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Abstract This paper studies the tail behavior of the funda-
mental period in the MAP/G/1 queue. We prove that if the
service time distribution has a regularly varying tail, then
the fundamental period distribution in the MAP/G/1 queue
has also regularly varying tail, and vice versa, by finding
an explicit expression for the asymptotics of the tail of the
fundamental period in terms of the tail of the service time
distribution. Our main result with the matrix analytic proof
is a natural extension of the result in (de Meyer and Teugels,
J. Appl. Probab. 17: 802–813, 1980) on the M/G/1 queue
where techniques rely heavily on analytic expressions of rel-
evant functions.
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1 Introduction

We consider a MAP/G/1 queueing system, where customers
arrive according to a Markovian arrival process (MAP) with
a representation (C,D) and service times are independent
and identically distributed with a distribution function B̃ .
The underlying Markov process of the MAP is denoted by
{J (t) : t ≥ 0}, which has the Q-matrix C + D and state
space {1, . . . ,m}. The service policy is assumed to be work
conserving. Though the order of service is not essential in
this work, the ‘first-come-first-served’ policy is assumed for
simplicity of description.

Let N(t), t ≥ 0, be the number of customers in the
system at time t . Then {(N(t), J (t)) : t ≥ 0} becomes
a Markov regenerative process with service completion
points as Markov renewal epochs. Let Tn be the nth ser-
vice completion epoch. Then the semi-Markov kernel P =
(P(k,i)(l,j)(x)), k, l = 0,1,2, . . . , i, j = 1, . . . ,m, x ≥ 0, de-
fined as

P(k,i)(l,j)(x) = P
(
(N(Tn+1), J (Tn+1)) = (l, j),

Tn+1 − Tn ≤ x | (N(Tn), J (Tn)) = (k, i)
)

is given by

P(x) =

⎡

⎢⎢⎢⎢
⎢⎢⎢
⎣

Ã0(x) Ã1(x) Ã2(x) Ã3(x) . . .

A0(x) A1(x) A2(x) A3(x) . . .

0 A0(x) A1(x) A2(x) . . .

0 0 A0(x) A1(x) . . .

. . .
. . .

. . .

⎤

⎥⎥⎥⎥
⎥⎥⎥
⎦

,
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where Ak(x), k = 0,1,2, . . . , x ≥ 0, are m × m matrices
determined by
∞∑

k=0

Ak(x)zk =
∫ x

0
e(C+Dz)y dB̃(y), |z| ≤ 1, (1)

and

Ãk(x) =
∫ x

0
eCyDAk(x − y)dy.

When N(Tn) = k ≥ 1, the duration from Tn till the first hit-
ting time of k −1 for N(t), t ≥ Tn, is called the fundamental
period whose distribution is independent of k and n.

The object of this paper is to investigate the regularly
varying tail behavior of the fundamental period distribution
in the MAP/G/1 queue. Our topic is motivated by de Meyer
and Teugels [7] and Zwart [13], where regularly varying tail
behavior of busy period distribution was studied for M/G/1
queue and GI/G/1 queue, respectively. We prove that if the
service time distribution has a regularly varying tail then
the fundamental period distribution in the MAP/G/1 queue
has also regularly varying tail of the same index, and vice
versa. Our matrix analytic proof is substantially inspired by
de Meyer and Teugels [7] in the context of Abelian and
Tauberian arguments. It turns out that the matrix computa-
tions involved are challenging, meaningful, and interesting
in our judgment. Another possible way for the proof of our
result is to employ a sample path approach that was used
in Zwart [13]. The sample path approach is an attractive
and modern technique that may provide an elegant proof for
some part of our result. Actually the authors are sure that
the sample path approach is suitable for the proof of one
direction of the result: if the service time distribution has a
regularly varying tail, then so does the fundamental period
distribution in the MAP/G/1 queue. However, it seems to be
very hard to employ the sample path approach to prove that
the regularly varying tail of the fundamental period distribu-
tion in the MAP/G/1 queue implies the regularly varying tail
of the service time distribution.

The tail behavior of the busy period in single server
queues has been studied by many authors. Abate and Whitt
[1] studied the tail behavior of the busy period in an
M/G/1 queue under Cramér-type assumption. De Meyer and
Teugels [7] proved that the busy period distribution in an
M/G/1 queue has a regularly varying tail if and only if the
service time distribution has a regularly varying tail. Our
main result extends de Meyer and Teugels [7] to MAP/G/1
queue. Zwart [13] generalized de Meyer and Teugels [7] to
GI/G/1 queue in different context. He showed that if the ser-
vice time B in the GI/G/1 queue has a regularly varying tail
distribution, then so is the busy period P with

P(P > x) ∼ EZ P(B > (1 − ρ)x), as x → ∞, (2)

where Z is the number of number of customers served dur-
ing a busy period and ρ is the offered load. It is worthwhile

to compare the insightful and probabilistic techniques em-
ployed in Zwart [13], and the analytic proofs in [7] and in
our work. Asmussen [2] showed that (2) does not hold if the
service time B has a tail lighter than e−√

x . Jelenković and
Momčilović [8] proved that (2) holds in a GI/G/1 queue if
the service time B has a subexponential distribution with
tail heavier than e−√

x but lighter than any polynomial.
Baltrūnas et al. [3] also exploited the tail behavior of the
busy period of the GI/G/1 queue with subexponential ser-
vice time distribution under some assumptions.

2 Main result

Recall a MAP/G/1 queueing system, where customers ar-
rive according to a MAP with a representation (C,D). We
assume that the underlying Markov process {J (t) : t ≥ 0} of
the MAP is irreducible with state space {1, . . . ,m}. Let π

be the stationary probability vector of {J (t) : t ≥ 0}, which
is given by a unique solution of π(C + D) = 0 and πe = 1,
where e is the m-dimensional column vector with all ones.
Denote by λ the fundamental arrival rate of the MAP, i.e,
λ = πDe. Service times are assumed to be independent and
identically distributed. Let B be the generic random variable
representing a service time and B̃ the distribution function
of B . We assume that B has a finite mean β and that the
stability condition ρ ≡ λβ < 1 holds.

Let V (t), t ≥ 0, be the unfinished work in the sys-
tem at time t . Then {(V (t), J (t)) : t ≥ 0} is a Markov
process. Let us denote by P(v,i) the probability measure
given (V (0), J (0)) = (v, i), and by E(v,i) the expectation
with respect to P(v,i). Let τ be the first hitting time of 0 for
{V (t) : t ≥ 0}, i.e.,

τ ≡ inf{t ≥ 0 : V (t) = 0}.
Define m×m matrix-valued functions G̃v and G̃ as, for 1 ≤
i, j ≤ m and t ≥ 0,

G̃v
ij (t) ≡ P(v,i){τ ≤ t, J (τ ) = j} and

G̃ij (t) ≡ P
(B̃,i)

{τ ≤ t, J (τ ) = j},
where P

(B̃,i)
is the probability measure defined as P

(B̃,i)
(·) ≡

∫
[0,∞)

P(v,i)(·) dB̃(v).
When V (0) = B in distribution and J (0) = i, it can be

shown that the distribution of τ is the same as that of the
fundamental period with the underlying Markov process of
the MAP starting at i. By a slight abuse of terminology, we
call τ the fundamental period when V (0) = B in distrib-
ution. Hence, for each i ∈ {1, . . . ,m}, the distribution on
R × {1, . . . ,m} induced by G̃ij (t), t ∈ R, j ∈ {1, . . . ,m},
in the usual way is the conditional joint distribution of a
fundamental period τ and J (τ) given J (0) = i. Moreover,∑m

j=1 G̃ij (t), t ∈ R, is the distribution function of the busy
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period that starts with the underlying Markov process of the
MAP at i, for each i ∈ {1, . . . ,m}. Also, the distribution
function of an arbitrary busy period is obtained as follows:
Let κi be the probability that the underlying Markov process
of the MAP is at i immediately after the beginning of a busy
period. Then the distribution function T̃ of an arbitrary busy
period is given by

T̃ (t) =
m∑

i=1

m∑

j=1

κiG̃ij (t) = κG̃(t)e, (3)

where κ ≡ (κ1, . . . , κm).
For the sake of simplicity of notation, let G ≡ G̃(∞).

It is well known that G satisfies G = ∑∞
k=0 Ak(∞)Gk ,

where Ak(∞), k = 0,1,2, . . . , are determined by (1). Since
A0(∞) = ∫ ∞

0 eCt dB̃(t), (A0(∞))jj > 0, j = 1, . . . ,m.
Hence Gjj ≥ (A0(∞))jj > 0, j = 1, . . . ,m. Since C + D

is irreducible,
∑∞

k=0 Ak(∞) = ∫ ∞
0 e(C+D)t dB̃(t) is a pos-

itive matrix. Therefore, for every i and j , there is l such
that (Al(∞))ij > 0. Hence Gij = ∑∞

k=0(Ak(∞)Gk)ij ≥
(Al(∞))ij (Gjj )

l > 0. Therefore G is a positive matrix. Let
g ≡ (g1, . . . , gm) denote the stationary probability vector
of G.

Now we state the main theorem which classifies the
heavy tail behaviors of the service time distribution and that
of the fundamental period distribution. The proof is given
in Sect. 4. In what follows, o(f (t)), as t → ∞ (t → 0,
respectively), denotes a function whose ratio to f (t) van-
ishes as t → ∞ (t → 0, respectively). Denote by O(f (t)),
as t → ∞ (t → 0, respectively), a function whose ratio to
f (t) has finite lim sup and lim inf as t → ∞ (t → 0, re-
spectively). By a little abuse of notation, a matrix-valued or
vector-valued function is also denoted by o(f (t)) (O(f (t)),
respectively) if all of its components are o(f (t)) (O(f (t)),
respectively).

Theorem 1 Let L be a slowly varying function and α > 1.
Then the following are equivalent:

(i) 1 − B̃(t) = ct−αL(t) + o(t−αL(t)), as t → ∞, for
some c ≥ 0.

(ii) G − G̃(t) = Ht−αL(t) + o(t−αL(t)), as t → ∞, for
some m × m nonnegative matrix H .

In either case, c and H are related as follows:

H = c(1 − ρ)−αμg, (4)

where

μ ≡ (eg − C − D − DG + GD − βegD)−1e. (5)

Remark The intuitive meaning of μ is given in Lemma 3.

It is interesting to establish the analogous results for an
arbitrary busy period and a busy period starting at a fixed un-
finished work when the service time is regularly varying. We

present two corollaries which are more intrinsic and subtle.
The proofs are deferred to Appendices 4 and 5, respectively.

Corollary 1 Let L be a slowly varying function. Suppose
that α > 1 and c ≥ 0. If

1 − B̃(t) = ct−αL(t) + o(t−αL(t)), as t → ∞,

then the distribution function T̃ of an arbitrary busy period
satisfies

1 − T̃ (t) = dt−αL(t) + o(t−αL(t)), as t → ∞,

where

d = c(gDe)−1λ(1 − ρ)−α−1.

Corollary 2 Let L be a slowly varying function. Suppose
that α > 1, c ≥ 0 and v > 0. If

1 − B̃(t) = ct−αL(t) + o(t−αL(t)), as t → ∞,

then

e(C+DG)v − G̃v(t) = Hvt
−αL(t) + o(t−αL(t)),

as t → ∞,

where

Hv = c(1 − ρ)−α

∫ v

0
e(C+DG)x dx Dμg. (6)

Remark (i) The matrix
∫ v

0 e(C+DG)x dx on the right hand
side of (6) is written as
∫ v

0
e(C+DG)x dx

= (
veg + I − e(C+DG)v

)
(eg − C − DG)−1.

(ii) The ith component of the column vector
∫ v

0 e(C+DG)x

dx Dμ is the mean number of arrivals before the system be-
comes empty given V (0) = v and J (0) = i.

3 Preliminaries

First we introduce notation related to the Laplace Stieltjes
Transform (LST) of the fundamental period distribution. Let
G be the LST of G̃, i.e.,

G(s) ≡
∫

[0,∞)

e−st dG̃(t), s ≥ 0. (7)

Since G is a positive matrix, so is G(s) for all s ≥ 0. More-
over, it can be rewritten (see, for example, (50) in [10]) as

G(s) =
∫

[0,∞)

e[−sI+C+DG(s)]t dB̃(t), s ≥ 0. (8)



4 Queueing Syst (2007) 57: 1–18

This exponential representation leads to an explicit and con-
venient formula which relates B̃ and G̃. Since the Q-matrix
C + D is irreducible and G(s) is positive for s ≥ 0, C +
DG(s) is an irreducible ML matrix for s ≥ 0. (See p. 46 in
[12] for the definition of an irreducible ML matrix.) Hence
−sI + C + DG(s), s ≥ 0, is also an irreducible ML matrix.
For s ≥ 0, let −χ(s) be the eigenvalue of −sI +C +DG(s)

with the largest real part. It is well known that the eigenvalue
with the largest real part has the algebraic multiplicity 1 for
an irreducible ML matrix. Therefore the right eigenvector of
−sI + C + DG(s) corresponding to the eigenvalue −χ(s)

is unique up to scalar multiplication. Denote by ξ(s), s ≥ 0,
the right eigenvector of −sI + C + DG(s) normalized by

gξ(s) = 1. (9)

Then we have

(−sI + C + DG(s))ξ(s) = −χ(s)ξ(s), s ≥ 0. (10)

Equations (9) and (10) are equivalent to

[
χ(s)I − sI + C + DG(s) + eg

]
ξ(s) = e, s ≥ 0. (11)

Since ξ(s), s ≥ 0, is uniquely determined by (9) and (10),
the square matrix χ(s)I − sI +C +DG(s)+eg is invertible
for all s ≥ 0 and

ξ(s) = [
χ(s)I − sI + C + DG(s) + eg

]−1e, s ≥ 0. (12)

By (8),

G(s)ξ(s) = B(χ(s))ξ(s), s ≥ 0, (13)

where B is the LST of B̃ , i.e., B(s) ≡ ∫
[0,∞)

e−st dB̃(t),
s ≥ 0. Premultiplying g to both sides of (13) leads to

gG(s)ξ(s) = B(χ(s)), s ≥ 0. (14)

Now we present two well-known lemmas modified into
a suitable form for our purpose. We expect that only
slight modification is required for the proofs. (See The-
orem 8.1.6 in [4] and Theorem 2 in [6].) Let M be the
collection of all nondecreasing and right continuous func-
tions F : R → R such that F(x) = 0, x < 0, and F(∞) ≡
limx→∞ F(x) < ∞.

Lemma 1 Let F ∈ M, and denote by F the LST of F . Sup-
pose that α > 1 is not an integer and n ≡ 
α�, the integer
part of α. Let L be a slowly varying function and a ≥ 0.
Then the following are equivalent:

(i) F(∞) − F(x) = ax−αL(x) + o(x−αL(x)), as
x → ∞.

(ii) F(s) = ∑n
i=0 Fi s

i − a�(1 − α)sαL( 1
s
) + o(sαL( 1

s
)),

as s → 0+, for some Fi ∈ R, 0 ≤ i ≤ n.

Proof A slight modification of Theorem 8.1.6 in [4] proves
the lemma. �

Lemma 2 Let F ∈ M, and denote by F the LST of F . For
n a positive integer, b a nonnegative real number and L

a slowly varying function, suppose that

F(∞) − F(t) = b t−nL(t) + o(t−nL(t)),

as t → ∞. (15)

Then the following hold:

(i) F(s) is written as

F(s) =
n−1∑

i=0

Fi s
i + (−1)n

(n − 1)! s
nL̃

(
1

s

)
, s > 0,

for some Fi ∈ R, 0 ≤ i ≤ n− 1, and a function L̃ such
that

lim
x→∞

L̃(tx) − L̃(x)

L(x)
= b log t (16)

uniformly in t on every compact subset of (0,∞).
(ii) Suppose K ∈ M, and denote by K the LST of K . If

lim
s→0+

K(s) − aF(s) + ∑n
i=0 θis

i

snL( 1
s
)

= 0, (17)

for some a ≥ 0 and θi ∈ R, i = 0, . . . , n, then

K(∞) − K(t) = ab t−nL(t) + o(t−nL(t)),

as t → ∞.

Proof We defer the proof until Appendix 1. �

The following lemma is on the first moments of some
quantities related to the fundamental period.

Lemma 3

(i) The matrix eg − C − D − DG + GD − βegD is in-
vertible.

(ii) The ith component μi of μ ≡ (eg − C − D − DG +
GD − βegD)−1e is 1 plus the mean number of
arrivals during a fundamental period starting with
J (0) = i, 1 ≤ i ≤ m.

(iii) gμ = 1
1−ρ

.

(iv) g
∫ ∞

0 t dG̃(t)e = β
1−ρ

.

(v) gDμ = λ
1−ρ

.

Proof Proofs of (i) and (ii) are given in Appendices 2 and 3,
respectively. Equations (iii) and (iv) are given in (3.1.14)
in [11].
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Now we prove (v). By (5),

(eg − C − D − DG + GD − βegD)μ = e.

Premultiplying g to the above equation leads to gμ− g(C +
DG)μ + g(G − I )Dμ − βgDμ = 1. The identities g(C +
DG) = 0, g(G − I ) = 0 and (iii) complete the proof. �

Remark The column vector μ is also written as (see Theo-
rem 3.1.1 in [11])

μ = (I − G + eg)(I − A + (e − β̃)g)−1e,

where A ≡ ∫ ∞
0 e(C+D)t dB̃(t) and β̃ ≡ ∫ ∞

0 e(C+D)tDe(1 −
B̃(t)) dt = (βeπ + I − A)(eπ − C − D)−1De.

Before we prove our main result, we need to establish a
preliminary weak result. It is well known that the kth mo-
ment of the service time in a stable M/G/1 queue is finite if
and only if the kth moment of the busy period is finite for
k = 1,2, . . . . See, for example, Lemma 3 in [7]. It is natural
to expect that the analogous result holds for the MAP/G/1
queues. Beforehand we need a technical lemma with its own
interests regarding the relevant eigenvalue and the corre-
sponding eigenvector.

Lemma 4 Let k be a positive integer. Suppose that∫ ∞
0 xk dG̃ij (x) < ∞, for all 1 ≤ i, j ≤ m.

(i) The eigenvalue −χ(s) of −sI + C + DG(s), s ≥ 0,
with the largest real part satisfies

χ(s) =
k∑

l=1

χls
l + o(sk), as s → 0+, (18)

for some χl ∈ R, 1 ≤ l ≤ k. Further, χ1 = (1 − ρ)−1.
(ii) The right eigenvector ξ(s) of −sI +C+DG(s), s ≥ 0,

corresponding to the eigenvalue −χ(s) and normal-
ized by (9) satisfies

ξ(s) = e +
k∑

l=1

ξls
l + o(sk), as s → 0+, (19)

for some m-dimensional column vectors ξl , 1 ≤ l ≤ k.

Proof By (7), G is C∞ on (0,∞). Further, it is Ck on
[0,∞). (See Remark below.) Since −χ(s) is an eigenvalue
of −sI + C + DG(s), s ≥ 0,

det
(
χ(s)I − sI + C + DG(s)

) = 0, s ≥ 0.

The eigenvalue −χ(s) of −sI + C + DG(s) has the alge-
braic multiplicity 1, and −sI +C +DG(s) is Ck on [0,∞).
Therefore, by the implicit function theorem, −χ(s) is also
Ck on [0,∞). Thus, (18) is derived.

Since (C +DG(0))e = (C +DG)e = 0, the column vec-
tor e is a right eigenvector of (C +DG(0)). Hence ξ(0) = e.
By (12), ξ(s) is Ck on [0,∞). Thus (19) is derived.

By differentiating (14) at s = 0+, we obtain gG1e +
gξ1 = −βχ1, where G1 ≡ d

ds
G(s)|s=0+ = − ∫ ∞

0 x dG̃(x).
By taking derivative of (9) at s = 0+, gξ1 = 0. Therefore
χ1 = 1

β
g
∫ ∞

0 x dG̃(x)e, which is (1−ρ)−1 by Lemma 3(iv).
�

Remark The statement “the matrix function G is Ck on
[0,∞)” means that there exists ε > 0 such that G can be
extended to a Ck matrix function on (−ε,∞). This does not
imply that the right hand side of (7) is finite for some s < 0.

Theorem 2 For k = 1,2,3, . . . , the following are equiva-
lent:

(i)
∫ ∞

0 xk dB̃(x) < ∞.
(ii)

∫ ∞
0 xk dG̃ij (x) < ∞, for all 1 ≤ i, j ≤ m.

Proof (i) ⇒ (ii): It is known that (ii) holds for k = 1 (see,
for example, Chap. 3 in [11]). Now we assume that (ii) holds
for k = l ≥ 1 and that (i) holds for k = l + 1. The proof is
completed by induction on k if we derive (ii) for k = l + 1.
Since (i) holds for k = l + 1, B(s) is expressed as

B(s) = 1 − βs +
l+1∑

i=2

Bi s
i + o(sl+1), as s → 0+, (20)

for some Bi , 2 ≤ i ≤ l + 1. By substituting (20) into (13),

G(s)ξ(s) =
(

1 − βχ(s) +
l+1∑

i=2

Bi (χ(s))i + o
(
(χ(s))l+1)

)

× ξ(s),

as s → 0+. (21)

Since (ii) holds for k = l, G(s) is expressed as

G(s) =
l∑

i=0

Gi s
i + G∗

l (s), s ≥ 0, (22)

where Gi , 0 ≤ i ≤ l, and G∗
l (s), s ≥ 0, are m × m matri-

ces, and G∗
l (s) = o(sl), as s → 0+. Note that G0 = G. By

Lemma 4,

χ(s) =
l∑

i=1

χis
i + χ∗

l (s), s ≥ 0, (23)

ξ(s) =
l∑

i=0

ξis
i + ξ∗

l (s), s ≥ 0, (24)

where χi ∈ R, 1 ≤ i ≤ l, χ∗
l (s) ∈ R, s ≥ 0, and χ∗

l (s) =
o(sl), as s → 0+, and ξi , 0 ≤ i ≤ l, and ξ∗

l (s), s ≥ 0,
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are m-dimensional column vectors, and ξ∗
l (s) = o(sl), as

s → 0+. Note that χ1 = (1 − ρ)−1 and ξ0 = e by Lemma 4.
By substituting (22–24) into (21), and comparing o(sl)

terms,

Gξ∗
l (s) + G∗

l (s)e = ξ∗
l (s) − βχ∗

l (s)e + O(sl+1),

as s → 0+. (25)

By substituting (22–24) into (10) and comparing o(sl)

terms,

(C + DG)ξ∗
l (s) + DG∗

l (s)e = −χ∗
l (s)e + O(sl+1),

as s → 0+. (26)

By the identity (G− I ) = −(eg −C −DG)−1(G− I )(C +
DG) and (26),

(G − I )ξ∗
l (s)

= −(eg − C − DG)−1(G − I )(C + DG)ξ∗
l (s)

= (eg − C − DG)−1(G − I )DG∗
l (s)e + O(sl+1),

as s → 0+. (27)

By (25) and (27),

(
I + (eg − C − DG)−1(G − I )D

)
G∗

l (s)e

= −βχ∗
l (s)e + O(sl+1), as s → 0+.

Premultiplying eg −C −DG to the above equation leads to

(eg − C − DG + GD − D)G∗
l (s)e = −βχ∗

l (s)e + O(sl+1),

as s → 0+. (28)

By premultiplying g to (26),

gDG∗
l (s)e = −χ∗

l (s) + O(sl+1), as s → 0+. (29)

Substituting (29) into (28) leads to

(eg − C − DG + GD − D − βegD)G∗
l (s)e = O(sl+1),

as s → 0+.

Therefore, by Lemma 3(i), G∗
l (s)e = O(sl+1), as s → 0+,

which implies (ii) for k = l + 1.
(ii) ⇒ (i): This direction is immediate from

B̃(x) ≥
m∑

j=1

G̃ij (x), x ≥ 0, i = 1, . . . ,m.
�

The following lemma provides a crucial role in estab-
lishing the proof of Theorem 1. They are resemblant to
Lemma 4 which is employed in the process of proving The-
orem 2.

Lemma 5 Suppose that (ii) in Theorem 1 holds and that
α > 1 is not an integer. Let n = 
α�, the integer part of α.

(i) The eigenvalue −χ(s) of −sI + C + DG(s), s ≥ 0,
with the largest real part satisfies

χ(s) =
n∑

i=1

χis
i + χαsαL

(
1

s

)
+ o

(
sαL

(
1

s

))
,

as s → 0+, (30)

for some χi ∈ R, 1 ≤ i ≤ n and χα ∈ R. Further, χ1 =
(1 − ρ)−1.

The inverse function of χ , denoted by χ−1 : [0,∞)

→ [0,∞), satisfies

χ−1(y) =
n∑

i=1

χ̃iy
i + χ̃αyαL

(
1

y

)
+ o

(
yαL

(
1

y

))
,

as y → 0+, (31)

for some χ̃i ∈ R, 1 ≤ i ≤ n and χ̃α ∈ R. Further, χ̃1 =
(1 − ρ).

(ii) The right eigenvector ξ(s) of −sI +C+DG(s), s ≥ 0,
corresponding to the eigenvalue −χ(s) and normal-
ized by (9) satisfies

ξ(s) = e +
n∑

i=1

ξis
i + ξαsαL

(
1

s

)
+ o

(
sαL

(
1

s

))
,

as s → 0+, (32)

for some m-dimensional column vectors ξi , 1 ≤ i ≤ n,
and ξα .

Proof (i) The eigenvalue −χ(s) satisfies

det[χ(s)I − sI + C + DG(s)] = 0, s ≥ 0. (33)

By Lemma 4, χ(s) can be written as

χ(s) =
n∑

i=1

χis
i + χ∗

n (s), s ≥ 0, (34)

where χ1 = (1 − ρ)−1, χi ∈ R, 2 ≤ i ≤ n, and χ∗
n (s) =

o(sn), as s → 0+. By the condition (ii) in Theorem 1 and
Lemma 1,

G(s) =
n∑

i=0

Gi s
i − �(1 − α)HsαL

(
1

s

)
+ o

(
sαL

(
1

s

))
,

as s → 0+, (35)

for some m×m matrices Gi , 0 ≤ i ≤ n. By substituting (34)
and (35) into (33),
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det

(

χ∗
n (s)I − sI + (C + DG) +

n∑

i=1

(χiI + DGi )s
i

− �(1 − α)DHsαL

(
1

s

))

= o

(
sαL

(
1

s

))
,

as s → 0+, which leads to

det
(
χ∗

n (s)I + (C + DG)
)

=
n∑

i=1

γis
i + γαsαL

(
1

s

)
+ o

(
sαL

(
1

s

))
,

as s → 0+, (36)

for some γi ∈ R, 1 ≤ i ≤ n, and γα ∈ R. Let 0, a2, . . . , am

be the eigenvalues of C + DG, written with repetition by

multiplicities. Then, the left hand side of (36) becomes
χ∗

n (s)
∏m

i=2(χ
∗
n (s) + ai), which is χ∗

n (s)(
∏m

i=2 ai + o(sn)),
as s → 0+, because χ∗

n (s) = o(sn), as s → 0+. Therefore
(36) leads to

χ∗
n (s) =

(
m∏

i=2

ai

)−1

γαsαL

(
1

s

)
+ o

(
sαL

(
1

s

))
,

as s → 0+,

and (30) is obtained.
By the inverse value theorem, χ−1 is Cn on [0,∞). Ex-

press χ−1(y) as

χ−1(y) =
n∑

i=1

χ̃iy
i + χ̃∗

n (y), y ≥ 0,

where χ̃i ∈ R, 1 ≤ i ≤ n, and χ̃∗
n is a function such that

χ̃∗
n (y) = o(yn), as y → 0+. Then,

y = χ(χ−1(y))

=
n∑

i=1

χi

(
n∑

j=1

χ̃j y
j + χ̃∗

n (y)

)i

+ χα

(
n∑

j=1

χ̃j y
j + χ̃∗

n (y)

)α

L

(
1

y

)
+ o

(
yαL

(
1

y

))
, as y → 0+,

= χ1

(
n∑

j=1

χ̃j y
j + χ̃∗

n (y)

)

+
n∑

i=2

χi

((
n∑

j=1

χ̃j y
j

)i

+ o(yn+1)

)

+ χα(χ̃1y(1 + o(1)))αL

(
1

y

)
+ o

(
yαL

(
1

y

))
, as y → 0+.

Hence, for some ri ∈ R, 2 ≤ i ≤ n,

y = χ1χ̃1y +
n∑

i=2

riy
i + χ1χ̃

∗
n (y) + χαχ̃α

1 yαL

(
1

y

)

+ o

(
yαL

(
1

y

))
,

as y → 0+.

Therefore χ1χ̃1 = 1, ri = 0, 2 ≤ i ≤ n, and χ̃∗
n (y) =

−χαχ̃α
1

χ1
yαL( 1

y
)+ o(yαL( 1

y
)), as y → 0+. Thus, the proof is

completed.
(ii) Substituting (30) and (35) into (12) leads to (32). �

4 Proof of Theorem 1

The proof of Theorem 1 proceeds based on two separate ar-
guments:

• (i) implies (ii) and (4).
• (ii) implies (i).

To make clear, we explain two procedures separately in the
following subsections.

4.1 (i) implies (ii) and (4).

We prove the assertion by showing that for all 1 ≤ i, j ≤ m,

lim
t→∞

m∑

j=1

Gij − G̃ij (t)

t−αL(t)
= c(1 − ρ)−αμi,

lim inf
t→∞

Gij − G̃ij (t)

t−αL(t)
≥ c(1 − ρ)−αμigj .

The former is proved in Lemma 6 and the latter is proved in
Lemma 7.

Lemma 6 If (i) in Theorem 1 holds, then

e − G̃(t)e = c(1 − ρ)−αμt−αL(t) + o(t−αL(t)),

as t → ∞. (37)
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Proof We deal with two cases separately: ‘α is not an inte-
ger’ and ‘α is an integer’.

Case 1 α > 1 is not an integer.

Let n = 
α�, the integer part of α. By Lemma 1, B(s) is
expressed as

B(s) = 1 − βs +
n∑

i=2

Bi s
i − c�(1 − α)sαL

(
1

s

)

+ o

(
sαL

(
1

s

))
,

as s → 0+, (38)

for some Bi , 2 ≤ i ≤ n. By substituting (38) into (13),

G(s)ξ(s) =
(

1 − βχ(s) +
n∑

i=2

Bi (χ(s))i

− c�(1 − α)(χ(s))αL

(
1

χ(s)

)

+ o

(
χ(s)αL

(
1

χ(s)

)))

ξ(s),

as s → 0+. (39)

By Theorem 2,
∫ ∞

0 xn dG̃ij (x) < ∞ for all 1 ≤ i, j ≤ m.
Hence G(s) is expressed as

G(s) = G +
n∑

i=1

Gi s
i + G∗

n(s), s ≥ 0, (40)

where Gi , 1 ≤ i ≤ n, and G∗
n(s), s ≥ 0, are m × m matrices,

and G∗
n(s) = o(sn), as s → 0+. By Lemma 4,

χ(s) =
n∑

i=1

χis
i + χ∗

n (s), s ≥ 0, (41)

ξ(s) = e +
n∑

i=1

ξis
i + ξ∗

n (s), s ≥ 0, (42)

where χi ∈ R, 1 ≤ i ≤ n, χ∗
n (s) ∈ R, s ≥ 0, and χ∗

n (s) =
o(sn), as s → 0+, and ξi , 1 ≤ i ≤ n, and ξ∗

n (s), s ≥ 0,
are m-dimensional column vectors, and ξ∗

n (s) = o(sn), as
s → 0+. By substituting (40–42) into (39), and comparing
o(sn) terms,

Gξ∗
n (s) + G∗

n(s)e

= ξ∗
n (s) − βχ∗

n (s)e − c�(1 − α)χα
1 sαL

(
1

s

)
e

+ o

(
sαL

(
1

s

))
,

as s → 0+. (43)

By substituting (40–42) into (10) and comparing o(sn)

terms,

(C + DG)ξ∗
n (s) + DG∗

n(s)e = −χ∗
n (s)e + O(sn+1),

as s → 0+. (44)

Hence

(G − I )ξ∗
n (s)

= −(eg − C − DG)−1(G − I )(C + DG)ξ∗
n (s)

= (eg − C − DG)−1(G − I )DG∗
n(s)e + O(sn+1),

as s → 0+. (45)

By (43) and (45),

(
I + (eg − C − DG)−1(G − I )D

)
G∗

n(s)e

= −βχ∗
n (s)e − c�(1 − α)χα

1 sαL

(
1

s

)
e + o

(
sαL

(
1

s

))
,

as s → 0+.

Premultiplying eg − C − DG to the above equation leads to

(eg − C − DG + GD − D)G∗
n(s)e

= −βχ∗
n (s)e − c�(1 − α)χα

1 sαL

(
1

s

)
e + o

(
sαL

(
1

s

))
,

as s → 0+. (46)

By premultiplying g to (44),

gDG∗
n(s)e = −χ∗

n (s) + O(sn+1), as s → 0+. (47)

Substituting (47) into (46) leads to

(eg − C − DG + GD − D − βegD)G∗
n(s)e

= −c�(1 − α)χα
1 sαL

(
1

s

)
e + o

(
sαL

(
1

s

))
,

as s → 0+.

Therefore, by Lemma 3(i) and (ii), G∗
n(s)e = −c�(1 − α) ×

χα
1 sαL( 1

s
)μ + o(sαL( 1

s
)), as s → 0+, which completes the

proof by Lemma 1.

Case 2 α > 1 is an integer.

By Lemma 2(i), B(s) is expressed as

B(s) = 1 − βs +
α−1∑

i=2

Bi s
i + (−1)α

(α − 1)! s
αL̃

(
1

s

)
,

s > 0, (48)
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where Bi ∈ R and L̃ is a function that satisfies

lim
x→∞

L̃(tx) − L̃(x)

L(x)
= c log t (49)

uniformly in t on every compact subset of (0,∞). By sub-
stituting (48) into (13),

G(s)ξ(s) =
(

1 − βχ(s) +
α−1∑

i=2

Bi (χ(s))i

+ (−1)α

(α − 1)! (χ(s))αL̃

(
1

χ(s)

))

ξ(s). (50)

Let 0 < ε < 1. Since

1 − B̃(t) = o(t−α+1−ε), as t → ∞,

by the non-integer case of this Lemma, G(s) is expressed as

G(s) = G +
α−1∑

i=1

Gi s
i + G∗

α−1(s), s ≥ 0, (51)

where Gi , 0 ≤ i ≤ α −1, and G∗
α−1(s), s ≥ 0, are m×m ma-

trices, and G∗
α−1(s) = o(sα−1+ε), as s → 0+. By Lemma 5,

χ(s) =
α−1∑

i=1

χis
i + χ∗

α−1(s), s ≥ 0, (52)

ξ(s) = e +
α−1∑

i=1

ξis
i + ξ∗

α−1(s), s ≥ 0, (53)

where χi ∈ R, 1 ≤ i ≤ α − 1, χ∗
α−1(s) ∈ R, s ≥ 0, and

χ∗
α−1(s) = o(sα−1+ε), as s → 0+, and ξi , 0 ≤ i ≤ n, and

ξ∗
α−1(s), s ≥ 0, are m-dimensional column vectors, and

ξ∗
α−1(s) = o(sα−1+ε), as s → 0+. By substituting (51–53)

into (50), and comparing o(sα−1+ε) terms,

Gξ∗
α−1(s) + G∗

α−1(s)e

= ξ∗
α−1(s) − βχ∗

α−1(s)e + (−1)α

(α − 1)! (χ(s))αL̃

(
1

χ(s)

)
e

+ φ1s
α + o(sα+ε),

as s → 0+, (54)

for some m-dimensional column vector φ1. By substituting
(51–53) into (10) and comparing o(sα−1+ε) terms,

(C + DG)ξ∗
α−1(s) + DG∗

α−1(s)e

= −χ∗
α−1(s)e + φ2s

α + o(sα+ε), as s → 0+, (55)

for some m-dimensional column vector φ2. Hence

(G − I )ξ∗
α−1(s)

= −(eg − C − DG)−1(G − I )(C + DG)ξ∗
α−1(s)

= (eg − C − DG)−1(G − I )DG∗
α−1(s)e

+ φ3s
α + o(sα+ε),

as s → 0+, (56)

for some m-dimensional column vector φ3. By (54) and
(56),

(
I + (eg − C − DG)−1(G − I )D

)
G∗

α−1(s)e

= −βχ∗
α−1(s)e + (−1)α

(α − 1)! (χ(s))αL̃

(
1

χ(s)

)
e

+ φ4s
α + o(sα+ε),

as s → 0+,

for some m-dimensional column vector φ4. Premultiplying
eg − C − DG to the above equation leads to

(
eg − C − DG + GD − D

)
G∗

α−1(s)e

= −βχ∗
α−1(s)e + (−1)α

(α − 1)! (χ(s))αL̃

(
1

χ(s)

)
e

+ φ5s
α + o(sα+ε),

as s → 0+, (57)

for some m-dimensional column vector φ5. By premultiply-
ing g to (55),

gDG∗
α−1(s)e = −χ∗

α−1(s) + gφ2s
α + o(sα+ε),

as s → 0+. (58)

Substituting (58) into (57) leads to

(
eg − C − DG + GD − D − βegD

)
G∗

α−1(s)e

= (−1)α

(α − 1)! (χ(s))αL̃

(
1

χ(s)

)
e + φ6s

α + o(sα+ε),

as s → 0+,

for some m-dimensional column vector φ6. Therefore, by
Lemma 3(i) and (ii),

G∗
α−1(s)e = (−1)α

(α − 1)! (χ(s))αL̃

(
1

χ(s)

)
μ + φ7s

α + o(sα+ε),

as s → 0+,

for some m-dimensional column vector φ7. Hence

lim
s→0+

G∗
α−1(s)e − (−1)α

(α−1)! (χ1s)
αL̃

( 1
χ1s

)
μ − φ7s

α

sαL
( 1

s

)

= (−1)α

(α − 1)! lim
s→0+

(χ(s))αL̃
( 1

χ(s)

) − (χ1s)
αL̃

( 1
χ1s

)

sαL
( 1

s

) μ
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= (−1)α

(α − 1)! lim
s→0+

(
χ(s)

s

)α L̃
( 1

χ(s)

) − L̃
( 1

χ1s

)

L
( 1

s

) μ

+ (−1)α

(α − 1)! lim
s→0+

((
χ(s)

s

)α

− χα
1

)
L̃

( 1
χ1s

)

L
( 1

s

) μ. (59)

Since the convergence in (49) is uniform in t on every com-
pact subset of (0,∞), the first term on the right hand side
of (59) vanishes. By (52), χ(s)

s
= χ1(1 + o(sε)), as s → 0+.

Hence (
χ(s)

s
)α = χα

1 (1 + o(sε)), as s → 0+. Therefore the
last term on the right hand side of (59) vanishes. Thus

lim
s→0+

G(s)e −B(χ1s)μ + ∑α
i=0 θis

i

sαL
( 1

s

) = 0,

for some m-dimensional column vectors θi , 0 ≤ i ≤ α. Since
B(χ1s), s ≥ 0, is the LST of B̃(χ−1

1 t), t ∈ R, and

B̃(∞) − B̃(χ−1
1 t) = χα

1 t−αL(t) + o(t−αL(t)),

as t → ∞,

Lemma 2(ii) completes the proof of (37). �

Lemma 7 Let L be a slowly varying function and α > 1. If
(i) in Theorem 1 holds, then

lim inf
t→∞

Gij − G̃ij (t)

t−αL(t)
≥ c(1 − ρ)−αμigj ,

for 1 ≤ i, j ≤ m. (60)

We proceed the proof through 5 steps.

Step 1 Let ε > 0 and δ > 0 be given. Then, there exists
x0 > 0 such that for all 1 ≤ i, j ≤ m,

P((1−ρ+δ)x,i)(τ > x, J (τ) = j) > gj − ε if x ≥ x0. (61)

Proof Let U(t), t ≥ 0, be the amount of work arrived during
(0, t]. For each v ≥ 0 and 1 ≤ i ≤ m,

lim
t→∞

U(t)

t
= λβ = ρ, P(v,i)-a.s.

Hence, for each v ≥ 0 and 1 ≤ i ≤ m, there exists K > 0
such that

P(v,i)(U(t) > (ρ − δ)t for all t ≥ K) > 1 − ε

2
. (62)

We can choose K > 0 uniformly for v ≥ 0 and 1 ≤ i ≤ m,
because the left hand side of the above is independent of
v ≥ 0 and the range of i is finite. If V (0) > K , then τ ≥
V (0) > K . Hence, if V (0) > K ,

U(t) > (ρ − δ)t for all t ≥ K implies

U(τ) > (ρ − δ)τ.

Since τ = V (0) + U(τ),

U(t) > (ρ − δ)t for all t ≥ K implies

τ > V (0) + (ρ − δ)τ,

if V (0) > K . Therefore, for all v > K and 1 ≤ i ≤ m,

P(v,i)

(
τ >

v

1 − ρ + δ

)

≥ P(v,i)(U(t) > (ρ − δ)t for all t ≥ K). (63)

By (62) and (63), for all v > K and 1 ≤ i ≤ m,

P(v,i)

(
τ >

v

1 − ρ + δ

)
> 1 − ε

2
. (64)

On the other hand,

lim
v→∞ P(v,i)(J (τ ) = j) = lim

v→∞
(
e(C+DG)v

)
ij

= gj . (65)

By (64) and (65), we obtain (61). �

Step 2 There exists x0 > 0 such that for all v ≥ 0 and 1 ≤
i, j ≤ m,

P(v,i)(τ > x, J (τ) = j) ≥ (gj − ε)P(v,i)(σ(1−ρ+δ)x < τ)

if x ≥ x0,

where σ(1−ρ+δ)x ≡ inf{t ≥ 0 : V (t) > (1 − ρ + δ)x}.

Proof Since {(V (t), J (t)) : t ≥ 0} is a piecewise determin-
istic Markov process [5, 9], it is a strong Markov process.
Since σ(1−ρ+δ)x is a stopping time, by the strong Markov
property,

P(v,i)(τ > x, J (τ) = j)

≥ P(v,i)(τ > σ(1−ρ+δ)x + x, J (τ) = j)

= E(v,i)

(
1{σ(1−ρ+δ)x<τ }

× P(V (σ(1−ρ+δ)x ),J (σ(1−ρ+δ)x ))(τ > x, J (τ) = j)
)
.

Hence, by Step 1, there exists x0 such that for all v ≥ 0 and
1 ≤ i ≤ m,

P(v,i)(τ > x, J (τ) = j) ≥ E(v,i)(1{σ(1−ρ+δ)x<τ }(gj − ε))

if x ≥ x0,

which completes the proof. �

Step 3 For v ≥ 0 and 1 ≤ i ≤ m,

P(v,i)(σ(1−ρ+δ)x < τ)

≥
m∑

k=1

m∑

l=1

∫ ∞

0
P(v,i)(σ(1−ρ+δ)x > t, τ > t, J (t) = k)

× Dkl(1 − B̃((1 − ρ + δ)x)) dt. (66)
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Proof Observe that

P(v,i)(σ(1−ρ+δ)x < τ)

=
m∑

k=1

P(v,i)(σ(1−ρ+δ)x < τ, J (σ(1−ρ+δ)x−) = k)

≥
m∑

k=1

P(v,i)

(
σ(1−ρ+δ)x < τ, J (σ(1−ρ+δ)x−) = k,

V (σ(1−ρ+δ)x) − V (σ(1−ρ+δ)x−) > (1 − ρ + δ)x
)
.

(67)

Since

P(v,i)

(
σ(1−ρ+δ)x < τ, t < σ(1−ρ+δ)x ≤ t + �t,

J (σ(1−ρ+δ)x−) = k,

V (σ(1−ρ+δ)x) − V (σ(1−ρ+δ)x−) > (1 − ρ + δ)x
)

= P(v,i)(σ(1−ρ+δ)x > t, τ > t, J (t) = k)

×
m∑

l=1

Dkl(1 − B̃((1 − ρ + δ)x))�t + o(�t),

as � → 0+,

we have

d

dt
P(v,i)

(
σ(1−ρ+δ)x < τ, σ(1−ρ+δ)x ≤ t,

J (σ(1−ρ+δ)x−) = k,

V (σ(1−ρ+δ)x) − V (σ(1−ρ+δ)x−) > (1 − ρ + δ)x
)

= P(v,i)(σ(1−ρ+δ)x > t, τ > t, J (t) = k)

×
m∑

l=1

Dkl(1 − B̃((1 − ρ + δ)x)).

Therefore

P(v,i)

(
σ(1−ρ+δ)x < τ, J (σ(1−ρ+δ)x−) = k,

V (σ(1−ρ+δ)x) − V (σ(1−ρ+δ)x−) > (1 − ρ + δ)x
)

=
∫ ∞

0
P(v,i)(σ(1−ρ+δ)x > t, τ > t, J (t) = k)

×
m∑

l=1

Dkl(1 − B̃((1 − ρ + δ)x)) dt. (68)

Substituting (68) into (67) completes the proof. �

Step 4 For 1 ≤ i ≤ m,

lim inf
x→∞

∫
[0,(1−ρ+δ)x] P(v,i)(σ(1−ρ+δ)x < τ)dB̃(v)

1 − B̃((1 − ρ + δ)x)
≥ μi − 1.

Proof We have

lim inf
x→∞

∫
[0,(1−ρ+δ)x] P(v,i)(σ(1−ρ+δ)x < τ)dB̃(v)

1 − B̃((1 − ρ + δ)x)

≥
∫

[0,∞)

lim inf
x→∞

P(v,i)(σ(1−ρ+δ)x < τ)

1 − B̃((1 − ρ + δ)x)
dB̃(v)

≥
∫

[0,∞)

lim inf
x→∞

m∑

k=1

m∑

l=1
∫ ∞

0
P(v,i)(σ(1−ρ+δ)x > t, τ > t, J (t) = k)

× Dkl dt dB̃(v)

≥
∫

[0,∞)

m∑

k=1

m∑

l=1

∫ ∞

0
P(v,i)(τ > t, J (t) = k)

× Dkl dt dB̃(v), (69)

where we have used Fatou’s Lemma in the first and the last
inequalities and (66) in the second inequality.

Let M(t), t ≥ 0, be the number of arrivals during (0, t].
Since

E(v,i)[(M(τ ∧ (t + �t)) − M(τ ∧ t))]

=
m∑

k=1

E(v,i)[(M(τ ∧ (t + �t)) − M(τ ∧ t))1{J (t)=k}]

=
m∑

k=1

P(v,i)(τ > t, J (t) = k)

m∑

l=1

Dkl�t + o(�t),

as �t → 0+,

we have

d

dt
E(v,i)[M(τ ∧ t)] =

m∑

k=1

P(v,i)(τ > t, J (t) = k)

m∑

l=1

Dkl,

where a ∧ b denotes min{a, b}. Thus

E(v,i)[M(τ)] =
m∑

k=1

m∑

l=1

∫ ∞

0
P(v,i)(τ > t, J (t) = k)Dkl dt.

(70)

On the other hand, by Lemma 3(ii) (see also (94)),

μi = 1 +
∫

[0,∞)

E(v,i)[M(τ)]dB̃(v).

Therefore, by (70),

μi = 1 +
∫

[0,∞)

m∑

k=1

m∑

l=1

∫ ∞

0
P(v,i)(τ > t, J (t) = k)Dkl dt.

(71)
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By (69) and (71), the assertion follows.

Step 5 Equation (60) holds.

Proof Write

lim inf
x→∞

∫
[0,∞)

P(v,i)(τ > x, J (τ) = j) dB̃(v)

1 − B̃((1 − ρ + δ)x)

≥ lim inf
x→∞

∫
[0,(1−ρ+δ)x] P(v,i)(τ > x, J (τ) = j) dB̃(v)

1 − B̃((1 − ρ + δ)x)

+ lim inf
x→∞

∫
((1−ρ+δ)x,∞)

P(v,i)(τ > x, J (τ) = j) dB̃(v)

1 − B̃((1 − ρ + δ)x)
.

(72)

By Step 1,

lim inf
x→∞

∫
((1−ρ+δ)x,∞)

P(v,i)(τ > x, J (τ) = j) dB̃(v)

1 − B̃((1 − ρ + δ)x)

≥ gj − ε. (73)

By Steps 2 and 4,

lim inf
x→∞

∫
[0,(1−ρ+δ)x] P(v,i)(τ > x, J (τ) = j) dB̃(v)

1 − B̃((1 − ρ + δ)x)

≥ (gj − ε)(μi − 1). (74)

By substituting (73) and (74) into (72), and letting ε → 0+,

lim inf
x→∞

∫
[0,∞)

P(v,i)(τ > x, J (τ) = j) dB̃(v)

1 − B̃((1 − ρ + δ)x)
≥ μigj .

Hence

lim inf
x→∞

Gij − G̃ij (x)

x−αL(x)

= lim inf
x→∞

∫
[0,∞)

P(v,i)(τ > x, J (τ) = j) dB̃(v)

1 − B̃((1 − ρ + δ)x)

× 1 − B̃((1 − ρ + δ)x)

x−αL(x)

≥ μigj c(1 − ρ + δ)−α.

Letting δ → 0+ completes the proof. �

4.2 (ii) implies (i)

We deal with two cases separately: ‘α is not an integer’ and
‘α is an integer’.

Case 1 α > 1 is not an integer.

Suppose that (ii) in Theorem 1 holds. Let n = 
α�. By
Theorem 2,

∫ ∞
0 xn dB̃(x) < ∞. Hence B(s) is written as

B(s) = 1 − βs +
n∑

i=2

Bi s
i +B∗

n(s), s ≥ 0,

for some Bi ∈ R, 2 ≤ i ≤ n, and B∗
n(s), s ≥ 0, such that

B∗
n(s) = o(sn) as s → 0+. Thus

B(χ(s)) = 1 − βχ(s) +
n∑

i=2

Bi (χ(s))i +B∗
n(χ(s)),

s ≥ 0. (75)

On the other hand, by (14), (32) and (35),

B(χ(s)) = gG(s)ξ(s)

= gG(s)e + g(G(s) − G)(ξ(s) − e)

= 1 + gG1es +
n∑

k=2

γks
k − �(1 − α)gHesαL

(
1

s

)

+ o

(
sαL

(
1

s

))
,

as s → 0+, (76)

for some γk , 2 ≤ k ≤ n. By (30), (75) and (76),

B∗
n(χ(s)) = (βχα − �(1 − α)gHe)sαL

(
1

s

)

+ o

(
sαL

(
1

s

))
,

as s → 0+,

where χα is given in Lemma 5. Hence, by (30),

B∗
n(s) = (1 − ρ)α(βχα − �(1 − α)gHe)sαL

(
1

s

)

+ o

(
sαL

(
1

s

))
,

as s → 0+,

Thus (i) in Theorem 1 is derived by Lemma 1.

Case 2 α > 1 is an integer.

Suppose that (ii) in Theorem 1 holds. Let ε ∈ (0,1). Since
G− G̃(t) = o(t−(α−1+ε)) as t → ∞, the non-integer case of
Theorem 1 and Lemma 1 give

B(s) = 1 − βs +
α−1∑

i=2

Bi s
i +B∗

α−1(s), s ≥ 0,
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where Bi ∈ R, 2 ≤ i ≤ α − 1, B∗
α−1(s) ∈ R, s ≥ 0, and

B∗
α−1(s) = o(sα−1+ε) as s → 0+. Hence

B(χ(s)) = 1 − βχ(s) +
α−1∑

i=2

Bi (χ(s))i +B∗
α−1(χ(s)),

s ≥ 0. (77)

By Lemma 2, G(s) is written as

G(s) = G +
α−1∑

i=1

Gi s
i + (−1)α

(α − 1)! s
αL̃

(
1

s

)
, s > 0, (78)

where Gi , 1 ≤ i ≤ α, are m × m matrices and L̃ is an m × m

matrix-valued function such that

lim
x→∞

L̃(tx) − L̃(x)

L(x)
= H log t, (79)

uniformly in t on every compact subset of (0,∞). Since
G − G̃(t) = o(t−(α−1+ε)) as t → ∞, Lemma 5 gives ex-
pressions

χ(s) =
α−1∑

i=1

χis
i + χ∗

α−1(s), s ≥ 0, (80)

ξ(s) = e +
α−1∑

i=1

ξis
i + ξ∗

α−1(s), s ≥ 0, (81)

where χi and χ∗
α−1(s) are real numbers, χ∗

α−1(s) =
o(sα−1+ε) as s → 0+, ξi and ξ∗

α−1 are m-dimensional col-
umn vectors, and ξ∗

α−1(s) = o(sα−1+ε) as s → 0+. By (14),
(78) and (81),

B(χ(s)) = gG(s)ξ(s)

= gG(s)e + g(G(s) − G)(ξ(s) − e)

= 1 + gG1es +
α∑

k=2

γks
k + (−1)α

(α − 1)! s
αgL̃

(
1

s

)
e

+ o(sα+ε),

as s → 0+, (82)

for some γk , 2 ≤ k ≤ α. By (77), (80) and (82),

−βχ∗
α−1(s) +B∗

α−1(χ(s))

= ψ1s
α + (−1)α

(α − 1)! s
αgL̃

(
1

s

)
e + o(sα+ε),

as s → 0+, (83)

for some ψ1 ∈ R. Since

g(−sI + C + DG(s))e

= g(−sI + C + DG(s))ξ(s)

+ g(−sI + C + DG(s))(e − ξ(s))

= −χ(s) + g(−sI + C + DG(s))(e − ξ(s)),

we have

(−1)α

(α − 1)! s
αgDL̃

(
1

s

)
e = −χ∗

α−1(s) + ψ2s
α + o(sα+ε),

as s → 0+, (84)

for some ψ2 ∈ R. By (83) and (84),

B∗
α−1(χ(s)) = (−1)α

(α − 1)! s
αg(I − βD)L̃

(
1

s

)
e + ψ3s

α

+ o(sα+ε),

as s → 0+, (85)

for some ψ3 ∈ R. By (31) and (79),

B∗
α−1(y) = (−1)α

(α − 1)! ((1 − ρ)y)αg(I − βD)L̃

(
1

(1 − ρ)y

)
e

+ (γα + ψ)(1 − ρ)αyα + o(yα+ε),

as y → 0+.

Therefore

lim
y→0+

[
yαL

(
1

y

)]−1

×
[

(B(y) + βgDG((1 − ρ)y)e)

− gG((1 − ρ)y)e +
α∑

i=0

θiy
i

]

= 0

for some θi ∈ R, 0 ≤ i ≤ α. Lemma 2 asserts that

(1 − B̃(t)) + βgD(G − G̃((1 − ρ)−1t))e

= g(G − G̃((1 − ρ)−1t))e + o(t−αL(t)),

as t → ∞.

Hence

1 − B̃(t) = ct−αL(t) + o(t−αL(t)), as t → ∞,

where c = (1 − ρ)αg(I − βD)He. �

Appendix 1: Proof of Lemma 2

(i) By (15), F(s) is written as

F(s) =
n−1∑

i=0

Fi s
i + (−1)n

(n − 1)! s
nL̃

(
1

s

)
, s > 0, (86)
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for some Fi ∈ R, 0 ≤ i ≤ n − 1, and a function L̃ such that
L̃( 1

s
) = o( 1

s
) as s → 0+. For x ≥ 0, let

R(x) =

⎧
⎪⎨

⎪⎩

F(x), if n = 1,
∫ x

0

∫ ∞
xn−1

. . .
∫ ∞
x2

(F (∞) − F(x1))

× dx1 . . . dxn−2 dxn−1, if n ≥ 2.

(87)

Denote by R the LST of R. Then (86) leads to

L̃

(
1

s

)
= (n − 1)!R(∞) −R(s)

s
, s > 0.

By (15), we have

R(∞) − R(x) = b

(n − 1)!
1

x
L(x) + o

(
1

x
L(x)

)
,

as x → ∞. (88)

A slight modification of Theorem 2 in [6] asserts that

lim
x→∞

∫ x

0 (R(∞) − R(y)) dy − 1
(n−1)! L̃(x)

L(x)
= b

(n − 1)!γ,

(89)

where γ is the Euler constant. By (88) and (89),

1

(n − 1)! lim
x→∞

L̃(tx) − L̃(x)

L(x)

= lim
x→∞

∫ tx

x
(R(∞) − R(y)) dy

L(x)

+ lim
x→∞

∫ x

0 (R(∞) − R(y)) dy − 1
(n−1)! L̃(x)

L(x)

− lim
x→∞

∫ tx

0 (R(∞) − R(y)) dy − 1
(n−1)! L̃(tx)

L(x)

= b

(n − 1)! log t. (90)

Further, the convergence in (90) is uniform in t on every
compact subset of (0,∞), because limx→∞ L(tx)

L(x)
= 1 uni-

formly in t on every compact subset of (0,∞).
(ii) By (17), we have

K(s) =
n−1∑

i=0

(aFi − θi)s
i − θns

n + a(−1)n

(n − 1)! s
nL̃

(
1

s

)

+ o

(
snL

(
1

s

))
,

as s → 0+.

Hence

K(s) =
n−1∑

i=0

(aFi − θi)s
i + (−1)n

(n − 1)! s
nL̃1

(
1

s

)
,

s > 0, (91)

for a function L̃1 such that

L̃1(x) = (−1)n−1(n − 1)!θn + aL̃(x) + o(L(x)),

as x → ∞. (92)

For x ≥ 0, let

R1(x) =

⎧
⎪⎨

⎪⎩

K(x), if n = 1,
∫ x

0

∫ ∞
xn−1

. . .
∫ ∞
x2

(K(∞) − K(x1))

× dx1 . . . dxn−2 dxn−1, if n ≥ 2.

Denote by R1 the LST of R1. Then (91) leads to

L̃1

(
1

s

)
= (n − 1)!R1(∞) −R1(s)

s
, s > 0.

By (16) and (92),

lim
s→0+

L̃1
(

t
s

) − L̃1
( 1

s

)

L
( 1

s

) = ab log t for all t > 0.

A slight modification of Theorem 2 in [6] asserts that

R1(∞) − R1(x) = ab

(n − 1)!
1

x
L(x) + o

(
1

x
L(x)

)
,

as x → ∞,

which implies that

K(∞) − K(x) = ab x−nL(x) + o(x−nL(x)), as x → ∞.

Appendix 2: Proof of Lemma 3(i)

We use the following fact:

Fact 1 Let M1 and M2 be square matrices of the same size.
Then,

sp(M1M2) < 1 if and only if sp(M2M1) < 1,

where sp(M) denotes the spectral radius of M .

The above fact is easily proved by noting that for any
square matrix M ,

sp(M) < 1 if and only if
∞∑

k=0

Mk converges.

Now we prove that eg − C − D − DG + GD − βegD is
invertible. Write

eg − C − D − DG + GD − βegD

= (eg − C − DG)

× (
I − (eg − C − DG)−1(I − G + βeg)D

)
.
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Since eg − C − DG is invertible, the proof is completed by
Fact 1 if we show that

sp
(
D(eg − C − DG)−1(I − G + βeg)

)
< 1. (93)

Since
∫ ∞

0
e(C+DG)x(1 − B̃(x)) dx

= (eg − C − DG)−1

×
∫ ∞

0

(
eg − (C + DG)e(C+DG)x

)
(1 − B̃(x)) dx

= (eg − C − DG)−1

×
(

βeg + I −
∫ ∞

0
e(C+DG)x dB̃(x)

)

= (eg − C − DG)−1(βeg + I − G),

D(eg − C − DG)−1(I − G + βeg) is nonnegative. Since
eg − C − DG and I − G + βeg are commute and g(eg −
C − DG)−1 = g,

πD(eg − C − DG)−1(I − G + βeg)

= πD(I − G + βeg)(eg − C − DG)−1

= π(D − DG)(eg − C − DG)−1 + βπDeg

= −π(C + DG)(eg − C − DG)−1 + ρg

= π(eg − C − DG − eg)(eg − C − DG)−1 + ρg

= π(I − eg) + ρg

= π − (1 − ρ)g.

Thus

πD(eg − C − DG)−1(I − G + βeg) < π,

which implies (93).

Appendix 3: Proof of Lemma 3(ii)

Let M(t), t ≥ 0, be the number of arrivals during (0, t]. We
prove (ii) in Lemma 3 by showing that

μi =
∫

[0,∞)

E(v,i)(1 + M(τ)) dB̃(v), 1 ≤ i ≤ m. (94)

Let

G̃ij (z) ≡
∫

[0,∞)

E(v,i)

(
z1+M(τ)1{J (τ)=j}

)
dB̃(v),

0 < z ≤ 1, 1 ≤ i, j ≤ m.

Note that G̃ij (1) = G. It is known (see, for example, (50) in
[10]) that

G̃(z) = z

∫

[0,∞)

e(C+DG̃(z))x dB̃(x), 0 < z ≤ 1. (95)

Let −χ̃(z), 0 < z ≤ 1, be the eigenvalue of C + DG̃(z)

with largest real part, and ξ̃ (z), 0 < z ≤ 1, the right eigen-
vector corresponding to the eigenvalue −χ̃ (z) and normal-
ized by gξ̃ (z) = 1. Note that χ̃(1) = 0 and ξ̃ (1) = e.

Observe that G̃(z) is C1 with respect to z on (0,1], since∫
[0,∞)

E(v,i)(1 + M(τ)) dB̃(v) < ∞ (see Theorem 3.1.1 in

[11]). Since the eigenvalue −χ̃ (z) of C + DG̃(z) has the
algebraic multiplicity 1 and C +DG̃(z) is C1 on (0,1], χ̃ (z)

is also C1 on (0,1] by the implicit function theorem. The
right eigenvector ξ̃ (z) is determined by (C + DG̃(z))ξ̃ (z) =
−χ̃(z)ξ̃ (z) and gξ̃ (z) = 1. Hence ξ̃ (z) is a unique solution
of (χ̃(z)I +C +DG̃(z)+ eg)ξ̃ (z) = e. Therefore (χ̃(z)I +
C + DG̃(z) + eg) is invertible and ξ̃ (z) = (χ̃(z)I + C +
DG̃(z) + eg)−1e. Thus ξ̃ (z) is also C1 on (0,1].

By (95),

G̃(z)ξ̃ (z) = zB(χ̃(z))ξ̃ (z), 0 < z ≤ 1.

By differentiating the above equation with respect to z and
evaluating at z = 1−,

Gξ̃1 + G̃1e = e − βχ̃1e + ξ̃1, (96)

where G̃1 ≡ d
dz
G̃(z)|z=1−, χ̃1 ≡ d

dz
χ̃(z)|z=1− and ξ̃1 ≡

d
dz

ξ̃ (z)|z=1−. By differentiating (C + DG̃(z))ξ̃ (z) =
−χ̃(z)ξ̃ (z) with respect to z and evaluating at z = 1−,

(C + DG)ξ̃1 + DG̃1e = −χ̃1e. (97)

By the identity (G− I ) = −(eg −C −DG)−1(G− I )(C +
DG) and (97),

(G − I )ξ̃1 = −(eg − C − DG)−1(G − I )(C + DG)ξ̃1

= (eg − C − DG)−1(G − I )DG̃1e. (98)

By (96) and (98),

(
I + (eg − C − DG)−1(G − I )D

)
G̃1e = e − βχ̃1e.

Premultiplying eg −C −DG to the above equation leads to

(eg − C − DG + GD − D)G̃1e = e − βχ̃1e. (99)

By premultiplying g to (97),

gDG̃1e = −χ̃1. (100)

Substituting (100) into (99) leads to

(eg − C − DG + GD − D − βegD)G̃1e = e.



16 Queueing Syst (2007) 57: 1–18

Therefore,

μ = G̃1e = (eg − C − DG + GD − D − βegD)−1e.

Appendix 4: Proof of Corollary 1

The discrete time process embedded in the underlying
Markov process of the MAP immediately after the begin-
nings of busy periods becomes a Markov process with the
one step transition probability matrix G(−C)−1D. Since κ

is the stationary probability vector of the embedded Markov
process, it is determined by a unique solution of

κG(−C)−1D = κ and κe = 1. (101)

Using the identity g(C + DG) = 0, it can be shown that
(gDe)−1gD is the solution of (101). Hence κ is written as

κ = (gDe)−1gD. (102)

The proof is completed by (3), (102), Theorem 1 and
Lemma 3(v).

Appendix 5: Proof of Corollary 2

We deal with two cases separately: ‘α is not an integer’ and
‘α is an integer’.

Case 1 α > 1 is not an integer.

Let

Gv(s) ≡
∫ ∞

0
e−st dG̃v(t), s ≥ 0.

Then, it is well known that

Gv(s) = e(−sI+C+DG(s))v, s ≥ 0. (103)

For m × m matrices X and �X, by the multivariate Tay-
lor’s theorem,

eX+�X = eX +
m∑

i=1

m∑

j=1

∂eX

∂Xij

�Xij

+
n∑

k=2

1

k!
m∑

i1=1

m∑

j1=1

. . .

m∑

ik=1

m∑

jk=1

∂keX

∂Xi1j1 . . . ∂Xikjk

× �Xi1j1 . . .�Xikjk
+ O(|�X|n+1), (104)

as |�X| → 0, where |�X| ≡ max1≤i,j≤m |�Xij |.
By Theorem 1 and Lemma 1, G(s) is expressed as

G(s) = G +
n∑

k=1

Gks
k + G∗

n(s),

for some m × m matrices Gk , 1 ≤ k ≤ n, and m × m matrix-
valued function G∗

n such that

G∗
n(s) = −�(1 − α)c(1 − ρ)−αμgsαL

(
1

s

)

+ o

(
sαL

(
1

s

))
,

as s → 0+.

By substituting

X + �X = (−sI + C + DG(s))v,

X = (C + DG)v, and

�X = −svI + vD

n∑

k=1

Gks
k + vDG∗

n(s)

into (104),

Gv(s) = e(−sI+C+DG(s))v

= e(C+DG)v +
n∑

k=1

Gv
k sk

+
m∑

i=1

m∑

j=1

∂eX

∂Xij

∣∣∣∣
X=(C+DG)v

(vDG∗
n(s))ij

+ O(sn+1),

as s → 0+, for some m × m matrices Gv
k , 1 ≤ k ≤ n. There-

fore Lemma 1 asserts that

lim
t→∞

G̃v(∞) − G̃v(t)

t−αL(t)

=
m∑

i=1

m∑

j=1

∂eX

∂Xij

∣
∣∣∣
X=(C+DG)v

(vDc(1 − ρ)−αμg)ij . (105)

Let Eij be the m × m 0–1 matrix whose elements are all
zeros but the (i, j)th one which is 1. Using the identity

∂eX

∂Xij

= ∂

∂Xij

∞∑

k=0

1

k!X
k

=
∞∑

k=1

1

k!
k∑

l=1

Xl−1EijX
k−l ,

we have
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m∑

i=1

m∑

j=1

∂eX

∂Xij

∣∣
∣∣
X=v(C+DG)

(vDc(1 − ρ)−αμg)ij

= c(1 − ρ)−α

m∑

i=1

m∑

j=1

∞∑

k=1

1

k!
k∑

l=1

(v(C + DG))l−1Eij (v(C + DG))k−l (v Dμg)ij

= c(1 − ρ)−α

∞∑

k=1

1

k!
k∑

l=1

(v(C + DG))l−1(v Dμg)(v(C + DG))k−l

= c(1 − ρ)−α
∞∑

k=1

1

k! (C + DG)k−1 Dμgvk

= c(1 − ρ)−α
∞∑

k=1

1

k! (C + DG)k−1vk
(
eg(eg − C − DG)−1 − (C + DG)(eg − C − DG)−1)Dμg

= c(1 − ρ)−α

(

veg −
∞∑

k=1

1

k! (C + DG)kvk

)

(eg − C − DG)−1 Dμg

= c(1 − ρ)−α
(
veg + I − e(C+DG)v

)
(eg − C − DG)−1 Dμg

= Hv,
(106)

where we have used g(C + DG) = 0 and (C + DG)e = 0
for the 3rd and 5th equalities, respectively, and Hv is given
by (6). The proof is completed by (105) and (106).

Case 2 α > 1 is an integer.

Let

Gv(s) ≡
∫ ∞

0
e−st dG̃v(t), s ≥ 0.

By Theorem 1 and Lemma 2, G(s) is expressed as

G(s) = G +
α−1∑

k=1

Gks
k + G∗

α(s),

where Gk , 1 ≤ k ≤ α − 1, are m × m matrices and G∗
α(s) =

(−1)α

(α−1)! s
αL̃( 1

s
) for some m × m matrix-valued function L̃

such that

lim
x→∞

L̃(tx) − L̃(x)

L(x)
= c(1 − ρ)−αμg log t

uniformly in t on every compact subset of (0,∞). By a sim-
ilar way as in the non-integer case, it can be shown that, for
any ε ∈ (0,1),

Gv(s) = e(C+DG)v +
α∑

k=1

Gv
k sk

+
m∑

i=1

m∑

j=1

∂eX

∂Xij

∣∣∣∣
X=(C+DG)v

(vDG∗
α(s))ij

+ o(sα+ε),

as s → 0+, for some m × m matrices Gv
k , 1 ≤ k ≤ α. Hence

lim
s→0+

[
sαL

(
1

s

)]−1

×
[

Gv(s) −
m∑

i=1

m∑

j=1

∂eX

∂Xij

∣∣∣∣
X=(C+DG)v

(G(s))ij

+
α∑

k=0

�ks
k

]

= 0,

for some m×m matrices �i , 0 ≤ i ≤ α. Therefore Lemma 2
asserts

lim
t→∞

G̃v(∞) − G̃v(t)

t−αL(t)

=
m∑

i=1

m∑

j=1

∂eX

∂Xij

∣∣∣∣
X=(C+DG)v

(vDc(1 − ρ)−αμg)ij .

The proof is completed by the identity (106).
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