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Abstract

By using the Choi—Jamiotkowski isomorphism, we propose a well-defined coherence
measure of quantum channels based on the generalized o-z-relative Rényi entropy.
In addition, we present an alternative coherence measure of quantum channels by
quantifying the commutativity between the channels and the completely dephasing
channels with the generalized «-z-relative Rényi entropy. Some elegant properties of
the measures are illustrated in detail. Explicit formulas of these coherence measures
are derived for some detailed typical quantum channels.

Keywords Quantum coherence - Generalized «-z-relative Rényi entropy - Quantum
channel - Choi—Jamiotkowski isomorphism

1 Introduction

As a fundamental feature of quantum physics, coherence plays an essential role
in quantum information processing. Based on the framework of quantifying the
coherence of quantum states [1], quantifications of quantum coherence have been
extensively studied in terms of the /j-norm [1], relative entropy [1], skew informa-
tion [2, 3], fidelity [4, 5] and generalized «-z-relative Rényi entropy [6], with various
applications in quantum entanglement, quantum algorithm, quantum meteorology and
quantum biology [7-24]. Yu et al. [25] have presented an alternative framework for
quantifying coherence.

Quantum channels characterize the general evolutions of quantum systems [26].
In recent years, fruitful results have been obtained on studies of quantum channels
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[27—-43]. Datta et al. [44] investigated the coherence of quantum channels by using
the Choi—Jamiotkowski isomorphism. Xu [45] proposed a framework to quantify the
coherence of quantum channels by using the Choi—Jamiotkowski isomorphism, and
defined the /1 -norm coherence measure of quantum channels. Based on this framework,
some quantifiers of coherence for quantum channels have been given successively, such
as maximum relative entropy [46], robustness [46], fidelity [47], skew information and
Hellinger distance [48]. Luo et al. [49] introduced the coherence weight of quantum
channels to investigate the quantum resource theory of dynamical coherence. Kong
et al. [50] presented an alternative framework to quantify the coherence of quantum
channels.

On the other hand, Meznaric et al. [51] formulated a measure of nonclassicality of
a quantum operation, which is defined by quantifying the commutativity between a
quantum operation and a completely dephasing operation based on the relative entropy.
Fanetal. [52] studied the commutativity between a channel and a completely dephasing
channel based on the trace distance, and quantified the coherence of quantum channels
via commutativity.

The paper is organized as follows. In Sect. 2, we present the definition of a coherence
measure for quantum channels based on the generalized «-z-relative Rényi entropy
via Choi—-Jamiotkowski isomorphism, and verify that it is a well-defined coherence
measure. In Sect. 3, we study the commutativity between the channels and the com-
pletely dephasing channels based on the generalized a-z-relative Rényi entropy, and
derive several elegant properties. In Sect. 4, we obtain explicit formulas of coherence
measures with respect to some typical channels for above two newly defined measures.
Finally, we conclude with a summary in Sect. 5.

2 Coherence of quantum channels by using Choi-Jamiotkowski
isomorphism based on the generalized a-z-relative Rényi entropy

For two arbitrary quantum states p, o and o, z € R, the generalized «-z-relative Rényi
entropy is defined by [6],

1
fi(p, o) —1
Dq(p,0) = = (1
oa—1
where ] 1 .
fuelp. o) =Tr (075 2o ). @)

Let {|i)}f.1:1 be a set of orthonormal basis of a d-dimensional Hilbert space H. The
set Z of quantum states is said to be incoherent if all the density matrices are diagonal
in this basis. The quantum coherence C, ;(p) of a quantum state p induced by the
generalized o-z-relative Rényi entropy,

Cy,z(p) =min Dy ;(p, 0), 3)
oel
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is a well-defined coherence measure in each of the following cases [6]:

(1) « € (0,1) and z > max {«, 1 — «a};
(2) e (1,2]and z = {1, 5};
B3)a>1landz = .

It can be found that Cy, ;(p) reduces to In2 - C,(p) and 2 - C5(p) whenz =1, — 1
andz = l,a = %, respectively, where C, (p) denotes the relative entropy of coherence
[1] and C(p) denotes the skew information of coherence [3].

Let H4 and Hp be two Hilbert spaces with dimensions |A| and |B|, orthonormal
bases {|i)}; and {|B)}g, respectively. We assume that {|7)}; and {|8)}g are fixed and
adopt the tensor basis {|i8)};s as the fixed basis when considering the multipartite
system Hap = H4® Hp. Denote by D(H 4) and D(Hp) the set of all density operators
on Hy and Hp, respectively. Denote by Cap the set of all channels from D(Hy) to
D(Hp), SC 4 p the set of all superchannels from Cap to C,/ 5, ZCap the set
of incoherent channels in Cap, and ZSC , 5 . the set of incoherent superchannels
in SC g 4/ '~ A quantum channel ¢ € Cap is a completely positive trace-preserving
(CPTP) map. A coherence measure C of quantum channels should satisfy the following
conditions [45]:

(a) Faithfulness: C(¢) > 0 for any ¢ € Cap, and C(¢) = 0 if and only if ¢ € ZCap;

(b) Nonincreasing under ZSCs: C(¢) > C[O(¢)] forany ©® € ZSC , 5, p's

(c) Nonincreasing under ZSCs on average: C (¢) > Y puC(¢y) for any © €
m

. . . Tr(Kn Jy K,
IS8C 454 g'» With {K;, };n an incoherent expression of ©, p, = % and
T
1 KnldsK,
gy = || el
Tr(Km Jg Ky

(d) Convexity: C (z pm¢m) < Y puC(¢m) for any {d}m C Cap and probability
m m
{Pmim-
Following the idea in [25], the authors in [50] proposed an alternative framework

for quantifying the coherence of quantum channels which substitutes (c) and (d) with
the following additivity,

C(¢) = p1C(d1) + p2C(¢2), 4

where p1 + p» = 1, ¢1 € Cap,, $2 € Cap,, ¢ € Cag, |B| = |B1| + |B2|, and
&) (B = p191(I){B1) & p22(1i)(BD).

According to Theorem 3 in [45], if C is a coherence measure for quantum states
which satisfies (a)-(d), then the coherence measure of quantum channels is defined as

C<¢)—C(J—"’> )
Al

. . . . . J,
where Jy is the Choi matrix corresponding to ¢. For convenience, we denote ﬁ by

My.
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Suppose that the Kraus representation of a quantum channel ¢ is ¢(p) =
>on K,,,oK,J{ . According to Eq. (2) in [47], we have

My = (1d ® ¢)|¢)(p| = Z(H@K o)l ® Ky)'.

|A]—1
Here |¢) = «/IT Z |ii) is a maximally entangled state in Hilbert space H4 ® Hy,

Id is the identity channel and I is the identity operator.

Definition 1 The generalized a-z-relative Rényi entropy of two arbitrary quantum
channels ¢, ¢ € Cap is defined as

1
s (Mg, Mz) — 1

De,.($,9) = —

(6)

Definition 2 The coherence measure of a channel ¢ induced by the generalized «-z-
relative Rényi entropy is defined by

1
fE (Mg M) — 1
Coz(@) = _min Dy.(¢. ) = min 2707 %)

¢EIC AB ¢eI a—1

In particular, when z = 1, o € (0, 1) U (1, 2], by using the Corollary 2 in [6], we have

Z iBIMSiB)w —

Car1 () = p— : ®)

Cu.1(¢) reduces to In2 - C,(¢) and 2 - C4(¢p) wheno — 1l and o = %, where C,(¢)
denotes the relative entropy of coherence of quantum channels and C;(¢) denotes the
skew information of coherence of quantum channels [48].

Theorem 1 C, ;(¢) defined in Eq. (7) is a well-defined coherence measure.

Proof According to Egs. (2), (6) and (7), Cq.;(¢p) can be further rewritten as

1
1- & (Mg, Mz
}%aexrfa,x »Mg)

CO(,Z(¢) = él—a
i - (My M7z)—1
Mrgglfa.é( ».M7)

O<a<l,

= o > 1.

From the Leanma 1 in [6], it is easy to see that Cy ;(¢) > 0, and Cy . (¢) = 0 if and
only if ¢ = ¢. Thus, C, . (¢) satisfies the condition (a).
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When o > 1, denote e = %@ with ® € ISCABA/B/.Thus, Jo is a CPTP map.
Direct calculation shows that

|Al [A|
fa,z(-]@’(d’), J@/(a)) :fa,z (mJ@)((b)y m]®($)

|A] -
:_fa,z(J(a(dy), J@(¢))

|A']
Jo) Jo@

—|A $) 6@ )
| |fa,z<|A| A

Utilizing the Lemma 2 in [6], we have fa,z(J@’(q;)’ J®/($)) < faz (g, J(;). Then
Dy ;(O(¢), O(¢p)) < Dy (¢, ¢). Therefore,

Co2(O(¢)) = _min Dy (O(9), d)
$eZCa

CaB

< _min D, (O(¢), O))
$€ZCaB

< _min Dy (¢, d)
$eICaB

= Ca,z(¢)~

It can be seen that Cy ; (®(¢)) < Cy.;(¢) when o > 1. The case of 0 < @ < 1 can be
easily proved in the same way. Hence, the condition (b) follows immediately.

Next we prove that Cy ;(¢) satisfies Eq. (4). Suppose that My, is block-diagonal in
the reference {|i B)}ig,

My = p1Mg; © p2Mg,,

where py, po > 0 with p; + p» = 1, and My, and M, are the Choi states ~(density
operators) corresponding to ¢ and ¢,. Mg, the Choi state corresponding to ¢, can be
written as

Mg = 1M, ® M,

where g1, g2 > 0 with g1 + g2 = 1, and M<31 and M52 are the Choi states (density
operators) corresponding to #1 and ¢. Denote by A either max or min. Let ¢, =

l—a a l—a

Z
Apg, Tr (M&«: o M&«zz ) ,m =1, 2. It can be derived that

1—a o 1—a

Z
AmgezTr <M¢727 M My ) = D (a1 PN+ pSn).
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Using the Holder inequality with 0 < o < 1, we have

1
- o

1- o
q, Pt t+q, angZ = Z Pmtm s
m=1,2

1 1
where the equality holds if and only if g1 = Ipit{* and g2 = Ipyty with [ =

-1
1 1
<p1t1“ + pztf) . Consequently

1

1— 1— o

max (g, " pin + g, pin) = > Pl
' m=1,2

Similarly, it is not difficult to obtain that when o > 1,

o

1
1— 1— o
q, al’?’l"“]z “pin > E DPmtm )
m=1,2

1 1
and the equality holds when g1 = Ipt{" and g> = Ip>t;', which yields
o

1

. 1- 1— z

min (@i “piti+a, “ps) =\ D puts
’ m=1,2

We have further
1 1 1
AMgEIfaOfZ(Md)v Ma) = PIAM(;I EIfaofz(Mm s Mal) + pZAM&gzeIfaofz(quzs Mg;z)
Thus

Co2(¢) = p1Ca.z(91) + p2Ca z(¢2),

which implies that Cy ;(¢) satisfies Eq. (4). This completes the proof. O

3 An alternative coherence measure of quantum channels based on
the generalized a-z-relative Rényi entropy

In this section, we present a coherence measure of quantum channels through an
alternative method by quantifying the commutativity between the channels and the
completely dephasing channels via the generalized «-z-relative Rényi entropy. Fur-
thermore, by utilizing the properties of the generalized «-z-relative Rényi entropy [6],
we discuss some properties of this coherence measure.
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Definition 3 The completely dephasing channel A4 € Cap is defined as [45]

Aty =Y ilpt 1)), p” € D(Ha). ©)

1

A state 0 € D(H,) is called incoherent if A%(c4) = o4, Otherwise, we say that it
is coherent.

Qeﬁnition 4 For a channel ¢ € Cap, we define an alternative coherence measure
Coz(@)of g, o
Co.z(¢) = sup Dy (¢ o A" (p), A" o ¢ (p)), (10)
P

where Dy - (-, -) is the generalized «-z-relative Rényi entropy, and the supremum in
Eq. (10) is taken over all quantum states.

Theorem 2 Z‘a,z(q&) has the following elegant properties:
(i) (Extremal property) for sup Dy (¢ o A(p), A o ¢(p)), there exists a pure state
0

|vr) (| such that the supremum in Eq. (10) is attained when p = ) {(¥|.
(it) (Monotonicity) for any quantum channel ¢, if ¢o is a quantum channel satisfying
CDt‘Z(d’O) =0, then Coz,z(¢0 o) < Ca,z((b) and Ca,z(¢ o¢p) < Ca,z(¢)-

(iii) (Convexity) for some quantum channels ¢,,, and some positive real number A,

such that Y Ay = 1, we have ax,z (Z Amcbm) <Y Am E‘a,z (D).
m m m

Proof Suppose that the spectral decomposition of p is p =Y fun|Vm) (V|- We
m

have

Dy (¢ 0 A(p), Ao g(p))

=Dy <¢> oA (Z um|wm><wm|) Ao¢ (Z um|wm><wm|)>

=D (Zumqs o AYm) Wml). Y im0 ¢<|wm><wm|>>

<Y tmDao($ 0 AQYm) (Y D)s A 0 ¢ (1Ym) (Y ]))

<> tm S\EI)) Dy (¢ o A1) (YD), Ao oY) {¥])
=S|II;§> Dy (¢ o A1) (YD, Aod(I¥) (&),

where the first inequality follows from the joint convexity of Dy (-, -). Thus,

Coz(@) < S\EI)) Dy (¢ o A(IY) D), Ao (Y )(¥D).
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It follows from Eq. (10) that

Cas(¢) = Slzl;l; Doz (¢ o A([Y) (YD, Aod(I¥)(¥]). (1)

Therefore, item (i) holds.
Using the monotonicity of Dy ; under the CPTP maps, we have

Dy (g0 0 ¢ o A([Y)(¥]), Aogood(|¥)(¥])
=Dz (¢0 0 ¢ o A([Y)(Yr]), o o Ao (|)(¥]))
=Du.: (¢ o A(|Y) (Y1), Ao p(|¥) (Y1),

where the first equality holds due to?‘a, 2(¢0) = 0 and Definition 1 in [52]. Then, by
Eq. (11), we obtain Cy (9o o ¢) < Cq,;(¢). On the other hand,

Ca.2(¢ © ¢0)
=sup Dy, (¢ 0 do 0 A(p), A o ¢ o oy(p))
P

=sup Dy . (¢ 0 Ao go(p), Ao ody(p))
P
= sup Dy (¢ o A(0),Ao¢(a))
o=po(p)
<sup Dy (¢ 0 A(p), A o $(p))
P
=Co2 (),

which implies that Cy.. (¢ 0 o) < Ca.-(¢). Hence, item (ii) is proved.
By utilizing the joint convexity of Dy ; (-, -), we can further obtain

Ca (Z xm¢m>

=sup Do (Z dmm © AP (Y]), Ao mequ(wvfn)

V)
<> m S|El>) Doz (pm o A(|) (Y1), Ao (1Y) (V1))

=sup Dy (Z dm®m © AP, Y AmA o ¢m<|w><vf|)>

= Z Amaa,z (¢m)

Therefore,

Coz (Z Am¢m) <Y mCa(@m), (12)

@ Springer



Quantifying coherence of quantum channels based on the generalized... Page90f23 100

and the item (iii) is derived. O

From Eq. (10), it can be easily seen that E’a, (¢) = 0 when the quantum channel
¢ is detection-creation-incoherent [52], i.e., ¢ o A* = AB o ¢. Comparing the two
quantifiers of the coherence of quantum channels in Egs. (8) and (10), it can be found
that Cy () > Z‘a,z(¢) always holds in this special case. From the examples in the
next section and numerical results, it is conjectured that Cy 1(¢p) > E‘a, 1(¢) holds for
all quantum channels ¢, but we have not yet found a proof.

4 Examples

In this section, we choose several typical channels to calculate the coherence measures
defined in Eqs. (8) and (10).

2
Example 1 Consider the phase flip channel ¢pr(p) = > K, ,oK,JLr with the Kraus
n=1
operators

10 10
K]:ﬁ(()l), K2=\/1—p<0_1>, 0O<p<=<l.

Direct calculation shows that

R|—

1

1
> (iBIMG, lif)e — 1 |
B0 _ 2w p (L= p)e —
a—1 a—1 ’

Co,1(¢pr) = (13)

However, if we calculate the values of the coherence measure given in Eq. (10), we
can clearly see that C, ; (¢pr) = O regardless of the values of « and z. In fact, for any
pure state |) = a|0) 4+ b|1) with la|?> + |b|? = 1, we have

A o gpr([V)(¥]) = Algpr(1¥) (W)
= AK () (W DKT + K2 (W) (W DK,

where K1|¥) = a/pl0) +b,/p|1) and K2|Yr) = a/1 — p|0) — b/1 — p|1). It can
be shown that

opr (1) (W) = 1al?|0)(0] + 2p — Dabl0) (1] + (2p — Dbal1)(0] + [bI*[1)(1],

A o gpr([¥)(¥]) = lal?[0)(0] + b7 [1)(1],

opr o AW (W) = dpr(lal?[0)(0] + [B12[1)(1]) = |al*0)(0] + |bI*[1)(1],
which implies that Cy. - (¢pp) = 0.

InFig. 1, we plot the surfaces of E(x,z (¢pr) and Cy,1 (¢ppr) givenin Egs. (10) and (13).
By calculation, it is found that lim1 Ca.1(¢pr) = In2+4 plnp+In (1 — p)—pln (1 — p),
o—
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100 Page 10 of 23 J.Fanetal.

Fig.1 Surfaces of ’C’a,z(qbpp)
and Cy, 1 (¢pF). The blue (red)
surface represents the values of

Cu.z(¢pF) (Cy,1(¢pF)) in Eq.
(10) (Eq. 13)

which reaches its minimum value O when p = % and reaches its maximum value In2
when p = 0. When o = 1, C1y(¢pr) = 1~ 2/p(I = p). Its minimum value 0 is

obtained when p = % and its maximum value 1 is obtained when p = 0. It can be
shown that Cy, 1 (¢pr) > Cy.;(¢pr) Wheno € (0,1) U (1,2, 0 < p < 1.

4
Example 2 Consider the depolarizing channel ¢p(p) = Y K, /OK,JLf with the Kraus

n=1

3 (10 _ VP (01
Ky = I—ZP<0]>7 K2—7<10),

/P (0—i /P10
K3—T io ) K4_T , 0<p=1l

operators

RI=

Hence, C,,1(¢) defined in Eq. (8) is given by
1
3 GBIMG,lip)

1
o 17%170( “
. —1 2[25+1+( 2)] +45 -1
1

Ca1 (9) = — = — a4

Similar to the phase flip channel, §a, ; (¢p) = 0 regardless of the values of « and z.

InFig. 2, we plot the surfaces of Cy ; (¢p) and Cy,1(¢p) in Egs. (10) and (14). Direct
calculation shows that liinl Co.1(¢p) = %[(4 —3p)n4—-3p)+2(p —2)In2—p)+
plnp], which reaches (ixts minimum value 0 when p = 1, and reaches its maximum
value In2 when p = 0. When a = %, we have C%’](dm) =1- —VPM_QSP)J””. Its
minimum value 0 is attained when p = 1, and i~ts maximum value of 1 is attained
when p = 0. It can be found that Cy 1(¢p) > Cy ;(¢p) when o € (0,1) U (1, 2],
0<p=1
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Fig.2 Surfaces of E‘a!z (¢p) and
Cq.1(¢p). The blue (red)
iurface represents the values of
Ca2(ép) (Ca,1(¢p)) in Eq.
(10) (Eq. 14)

Fig.3 Surfaces of Eo,,z (PAD)
and Cy, 1 (#AD)- The blue (red)
surface represents the values of

Co.z(#AD) (Cq,1(éAD)) in Eq.
(10) (Eq. 15)

2
Example 3 Consider the amplitude damping channel ¢pap(p) = > K, pK ,I with the
n=1
Kraus operators

(1 0 (0P

It follows from Eq. (8) that

1 1
i BIM% |iB)e — 1 1 1
2 PG i) (3+ta-pi)e-p'r+5-1

C = frd
,1(¢AD) p— po—

(15)

~

Similarly, Co, - (¢ap) = 0 regardless of the values of « and z.

In Fig. 3, we plot the surfaces of Cy ;(¢ap) and Cq,1(¢ap) in Egs. (10) and (15). It
is found thatiigll Co,1(#aD) = 3[(p—DIn(1—p)—(p—2)In(2— p)]. i;ml Co,1(¢AD)
reaches its minimum value O when p = 1. O%1_)1111 Cq.1(¢aDp) reaches its maximum value

In2 when p = 0. When « = %, we have C% 1(@aD) = 2;%22. Its minimum value 0

is obtained when p = 1 and its maximum value 1 is obtained when p = 0. It can be
shown that Cy,1(#aD) = Co,z(¢ap) Whena € (0, 1) U (1,2,0 < p < 1.

@ Springer
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Example 4 Consider the isotropic channel ¢4 forz € [dz__—ll’ 1] [53]

+ Ia
oa(p) =tUpU +(1—f)g, (16)

where U is an unitary operation, Iz is d x d identity matrix, and d is the dimension

of the Hilbert space. In particular, taking U = H, where H = % <i _11) is the

Hadamard gate, we have
L <
R (p) =tHpH' + (1 =)= =3 KpKj, -
n=1

where I is 2 x 2 identity matrix, and

K1=ﬁH=\/§<ll>, KFmXZM(m)

1 -1 2 2 10
1-— 1—1t¢ —i 1—1 1—1
K3=\/ tYZv Ql’ K4:«/ z:‘/ 10 ’
2 2 i0 2 2 0-1
V11—t M=t (10
Ks = I, = .
2 2 01

By Eq. (8), it can be easily deduced that

Q=

1
X GBIME i) —1 ) .
Ca,1(¢,l\{) _ =0 _ 47 [3(1 =)+ (1 + 3%« — 1. (18)
oa—1 oa—1

According to Eq. (18), we obtain

3(1 — 0)In(l — 1) + (1 4+ 30)In(1 + 3r)
1 :

_Z (1 —1)(1 —3t) +2. (20)

lim Cy1 (i) = (19)
a—1
3t—5

4

C1 1) =
Seta = % and z = 1. Then,

Cii(e) = sup Dy (@n o AUV, Ao g ()W),
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where

Dy, (o8 0 AW, Ao df ()W)
2[ 17, (6 0 aqwiwD. Ao s qlwn) - 1]

1 1\1?
=~ 2| [T (@} o AWM A o )] —1]

[Tr
[ (1 i are) (4 + L) - 1]

=-2 (1 +V1- 4t2|a|2|b|2) (% + %\/1 —12(lal* - |b|2)2> - 1]
=-2 (1 +V1- t2) (4—11 + i¢1 —12(|a|® - |b|2)2) - 1}

o1
_ _ 12 _ _ _
< 2_(1+\/1 t>(4+2|a|lb|> 1}
5—2|a||b|(1+\/1—t2)+2
<l —+1-—1¢2

The above inequalities hold due to the facts that 0 < |a|?|b|? < % and (Ja|® —|b|*)* =
1 — 4|a|?|b|?. Tt follows from item (i) that E‘%‘l(@’( ) < 1 —+/1 — 2. Meanwhile, for
the classical pure state |0) or | 1), the maximum value of D%’] (A o¢>f (p), ¢f\1 o A(p))
can be obtained directly. It is easy to see that

Dy (Ao R (100D, ¢ 0 AU0)(OD) =1 -1 —12.

Thus, we get

1@ =1-V1-12 1)

2

According to the above results, it is found that E‘a, (@ 11\1 ) is not an incoherent channel
when o = % and z = 1.

Setting + = 1 in Eq. (17), qbf becomes the unitary channel ¢y induced by the
Hadamard gate H. Then, it follows from Eq. (18) that

1

> (iBIMS, 1iB) 1
i,8=0 4 @ —

RI—

Co,1(@n) = (22)

a—1 T ooa—1

According to Eq. (22), we obtain that lirn1 Cu1(¢ppg) =Indand C 1 1(Pn) = % From
a— ’
the deduction of C% 1(¢II\1), we can also infer that C% 1(@g) = 1Dy letting t = 1.
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151

1.0r

0.5

—6.2 0:2 0:4 0:6 0:8 1:0
Fig.4 The valuesof C 1 (¢ X ) and ¢ 1 (¢ 11\1 ). The blue (orange) curve represents the values of C | | () f\’ )
2 2 2

(€ 1@} in Eq. (20) (Eq. 21)

3
special case of t = 1, we get C%’1(¢H) > 5%’1(¢H)- In Fig. 4, we plot the values of

H = Hy :
C%’1(¢A) and C%’1(¢A) in Egs. (20) and (21).

It can be seen that C% l((f)k’) > E’% l(q’)f\l) holds when —1 <t <1 Andasa

Example 5 Consider the unitary channels ¢ and ¢7 induced by the phase gate S and
Tgate T, ie., ¢ps(p) = SpST and ¢r(p) = TpT", where

10
S:(l(.)> and T:( m).
0i 0es

1
By Eq. (8), we have Coi(ds) = Cai(dr) = 2“7l It is obvious that

P
olti_r>n1 Co,1(ps) = 01(1_r>r11 Co1(¢r) =1In2,and Cy ,(¢s) = C ;(¢7) = 1. By Eq. (10),
we obtain Ea, (ps) = E‘a)z(qbr) = 0. Note that the two quantifiers of the coherence
Cq.1(-) and E‘a,l (+) for the quantum channels induced by S and T are the same.

From Examples 4 and 5, it can be seen that C%,1(¢) > 5%’1@), where ¢ is the
unitary channel induced by H, S or T.

The above results are based on the channels of single qubits. We now turn to discuss
the channels of entangled qubits. The corresponding Choi—Jamiotkowski states for the
channels of entangled qubits are too complicated to be calculated for general two-qubit
unitaries. For simplicity, we take S® Sand T ® T.

Example 6 Consider the unitary channels ¢sgs and ¢prgr inducedby S® Sand T® T,

i.e., dses(paB) = (S ® $)pap(S ® )" and dre7(oap) = (T ® T)pas(T @ T)',
where S is the phase gate and 7 is the T gate defined in Example 5.
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Table 1 Comparisons of the values of Cy 1(¢) defined in Eq. (8) witho — 1 and o = % and 5a,z(¢)
defined in Eq. (10)

Channels Pmax max lim Cy 1(¢) Pmin min lim Cy () E‘a’z(¢)
a—1 a—1
bpR 0 In2 % 0, Va, z
[035) 0 In2 1 0 0, Vo, z
®AD 0 In2 1 0 0, Ve, z
Channels Pmax maxC | (@) Pmin minC} | (@) Co.2(®)
¢PF 0 1 % 0 0, Vo, z
ép 0 1 1 0 0, Va, z
PAD 0 1 1 0, Va, z

The first column represents the channels, pyin and pmax represent the values of p where the maximum and
minimum values are attained, respectively. max lim1 Cqy.1(¢) and min lim] Cq.1(¢p) represent the maximum
oa—> a—> :

and minimum values of lim1 Cq.1(¢), respectively, while maxC | 1((,15) and minC l(qb) represent the
a— 2 2

maximum and minimum values of C | 1 (¢), respectively. The last column represents the values of ax,z(‘l’)
3
defined in Eq. (10)

By Eq. (8), it follows that

4-5 —1
Co1(Pses) = Co1 (P107) = “a_1 (23)

It is obvious that liml Co,1(@sgs) = liml Cy,1(¢19T) = In4, and C% 1 (@ses) =
o—> o—> ’
C%,I(CPT@T) = % On the other hand, by using Eq. (10) we obtain Cy ;(¢sgs) =

Co,z(¢107) = 0.

It can be found from Table 1 that under the three quantum channels ¢pr, ¢p and
¢aD, for either « — 1 or ¢ = %, Co1(p) > ax’]((f)) and Cy,1(¢) reaches the
maximum value when p = 0. The minimum values 0 are attained at the same p for
each quantum channel ¢pr, ¢p and ¢pap. The coherence of ¢pr, ¢pp and pap have
the same maximum values In2 when o« — 1, and the same maximum values 1 when

_1
01—2.

5 Conclusion

Utilizing the coherence measure of quantum states induced by the generalized o-z-
relative Rényi entropy, we have studied the quantifications of the coherence of quantum
channels by using two different approaches. Following the idea in [45], we have intro-
duced a coherence measure of quantum channels by utilizing the Choi—Jamiotkowski
isomorphism. We have also verified that C,_; (¢) defined in Eq. (7) is a well-defined
coherence measure. On the other hand, inspired by the idea in [52], we have presented
an alternative coherence measure by quantifying the commutativity between the chan-
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nels and the completely dephasing channels with the generalized a-z-relative Rényi
entropy. The extremal property, monotonicity and convexity of ax’ . (¢) defined in Eq.
(10) have been explored in detail.

Furthermore, the coherence measures defined in Egs. (8) and (10) have been calcu-
lated for some typical channels, respectively. Analytical formulas of Cy 1(¢) defined
in Eq. (8) for the phase flip channel, depolarizing channel and amplitude damping
channel have been derived and analyzed for the case of « — 1 and & = 1. According
to Eq. (10), it can be found that ¢pr, ¢p and ¢pap are all incoherent channels. A table
has been presented to compare different values of coherence measures for ¢pg, ¢p
and ¢ap. In addition, we have also considered the unitary channels induced by three
quantum gates. The coherence measures defined in Egs. (8) and (10) for isotropic
channels ¢>[1\1 with 1 € [—%, 1] induced by Hadamard gate have been derived. The
quantifiers defined in Egs. (8) and (10) for unitary channel ¢y induced by Hadamard
gate have been deduced as a special case when ¢ = 1. The unitary channels induced
by S gate and T gate are all incoherent channels according to Eq. (10), and they have
the same expressions of C,. 1(¢) as Eq. (8). Finally, we have calculated the coherence
of quantum channels induced by S ® S and T ® T for entangled qubits, and presented
the analytical formulae of the coherence measures.

Detailed examples and numerical results show that Cy 1 (¢) > E'a,l (¢) for specific
quantum channels ¢, so we conjecture that Cy, 1(¢p) > E‘aJ (¢) holds for any quantum
channel, while a rigorous proof is missing. Our results may shed some new light on
the exploration of quantification of coherence for quantum channels. The regime of
coherence quantifiers on the level of quantum channels needs further study in the
future.
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Appendix A. Calculation of C4 1 (¢PpF)

According to the Kraus operators of ¢pr given in Example 1, we have
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1
1
Mype = L ® K1) | 5 3 liD)(jjl | @ Kn)'
i,j=0

1
FLoK) |5 3 il | @ e k)
i,j=0
1 002p—1
1 0 00 0
2 0O 00 O ’
2p—100 1

where I, denotes the 2 x 2 identity matrix. Furthermore, we have

C4(1—p)° “—(1—=p)*
P 2[’ 001’ 217
0 00 0

0 00 0
“—(1-p)* “+(1=p)”
p 21’ 00]7 2P

a
M¢PF -

Based on MgPF, we get Cy.1(¢pr) in Eq. (13) from Eq. (8).

Appendix B. Calculation of C4 1(¢p)
Direct calculation shows that
1
1 e +
My, =L@ KD | 5 3 lid)jjl | T @ K1)
i,j=0

vk (LY i e ko
2 2 2ij:0” JJ 2 2

1
1
+ L ®K3) | 5 'ZO lii)(jjl | (b ® K3)T
l,j:

1
1
+ @@ Ky | 5 Y i il | @@ Ka)'

i,j=0
1 _p 1 _p
2-30053-3
[0 2070
| o 0oz o |
1 1
- 50054
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where I, denotes the 2 x 2 identity matrix. Then,

1 3\« 3\ 1
s P+ 3 (1=3p)" 0 0 3(1=3p) — smerp®
e 0 4=ape 0 0
(25 0 0 47%p” 0 )
o o
s(=3p)" —merp® 0 0 43 (1-3p)

from which we get C,.1(¢p) in Eq. (14) by using Eq. (8).

Appendix C. Calculation of C4 1 (¢pap)

According to the Kraus operators of ¢ap given in Example 3, we have

Lo ;
My, = (I ® K1) 52 lii)(jjl | (I2 ® K1)
i j=0

1
1 .
+ (I ® K2) E.Z i) (jjl | (b ® K2)'
i,j=0
1 00y1—p
1 0 00 0
2 0 O0p O

J1—=p00O 1—p
Then,
27% 2 - p)*! 0 0 2¢/T=p-p~!
0 0 0 0
Mo = 0 02— pe 0

2 /T=pQ2=p*'0 0 27%1U-p2-p*!

Utilizing MgAD, we derive the formulas of Cy 1 (¢ap) in Eq. (15) via Eq. (8).
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Appendix D. Calculation of C4 1 (¢})
Noting that
1 1
My =L@ KD | 5 Zo i) il | @ ® K1)’
i,j=

1
1 .
+ (b ® K2) 5}_ 0|ii><jj| (I ® K»)'
i,j=

1

1
+ (I ® K3) E,EJ”””' (I, ® K3)"
i,j=

1 1
+ @Ky | 5 Y i (il | @ Ko’

i,j=0
1 ¢t t —t
I o s Lt 1 1 —t
+@LeKs) | 5 ) linGil | ek =2
B0 —t—t—1 1

where [, denotes the 2 x 2 identity matrix, we have

3A=0%+(1+30% —(1=0D)%+ 1 +30% =1 =%+ (1 +30% (1 —0)% — (1 +3)
A=+ (1 +30% 31— + (1 +3)% —(1 =D+ (1430 (1—0)%—(1430)%
ol = —(A =%+ (1 +30% —(1 =% +(1+30% 3(1 =%+ (1 +30)% (1—0%— (1 +30)%

(IT=0*=1+3)* (== 1+3)* (A—=0%—=1+3)% 3(1—0)*+ (1 +3)*

Making use of MgH, the quantity Cy 1 (q&f ) in Eq. (18) follows immediately from Eq.
A
(8).

Appendix E. Calculations of Cy 1 (Psgs) and Cy 1 (PreT)

Direct calculation shows that
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1 1
1 1
Mpsos = U@ (S®S) | 5 D i)l ® 5 D i) (il | Ta @ (S @ 8)'

i,j=0 i,j=0
1 00-100000000 1 00-1
0000000000000 00 0
0000000000000 00 0
~100 £ 00000000-400 %
0000000000000 000
0000000000000 00 0
0000000000000 00 0
| 0000000000000 00 0
~ ] 0000000000000 000
0000000000000 00 0
0000000000000 00 0
0000000000000 00 0
3 00-200000000 § 00—1
0000000000000 00 0
0000000000000 00 0
~+00 § 00000000-300 %

and

1 1
1 1
Mpror = @@ T @T) | 5 > i)l ® 5 Y i) (il | Ta ® (T @ T)'

ij=0 i,j=0
100700000000 1 00"
0 00 0 00000000 0 00 0
0 00 0 00000000 0 00 0
2200 1 000000005500 4
0 00 0 00000000 0 00 0
0 00 0 00000000 0 00 0
0 00 0 00000000 0 00 0
| 000 0 00000000 0 00 0
=1 000 0 000000000 00 0 [
0 00 0 00000000 0 00 0
0 00 0 00000000 0 00 0
0 00 0 00000000 0 00 0
100200000000 L 00"
0 00 0 00000000 0 00 0
0 00 0 00000000 0 00 0
2200 1 000000005500 1
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where 4 denotes the 4 x 4 identity matrix. Then,

3 00-3200000000 ; 00—3
0000000000000 00 0
0000000000000 00 O

-+00 £ 00000000500
0000000000000 000
0000000000000 00 0
0000000000000 00 0

ye — | 0000000000000 000
9ses — | 0 00 0 00000000 0 00 0
0000000000000 00 0
0000000000000 00 0
0000000000000 00 0

7 00-700000000 % 003
0000000000000 00 0
0000000000000 00 0

-100 1 00000000-300 £

and

1004700000000 1 00"

0 00 0 00000000 0 00 0

0 00 0 00000000 0 00 0

2200 1 000000005500 1

0 00 0 00000000 0 00 0

0 00 0 00000000 0 00 0

0 00 0 00000000 0 00 0

ye | 0000 000000000 00 0

¢rer — | 0 00 0 00000000 0 00 O |’

0 00 0 00000000 0 00 0

0 00 0 00000000 0 00 0

0 00 0 00000000 0 00 0

100200000000 4 00"

0 00 0 00000000 0 00 0

0 00 0 00000000 0 00 0

2irr 2im

[N
o
o

1
10000000000

|
I

By Eq. (8), we can thus deduce C, 1(¢sgs) and Cy 1(drer) in Eq. (23) based on
Mgs‘g»s and MY

orer”
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