Quantum Information Processing (2024) 23:96
https://doi.org/10.1007/s11128-024-04303-2

®

Check for
updates

Continuous-time open quantum walks in one dimension:
matrix-valued orthogonal polynomials and Lindblad
generators

Newton Loebens'

Received: 9 March 2023 / Accepted: 5 February 2024 / Published online: 5 March 2024
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2024

Abstract

We study continuous-time open quantum walks in one dimension through a matrix rep-
resentation, focusing on nearest-neighbor transitions for which an associated weight
matrix exists. Statistics such as site recurrence are studied in terms of matrix-valued
orthogonal polynomials and explicit calculations are obtained for classes of Lindblad
generators that model quantum versions of birth-death processes. Emphasis is given
to the technical distinction between the cases of a finite or infinite number of ver-
tices. Recent results for open quantum walks are adapted in order to apply the folding
trick to continuous-time birth-death chains on the integers. Finally, we investigate the
matrix-valued Stieltjes transform associated to the weights.

Keywords Continuous-time open quantum walks - Matrix-valued orthogonal
polynomials - Stieltjes transform - Lindblad generator - Matrix representation

1 Introduction

Random walks have been a fundamental concept in the study of stochastic processes
and probability theory for many decades [1, 21, 26]. In the field of quantum mechanics,
the concept of quantum walks has emerged as a robust tool for exploring quantum
systems’ behavior and dynamics [4, 25, 27]. Quantum walks can be categorized into
various types, and one particularly intriguing category is open quantum walks (OQW5s)
[4]. This process introduces the influence of the environment, which leads to a richer
set of dynamics and behaviors when compared to the classical random walks induced
by Markov chains, making them an exciting area of research in quantum information
and quantum computation. Continuous-time open quantum walks (CTOQWs) [24]
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represent a specific class of OQWs where the evolution of a quantum walker in a
graph is continuous and influenced by an initial quantum state.

Inspired by the classical birth—death processes (BDPs), this article develops a gen-
eralization from the perspective of CTOQWs, exploring promising valuable insights
into the behavior of quantum walkers in systems that exhibit birth and death processes.
Introducing a matrix representation for the generator of a CTOQW, we apply the theory
of matrix orthogonal polynomials to tridiagonal block matrices. The matrix orthogonal
polynomial approach provides a powerful framework for analyzing the representation
of those generators, enabling us to gain a deeper understanding of CTOQWs and their
connection to BDPs. This technique has been applied in the case of unitary quantum
walks, where the relevant orthogonal polynomials are described in terms of the theory
of CMV matrices [9, 10]. Regarding the setting of open quantum dynamics [6, 8, 11],
the problem of obtaining orthogonal polynomials and associated weights is an inter-
esting one as well, although we would have to consider operators which are no longer
unitary. A first step in this direction has been discussed in [19], where a procedure
for obtaining weight matrices associated with open quantum walks (OQWs) [4] on
the half-line was described. In [13], it was studied the case of discrete-time quantum
Markov chains on the line, as defined by S. Gudder [17] and gave a collection of some
nontrivial examples where the spectral representation can be explicitly achieved.

Analogously to the references above, we can employ the matrix orthogonal poly-
nomial framework to explore various statistical aspects of CTOQWs, including
recurrence patterns and transition probabilities. We utilize the Stieltjes transform as
a key tool to analyze these statistics, offering an effective method to understand the
intricate dynamics of quantum walkers in quantum systems influenced by tridiagonal
block matrices. We are particularly interested in the recurrence of CTOQWs in this
work. A first step in this direction can be seen in [23].

Let us recall the classical BDPs. Birth—death processes on Zxq are continuous-
time Markov chains characterized by a set of birth—death rates {(A,, i), n > 0} such
that A, > 0,n > 0, u, > 0,n > 1 and g > O (see [2]). The transition function
P(t) = (P;;(2)) satisfies the following conditions as t — 0t:

Xit‘i‘O(l‘), if ]:l—i—],
Pij(t) = { pit +o(1), it j=i—1,
1 — i+ pdt+o(), if j=i.

The matrix corresponding to the infinitesimal operator associated with the process is
given by

—(%o + 1o) A0 0 0 -
w —Ga4p) A 0 ...

A= 0 2% —(A2+pu2) Ay --- |- M

Following the classical work of S. Karlin and J. McGregor [20, 21], we can apply
Favard’s Theorem to the Jacobi matrix (1) and assure the existence of a probability
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spectral measure v supported on [0, oo) associated with 4. Moreover, if we define
the sequence of polynomials {Q,(x)},>0 by the three-term recurrence relation

Qo(x) =1, Q_1(x) =0,
—X0n(x) = 2 Qni1(X) = A + ) On(X) + n Qn—1(x), n =0,

that is, —xQ(x) = AQ(x), where Q(x) = (Qo(x), Q1(x),...)T, then we have
that the polynomials {Q,(x)},>0 are orthogonal with respect to . This provides
the so-called Karlin—-McGregor formula which gives an integral representation of the
probability of reaching vertex j at time ¢ given that the process started at vertex i, i.e.,
P;(t). This formula is given by

fo e Q0i(x) 0 (x)dyr (x)

Pij(t) = =
/0 Q7 (x)dyr (x)

The main purpose of this paper is to analyze the spectral representation of some
continuous-time open quantum walks (CTOQWs) by using the basic theory of matrix-
valued orthogonal polynomials. The theory of orthogonal polynomials can be applied
to the open quantum walks through an appropriate matrix representation that rises
from the “vec” application, whose role is to stack a density matrix in a unique bigger
vector, and then a reversion of this application is made after an application of the
matrix representation (see [13, 19]).

This dynamic is described by a quantum Markov semigroup with a specific Lindblad
generator and performs an evolution of the initial density operator. Roughly speaking,
the state at instant ¢ can be described by a pair (X;, p;) with X, being the position
of the particle at time ¢, and p; is the density operator describing the internal degrees
of freedom of the corresponding vertex. We concentrate our results on CTOQWs
whose vertices have all the same internal degrees of freedom, thereby the operators
that describe the Lindblad generator will be acting on the same Hilbert space, and the
matrices that describe the probability transitions will be squares.

The main result of this work is Eq. (20), which expresses a formula for the Stieltjes
transform of a CTOQW on the integer line in terms of Stieltjes transforms on the
integer half-line. This transform associates a weight with a real function, enables us
to evaluate the recurrence of CTOQWs, and offers a method for the construction of
matrix weights that influence the orthogonality of the polynomials. We remark that
this result is valid for any semigroup having a matrix representation of the form (9),
thus the folding trick is not retained to CTOQWs. For instance, we can also apply
those formulas to quasi-birth-and-death processes.

In Sect. 2, we review the “vec” representation for completely positive maps and
the matrix representation for maps of the form W(p) = Gp + pG*, where G is the
part of the Lindblad generator which is not completely positive. In Sect. 3, we discuss
the model of CTOQWs and present its matrix representation. In Sect. 4, we recall
the concept of matrix-valued orthogonal polynomials and show how the recurrence of
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CTOQWs can be associated to the Stieltjes transform. Section 5 develops the matrix
representation for CTOQW:s in the integer line, leading to the main result of this work,
Eq. (20), which associates the weight matrix of the walk in the half-line with the
walk on the integer line. Section 6 illustrates the results with examples, giving explicit
probabilities for different classes of Lindblad generators. In Sect. 1, an appendix is
dedicated to recalling properties related to the existence of a matrix weight associated
with the Lindblad generator.

2 General settings

Let H be a separable Hilbert space with inner product (- | - ), whose closed subspaces
will be referred to as subspaces for short. The superscript * will denote the adjoint
operator. The Banach algebra B(H) of bounded linear operators on  is the topological
dual of its ideal Z('H) of trace-class operators with trace norm

el = Tr(|pl), lol =/ p*p,

through the duality [3, Lec. 6]
(p, X) =Tr(pX), peIl(H), XeBMH). @)

If dimH = k < oo, then B(H) = Z(H) is identified with the set of square matrices
of order k, denoted My (C). The duality (2) yields a useful characterization of the
positivity of an operator p € Z(H),

peI(H): p>0 & Tr(pX) >0, VX eB(H), X >0,

and similarly for the positivity of X € B(H). In this work, we assume that we have a
quantum particle walking either on the integer line, the integer half-line, or on a finite
segment, that is, we have that the set of vertices V is labeled by Z, Zx or a finite set
{0, 1, ..., N}, respectively. We will also call vertices sites. The state of the system is
described by a column vector

L0

P1
p=|p |- PEIH), p=0, Y Tr(p) =1
. ieV

The vector representation vec(A) of A € M (C), given by stacking together its
rows, will be a useful tool. For instance,

ap

aj a a
A= |11 A = vec(A) := 12
ay az az]

az
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Let B = [b;;] for B = [b;;], that is, the entries of B are the complex conju-
gate entries of B. The vec mapping satisfies vec(AXBT) = (A ® B) vec(X) for
any square matrices A, B, X, with ® denoting the Kronecker product. In particu-
lar, vec(BXB*) = vec(BXET) = (B ® B) vec(X), from which we can obtain the
matrix representation ® for a completely positive (CP) map ), B; - B when the
underlying Hilbert space H is finite-dimensional:

®=>[B]. [B]:=B®B.

Here, the operators B; are identified with some matrix representation. We have that
[B1* = [B*], where B* denotes the Hermitian transpose (also known as conjugate
transpose) of a matrix B. The same idea can be applied to maps of the form W (p) =
Gp + pG*. On this case, the map W has matrix representation

UV=G®I+I®G.

For more details, we refer the reader to the reference [18].

3 Continuous-time open quantum walks

An operator semigroup 7 on a Hilbert space H is a family of bounded linear operators
(T;) acting on H, ¢t > 0, such that

T; Ty = Tiys, S7t€R+9 Tp = Iy.

If t — T, is continuous for the operator norm of H, then 7 is said to be uniformly
continuous. This class of semigroups is characterized by the following result:

Theorem 1 ([7], page 161) The following assertions are equivalent for a semigroup
TonH:

(1) 7 is uniformly continuous;
(2) There exists a bounded operator L on 'H such that

T[ = etL, t e RJ’_.
Further, if the conditions are satisfied, then

T, — 1
L= lim —
t—0t t

The operator L is called the generator of T .

A trace-preserving semigroup 7 := (7;);>0 of CP maps acting on Z; (H), set of
trace-class operators on H, is called a Quantum Markov Semigroup (QMS) on
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Z1(H). When lim;_,q ||Z; — Id|| = 0, 7 has a generator £ = lim,_ o+ (7; — Id) /7
(see [22]), which is a bounded operator on Z (), also known as Lindblad operator.

We consider a finite or countable set of vertices V and then take the composite
system

H=EPhn:

ieV

where each h; denotes a separable Hilbert space. The label i € V is interpreted as
being the position of the walker and, when the walker is located at the vertexi € V, its
internal state is encoded in the space b;, describing the internal degrees of freedom of
the particle when it s sitting at site i € V. Since we will be considering only examples
with h; = b; foralli, j € V, weleth; = hforeveryi € V.

The set of diagonal density operators acting on H will be denoted by

D={Zp(z‘)®|i><z‘|: P =P, pli) =0, ZTr(p(i)):l}.

ieV ieV

Definition 1 ([24]) A Continuous-time Open Quantum Walk (CTOQW) is a uni-
formly continuous QMS on Z; () with Lindblad operator of the form

L:Ti(H) — IT1(H)

. P B
p> —ilH, pl+ Y (S,/pS,/ - E{S;*S,-’,p}), 3)
i,jev

where, consistently with the notation, we write Sij = Rij ® |j)(i| for bounded oper-
ators Rij € B(h;, b j). Moreover, H and Sij are bounded operators on H of the form
H=Y,.y H ®Ili)(i|, H; is self-adjoint on b;, Sl.j is a bounded operator on H with
dijev S:/*Sl'.j converging in the strong sense. Also, [A, B] = AB — BA is the com-

1
mutator between A and B and {A, B} = AB + BA is the anti-commutator between

A and B.

Then, we have p = Y.y p(0) ® |i)(i] € D, e“(p) = Ti(p) = Yicy pi(D) @
li)(il, vt = 0, with

d . . T S
/) = —ilHi, p @]+ (R;-psz; — S (R"R], p,(w}) :
Jjev
An alternative way to rewrite (3) is given by equation (18.7) in [5]:
L) =Y | Gip)+pHG; + Y Rip(HRF | @ li) il @)
ieV jev
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where

1 L

— J*pJ

G"__’H"_EE R:"R;.
Jjev

Further, we will present the matrix representation for CTOQWs, and this will be
done by taking the representation given in Eq. (4).

The label i € V represents the position of the walker and, when the walker is
located at i € V, its internal state is encoded in b;, that is, h; describes the internal
degrees of freedom of the walker when itis at site i € V.

Starting the walk on site |i) with initial density operator p € S(h;) =
Y iey p(Di)(il, the quantum measurement of the position gives rise to a probability
distribution py on V, such that

po(i) = P(the quantum particle is in site |i)) = Tr(p (7))
and for evolution on time ¢ > 0,
p: (i) = P(the quantum particle, at time ¢, is in site |i)) = Tr(p;(i)),
where

eF(p) =" (D) ® li)il.

ieV

The vector and matrix representation of states and CP maps may be easily adapted
to CTOQWs. In fact, since any element of 7 () is block diagonal, when dim H < oo,
it may be represented by combining the vector representations of the finite diagonal
blocks,

vec(pr)
p=> p®li)il = 7 :=]|vecr)

ieV

The CTOQW (4) admits the block matrix representation

Go + [Bool  [Bo1l [Bo2]
— ~ ~ [Biol Gi1+ Bl [Bi2]
tL _ L= _
eTpy=em o, L=1 [By) Byl  Ga+[Bnl-- |-
where
1 e R
G = _iHi—EZR{*R{ ®I+1® iH,'—EZRi’*R;’
Jjev jev
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We will often identify the Lindblad generator £ with its block matrix representation
and omit the hat, as the usage of such object will be clear from the context. Also, we
will sometimes write X instead of [ X in contexts where no confusion arises.

It is worth noting that although the above definitions concern CTOQWSs on general
graphs, in this paper, we will deal exclusively with the one-dimensional situation which
we may also call the quantum birth—death process, and represent the generator by

By C
. Ao B1 (2
L= A1 By C3 )

for certain operators A;, B;, C;, and the remaining operators being equal to zero. The
above representation is for a quantum particle walking on the integer half-line Zx,
but we will also study examples acting on a finite set {0, 1, ..., N} or the integer line
7.

4 Matrix-valued orthogonal polynomials

In this section, we introduce the Karlin—-McGregor Formula for CTOQW with set of
vertices of the forms V = {0, 1,2,..., N}andV =Z, = {0, 1, 2...}. Then, we will
be able to give a recurrence criterion for vertex |0) based on the Stieltjes transform of
the associated weights.

Following [14], we pick d € {1,2,3,...}, (Ax)n>0, (Bn)n>0, and (Cy)y>1, such
that the block tridiagonal matrix

By Cq
R Aog By ¢
L= A] By C3 ®)

represents a Lindblad generator of a CTOQW A. Then, define recursively the associ-
ated matrix-valued polynomials from the matrix £ on (5) by

Qo(x) =g, Q-1(x) =0q

6
—x0,(x) =0p11(xX)Ay + 0, (X)By + 0 1(x)Cy, n=0,1,2,..., ©

thatis, Q(x) = (Qo(x), Q1(x), ...) are solutions of the equation —x Q (x) = Q(x)ﬁ.
Here, we denote I; and O, the identity and the null matrix of dimension d x d.
We recall that A} = ﬁAt, where A; = 'L and define the two-variable function

f,t)=0x)A,, xeC, tel0,00).
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One has

af(x,t)

5 = QWA = QLA = —xQ)A; = —xf(x,1), f(x,0) = Qx),

whose solution is f(x,t) = e ' Q(x). Hence, e ¥ Q(x) = Q(x)A,;. Component-
wise,

eQi(x) =Y k() Ak (D), )

k=0

where Ay;(t) is the (k, i)-th block of A ().
If there exists a weight matrix ¥ such that the matrix-valued polynomials
{Q,(x)},>0 are orthogonal with respect to X, in the following sense

[ @waEweie =5, F. deacr) #0.

then multiplying on the left side of (7) by Qj(x) and integrating with respect to X,
we obtain

/R ¢ 0 (1T () 04 (x) = A 0} (AT () 0 (1) A (1),

therefore for any i, j € V, we have the Karlin-McGregor Formula for CTOQWs:

-1
Aji(r) = (/ Q’}(X)dZ(X)Qj(X)> (/ e”Q}’f(X)dE(X)Qi(X)) ; (3)
A(t) = (Aji(t))},i=0,1,.... For more details about how to construct this formula, see

[14].
Sometimes, we will write (8) as

—1
Ajio) =TI, ( / e"“ij(x)dz(x)Q,-(x)), m; = ( / ij(x)d2<x>Qj<x>) .

Let pj;;,(t) represent the probability of reaching site |j) at instant ¢, given that we
started at site |i) with initial density p concentrated at i. Then,

Pji;p(t) =Tr [vec_1 (Aj,-(t)vec(,o))]
=Tr |:vec] (l'[j / e M Qj(x)dE(x)Q,-(x)Vec(p)>i| .
For simplicity, we write the transition probabilities by

Pjiz(t) = Tr [Hj / ex'ij(x)dE(X)Qi(x)p}
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in contexts where no confusion arises.
Consider a CTOQW with set of vertices V. Given |i) € V and p € S(b;), we say
that |i) is p-recurrent if

o0
/ pii;p(t)dt:OO.
0

When |i) is recurrent for all densities, then we say that |i) is recurrent. This concept
is associated with the weight matrices by the following theorem.

Theorem 2 Consider a tridiagonal CTOQW on Z=o = {0, 1, 2, ...} and let X be its
associated weight matrix. Vertex |j) is p-recurrent if and only if

_ [ 0%(x)dT (x) Qi (x) }
lim Tr ij p| = oo.
(¢}

A—0 A+ x

Proof For each pairi, j € V, we have
o0 o0
/ pjip(t)dt = lim/ e Mpiip(dt
0 A—0 0

r—0

= lim Tr [nj/ (/w e<“x>’dt) Qj(x)dZ(x)Q,'(x)p:|
A—0 C 0
, [ Q% (x)dT (x) Qi (x) }
= lim Tr ij ol.
C

= lim - e MTr |:1'Ij / e Qj‘-(x)dE(x)Q,-(x)pi| dr
0 C

2—0 A+x

We recall the Stieltjes transform associated with X :

B(z, %) =/ 20N
C

I—X

thus we obtain the straightforward consequence of Theorem 2:

Corollary 1 Consider a tridiagonal CTOQW on Z=o = {0, 1,2, ...} and let T be its
associated weight matrix. Vertex |0) is p-recurrent if and only if

— lin%) Tr[IpB(z, £)p] = oo.
—>

It is crucial to note that not all polynomials induced by block tridiagonal matrices
are orthogonalizable under any matrix weight. The nontrivial nature of establishing
orthogonality in this context necessitates a discerning criterion for the existence of
such weights. Within the framework of Sect. 1, the appendix recalls a criterion for
the orthogonality of polynomials induced by block tridiagonal matrices, and a precise
expression for a specific type of weight.
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5 Walks on Z: the folding trick

Consider the generator of a tridiagonal CTOQW on Z, given by

. G2+ [B.1] [C_1]
R [A_3] G_1+[B-11| [Col
L= [A_T [Go+[Bol [CiT :
[Ag]  Gi+TBi1 [C2]

[A1T G2+ [B2] [C3]

&)

where all blocks are matrices of order d2, thus dim(h) =d.
We assume that there exists a sequence of d 2 % d? Hermitian matrices (E,),cz and
nonsingular matrices (R, ),z such that

[A TRy 4 Rugt = RyRy[Cpya], 20
anfl I-Cfn-l = I-‘Afl‘171-|>'<R>k R*I‘lv n 2 Oa

—n

R* R, (G, + [B,1) = EyRy, n€Z.

—n—1

(10)

Consider the two independent families of matrix-valued polynomials defined recur-
sively from (9) as

00(x) = I, Qf(x) =0z,
0L (x) =0p, 0% (x)=Ip, (11)
—xQ%(x) = 0%, () [AL] + Q2 (X)(Gy + [By1) + Q% ()[Cyl, @=1,2, neZ,

where we have the block vector Q% (x) = ( . 0% (), 0%, (x), 0F(x), O (x),
0% (x), ... ), @ = 1,2, satistying —x 0% (x) = Q*(x)L.

As in the classical case, we introduce the block tridiagonal matrix

Dy N
. My Dy N,
L= My Dy N3 J
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By By

Fig.1 Generator Lofa CTOQW on Z

By

By
fi(%ﬁ
Ch Cy
Ay Co
C

Fig.2 Folded walk of £ on Zsq x {1, 2} given by £

where each block entry is a 2d% x 2d* matrix, given by

[Go+TBol  [A1] C[TA] 0
Do=1"1co1 G1+r311] Mo=1"0 rc_,.n|- "=

[Gut BT 0 frea o
bu=1"" G_n_1+rB_n_ﬂ}’ =10 A"t

The term folding trick comes from the transformation of the original generator L,
whose graph is represented in Fig. 1,
to the generator described by £, which is represented by the folded walk in Fig. 2.
Note that £ is a block tridiagonal matrix on Z>o, thereby we can apply all the prop-
erties we have seen in previous sections. The following 2d? x 2d? matrix polynomials
are defined in terms of (11),

_[o,® Ql_n_1<x)]
Q=G0 G- =0 12

and these satisfy

xQo(x) =Q1(x)Mo + Qo(x)Doy, Qo(x) = I,
xXQu(x) =Qnr1(X)My + Qu(x)Dy + Q1 (X)N,, n=1,2,...
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The leading coefficient of Q,, (x) is always a nonsingular matrix. Moreover, for

—1
Ryi= | B 0 1 z0, Byim Fo | RolA-iRop),
R_1[Co1R, E_4

oo En Od2
E, = |:Od2 Eo il n>1,

we see that the block matrices of £ satisfy the conditions (10) forn > 0 :

9 9

MR Rys1 = RiRyNus1, RyDy = E,Ry,
where matrices én are nonsingular and E",, are Hermitian for all n > 0. Defining
M) = RiR; € Myp2(C), j=0,1,2,...,
and using Eq. (28) to note that
I, = RiR; Vj € Z,

we obtain the correspondence between I jand IT; :

< [T Op _
fl; = |:0d2 1'1_,,-_1}’ j=0.1.2....

By [14], there exists a weight matrix W leading to the Karlin—-McGregor formula for
A=et:

Aji(n) =11, /R e QAW (1) Q; (x). (13)

Once we have found the weight matrix appearing on (13), we can also obtain the
blocks A j;(¢) of the original walk generated by L. The key for this operation is the
following proposition:

Proposition 1 Assume that Listhe generator of a CTOQW of the form (9). The relation
between A j;(t) and A j;(t) is

Aji(t) Aj_i1(1)

’ .1 i Z> . 14
Aj-1i(®) A—j—l,—i—l(l‘)i| b J € £=0 (14)

Aji(l)=|:

Proof First, we use [13, Proposition 7.1] (replace dVDYf) and &)5,;) by [I’j“l and ﬁ’}i,
respectively) to obtain that

An ’CAr!i ’CA@ —i—1 T
Ero=| a0t i,j€Zso, forall n=0,1,2,...,
L0 i £y i
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hence we obtain for every i, j € Z>¢ the expression

o0

N n 0 ﬁn "ﬁ"

TSP T 4 G ULy i

R0 = @i = #ﬂ—zm[m T
n=0 n=0 —j-1i 7=j-1,—i-1

Z[ Aji(t) Aj—i—1(1) ]
A_j i) Ajq,—i—1()]”

O

Note that we can evaluate A ji(t) by (13) and then extract the block A j;(¢) as in
(14). Further, for a density operator p, we have

Aii) 0 Ip 0]« 12 0
pjizp(m) = Tr (Ai(p) = Tr ([ jo(t) 0] [SD =T <[ 0 0} At [ 0 0] [SD '

However, we would like to obtain the probability above avoiding the evaluation of
Aji(t). This can be done via a generalization of the Karlin-McGregor formula on
Z>o. We proceed as follows: First, write the decomposition

AW (x) dWia(x)
W) = [dwzlm szz(xJ :

where dW5 1 (x) = dW1*2 (x), since dW (x) is positive definite. Then, one has for i, j €
Z:>9,

Aji(r) = T A; e Q5 ()W () Qi (x)

(12) [n,- 0, ]/e,x, Qé(x) o' *[dwnm qu(x)] [Q,-‘(x) QLH(X)]
B I SRy iy 050 0%, ()| [dWhHh() dWn) | [ 07 () 0% (x)
_ i[ T [y e Q% (x)dWap () OF (x) T [ e Q% (x)dWap (1) 07, (x) }

G LT ™ 0% (AW (0 0F (6) Ty fir €™ 0% (00dWep(0) 0%, ()|

Joining equation above and Proposition 1, we obtain the Karlin—-McGregor formula

for a CTOQW on Z, given by

2
Aji(t) = Z 1'[/-/ e ! Q‘]’-‘*(x)dWa,g(x)Qf(x), forany i, j € Z, n > 0.
a.p=1 R
(15)

Conversely, if there exist weigpt matrices dWpp(x), dWi2(x), dWay(x) such that
A i (2) is of the form (15), then A j; (¢) is of the form

é%) _ f[j/ e*”Q;(x)dW(X)Qi(x)-
R

@ Springer



Continuous-time open quantum walks in... Page 150f37 96

The weight matrix

[ Wix) Wi(x)
W) = [Wrz<x) sz(x)} :

is called the spectral block matrix of L.

Remark 1 Extending Theorem 1 to the CTOQW on Z, we observe that since Q(l) =
0%, =Iyand Q} = Q' = 0y, the following limits hold

o0
/ Poo;p(1)dt = lzlg)l Tr [To B (z; Wir)vec(p)],
0

where B(z; W) is the Stieltjes transform of the weight matrix W. Analogously,
o0
/ Pt -1ip (0t = lim T[T B(z; Wavee(o)].
0 z

Let us write the matrix £ in the form

00 A
. [/ c R ~-00 0
L= ALA',+:|’C: 0 00---]- A=1]...00 0 )
L [Co100--- C
[Go+Bol [Ci]
‘y [Aol  Gi+T[Bi]l [C2]
LT = [A11 Gz + [B2] [C3] ’
[G_1+[B_11 TA-1]
. [Cal G2+ TBal  [A3]
L = [C21  G-3+[B-3] [A3]

Our goal now is to write the Stieltjes transforms associated with the weight matrices
Weg, o, B = 1,2, in terms of the Stieltjes transforms associated with W, the weight
matrices associated with £=. .

We introduce the generating function of £

D(s) ;= Z s"L"

n=0
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to obtain an explicit form for the Laplace transform of A (¢) on the following way:

-~ 0 o o0 xn R o0 ﬁ .
0 n=0 0 : n=0 "

00 En q> t_l)

_Ztn-i-l =

Using equations (48), (49), (50) and (51) of [13], applied to ij,-(s’l) = s[\j,- (s),
we obtain

Aoo(2) = Ag()(z)(I—rA 1AZ, 1 @TCo1AG @)™ (16)
A1) = AT, @U = [ColAf@TATAZ, )" (17)
No—1(z) =2~ lAgo<z><l—rA AT, @TCoTA @) ' TALITAT, ().

(18)
A10@ =2""AZ; (U = [CoTAGHRITALTA 1 1(2) ' TCoTAL ().
(19)

We notice that the block matrices of both £ and £~ satisfy the conditions of Eq.
(10), thus there are positive weight matrices W associated with £* for which the
associated polynomials are orthogonal. Then, we can write

I'I(T :=/.dWJr and TII_, :=/dW,.
R R

The Laplace transform of A j;(¢) can be associated with the Stieltjes transform
using that

Kj,'(s) = /000 e U Aji(ndr = /000 e’ (I'Ij /Re*x’ Q% (x)dW (x) Q; (x)dt)

/ Q5 (x)dW (x) Qi (x)
R S+ x

El

s > 0, that is,

Aji(—s) =T

/ Q7 (x)dW (x) Qi (x)
j K
R

X =S

thereby we recall that Q(l) = 0% 1 = 1, Q(z) = Ql_1 = 0,2 in order to obtain the
relations

B(z; Wi1) = Ty ' Roo(—2), B(z; Waz) = T2 ] A1 —1(=2), B(z™": Wip) = IIZ{ A1 (~2),
B(z; Wa1) = IV Ay 0(—2), B(z; Wy) = () "' Ady(—2), Bz Wo)

@ Springer



Continuous-time open quantum walks in... Page 17 of37 96

= (MZ)'AZ, _ (2.

Joining with the identities (16), (17), (18), (19), the new Stieltjes transform identities
are obtained:
MoB(z; Wiy) = I B(z; W) (I — A 1112 B(z; Wo)[ColTTg B(z; W4)) ™,
M B(z; Wy) = T1Z | B(z: W-)(I — [Co1T1§ B(z; W)[A_1T1Z B(z: W-))~",
MoB(z; Wi2) = T B(z; Wy)(I — [A_ 1112, B(z: W-)[ColTT{ B(z; W+>)*‘(20)
[A_{1-,B(z; Wo),
My B(z; Wa1) = T2, B(z; W) (I — [ColTI{ B(zs W) [A_ 1T, B(z; Wo)) ™!
[ColTl] B(z: Wy).

Sometimes the operators l'Il.+ and I1;" are equal to the identity operator. In this case,
(20) are reduced to

B(z: Wi1) = B(z; W) (I — [A_11B(z; W-)[Co1B(z; Wy) ™',

B(z; Wa) = B(z; W_)(I — [Co1B(z; W)[A_11B(z; W-)) ™', o
B(z; Wi2) = B(z; Wy)(I — [A_11B(z; W_)[ColB(z; W4) "' TA_11B(z; W-),
B(z: Wa1) = B(z; W_)(I — [ColB(z; Wo)[A—11B(z; W-))"'[Co1B(z; Wy).

Equations (20) and (21) allow us to obtain the Stieltjes transform of the CTOQW
with V = Z when we know the Stieltjes transform associated to the walks on Z>0 and
Z.<0. Since we are interested in the recurrence and transience of the CTOQWs, those
equations are enough to obtain this information as it will be seen on the next section.

Remark 2 A sufficient condition for 1'[;r = II; = I is to have A, = C;l" 1 and
B, = B; for every n € Z, since we will always have G, = G}, forall n € Z in
this case, and therefore we can take R; = I for all i € Z (see Eq. (10)). On the other
hand, those conditions are not necessary, since we can find examples with R, being
any unitary matrices for each n.

Most of our examples consider Rf =0 forall i € V. In this case the Hamiltonian
part does not contribute to the probabilities, as it will be seen as a consequence of the
following Proposition. Moreover, this Proposition gives equivalence to a condition that
the diagonal of the matrix representation of the generator has negative-semidefinite
matrices.

Proposition 2 Let us consider a tridiagonal CTOQW in Zxq (or a finite V ) satisfying
the conditions of Eq. (27). Then, G,, + [B,,] < 0 if and only if

(n) (n)
By L,
- | . W _ L m
—H, @I +I1Q®H,=| @ . o Mg = by
(n) (n)
W
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(n) . (n) (n) .1 (n) .
WG =i (s —al = ib%)). ¥k, (22)
where
(n) (n) (n) (n)
ap - a) p by, ...bl’d2
[B,] = : .o +1i : . , aji,bjreRY jk
(n) (n) (n) (n)
Agay - A o bd21 ..bdz’d2
and
(n) (n)
SIS g2 X
Si®I+I1®S,=| : - vk, S, :=§(A;;A,,+B;B,,+c;c,,).
S(n) s(n)
2,1 2 2

Proof Let us suppose that T,, := G, + [B,] for every n > 0 satisfies the conditions
of Eq. (27).

Firstly, we suppose that 7, < 0, thus there exists an orthonormal basis {vy, ..., v;2}
of (Cd2 constituted by eigenvectors of 7,, with T,vx = v, k=1,..., d2.

Denote S, = % (AjAn + BB, + C;iCy) to obtain

ik = ti{vj, vi) =(vj, (Gn + [Bn1)vk)
(Ui, (—iHy @ T +il @ Hy — S, ® I — 1 ® S, + [Ba1) vi)
=i (vj, (—H, ® T +1® Hy) o) — (v, (Sa ® T +1® Sp) i)
F]y_,gk Fz,_,‘,k
+ {(vj, [Bnlvg) -
N

F3jk

We have Fiik, Fork € R, thus (v, (—Hn RI+1 ®Fn) vg) =
—Im((vg, [Bn]ur)), thereby the entries of the diagonal of —H, ® I + I ® H,, coincide
with the entries of the imaginary part of the diagonal of —[B,].

For j # k, we have

i(j, (~Hy ® I +1® Hy) v) = (v, (ST +1®S) v) — (vj, [ByTwr),

thus, denoting by [X] jx the (j, k)-th entry of a matrix X on the basis (vi),, we obtain
the identity

i[~H, @I +1Q@Hyljx =[S@TI+1®8S—[By1ljx, Jj#k,
completing the first part of the proof.
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On the other hand, we suppose that there exists an orthonormal basis such that Eq.
(22) is valid. In this case, we have

[Tk = ih\Y — s +a +ib7) = =5 +a <0, Vk,
and
_ () (n) (n) | ) _ - < (n) (n) _ .4 ()
[Ta]jk = l/’ljk — sy tay +lbjk =i <—l (sjk —ay = lbjk ))
—s\W +al) +ibl) =0Vj £k
This shows that [7,] is diagonal with respect to this orthonormal basis and its entries

are all real, thus it is Hermitian. O

Corollary 2 Let us consider a tridiagonal CTOQW in Z>¢ (or a finite V ) with a positive
matrix weight associated with this CTOQW. Then, H, = h,I for some h, € R if and
only if By, is Hermitian. In this case, H, does not contribute to the probability of the
walk.

Proof We suppose that there exists a positive matrix weight associated with the
CTOQW, thus Eq. (22) is valid. We have that B,, is Hermitian if and only if

'l +ib%) =a) —ib{) Vi k.

The matrix — H, ®1+1® Hy, isa multiple of the identity if and only if 4} = 0 ¥j # k

and h,((';{) = h Vk for some i € R, where the second statement is valid by Proposition
2. Moreover,

(n) _ n) _ () | . (n)
hjk _0©sjk =aj +zbjk,

which is equivalent to have [ B, ] to be Hermitian, since S is Hermitian. m]

6 Examples
6.1 Diagonal and simultaneously diagonalizable transitions
First, we will consider a homogeneous CTOQW on the N + 1 nodes indexed as

V ={0,1,..., N}, where we add two absorbing barriers (| — 1), |N + 1)) on the
extreme nodes, R! = 0 for each site, and the generator L is given by

G [C]
[AT G [C]
. [Al G [C]
L= , A=|:aol 6?2:|’ C=|:i)l C02:|’ ai,ax, cy,cy >0,
[AT G [C]
L [AT G |
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2 2 2 2 2 2 2 2 2 2
. ay t+cy+a5+c5; ay+cy+tay;+c5,a5+c
G:—dlag(alz—i-c%, 1 1 2 2 1 2 22 2,(1%4—6‘% .

2 ’ 2
The classical symmetrization

R = diag(Ro, Ri, ..., Ry), Ri=K7Z, i=1,....,N, Ro=1L,

where K = [/ ACT| = diag (alcl, Jaiciaxcer, Jaiciaxcy, azcz) , gives

[G
K

>~ QX
o =
=

J=RLR ' =

>
@

K
G—

The matrix-valued polynomials {Q,},>¢ are recursively defined by

Qox) =1, Q-1(x)=0,
—xQo(x) = Qo(x)G + Q1(x)K,
—x0i(x) =0i11MHK+0;x)G+ Qi 1)K, i=1,...,N—1,

which can be identified with the Chebyshev polynomials of the second kind {U,, },>0.
Indeed, we have

o —1
00(x) = Uy (%) >0,

Now, if we define

Ryi1(x) == ON(X)(—x — G) — On—1(X)K,

we have that the zeros of det(Ry+1(x)) coincide with the eigenvalues of —J. A simple
calculation shows that

(—x — G)K—1> ©

Rnyi1(x) =Uns1 ( 5

We would like to solve the equation det(Ry+1(x)) = 0. Recalling the representation

o (5) =TT (s 200 (7))

j=1
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we obtain, for the matrix-valued case at hand,

—x — -1
det(Ry+1(x)) = det (UN+1 (ﬂ) K)

2
N+1 i
= det 1_[1((—xl4—G)K_1—2005<N+2>)K ,
]:

thus

T [Cx =) jn
det(Ry+1(0) = kikdks [ T [k—'" _2C°S<N+2)]’

j=1 m=1

where we have put G = —diag(g1, g2, g3, g4) and K = —diag(ky, k2, k3, k4). Since
g2» = g3 and ky» = k3, det(Ry41(x)) is a polynomial of degree 4(N + 1) having
3(N + 1) distinct roots, which are of the form

j+1 2 2 j+1
xj:—gl—2k1cos<nN+2>:a1+c]—2a1clcos er+2 ,

1 +1
y; =—g2—2k2cos<nljv—:_2) =\/W—(af—{—c%—l—a%—i—cg)ws(ﬂljvr_z)»

Jj+1 ) 2 Jj+1 .
zj:—g4—2k4cos<rrN+2>:az—i—cz—Zazczcos rrN+2 , j=0,...,N,

each y; being of multiplicity 2. There can be cases of eigenvalues with a greater
multiplicity, which happens when the collection of zeros xy, yy and zy overlap, so
the multiplicity changes accordingly.

Let us compute the weight matrixes on the zeros above. We have

Wi =gi(hp). g =—0j—M =T =Dy kj=xj.yj.25. j=0.....N,
(23)

an expression which can be deduced from (see [16])

N
- P () Wi Pj ()
e D iy

k=0

and noting that this corresponds to the Laurent sum of the operator on the left-hand side
except for the sign change Ay — A = —(, — Ag). With formula (23), a calculation shows
that for every N, we have a corresponding set of multiples of the matrices given by

1000 0000 0000
0000 0000 0100
W= 10000 W&2= 0000 | W&3= 0010
0000 0001 0000
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More precisely, we have a collection of 3(N + 1) roots with weights

2 1
¥(xj) = sin? <ni> Wk, j=0,...,N,

N +2 N +2
2 .2 j+1
= 2 ) Wko, j=0,...,N.
Y(y)) T <HN+2> k2o )
2 .2 j+1 .
w(Zj)=N+ZSll'l <7TN+2>WK;2, J:O,...,N.

For a specific instance of the above take N = 2 (3 sites), so we have nine roots, with
weights

1W 1W 1W
VK g WK g WK3

associated with zeros a12+c% —2aicy, JJajciarcar— (af—i—cf—l—a%—i—c%) and a%—f—c% —2ascy
respectively; weights

1W 1W 1W
S WKt 5 WK, 5 WK3

associated with zeros al2 + C12 — ﬂalcl, Jaiciarcr — «ﬁ(al2 + c% + a% + c%)/Z and
a% + c% — V2as¢> respectively; and weights

1W 1W 1W
2 VK g WK e K3

associated with zeros alz + c%, Jaiciaxcy and a% + c% respectively.

Now, let us consider the walk on the half-line.

We will consider a CTOQW whose set of vertices is V = {0, 1, 2, ...} and the walker
can jump to its nearest neighbor; however, there is an absorbing barrier (| — 1)). Therefore,
this walk can be interpreted as a BDP in which the population may become extinct. The
matrix

Go [C] 1
[A1 G [C] G= —j((A*A+C*C)®12+Iz®(A*A+C*C))

L= A1 G [c1 | 1
L Go=—(A"A)® L+ L ® (A*A)),

is a valid generator of a CTOQW. Also,

a? +c? 0 0 0
a?+cl+a3+cl
G 0 2 0 0
= - 2 2 2 2 )
aj+ci+ay+c5
0 0 = , 0 ,
0 0 0 a;s +c;
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ai 0 0 0

0 alz—&-a% 0 0
GO =" > at+a?

0 0 520

0 0 0 a

The CTOQWs of these first examples are entirely described by diagonal matrices;
therefore, the parameter b in the density matrix p has no influence on these random walks
with the specific transitions A and C.

If we take K := [(AC)1'/2, then we obtain the symmetrization

—-Gog K
. K -G K
J=R(-LHR™' = K -GK |
where K is positive definite,
R = diag(Ro, R1,..., Ry), Ri=[A'CT™', i=1,2,3,....N, Ro=1ls.

Let us obtain the weight matrix associated with J ,

-G K
~ K -G K
J = K -G K ,

using the results of A.J. Durdn ( [15]).
Since G and K commute, it is easy to see that the matrix Hy p(x) given by [15] is

H(X) :(XI +G)2K72 — 4l = ()C[ +G)2|'AC-|71 — 4l

.2 22
el _y 0 0 0
e 2,..2,.2,2
_u1+¢‘1+a2+c2 2
= 0 . 0102316'2 ) —4 0 0
(o al+c}+a3+c3 2
0 —2 —4 0
1azcic2 « a2 C2)2
9 _
! 0 0 pEE
The associated weight matrix to Jis
di(x) 0 0 0
~ I 1 0 da(x) O 0
500 = 5K~ Wdiaglhn b haha) = 5| o0 07 Loy o [ 28
0 0 0 ds(x)
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where h j represents the j-th diagonal entry of the diagonal appearing on the representation
of H(x) and

|:\/4a% 2 _ (x — a1 — cl)z]
di(x) = - L dx) = 5
apcy ac;

2
a}+ct+a3+c
dajarcicr — [ x — =

2a1azcicy

da(x) =d3(x) =

Here, we are using the notation [ f(x)]+ = f(x) if f(x) > 0 and O otherwise.
We are interested on the transitions of the CTOQW, thus only d; (x) and d4(x) contribute
for the calculus of the trace when we evaluate

dix) 0 0 0
0 dx) 0 0 _
0 0 dxy o |veP
0 0 0 di)

Tr

thereby we will avoid the massive calculations using terms as d»(x) and d3(x) appearing
on the sequel of this section.
The Stieltjes transform is

wi(z) O 0 0
0 wi(z) O 0
0 0 wi(@ O ’
0 0 0 wa(z)

B(z, %) = K~'/diag(h1, ha, h3, ha) = (25)

where w;(z) = ws3(z) is a function that does not vanish and

z—al —cf - i\/4a126% —(z—al—c)?
wi(z) = 2023 ;

2 2
z—a; — c2 — l\/4a262 (z —a2 — Cz)

w4(z) =
2a2 02

Since the weight is obtained on the terms of [15], we must have [Ty = /4, then we use
equation (2.20) of [14] to obtain the Stieltjes transform of the weight matrix associated
with J:

o1(z) 00 0
5 -1
B(z,z)=(3<z,2)*l+(Go—G>) = 8 32 8 ’
0 00o02(2)
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where

z—ajz-+63+\/—4a_%c;+(z+ajz-+c;)

2 b
2cjz

0j(z) = j=12

It is a simple calculation to verify that lim 4 0;(z) = 00 & a; < cj, thus, given a

. a b
density operator p = [b* 1 — a] , we have
lim Tr [vec™ Tl (B(z, Byvec(p))] = lim (rio1()a + 102 @) (1 = @),
Z z

where 771, my > 0. Therefore, if {|eo), |e1)} is the canonical basis of C2, then an application
of Corollary 1 shows that

e a; <cjanday <cp = vertex |0) is recurrent;

e a; < cjanday > ¢c; = vertex |0) is |e){e;|-transient and p-recurrent for p #*
ler)(etl;

e a; > cy and ap < ¢ = vertex |0) is |eg)(ep|-transient and p-recurrent for p #
leo) (eol;

e a; > cjand ap > ¢y = vertex |0) is transient.

The Perron—Stieltjes inversion formula (Proposition 1.1 of [12]) gives

i JAarA—(x—a?—c})? ]
[chx 00 0
1 i 0 0

*
d2@) = = 0 0 x 0 :
(40262 — (x—a2—c2)2
0 00 [uﬂ ;éx”z = }
L +

thus an application of the Karlin—-McGregor formula for CTOQWs gives for p =

a b
b*1—al’

o \/4alzc% —(x—a} —chH?
P00 p(t) =a e dx
0

2
2c1x

4+ —a) /oo e M \/411%6% it ke U
0 ZC%)C
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The particular case of r := a; = c1 and s := ap = ¢ gives the weight matrix

[JW ] 0 0 0
2r2x +
_ 0 wrs(x) 0 0
dXe) = — 0 0 wrs(x) 0 ’
0 0 0 [7W ]
S<X +

where

2/ +9)? —0G = (= 9)?) 9 =9)’
wr s (x) = |: 207 5)x — (2 522 :| + (W) 30 (2),

49 —s)?
2(r2 4 52)

Finally, we describe the associated walk on the integer line.

Let us consider the homogeneous CTOQW on Z. In this case, the quantum walker’s
dynamics are uniform across different positions on the integer lattice and could be explored
in various physical systems, such as trapped ions, superconducting circuits, or photonic

systems.
We take
it1 _ 4, a1 O i-1_ ~_ | 0 .
R; _A_|:O az]’ R; _C_[O cz]’V’EZ’ ai,a, ci, ca > 0.
In this case, we have
a? +c? 0 0 0
G 0 a%+c%—§a%+c§ 0 0 ieu
L 0 0 a%+cf—;—a%+c§ 0 ’
0 0 0 as +c3

Using the first equation on (21) with A_; = A and Cp = C, we obtain

V/ (z— alfc)74uc 00 0

(z—aj —01)2—4a10
* 0 0
0 0 * 0 ’

0 00 /(2= a2 c2)2 4a2c2

z a 02)2 4:1202

B(z; Wi1) =

where we used dW, = dW_ = d¥(x), d¥x) being the weight matrix given by (24).
It is easily seen that

\/(z —ak —ck 4akck
ZTO (z— ak - ck)2 4a,%c,%

=00 & ar=cr, k=1,2,
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therefore, for p = |: } , we obtain that

a

b*1—a

e a1 = c1 and ap = ¢ implies that the walk is recurrent;

e a; # ¢ and ay # ¢ implies that the walk is transient;

e a; = ¢y and ay # c; implies that the walk is p-transient for @ = 0 and p-recurrent for
a > 0;

e a1 # c1 and ap = c; implies that the walk is p-transient for a = 1 and p-recurrent for
a<1.

We observe that the walker returns infinitely often, in mean, to vertex |0) for any
initial density operator when a; = ¢; and a» = c¢,. In the contrasting scenario, where
aj # cj, j = 1,2, the walker returnees is finite in mean. Lastly, when only one of the
values a; equals c;, then the walk returns a finite number of times to |0), in mean, for one
only density, and infinitely often for all others.

Moreover, the weight d Wy is obtained by applications of the Perron—Stieltjes inversion
formula:

_|:,/(x—a|2—cf)2—4alzc%i| 00 0 ]

()c—al2 —C%)2—4Q%C%
+
0 * 0 0
0 0 * 0

0 00 |:‘/(xa%c%)24a§c%:|

dWii(x) =

2 2 2.2
(x—a5—c3)*>—4a3c3

6.2 The case of simultaneous unitarily diagonalizable transitions

The above analysis can be applied to the simultaneous unitary diagonalizable coins, that
is, we can take a unitary matrix U and coins given by

— ar 0 * _ c1 0 "
A_U|:0 ag]U’ C_U[() CZi|U’ ay,az, cy,ca >0

to obtain analogous conclusions about the recurrence of vertex |0). In this case, we have

e a; <cjanday <cp = vertex |0) is recurrent;

e a; < cyanday > ¢ = vertex |0) is Uley){e||U*-transient and p-recurrent for
p # Uler){e1lU™;

e a; > cyand ap < ¢y = vertex |0) is Uleg){eo|U*-transient and p-recurrent for
p # Uleo){eolU™;

e a; > cjand ap > ¢y = vertex |0) is transient.

Let us describe an example of this and, in addition, let us consider a perturbation on
the first vertex. In this case, the walk can be represented by Fig. 3, where B represents the
rate of jumping from vertex |0) to itself.
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By
A A A A
c C c C
Fig.3 A slight modification on the first vertex

Let U € M;(C) be an unitary matrix and consider the CTOQW with generator

Go + [Bol [C]

(Al G €] 20 1 hy
A o * _ 1 1.1 *
L= [4] G [C] :A—C—U[OJU’BO—U[/“.I' 1]U’
and the Hamiltonian operator
H= Y H®lili| Ho= "™ hy e R hyeC. H =0fori>0
= i s 0= hl I’l2 s 112 s 1] s i = .

i€Z>o

The diagonal block matrices of £ are G = —Udiag(8, 5, 5, 2)U4* and

—4— | 0 0 lhy|?
0 —5/2 — |2 h? 0
GO —U /72| 1| 1 5 Z/{*,
0 h —5/2 — |hy]| 0
|h|? 0 0 —1 — |hy?

where Y = U ® U, thus Gg is Hermitian.

The Stieltjes transform of the matrix weight associated with L (£ with Gg + [Bo]
switched by G) is then, by Eq. (25),

wi(z) O 0 0 e —
0 wi@ 0 0 wi(@) =8 -z —vz(z = 16)

* = =20—47 — 472 - 102+ 9
0 0 'LU";(Z) 0 us, wz(z) w3(z) 20 — 4z 44/ 7 10z +9.

~ 1
B(z,X)=—=U
© 32 =32-16 1672 — 4

0 0 0 wa(z) wy(z) = 32 — 16z — ¢ —4z

(26)
The Stietjes transform of L is obtained by
51 0 0 mP]7
-1 0 h? 0
) ey SZ_(? 1 u*
0 hi” sz O
> 0 0 s3(2)

B(z, %) = (B(z, )7+ (Go + [Bol — G)

32 5 8 5 )
51(2) = +4 =17, s202) = + - =l
z—8++/2(z — 16) 2—5+z2—10z9 2

2
$3(2) = +1— ).
} 2—24+z2(z—4) :
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By
C C C C C
Fig.4 Generator Lofa CTOQW on Z with a perturbation on vertex |0)

After some calculus using the limit given on Corollary 1, we obtain that this walk is
recurrent for any choices of iy € C, hy € R.

A perturbation on the vertex |0) for the CTOQW on Z : We consider a CTOQW on
Z with the same transitions as above but with a perturbation on vertex |0). That is, we are
taking the walk given by Fig.4, where

A=C=U [(2) (1)] U*, By=U [z; iﬂ U*, by, by, b3 € R.

Each position on the lattice behaves similarly, except |0). The perturbation, character-
ized by a different matrix rate for a self-loop at |0), introduces a localized influence on the
walker’s behavior. This can be seen as a quantum interference effect, where the perturba-
tion disrupts the otherwise uniform evolution of the quantum state. Specifically, a self-loop
alters the probability amplitudes associated with staying at vertex |0) versus transitioning to
neighboring vertices, leading to a non-trivial modulation in the walker’s probability distri-
bution along the lattice. Moreover, we can understand this as a quantum-level interference
phenomenon, where the perturbation introduces phase relationships among probability
amplitudes, influencing the walker’s behavior and creating distinctive patterns in the quan-
tum state evolution.

Physically, this setup could be implemented in a quantum system where the different
vertices of the integer lattice correspond to distinct quantum states, and the perturbation
arises from a modification in the local dynamics at one specific position. This might be
achieved through controlled interactions or external fields acting on the quantum system.
Such perturbations can be leveraged in quantum algorithms and simulations, providing a
way to encode specific information or perform quantum operations selectively at certain
positions in the lattice.

We want to apply Eq. (20) to verify if vertex |0) is recurrent. To do this, we notice that

Go + [Bo] [C]

3 [A]l G [C] ] SR
- [A] G [C] , L= [A] G [C]

[A] G [C]

[A] G

where G = —Udiag(8, 5, 5, 2)U* and now

Gy =— % [(A*A +BiBy+C'C)QI+1® (A*A + BjBo + C*C)]

—iHy®I+il ® Hy

8—|m> 0 0 Ihi|?
0 —5— |2 h? 0
=U —me u,
0 hy =5 —|h| 0
|| 0 0 -2 —|hy|?
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which is a Hermitian matrix.
The Stieltjes transform of the matrix weight associated with £~ is given in Eq. (26)
(since A = C), while the Stietjes transform of the matrix weight associated with £ is

B(z, Wy) = (B(z, W.)™' + (Go + [Bol — G)) '
i@ 0 0 mPP]!
0 4Ya(x) hi O L

0 i’ Y 0 ’
> 0 0 vY3(2)

where
32 8
vi(z) = — P 2@ = — P,
z—8+z(z—16) 2 =5+ /22— 1029
2 2
7) = — [h]"
¥3(2) P S e A1

Some calculus shows that

—limTr (B(z, W11)p) = o0
z10

for any choice of i1 € C, hy € Rand p € M, (C), therefore vertex |0) is always recurrent
for this CTOQW.

The same can be done with vertex | — 1); however, on this case, we have to evaluate
— limz4o Tr (B(z, W22) p) = 00, whichis always infinite for any choice of hy € C, hy € R
and p € M (C), therefore vertex | — 1) is also always recurrent for this CTOQW.

6.3 Noncommuting transitions

Let
o2 e
where
-4 1 1 0 2110
R I L S Y
01 1 =2 0114

Consider the CTOQW with V = {0, 1, 2, 3} induced by the generator

Gy [CT 0 O
[AT G [CT O
0 [A] Gy [C]
0 0 [A] G

ﬁ:
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Note that this generator satisfies the conditions (27) with R,, = I4, n =0, 1, 2, 3, thus
there exists a positive weight matrix associated to £, which will be evaluated now.
The eigenvalues of —L are

M =0, Ma=3-+5 A3=3+5, M=3-+7, As =3++7,
7 - V17 74+ /17 N 11 — 41 N 11+ V41
= = 9 8_ = 9

Ag=— Y1 2 = ,
6 4 ! 4 4 ? 4

(X1, X4, X5, Mg, A7, Ag and Lo have multiplicity 2) with weights

3 2
1| - 1 5 1 5

| | ,W2=<W1+IY>,W3=<W1—[Y),
3

1 2
2012
1

—_—
—

Wi

2
2 2 20 2
1

2
A =% ((14+3«ﬁ)wl + ‘fY) , Ws = % ((14 — 3w, — ﬁy) ,

4
1 V17 1 17
We =1 (l—l—) (Is —4Wy), W7 = <1—f> (Is — 4Wy)

17 4 17
WSZ% <1+T>(14—4W1),W9=i(1—4;{?)(14—4%)-
where
—1110
=l o
0111

For instance, we have for p = |:a b ] ,

b*1—a
9 1 e—)»zt +e—)»3t
P00 (1) = Ze_’x" W=+ (e —e™™) v+ ——— + (e =) vy
P 4 8
e—)»4t + e—)x5t

+f’

where v = ;/—5(1 —2a + 4Re(b)) and vy = g—g(Z —a + 2Re(b)).

Non-diagonal matrices often lead to more intricate transition probabilities in CTOQWs.
Therefore, these distinct values introduce more complex interference effects and allow the
walker’s behavior dependence on b. Furthermore, the variation of the initial density distri-
bution can be understood as a conceptual analogy for decoherence. Initially, the uniform
distribution between quantum states exemplifies a coherent starting point. However, the
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t
0 5 10 15
........ e=0 __ 48=04 __ a=1
b=0 b=—-0,1 b=0

Fig.5 Different transition probabilities for Example 6.3

introduction of decoherence involves changing this initial distribution, with the subse-
quent evolution of CTOQW reflecting the influence of this perturbation, similar to the loss
of coherence observed in decoherence phenomena. This change in initial density alters
the probabilistic evolution, illustrating the sensitivity of the quantum system to its initial
conditions. See Fig. 5 to compare the transition probabilities for different initial densities.

6.4 Antidiagonal transitions: another approach

Let us discuss an example with antidiagonal transitions. We do this in terms of preliminary
reasoning with a generator that has alternating matrices. More precisely, we consider a
block matrix of the form

[—Go [Po] ]
[Po] =G [P1]
[Pl =G [Pl
J = [Py] —G [P1] ’
(P11 —G [Po]
where
Py = | VR4 0 , P = Vaiez - 0 ., ap,az,cr,c2 >0,
0 aic] 0 axc
a2 0 0 0 aj +c3 0 0 0
0 a%;—a% 0 0 0 % 0 0
Go=— 2, 2 ,G=- 2, 2,2, 2
a’+a ay+ay+cy+c
0 0 %o 0 0 S—=51= 0
0 0 0 & 0 0 0 aj+cf

We notice that J may not be a valid generator of a CTOQW; however, this block matrix
will be auxiliary to obtain a weight matrix associated with a specific kind of generator
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later. Then, we use [14, Theorem 2.4] to obtain the following equality associated to the
Stieltjes transform of the weight matrix d¥ (x) associated with J, which is the equivalent
of J with G¢ switched by G :

B(z, %) = {zls = G + [Pol{zls — G + [P11B(z, D)(=[PD}) " (=TPD} ',
where R; = I for every R; appearing on [14, Theorem 2.4] is a consequence of [Py] =

[Po]1" and [P1]=[P]".
The known matrices of the equality are all diagonal, thus we assume that

Bz, ) = diag (f1(2). f2(2), 1. /12))
and then each fk(z) is a solution of

fi@ = {z — & —moxlz — & — m1x fr@mix) 'mox) ™,

where G = diag(gl, gz, §3, §4), |—Pj-| = diag(mj,l, mj’z, mj,3, mj,4), ] = 0, 1. Some
algebra gives

mi (2 — 80 e @+ m§ e —mi; — (2 — 80D @ + (2 — &) =0.

Therefore,

2
- m% kT m%’k +(@—&)?— \/(m(z)k — mik —(z— gk)2) —4(z — g,k)zmik
fiz) = .

2m3 (2 = &)

As usual, the next step is to obtain the Stieltjes transform of dX, the weight matrix
associated with J. By equation (2.20) of [14], we have

- -1
B(z, %) = (B(z, )+ (G - G)) = diag(f1(2), f2(2), f3(2), fa(2)),
where

1 Yie(@m ik — miey/ Y (@)? + 4y (2)? — 28k (2) + 28k vk (@)

T = 3 @ — B — 821 + 28 @) — mig V@) + mi Bk )

and we have put Go = diag(g1. g2, €3, 84,) ¥ (2) = —(z+g0) 2 +mi —mf ;. n() =
(2 + gimi k-

Now, we are able to consider an antidiagonal transition in the following terms: consider
a CTOQW on Z, whose generator is of the form

Go [CT

. [AT G [C] 0 0
=] e e oa=[ae]oe=[o5]
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a3 0 0 0 a3 + c3 0 0 0
0 al+a3 0 0 0 al+a2+ci+c? 0 0
- _ 2 - _ 2
Gy = 0 0 a]szra% ol G= 0 0 a%+a§;c%+c§ 0
0 0 0 a 0 0 0 aj + cf
We have the symmetrization
=Go [Po]
[Po] =G [Pi]
o P11 =G [Pl )
J=R(-=LOR™ = [Pyl =G [P1] , R =diag([Rol, [Ri],...),
[Pl =G [Pl
where
k k=2
N R k
c1e2\2[01
Ry = al @2 % s RQk_H:(aiaz) |:1 O], k=0,1,2,...,

NG
o (@) @)

aj a)
and Py and P; are the ones given above. Thus, J and £ have the same associated weight
matrix and we obtain, for dX (x) given above that

11%1 Tr (B(z, X)p) = Lig)l(fl (@)a + fa()(1 —a)),

where p = |: ;* 1 i ai| . After some calculus, we obtain that

2C2 — azc] + a2 + 3a2c2

lim f1(z) =00 & a; = , 2c‘2t + a‘z‘ + 3a§c2 > a%c%,
210 a2 + 262

. 204 —a %+ at —|—3a c?

lim f4(z) =00 & ap = ! 2 ! L 20‘1‘ + a‘l‘ + 3a%c% > a%c%,
210 al + 261

giving the following conclusion (see Corollary 1):

2637&%0%+a§+3a%6§ 2(,‘?7&1 cz+al +3a| 2

e a = and a, = ! vertex |0) is recurrent;
1 a§+202 2 a +201 = 10) ’
24 —a2c34-ai+3d3c —a [& +a4+3a 2 . .
— 2 € l 2 ¢ 2 2 1
e a = |—2—2)1"3"322anda L 12 L =11 — vertex |0) is p-transient
1 a2+2 2 2 # +2€1 | ) 1Y
when @ = 0 and p-recurrent when a > 0;
26‘2‘—0%0%+a§+3a%c§ 204 —a 02+a4+3alc] . .
o u 22 2 22andap =,/ —1+—FL—1 vertex is p-transient
17 aZ+2c3 2 al42c2 = 10) is o

when a = 1 and p-recurrent when a < 1;
2ci—a3c a5 +3a3c3 c—an+a 4 43a%c
02 T2 TR TYMRRD 1 2 272 juit B Bt et Ml Bl 2 1 ¢ l
[ ]
a; # By — and ap # |/ A2t = vertex |0) is transient.
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Hence, as in Example 6.1, the recurrence only depends on the density once the values
of A and C are defined. Although the conclusion is similar to the case in Example 6.1, the
more complex values above arise from the representations of [Py and [ P;], which are
not diagonal.
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Appendix

In this appendix, we will recall some well-known results from the theory of matrix orthog-
onal polynomials, underlining their relevance and application in the context of this work.
1. Let ¥ be a d? x d? weight matrix and denote by

Sp = /xkdE(x), k=0,1,...

the corresponding moments. The block Hankel matrices are defined by

So -+ Sy
ﬁ2m: _ ’ m20~
Sm "'S2m

Theorem 3 (Slight adaptation of Theorem 2.1 [14]) Consider the block matrix Y given by
Eq. (5), assume that A,,, Cyy1, n > 0, are nonsingular matrices and B, < 0 Yn. Now,
let { Q) (x)}n=0 be the sequence of matrix-valued polynomials defined by (6). Then, there
exists a weight matrix ¥ with positive definite block Hankel matrices H,,,,m > 0, such
that the sequence of polynomials {Q, (x)}n>0 is orthogonal with respect to ¥ if and only
if there is a sequence of nonsingular matrices (R,),>0 such that

R, B,,Rn_1 is hermitian, n > 0,

* * * —1 p* (27)
RYR, = (A} A )'RIRoCy - Cy. n=>0.
Moreover, Sy = (R Ro)_1 , and
-1
( f Q3(x)dT(x)Q ,-(x)) =T; =RjR;, j=0. (28)

2. Perturbation of the Stieltjes transform:
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TheorenJ 4 (Theorem 2.3 of [14]) Consider the block matrix L given by Eq. (5) and the
matrix £ which is the same as L but with a perturbation on the first block, that is,

[?0 C
- Ag By C2
L= Ay B; C3

If X is the weight matrix associated with L with positive definite block Hankel matrices
such that ROEORO_ Uis symmetric and such that (Rp)n>0 is a sequence of matrices which
satisfies condition (27), then there exists a weight matrix ¥ corresponding to L. If the
weight matrix ¥ and S are determined by their moments, then the Stieltjes transforms of
the weights satisfy

B ) ={B@ 7 - 55" (Bo - Bo)}_l .

3. Explicit weight matrix for a class of walks on the half-line. The following is a
restatement of a result due to A.J. Durdn [15]: let A be positive definite and define

H(z) = AV2B - zDA Y (B - zD)A™V? —4].

Such matrix is diagonalizable except for at most finitely many complex numbers z, so
that we can write —H (z) = U(z)D(z)U~!(z), where D(z) is a diagonal matrix with
diagonal entries {d;;(z)}. For x real, we have that —H (z) is Hermitian, so it is unitarily
diagonalizable, that is, we can have U (x) such that U (x)U*(x) = I. Also, D(z) has real
entries. With such matrices defined, we have:

Theorem 5 [15] If A is positive definite and B Hermitian, the weight matrix for the matrix-
valued polynomials defined by

tUn(#) = Upt1()A + Up(1) B + Up—1())A, n >0, Uo(t) =1, U-_1(t) =0,
is the matrix of weights given by

dW(.X') — iAfl/zU(x)(D+(x))l/zu*(x)A—l/zdx’

where DV (z) is a diagonal matrix with diagonal entries di'lf (z) = max{d;; (x), 0}.
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