ν − λ − λν)/ν,

from (2.8).
If we set x = 1 in (2.7) we then obtain

[(1 − λ + √
εδ) − λy/ν][�0(0, y) + √

ε �1(0, y) + O(ε)]
= (1 − λ + √

εδ)[�0(0,0) + √
ε�1(0,0) + O(ε)]

+ (λ − √
εδ){√ε[f1(0,0) − f1(0, y)] + O(ε)}. (5.6)

Hence

(1 − λ − λy/ν)�0(0, y)

= (1 − λ)�0(0,0) = (ν − λ − λν)/ν, (5.7)

from (5.5), and

(1 − λ − λy/ν)�1(0, y)

= (1 − λ)�1(0,0) + δ[�0(0,0) − �0(0, y)]
+ λ[f1(0,0) − f1(0, y)]. (5.8)

But �1(0,1) = 0, since F(1,1) = 1. It follows from (5.7)
and (5.8) that

�1(0, y) = λν

(ν − λν − λy)

{
δ(1 − y)

(ν − λν − λy)

+ f1(0,1) − f1(0, y)

}
. (5.9)

From (5.7),

∂�0

∂y
(0,1) = λ

(ν − λ − λν)
. (5.10)

Hence,

E(n) = λ

(ν − λ − λν)
+ √

ε
∂�1

∂y
(0,1) + O(ε), (5.11)

and, from (2.5),

E(m) = − 1√
εν

∂�1

∂y
(0,1) + O(1). (5.12)

To evaluate ∂�1/∂y(0,1) we need to know f1(0, y), and it
appears that its determination requires complex analysis. We
will make use of the (corrected) results of Fayolle and Iasno-
gorodski [6], and the results of Guillemin and Pinchon [8],
to determine this quantity.

With γ0 = 1 − λ, we define

z(θ) = λ + γ0ν − 2
√

λγ0ν cos θ, (5.13)

and

J (y) = 4λγ0ν

×
∫ π

0

sin2 θ
√

δ2 + 4λz(θ)

z(θ)(γ0ν + λy2 − 2y
√

λγ0ν cos θ)
dθ.

(5.14)

It is shown in Appendix 1 that, for |y| < √
γ0ν/λ,

f1(0,1) − f1(0, y) = (ν − λ − λν)

4πλνγ0
[J (1) − yJ (y)]

− δ(1 − y)

2(ν − λν − λy)
. (5.15)

We note that γ ν ∼ ν(1 − λ) > λ. It follows from (5.9) and
(5.15) that

�1(0, y) = 1

(ν − λν − λy)

{
δλν(1 − y)

2(ν − λν − λy)

+ (ν − λ − λν)

4π(1 − λ)
[J (1) − yJ (y)] } . (5.16)

Hence,

∂�1

∂y
(0,1) = −

{
δλν

2(ν − λ − λν)2
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+ 1

4π(1 − λ)
[J (1) + J ′(1)]

}
, (5.17)

where the prime denotes derivative. From (5.13) and (5.14)
we obtain

J (1) + J ′(1)

= 4λγ0ν(γ0ν − λ)

×
∫ π

0

sin2 θ
√

δ2 + 4λ(γ0ν + λ − 2
√

λγ0ν cos θ)

(γ0ν + λ − 2
√

λγ0ν cos θ)3
dθ.

(5.18)

We first consider the matching, i.e., agreement to lowest
order, with the results in the previous sections for an under-
loaded and for an overloaded fast queue, by analyzing the
regimes

√
ε|δ| � 1, and −δ � 1 and δ � 1, respectively.

Now,

√
δ2 + 4λz(θ) = |δ|

[
1 + 2λ

δ2
z(θ) + O

(
1

δ4

)]
,

|δ| � 1. (5.19)

But [7],

∫ π

0

sin2 θ

(a−1 + a − 2 cos θ)
dθ = πa

2
, |a| < 1. (5.20)

If we differentiate with respect to a we obtain

∫ π

0

sin2 θ

(a−1 + a − 2 cos θ)2
dθ = πa2

2(1 − a2)
,

(5.21)∫ π

0

sin2 θ

(a−1 + a − 2 cos θ)3
dθ = πa3

2(1 − a2)3
, |a| < 1.

It follows from (5.18–5.21), since γ0ν = ν(1 − λ) > λ, that

J (1) + J ′(1) = 2πλν(1 − λ)|δ|
(ν − λ − λν)2

+ 4λ2

|δ| + O

(
1

|δ|3
)

.

(5.22)

From (5.17) and (5.22) we obtain

∂�1

∂y
(0,1) = − λν(δ + |δ|)

2(ν − λ − λν)2
− λ2

(1 − λ)|δ| + O

(
1

|δ|3
)

.

(5.23)

It follows from (5.12) that

E(m) ∼ −λ2

√
εν(1 − λ)δ

, −δ � 1. (5.24)

This matches the result in (3.11) for an underloaded fast
queue, since 1 − γ − λ = −√

εδ � 1. On the other hand,
from (5.12) and (5.23),

E(m) ∼ λδ√
ε(ν − λ − λν)2

, δ � 1. (5.25)

This matches with the result in (4.7) for an overloaded fast
queue, since γ − 1 + λ = √

εδ � 1.
Generally, if we replace the variable θ in (5.18) by z,

where z(θ) is given by (5.13), we obtain

J (1) + J ′(1)

= (γ0ν − λ)

×
∫ (

√
γ0ν+√

λ)2

(
√

γ0ν−√
λ)2

√
[z − (

√
γ0ν − √

λ)2][(√γ0ν + √
λ)2 − z](δ2 + 4λz)

dz

z3
,

(5.26)

which is an elliptic integral. With the help of the transfor-
mation at the top of page 77 in [4], the integral in (5.26)
may be expressed in terms of one involving Jacobian elliptic
functions. This, in turn, may be evaluated by 336.00–336.03
in [4], in terms of complete elliptic integrals of the first, sec-
ond and third kinds. We omit the result since it is not very
illuminating. The integral in (5.26) may be evaluated numer-
ically for prescribed parameter values, and the asymptotic
approximation to E(m) is then given by (5.12) and (5.17).
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Appendix 1

We here use the (corrected) results in Sect. VI of Fayolle and
Iasnogorodski [6] to determine f1(0, y). In their notation,

λ1 = λ, μ1 = 1 − γ, μ∗
1 = 1;

(6.1)
λ2 = ελ, μ2 = εγ ν, μ∗

2 = εν.

Also,

ξ = 1 − γ, ρ∗
1 = λ, ρ∗

2 = λ/ν, (6.2)

F(0,0) is given by (2.8) and, since γ = γ0 + √
εδ and γ0 =

1 − λ,

β = ε(λ + γ ν − 2
√

λγ ν cos θ) = ε[z(θ) + O(
√

ε )], (6.3)

where z(θ) is given by (5.13). It follows that

2λK(θ) = λ1 + μ1 + β

−
√

[(√λ1 + √
μ1)2 + β][(√λ1 − √

μ1)2 + β]
= 2λ − √

ε[δ +
√

δ2 + 4λz(θ) ] + O(ε). (6.4)
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Hence,

ρ∗
1 (μ∗

2 − μ∗
1)[K(θ)]2 + (μ∗

1 − μ∗
2 + λ1 + λ2)K(θ) − μ∗

1

= −
√

εγ0

2λ
[δ +

√
δ2 + 4λz(θ) ] + O(ε). (6.5)

Consequently,

v(θ) = −F(0,0)
√

λ2μ2 sin θK(θ)

{ρ∗
1 (μ∗

2−μ∗
1)[K(θ)]2+(μ∗

1−μ∗
2+λ1+λ2)K(θ)−μ∗

1}ξ

=
√

ε(ν − λ − λν)

2
√

λγ0νz(θ)
sin θ [

√
δ2 + 4λz(θ) − δ] + O(ε).

(6.6)

Hence, for |y| < √
γ ν/λ,

F(0, y) − F(0,0)

= 2

π

√
λγ νy

∫ π

0

sin θv(θ)

(γ ν + λy2 − 2y
√

λγ ν cos θ)
dθ

=
√

ε

π
(ν − λ − λν)y

×
∫ π

0

sin2 θ [√δ2 + 4λz(θ) − δ]
z(θ)(γ0ν + λy2 − 2y

√
λγ0ν cos θ)

dθ + O(ε).

(6.7)

But, from (5.13), (5.20) with the help of partial fractions for
y �= 1, and (5.21) for y = 1,

∫ π

0

sin2 θ

z(θ)(γ0ν + λy2 − 2
√

λγ0ν cos θ)
dθ

= π

2γ0ν(γ0ν − λy)
, |y| < √

γ0ν/λ. (6.8)

Hence, from (5.2), (5.14), (6.7) and (6.8),

f1(0, y) = (ν − λ − λν)

4πλνγ0
y

[
J (y) − 2πλδ

(γ0ν − λy)

]
,

|y| < √
γ0ν/λ. (6.9)

The result in (5.15) follows, since γ0 = 1 − λ.
We show in Appendix 2 that the expression for F(0, y)

in [8] leads to the asymptotic approximation in (6.7), al-
though it takes somewhat more effort than the above deriva-
tion does.

Appendix 2

We here show that the expression for F(0, y) in [8] leads
to the asymptotic approximation in (6.7). This requires the
evaluation of several quantities. In the notation of [8],

λ0 = λ, μ0 = 1, φ0 = 1 − γ ;
λ1 = ελ, μ1 = εν, φ1 = γ. (7.1)

Hence, with

D = λ + 1 − γ + ε(λ + γ ν), (7.2)

we have

p0 = λ/D, q0 = (1 − γ )/D,

p1 = ελ/D, q1 = εγ ν/D. (7.3)

It follows from (5.1), after some algebra, that

s− = 1

2p0

[
1 + 2

√
p1q1 −

√
(1 + 2

√
p1q1 )2 − 4p0q0

]

= 1 −
√

ε

2λ

[
δ +

√
δ2 + 4λ(

√
γ0ν + √

λ )2
] + O(ε),

(7.4)

where, as before γ0 = 1 − λ, and

σ− = 1

2p0

[
1 − 2

√
p1q1 −

√
(1 − 2

√
p1q1 )2 − 4p0q0

]

= 1 −
√

ε

2λ

[
δ +

√
δ2 + 4λ(

√
γ0ν − √

λ )2
] + O(ε).

(7.5)

Next, from (7.2) and (7.3),

D(p0x
2 − x + q0) = (1 − γ − λx)(1 − x) − ε(λ + γ ν)x.

(7.6)

But [8],

�(x;1) = (p0x
2 − x + q0)

2 − 4p1q1x
2. (7.7)

After some further algebra it is found that

√−�(1 − √
εu;1)

= ε

2λ

√
[(√γ0ν + √

λ )2 − u(λu − δ)][u(λu − δ) − (
√

γ0ν − √
λ )2]

+O(ε3/2), (7.8)

and

p0(1 − √
εu)2 − q0 =

√
ε

2λ
(δ − 2λu) + O(ε). (7.9)

Also [8],

−K1(x, y) = x(p1y
2 + q1) + y(p0x

2 − x + q0), (7.10)

and it is found that

K1(1 − √
εu, y)

= − ε

2λ
[(1 − y)(γ0ν − λy) + yu(λu − δ)] + O(ε3/2).

(7.11)
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Next [8],

Q0(x) = p0

(
1 − φ0q1

φ1q0

)
x2

−
(

1 − q1 + φ1

φ0
q0 − q1

φ1

)
x + q0

φ0
, (7.12)

which after some more algebra leads to

Q0(1 − √
εu) = √

ε
(1 − λ)

2λ
u + O(ε). (7.13)

Finally [8], for |y| < √
γ ν/λ,

F(0, y) − F(0,0)

= (ν − λ − λν)

2π(1 − γ )ν
y

∫ σ−

s−

(p0x
2 − q0)

√−�(x;1)

xQ0(x)K1(x, y)
dx.

(7.14)

If we let x = 1 − √
εu in (7.14), and use (7.4), (7.5), (7.8),

(7.9), (7.11) and (7.13), we obtain

F(0, y) − F(0,0)

=
√

ε(ν − λ − λν)

2πλγ0ν
y

×
∫ 1

2λ
[δ+

√
δ2+4λ(

√
γ0ν+√

λ)2]
1

2λ
[δ+

√
δ2+4λ(

√
γ0ν−√

λ)2]
I (u, y)du + O(ε),

(7.15)

where

I (u, y)

= (2λu−δ)

√
[u(λu−δ)−(

√
γ0ν−√

λ)2][(√γ0ν+√
λ)2−u(λu−δ)]

u[(1−y)(γ0ν−λy)+yu(λu−δ)] .

(7.16)

The transformation

2λu = δ +
√

δ2 + 4λz (7.17)

leads to

F(0, y) − F(0,0)

=
√

ε(ν − λ − λν)

πγ0ν
y

×
∫ (

√
γ0ν+√

λ)2

(
√

γ0ν−√
λ)2

√
[z − (

√
γ0ν − √

λ)2][(√γ0ν + √
λ)2 − z]

(δ + √
δ2 + 4λz)[(1 − y)(γ0ν − λy) + yz] dz

+ O(ε). (7.18)

If we replace the variable θ in (6.7) by z, where z(θ) is given
by (5.13), we obtain (7.18).
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