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Abstract

In this work, we investigate a class of narrow-sense constacyclic BCH codes of length
% over the finite field ]qu, where ¢ is a prime power, m > 2 is an even integer,
and a # 1 is a divisor of ¢ — 1. The maximum designed distances such that narrow-
sense constacyclic BCH codes contain their Hermitian dual codes are determined.
The dimensions of the corresponding Hermitian dual-containing codes are worked
out. Further, the related quantum codes are constructed. The construction improves
the parameters of quantum codes available in the literature.

Keywords Constacyclic codes - Hermitian dual-containing codes - BCH codes -
Quantum codes

1 Introduction

In order to shield quantum information from decoherence and quantum noise, quan-
tum error-correcting codes (QECCs) were discovered from the ground-breaking work
of Shor [24] and Steane [26] in the mid-1990s. One of the focuses of quantum coding
theory is to find quantum codes with good parameters. In 1998, Calderbank et al. [5]
established the links between binary quantum stabilizer codes and quaternary Hermi-
tian dual-containing codes and presented the method of constructing binary quantum
codes. Following that, many scholars have dedicated themselves to the construction
of non-binary QECCs (see [3, 14, 23]). A famous construction is described in the
following theorem.
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Theorem 1 [5, 14] (Hermitian construction) If C is an [n, k, d] linear code over ]qu
such that Cth C C, then there exits an [[n, 2k — n, > dlly quantum code.

It is well known that BCH codes are an important class of cyclic codes and process
effective encoding and decoding algorithms. The most fascinating feature of BCH
codes is good algebraic structure. Their dimensions can be determined by using defin-
ing sets, and their minimum distance can be estimated by using BCH bound. For more
information on BCH codes, please consult [4, 6, 13, 17]. BCH codes over finite fields
have many applications in consumer electronics, communication system and quantum
information. In particular, Hermitian dual-containing BCH codes can be utilized to
build stabilizer codes. Grassl et al. [9] characterized Hermitian dual-containing BCH
codes according to defining sets and constructed some quantum BCH codes with small
length. Aly et al. [1, 2] studied Euclidean and Hermitian dual-containing BCH codes
more generally. Lots of quantum codes processing nice parameters were derived from
BCH codes [19, 20, 25, 33]. Recently, Song et al. [25] obtained g-ary quantum BCH

2m
codes of length r"qz—:ll, wherer = 1 orr = g — 1. Zhang et al. [32] constructed g-ary

rg*"—1) g=1

quantum codes of length T where 1 <r < =
Constacyclic codes are the generalization of cyclic codes, which have been dis-
cussed extensively. As an application, constacyclic BCH codes have been considered
to construct quantum codes as well (see [11, 12, 18,27-29, 31, 34, 35]). Lin [21] con-
structed binary quantum codes of length ~—— 4 1 from quaternary constacyclic codes.
Yuan et al [31] extended the results in [21] to g-ary quantum constacyclic codes of

Wang et al. [28] constructed g-ary quantum consta-

cyclic codes of length g

where ,0 divides g + 1. Zhao et al. [34] derived quantum

constacyclic BCH codes of length
codes in [31].
Inspired by the work above, we explore a family of quantum constacyclic codes

! and improved the parameters of quantum

based on constacyclic BCH codes over F 2 of length a( +1) , where ¢ is a prime power,
m > 2 is an even integer, and a > 1 is a divisor of ¢ — 1. The maximum designed
distances which make such narrow-sense constacyclic BCH codes be Hermitian dual-
containing are determined. The dimension of these codes is computed. Further, the
parameters of the resulting quantum codes are obtained, which improve the known
ones constructed in [2, 28, 32, 33, 35]. The paper is arranged as follows. Some related
knowledge and theorems are listed in Sect. 2. In Sect. 3, we investigate Hermitian dual-
containing constacyclic BCH codes and construct quantum constacyclic BCH codes.
In Sect. 4, our quantum BCH codes are compared with the known ones. Section 5 gives
a conclusion of the paper.

2 Preliminaries

In this section, we will go over the pertinent notations and results about constacyclic
BCH codes and g?-cyclotomic cosets [15, 22].
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Let g be a prime power. Let I > denote the finite field with g% elements, and
FZZ denote the multiplicative group consisted of the nonzero elements of F .. For

each @ € FZZ, the conjugate of « is defined by @ = «?. For any two vectors x =

X1, %2, ooy X0), Y= V1, Y2, ..., Yn) € IFZz, define Hermitian inner product of x and
y as

X, Y)p =X1y1 +X2y2 + -+ + Xnyn.

A linear code C over F» of length n is a subspace of ]ng. The Hermitian dual code of
C is given by

cth = {x € IFZZ | (x,y), =0, foranyy € C}.

If C# C C, then C is said to be a Hermitian dual-containing code.
Assume that gcd(n,g) = 1. Let A € FZZ have order p, i.e., ord(A) = p. For each

vector a = (ag, dy, ..., ay—1) € IFZz, a A-constacyclic shift f; is given by

f)»(a) = ()\’an—lv a07 cer an—2)-

A linear code C C FZZ is A-constacyclic if it is invariant under the map f) on IE‘ZZ.
Consider a vector a = (ag, a1, . .., a,—1) as a polynomial a(x) = agp +ajx +--- +
F 2lx]
Note that each ideal in R, is principal. So, there is a monic divisor g(x) of x” — X in
[F,2[x] satisfying C = (g(x)), where g(x) is the generator polynomial of C. Moreover,
the dimension of C is n — deg(g(x)).

Notice that ord(A) = p. Let m be the multiplicative order of q2 modulo pn. Then,
on | (g™ —1),and son | (g>™ — 1). Denote by 8 a primitive pn-th root of unity in
Fom.Puté = B° € F 2n. Then, § is a primitive n-th root of unity. Thus, el = pltri,
0 <i <n—1,aretheroots of x" — A. Denote Iy, = {1 4+ pi | 0 <i <n —1}. The
set

a,—1x"~!. Then, a A-constacyclic code C C ]ng is an ideal in the ring R, =

Z={jel, |gp’) =0}

forms the defining set of C. The g%-cyclotomic coset of i modulo pn consists of

C = {iqzj(mod o) | j=0,1,. . mi— 1},
where m; is the smallest positive integer satisfying ig* = i(mod pn). The poly-
nomial M;(x) = [] jec, x—p8)) € ]qu[x] is called the minimal polynomial of 8*
over F 2. A g*-cyclotomic coset is skew symmetric if pn — gi € C;, otherwise skew

asymmetric. The skew asymmetric cosets C; and C_4; = Cp,—q; come in pair. Denote
by (C;, C_4;i) such a skew asymmetric pair.

@ Springer



390 Page4of15 Y. Zhou et al.

Assume that p | (g + 1). Then, the Hermitian dual code of a A-constacyclic code
over IF > is still A-constacyclic. The following lemma gives an equivalent condition
for a Hermitian dual-containing code by its defining set.

Lemma1 [12] Let X € ]FZ2 and p = ord(}) | (¢ + 1). Let C be a A-constacyclic code

of length n over I > with defining set Z. Then, Cth cCifandonlyif ZNZ™9 =,
where Z79 = {—gzmod pn | z € Z}.

Let 6 be an integer with2 < § <nand b =1+ pi € I'p,. A A-constacyclic BCH
code C € R,, with designed distance § is a A-constacyclic code with defining set

Z=CpUCpspUCpiopU---UCphi-2)p-

If b = 1, then C is called a narrow-sense constacyclic BCH code, otherwise a non-
narrow-sense constacyclic BCH code. For a constacyclic code, the minimum distance
has the well-known bound.

Lemma2 [15] (BCH bound for constacyclic codes) Let C be a A-constacyclic code
over I, of length n. Let ord(A) = p and B be a primitive pn-th root of unity. If the
generator polynomial g(x) of C has the elements { BP0 <i < 8—2) as the roots,
then the minimum distance of C is not less than §.

3 Quantum constacyclic BCH codes

Letm be anevenintegeranda > 1beadivisor of g — 1. In this section, we take . € ]FZ2

and p = ord(A) = ¢ + 1. Let C be a narrow-sense A-constacyclic BCH code over ]qu

Zm— . . . ..
oflengthn = 3<q—+11)- Now, we are going to obtain a necessary and sufficient condition
on the maximum designed distance to make sure the code C to be Hermitian dual-
containing. Then, we will compute the exact dimension of C and construct quantum

codes from these narrow-sense constacyclic BCH codes by Hermitian construction.

Lemma3 Let C be a A-constacyclic code over F,2 of length n with defining set Z =
U?:o Ci4pi- Then, C*n C C if and only if 0 < § < 8¢, — 2, where

max

m+1 2
—q®—q+1
q q q T
ap

2. ey

e
8max
Further, 8¢, is the maximum designed distance such that ¢t cc.

> Ymax

Proof By Lemma 1, Clh c Cifand onlyif ZNZ79 = (). Assume that ZNZ~7 # (.
Then, there exist 0 < iy, i < 85, — 2 and some positive integer 0 < t < m — 1 such
that

(14 pin)g™ ™ + 1+ piz = 0(mod pn). )
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Notice that Eq. (2) can be written as (1 + pin)g?=t=DHl L 1 4 pij = 0(mod pn).
WecanletO <7 <% —1.Thenl+¢ < (1 + pig* ! + 1+ pisr and

qm+]_q2_q+l

m+1 2
. . —q-—q+1 _
(1 + ping* ™ +1+ pin §<l—|—q qa 4 )qm LTy [ P
@M="+ D" - —g+a+1
- a
q2m_1
< = pn.

a

This is in contradiction to Eq. (2). Thus, ZN Z79 = () and CLh C C. Next, we show

that 8¢, is the maximum designed distance such that C** C C. We have

pr = (L4 p(Bgy = D)g" " = T = (14 p(T— T 41 )¢

alg+1)
m+1 m m—1
_4 +qa—q —1_qm_2qm_1
:1+pqm+1—(a—l)qm—(2a+1)qm’1—a—l
a(g+1)
=1+4+px,

where

_ "' —@—1g" —Qa+1)g" " —a—1
a(g+1)
"= @" "+ D/g+D ! " +1

a qg+1

Notice that x is a positive integer since m isevenand a | ¢g—1. Moreover, x < 65,,—2.

This implies that (Ci4 e, —1), C14px) s a skew symmetric pair. This completes the

max

proof. O

In order to determine the dimension of the constacyclic BCH codes C, we need to
characterize the g2-cyclotomic cosets module pn. The following result determines the
cardinalities of the ¢2-cyclotomic cosets.

Lemma4 Let m be an even positive integer and a | ¢ — 1. For 0 <i < &7, — 2, the

cardinality of the q*-cyclotomic coset Ciypi is m, except | C1ypy |= 75 if q is odd

m__
and a is even, where y = 2q(q Hl 5

Proof Let | Ci4p; |=1,for 1 <1 < m.If there exists some {,0 < i < 85, —2,such
that/ < m,thenl <[ < % since [ | m. This means that

(1+ pi)(g* — 1) = 0(mod pn). )
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o If1 </ <% —1(m=>4),then

[38)
IA

| qm+l_1)
9 a

(+pig? =1 < (1+ @" 2= 1)
q2m—1 _ qm+1 + (a _ 1)qm—2 —a+1

a
2m_1

= pn,
a

which is in contradiction to Eq. (3).
o If/ = 7, then Eq. (3) becomes (1 + pi)(¢g™ — 1) = 0(mod qzn;—_l). Thus,

a(l 4 pi) = 0(mod g™ + 1). 4)

If g is even, then gcd(q — 1, g™ + 1) = 1; otherwise, gcd(¢g — 1,¢™ + 1) =2. It
follows that gcd(ggr';la), a) = 1 and Eq. (4) becomes

|
14+ pi=0(mod L1, (5)
gcd(2, a)
Note that
m+1 _ 2 1 m+1 _ 1
1+pi§1+q qa 9+ <1+qT<qm+1. 6)

e If ¢ is odd and «a is even, then by Eqs. (5) and (6), there exists an integer
1 <t < 2qsuchthat 1 + pi = %t. Then, i = %”—Jrlf)_z, which is an
integer if and only if (¢ + 1)t = 2(mod 2(g + 1)). Notice that g + 1 =

2(mod 2(q + 1)). Then, i is an integer if and only if t+ = 1(mod g + 1). It

m+1 m
— — — ;— 4" 29" +g e
mustbe s = lorz =g +2.Ift =g +2,theni = “—H7=5— > 85, — 2,
which is a contradiction. Thus, t = 1 and | Cymi1 |=| Crypy |= %, where
2

I qi1171
y = 41

e If g is %dd and a is odd, then by Egs. (5) and (6), there exists an integer
1 <t<gq—1suchthat1+ pi = (¢" 4 1)t. Then, i = (q'";* which is
an integer if and only if (¢™ 4+ 1)t = 1(mod ¢ + 1),i.e.,2t = 1(mod g + 1).
However, g + 1 is even and 2¢ = 1(mod ¢ + 1) has no solution.

e If g is even, with a similar method as above, one can get that i is an integer if
and only if 2¢ = 1(mod ¢g+1). Since g + 1 isodd, 2t = 1(mod g + 1) has the

: +2 . +2 . ml g4
only solution 7 = 5=, Thus, 1 + pi = (¢ + )55~ and i = % >

8ax — 2, which is a contradiction.

This completes the proof. O

For the sake of the exact dimension of C, the following lemma is a requirement.
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2m __ . L.
Lemma5 Let m > 2 be an even integer. Let n = 4 o 1, where a > 1 is a divisor of

q—1. Forl <i<3é;,. —2 14 piisnota coset leader if i = g — 1(mod q®) or

iz%;l)s,where% <s <a.

Proof If i = g — 1(mod ¢?), then there exists a positive integer r such that i =
g —14¢%r.Then, 1 + (g + )i = ¢*(1 + (g + Dr). Thus, 1 + pi € Ci4prisnota
coset leader.

Ifi # g — 1(mod ¢?) and 1 + pi is not a coset leader, then there exists an integer
Jo1 =< <i=<85,—2,suchthat 1+ pi € Ciypjand Cryp; = Crqpj. It can be
seen that C14,; = C14,; if and only if there exists 1 < < m such that (1 +pi)g? =
1+ pj(mod pn), which is equivalent to 1 4 pi = (14 pj)¢g>" D (mod pn). So, we

can assume 1 </ < 7. Then,

q2m -1
=1+ @+ D@”i—j)=0 (mod - ) @)
If1<l<%—1(m=>4),then
2m—1 m m—1 m—2
.. _ —q" — +
P-l<g?—1+@+D@%i-j<q?—1+1 1 aq 1
q2m -1
< = pn,
a
which is in contradiction to Eq. (7).
If | = 7, then
q" 1
A+ pi)g" =1+pj <m0d @"+1 . ) ®)

and (1 + pi)g™ = 1+ pj(mod g™ + 1). Thus, 2 + p(i + j) = 0(mod g™ + 1).
Then, there exists a positive integer ¢ such that

24+ p@G+j)=(q" + Dr. 9
Notice that

qm+1_q2_q+1

G@"+Dt=pli+j)+2=<2- p +2
a qg—1
q_l m m—1
=2 @+ g D2,

Thus, 1 <t < @
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(g"+1Dr=2

By Eq. (9), we have j = e

— i. Putting it into Eq. (8), one can get

2m_1
A+ p))g" =@" + Dt —1—pi (modq )

a

Then, we have ¢ + 1 + pi(g"™ + 1) — (g™ + 1)t = 0(mod L=

1+ pi —t =0(mod qma—*l). Thus, there exists a positive integer s such that

), implying that

m

q" —1
a

pi = -s+1t—1. (10)
Due to the fact that m is even and @ | ¢ — 1, it must be p | qma—_l. Hence, by Eq.
(10), p | t — 1,ie., r = I(mod g + 1). Since 1 < 7 < 22D and a # 1, we have
t = 1.Thus,i = #;m and j = W. Since 1 + pi is not a coset leader and

1 <j <i =<8 —2, wehave 5 < s < a. This completes the proof. O

Let C be a narrow-sense A-constacyclic BCH code over F > of length n with defining
set Z = ()= C11pi, where 2 < § < 6%, and ord,, (A) = p. Let [statement] = 1
if the “statement” is true; otherwise, [statement] = 0. From preceding lemmas, we

can infer the following theorem.

q2m —1
ap

Theorem2 Let m > 2 be an even integer. Let n = , where a > 1 is a divisor

of g — 1. Denote A = § — 2 — LS_;z_lJ and € = %[6] odd, a even]. Assume that

E:l,Z,...,(%]—Zlfa>4and£=01fa=2,30r4.Put

. m_1
A, lfzmeSqT-i-l;nl
_]a-e ifq’%—;1+2§854a—;(|_%l-’|;1])+1,
A—e—t, if L5+ +2=<8 <=5 +L+D+1,

max-

A—e—T41+1if T a—1D+2<8 <8
(11)

Let the code C be defined as above. Then, C is an [n,n — mk,> §] Hermitian
dual-containing constacyclic BCH code.

Proof By Lemma 2, the minimum distance of C is at least §. By Lemma 3, C is a
Hermitian dual-containing code. From Lemma 4, if 2 < § < % + 1, all the qz-

Tl y2 <5 <8

o max

cyclotomic cosets in the defining set Z have cardinality m; if

and [q odd, a even] = 1, then one of the qz-cyclotomic cosets in Z has cardinality
7 and the others have cardinality m.
From Lemma 5, one can get Ci4,; = C1+p(q_1+q2r), for some integer r. Thus,

the number of the g2-cyclotomic cosets in Z is reduced by I“%#J +1 =
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L(Si;]_qu + 1. In addition, by Lemma 5, one can get that i = (qn;% are not coset
leaders, where § < s < a. Notice that s can take s = | 5] + 1, [§] +2,...,a — L.
Letl =1,2,...,[4]-2ifa > 4and € = Oifa = 2, 3or4.1f"'2—;1(LgJ+z)+2 <
§ <
q"-1
reduced by £. If W(a — 1) +2<6§<6¢

max?

2_cyclotomic cosets in Z is

then the number of the ¢%-cyclotomic
cosets in Z is reduced by [57] — 1. Combining the discussions above, we have the
desired result. O

From Theorems 1 and 2, there exist quantum codes with the following parameters.

2m
Theorem 3 Let m > 2 be an even integer. Let n = 4 = —1 , Where a > 1 is a divisor
of ¢ — 1. Then, there exists a quantum code with parameters [[n,n — 2mk, > 8]l
where k is given as Eq. (11).

4 Code comparisons

In this section, we compare the newly obtained quantum codes in Sect. 3 with those
available in the literature [2, 8, 28, 32, 33, 35]. To our knowledge, there exists the
same code length as ours in only these studies at present. To compare more clearly,
we now list the related results in detail as follows.

Theorem 4 [2, Theorem 21] Let n =
m>2 Let2 <8 <8y = 1.
[[n,n—2m[(@ — 1)1 —1/¢*)1, = 81l

2
a(q+1), where a > 1 is a divisor of ¢ — 1 and

Then, there exists a quantum code with parameters

Theorem 5 [32, Theorem 6] Let g = 1(mod m). Let n = ’“222":” where m > 4 and

g1 — r(q '—1) 2r(g" ! - 2 (m=2)r(g"*'—q)
l<r<*.Lety = a = m(q21) —f,,ﬂ Zu—w—

2
r~|—L%J and ¢ = qr—_l.For2§8 <8p =0 +0C+2 write g = i1qg> + ji and
. i 42 L2
y = i2g> + jp. Set j =8 — ¢, —2 —i14% 1 =m1n{L—‘S 209 J,L—”; J}, rp =

d(2,¢ §—2—i1q? d(2,¢ v ecd(2,¢ §—2—¢) d(2,¢
| DRl %;;2 2ory = | CTEARERR )y = | RERRD), s = | O RENED),
= |ODE9CD | and 17 = min {2278, | 22D 1) e
m([(6 —2)(1 — 1/g»)71 + re) + 1, if2<8<iig>+2,
m([(8 —2)(1 — 1/g»)] = S(ra+r3) —rp) + 1, if i1g’> +2 <8 <iq?
+2 + &,

89 ={m(©E -1 —1/g>)1+ 1= S(ra+rs)—r)+1, ifilg>? +2+¢ <8 <
Srand jp+ j > q°,

m([( —2)(1 — 1/g*)] = Sra+rs) —r7) + 1, ifiig* +2+¢, <8 <
Sgand jo+ j < q°.
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Then, there exists a quantum code with parameters [[n,n — 289, > 8]],.

Theorem 6 [33, Theorem 9] Let g > 3 be a prime power. Let n = rqu; 11, where

m = ord, (qz) isevenand1 <r < %. Then, there exists an [[n,n — 2rm (q’"‘1 —

q" %), > ri -1 111, quantum code.

q+1

Theorem 7 [35, Corollary 3] Let g be an odd prime power and m > 2 be an even
2m m+1

integer, n = qq2 - Then, forany2 < § < 67 = qq: > there exists a quantum code

with parameters [[n,n —2m[(8 —3/2)(1 —q¢~2)], > 81y

Theorem 8 [28, Theorem 10] Let m > 4 be even and q > 3 be a prime power. Let

2m
n=qe_1,wheree|qm—1andq —g<e<q 2 LRr2<s<?" —1, denote
the q-adic expansion of e(§ — 1) by e(§ — 1) = Y1 8lq'.
(1) Ifs, =0fori=1,...,m—1, 8, > 1and$,, > &), then there exists a quantum

code with parameters [[n,n —2m[(5 — 1)(1 — qz)'| — [%1, > 81y

(2) Otherwise, there exists a quantum code with parameters [[n,n —2m[(§ — 1)(1 —
2
g1, = éllq

Next, we compare the maximum designed distances with ours in details. Let 64, 6
and 8z denote the maximum designed distances in Theorems 4, 5 and 7, respectively.
When m > 2 is even, our maximum designed dlstance 8fax = 464 — E + 2. The

designed distance in Theorem 6 only takes § = rZ I ! + 1. Thus, our constructlon can
give much more new quantum codes than the constructions in Theorem 4 and Theorem
6. Under the conditions that v | ¢ — 1 and m > 4, if m { 2r, then 8¢,, = Sgr + 1;
otherwise, 85, = dr.Fora = g — 1,85, = 6z + 1. Hence, our construction can get
one more new quantum codes than the constructions in Theorem 5 and Theorem 7.
For fixed length n and designed distance 8, we contrast the dimensions of quantum

codes to provide further information Let ka, kr, kz and kw denote the dimensions

of quantum codes of length n = a(q T 1) in Theorems 4, 5, 7 and 8, respectively. Let
kg denote the dimension of our quantum codes when m > 2 is even. Let 6 — 1 =

819> +80 <84 — 1, where 0 < 89 < g> — 1. Then, kg > kg ifg+1 <8y < g>—1.
In rare cases, kg = k4. Thus, our quantum codes have higher dimension than those

in Theorem 4.

Ifgisoddanda =g — 1, thenn = q;m_l We compare our quantum codes with
those in Theorem 7. From Theorems 2 and 3, one can see that if 41— 2( 7 +1) +2 <68 <6y,

then kg > kz,andif 2 < § < 2(q+1 + 1, then kg > kz. Thus, our construction
can produce many quantum codes with better parameters than those in Theorem 7.
Moreover, for the case that g is even, we can obtain quantum codes from constacyclic
BCH codes as well. In Table 1, we compare our quantum codes for (¢, m, a) = (3, 4, 2)
with quantum codes obtained in Theorem 7 and the Database [8]. It indicates that
quantum codes in Theorem 3 have higher rate than quantum codes in Theorem 7 and
the Database [8]. The symbol “ - ” represents that there exist no quantum codes with
the given length or designed distance.
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In Theorem 5, quantum codes are constructed under the constraint that g = 1(mod
m) and m > 4 is even. However, we can construct quantum codes from constacyclic
BCH codes for any prime power ¢, and we can handle the case m = 2. For example,
if m =2 and (q, a) = (7, 3), our construction can produce 7-ary quantum codes with
parameters [[100, 80, > 8]]7 and [[100, 76, > 9]]7, which are better than those in [18,
Theorem 2]. Many of our quantum codes have better parameters than the codes in
Theorem 5. In Table 2, we compare our quantum codes when (g, m) = (5,4) and
a = 2,4 with quantum codes in Theorem 5. From Table 2, we see that our quantum
codes have higher rate in many cases.

In Theorem 8, under the conditions that q2 —qg <e< q2 —land m > 4, we
have kg > kw when the lengths and designed distances are given. We provide some
examples in Tables 1 and 2 for comparing quantum codes in Theorem 3 with quantum
codes in Theorem 8. Our construction can produce a number of quantum codes with
better parameters than those in [28].

5 Conclusion
In this paper, we investigated constacyclic narrow-sense BCH codes of length %
over[F 2, wherem > 2isevenanda > 1isadivisor of g — 1. The maximum designed
distance such that the codes contain their Hermitian duals were determined. The exact
dimensions of the Hermitian dual-containing constacyclic BCH codes were calculated
by tracing the ¢>-cyclotomic cosets. With the aid of these results, we constructed a
number of quantum codes by Hermitian construction. Many of these quantum codes
have higher rate than those available in the literature. Throughout the study, we assume
that a divides ¢ — 1 so that an explicit formula on the designed distance of constacyclic
dual-containing codes can be described. For a general a, there exist quantum codes
with good parameters from narrow-sense constacyclic BCH codes when we conduct
experiments. It is worthwhile to make further research for a general a and other lengths.
Quantum constacyclic BCH codes are an important class of quantum error-
correcting codes. Due to good algebraic structure, the minimum distance of quantum
constacyclic BCH codes can be estimated by virtue of the BCH bound for classi-
cal constacyclic codes. Hence, we can measure the error-correcting capacity of the
resulting quantum constacyclic BCH codes. At the application level, our quantum
constacyclic BCH codes can be theoretically encoded and decoded by quantum shift
registers [9, 30], which are performed by the ion traps or nuclear magnetic resonance
(NMR) in the experiments [7, 16]. Meanwhile, the constructed codes contain many
lengths and hence provide alternative quantum systems. Thus, quantum constacyclic
BCH codes are the preferred code resource in quantum error correction and have
potential applications in quantum computation and communication. At the physical
level, how to realize the error correction and reduce error rate in quantum channels is
a crucial problem related to application of quantum constacyclic BCH codes.
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