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Abstract

In this article, we study the entanglement properties of multi-qubit quantum states
using a graph-theoretic approach. For this, we define entanglement and separability
for m-qubit quantum states associated with a weighted graph on 2™ vertices. We further
explore the properties of a block graph and a star graph to demonstrate criteria for
entanglement and separability of these graphs.

Keywords Graph Laplacian operators - Density operators - Quantum entanglement -
Block graphs - Star graphs

List of symbols

)l Absolute value of x= (v/xX).

. Tr(A) Trace of a matrix A.

.det(A) Determinant of a matrix A.
D(G) The degree matrix of (G, a).
0G Partial transpose of the density operator of a graph G.
0G Conjugate partial transpose of the density operator of a graph G.
A* Conjugate transpose of A.

.| E(G)| Number of edges in G.
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1 Introduction

Quantum information and computation has emerged as an interdisciplinary research
platform offering several potential applications in diverse academic domains. The effi-
cient advantages offered by quantum resources are due to entanglement and nonlocal
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correlations existing between qubits as identified by entanglement measures, Bell-
type inequalities and quantum discord. Recent trends in quantum information and
computation have shown that applications of entanglement and nonlocality are being
recognized in computing, security, machine learning, deep learning, biology, compu-
tational chemistry, finance and image processing. With the ever-growing applications
of entanglement, there is also a need to classify and quantify entanglement and cor-
relations in multiqubit networks. For example, the entanglement versus separability
problem for two-qubit pure and mixed states are well established but the classifica-
tion and quantification of entanglement in multi-particle systems [2, 18, 31, 34, 35]
are increasingly complicated and hence require a much better physical interpretation
and understanding. For a three-qubit pure state, several effective criteria have been
defined, e.g., the entanglement criterion for states belonging to classes of three qubit
pure states has been achieved by a complete stochastic local operations and classical
communication (SLOCC) characterization [7, 9, 21]. Considering a multiuser net-
work, classifying entanglement in multi-qubit systems is an important problem and
has a special attribute in quantum theory [12, 17, 18]. However, with the increase
in number of qubits the complexity increases enormously and proposing a general
description to address entanglement versus separability becomes very challenging
even for multi-qubit pure states. Clearly, the analysis of multi-qubit mixed states is
even more intricate and demanding.

The graph-theoretic approaches are quite handy to solve numerous research prob-
lems [32, 33]. In one of its efficient approaches, the graph-theoretical approach has
shown its outstanding potential toward quantum physics [13, 18] and information
theory [3, 6, 8]. For this, the pictorial representation and physical interpretation of
quantum states are provided by graphs [1, 5, 15]. The theory has been further used to
model unitary operations and to interpret entanglement or separability properties of
quantum states [4, 5, 10, 11, 15]. One of the important ways to define quantum states
and their properties is to use the concept of density operators which can be further
characterized by normalized Laplacian matrices for graphs [14, 26]. Likewise, we can
relate any graph, to a particular quantum state by using its density operator. In partic-
ular, quantum states of simple and weighted graphs have been introduced in [5] and
[15], respectively, where density operators are normalized combinatorial Laplacians
having a unit trace. Moreover, a density operator—acting on a Hilbert space R"*" or
C™*" with respect to the weights of edges of a graph—carries a block structure which
can be associated with subsystems. In addition, an m-partite density operator acts on
aHilbert space R @ R2 ® ... R or C1' @ C? @...® C¥, where @ represents
a tensor product [15, 16].

In this article, we readdress entanglement versus separability problem using
the graph-theoretic approach for multi-qubit systems. For this, we explore graph-
theoretical interpretations of entanglement and separability for n-qubit states associ-
ated with weighted, block and star graphs. We start our discussion with demonstrating
a condition for the Laplacian of a weighted graph to be positive semi-definite and
then use this condition to introduce the notion of a density operator for a multi-qubit
graph/state. We further propose conditions for a density operator of a weighted graph
to represent a pure or a mixed state. In addition, we also analyze entanglement and

@ Springer



Entanglement and separability of graph Laplacian quantum... Page3o0f28 152

separability of states associated with weighted graphs to demonstrate many interest-
ing conditions to characterize entanglement properties of weighted graphs. We further
study entanglement properties of block graphs and star graphs. Our analysis shows
that the state associated with a weighted graph (G, a) is entangled if at least one of
the blocks of graph is associated with an entangled state. Moreover, if every vertex
of a n-qubit graph G has degree k > 2 such that G has no cut-vertex, then the graph
G 1is associated with a separable state. Interestingly, our results demonstrate that if r
vertices are deleted from a star graph on 2 vertices then the resulting graph on 2° ver-
tices is associated with an entangled quantum state such that 0 < r < 2(2(’”_1) —1).
We further analyze the degree of entanglement in a star graph G’ obtained by adding
adjacent edges to the original graph G, and show that the resultant graph G’ will have
at least one block which is associated with an entangled state such that the entan-
glement measure of blocks of G’ would not exceed the entangled measure of blocks
of G.

The article is organized as follows: In Sect. 2, we briefly discuss the properties of
weighted graphs, the associated Laplacian operators and partial transpose of weighted
graphs. In Sect. 3, we propose a condition for the Laplacian of a weighted graph
(G,a) on n = 2™ vertices to be positive semi-definite and address entanglement
and separability issues in multi-qubit weighted graphs. Section 4 is dedicated toward
characterizing entanglement properties of weighted, block and start graphs. In this
section, we demonstrate several effective criteria to study the separability of n-qubit
entangled states. Finally, in Sect. 5, we conclude the article.

2 Preliminaries

In this section, we first provide a brief review of weighted graphs and important
terminologies such as adjacency matrix, degree matrix and Laplacian matrix which
we will be using in the upcoming sections of the article to represent quantum states
associated with a given weighted graph.

2.1 Weighted graphs

A graph G on n vertices is a pair (V(G), E(G)), where V(G) = {v1, v, ..., v} is
the set of vertices, and E(G) € V(G) x V(G) is the set of edges. Similarly, a weighted
graph (G, a) is a graph together with a weight function a : E(G) — [ defined as
follows: let v;, v; € V(G), and (v;, v;) € E(G), then a(v;, v;) is weight from v; to
vj, 1 < i, j < n. If two distinct vertices v; and v; are connected with an edge, then
we denote it by v; ~ v;. Clearly, v; = vj; (vi, v;) € E(G), is a self-loop at vertex v;
having the weight a(v;, v;). In the special case when all nonzero weights in (G, a) are
equal to 1, and there are no self-loops, it is called a simple graph. Further, if (G, a) is
a weighted graph on n vertices then the adjacency matrix of (G, a), denoted by A(G),
is an x n matrix with (i, j)-th entry equals a;; = a(v;, v;) if v; ~ v;, otherwise 0.
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2.1.1 Laplacian matrix of a weighted graph on R

A weighted graph (G, a) is a graph together with a weight functiona : E(G) — R
defined as follows,

1. a(v;, vj) #0if v;, v; € E(G) and 0 otherwise.
2. a(vi,vj) =a(vj,v)

We can now proceed to define the Laplacian matrix of a weighted graph G as
[15, 20]

L(G) = D(G) — A(G) + Do(G), ey

where Do(G) is a diagonal matrix with i-th diagonal entry equals to a(v;, v;) and
D(G) is the degree matrix of (G, a). The degree matrix is a diagonal matrix with the
i-th diagonal entry equals to the sum of all entries of i-th row (or column) of A(G),
ie., 27‘:1 a;j. For a simple graph, the degree matrix D(G) of a vertex v; € V(G) is
defined as the number of edges in E(G) incident on v;.

2.1.2 Laplacian matrix of a weighted graph on C

One can further define a weighted graph (G, a) with a weight functiona : E(G) — C
as,

L. a(vi,vj) #0if v;, v; € E(G) and O otherwise.
2. a(vi,vj) = a(vj, v;)

The generalized Laplacian of a graph (G, a), which includes loops, is L(G) = D(G)+
A(G) — Do(G) [15] where the degree matrix with i-th diagonal entry of vertex v; is
given by [15]

doyw = Y lla@, vpll +a(i, v).

U;EV(G),U,‘#U_,‘

In general, L(G) is not positive semi-definite, however, for a simple graph it is positive
semi-definite. For simple graphs, Do(G) = Oand L(G) = D1(G)+D2(G)—A1(G)—
A2(G), where D1(G) and D, (G) are diagonal matrices, and diagonal entries are row
sum of A1(G) and Az(G), respectively. Therefore, the Laplacian of a simple graph
can be re-expressed as sum of Laplacian matrices of simple graphs. We utilize this
property to analyze separability and entanglement problems in star graphs. In order to
facilitate the discussion of our results, we also briefly discuss the decomposition of a
Laplacian matrix for simple graphs in the Appendix.

2.2 Conjugate partial transpose of a weighted graph

Let (G,a) be a graph on n = pg vertices and vertex set V(G) = {v;;li =
1,2,...pand j =1, 2,...q}. Using (G, a), if one draws edges of the form (v;;, vy;),
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in place of all edges of the form (v;;, v;) where the weight is a(v; j_, Vi), forall j #1
then the resulting graph (G’, a’) is called as the conjugate partial transpose of the

original graph (G, a) [11, 15, 19]. For example,

Partial transpose
ki S

(G.a) (G',a"

It is important to note that for a graph (G, a), the conjugate partial transpose of
the Laplacian matrix L(G) may or may not be equal to the Laplacian matrix of the
conjugate partial transpose of (G, a). For example,

Example 1 Consider the following graph G .

OO

Gy
Clearly, the Laplacian matrix of G is
2004
LGn=17 g0/
—i102

and the conjugate partial transpose of L(G1) is

2

—1

0
0

0

i 0

-, PT —i1
LGN =47 00
102
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Whereas, the conjugate partial transpose of the graph G1, i.e., G|’ is

and the Laplacian matrix of G’ is

1-i 00
n_ i3 =il
LGO=194 10
01 01
, -, \PT
Therefore, L(G1") # L(G) .
Example 2 Consider the following graph G».
1
V11 V12
1 X1 1
1
U21 V22
G»
The Laplacian matrix of G is
3 -1-1-1
-1 3 —-1-1
LG)=|_,_13 1|
-1-1-13
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and the partial transpose of L(G») is

3 —1-1-1
13 —1-1
LG = —1-13 —1
~1-1-13

Similarly, the partial transpose of the graph G is

1

V11 V12

U22

V21

Gy’
and the Laplacian matrix of G;’ is
3 —1-1-1
veh =705
—1-1-13

Here, L(G2') = L(Gy)*T.

3 Density operator of a graph

In general, the state of a quantum system may not be in a pure state. Due to the inherent
statistical nature of quantum theory, the description of a quantum state using density
operator formalism provides a much better physical interpretation of the system under
study. The density operator formalism is also considered as an alternate representa-
tion for pure states, and finds its applications in quantum error correction, quantum
noise, quantum communication and measures of quantum entanglement [25, 34]. For
studying several interesting properties of entanglement and nonlocality, the concepts
of density operator, reduced density operator and partial transpose are widely utilized
[1,5, 11, 15, 19] . Here, we propose a graph-theoretic study using a density operator
mechanism to understand entanglement and separability in multiqubit pure states.
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For this, we first define the density operator pg of a graph (G, a) considering the
case where the Laplacian of the graph is a positive semi-definite matrix and is given
by the following expression

1

= eyt

0G

We now proceed to demonstrate a necessary and sufficient condition for the Laplacian
matrix of a graph to be positive semi-definite. For a graph G associated with an m-qubit
state, vertices are column basison R Q R2 @ ... @ RIm or C1'  C1?2 ® ... Q Cim.

Theorem 3.1 Let (G, a) be a weighted graph on n vertices. If the Laplacian matrix
L(G) = [lijlnxn is positive semi-definite then l;; > 0 and det |:lii lij:| > 0 for all

. Li 1jj
i, J.
Proof L(G) is positive semi-definite if x*L(G)x > 0 for any vector x =
[x1,x2,...,x,]7 € C", where x* = [x], %2, ..., %,] is conjugate transpose of x,
i.e.,

l]] l]2 l]n X1
s a2l | | X2
[xlxz...xn] S : >0,
Lot b2 o L Xn

or

X1(nxr +hoxy + -+ lipxp) + -+ X xr +lpxo + - -+ lipxy) >0,

or
X1(nxr +loxy + -+ lipxg) + -+ X (xy + lppxo + - -
Flanxp) + (0 — 2)(n1x1x1 + aX2x2 + - -+ + LyinXnXn)
—(n = 2)(Inx1x1 + Ippx2x2 + -+ - + lypXpxy) = 0,
or

X1nxr +hox2) + x2(bixr + bax2)} + - - + {xp—1 Un—tn—1Xn—1
+ln—1nxn) + X5 (lnn—lxn—l + lnnxn)}
> (n = 2)(lnx1x1 + loxoxo + -+ -+ LipXpxs),
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which implies

|l | [x N LTy M
[ 2] [lzl 122} [m} o [ ] [ Lin1 lun ] [ Xn } z0.

Thus, we have
- - lii l,‘j Xi . .
[xi %] |:lji oL >0foralli < j.

lii 1ij

Therefore, /;; > 0 and det( [
Li 1y

i|>20foralli,j. O

Theorem 3.2 Let (G, a) be a weighted graph on n = 2™ vertices associated with an
m-qubit state, and pG = [p;jlnxn be its density operator. If (G, a) represents a pure

state, then Y 71—\ 31 piipjj = Y llpijlI.
Proof 1If pg is a pure state, then Tr(,ogz) =1,i.e.,
P11’ + o2 4+ pun” + 20102 P+ ol 4 lon—wal®) = 1,

which implies that,

P12+ -+ P11Pun +++ + Pn—1n—10Pnn
=llpr2ll? + -+ ol + - + llou—1al*.

Hence,
n—1 n
_ 2
Y pii =Y lleill.
i=li<j i<j

O

Example 3 The following graph is associated with a pure state as Tr(pg2) = 1, and

P11(022 + P33 + pas) + p22(p33 + pas) + p33paa = |Ip12l* + 11311 + [l p1al> +
1023117 + [l p2411> + l1p34l|*> = 6.
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1iil
=it
POZT| i1 —i

1iil

If (G, a) represents a mixed state, then Tr(,oGz) < 1, so the following result holds,

Corollary 3.3 Let (G, a) be a weighted graph on n = 2™ vertices associated with an
m-qubit state, and pG = [pijlnxn be its density operator. If (G, a) represents a mixed

-1
state, then Y= _; |1pij|1* < X2/2) X5 piiojj-
Example 4 The following graph is associated with a mixed state as Tr(pg”) < 1, and

P11(022 + P33 + pas) + p22(p33 + pas) + p33pas > |Ip12l* + 113l + l1p1al> +
1023112 + [102411> + || 34 .

2002
| -i22—i
PG=38|_j22 i
2002
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Theorem 3.4 Let (G, a) be a weighted graph on n = 2P+4 vertices, where q is prime
and the associated density operator pg is a block matrix of order 29 consisting of
blocks of order 2P. Then, a(v;j, viy) = a(v,-l_, vkj) and a(vij, vy) € R for j =1if
and only if o6*T = pG = pg where pg is a density operator of conjugate partial
transpose of the graph (G, a).

Proof Let a(vij, vg) is a weight from vertex v;; to vy.
Moreover, we have

iy lip ... Iipn
by Iy ... I
1 L(G) 1 e
PG = 7 L(G) = o :
Tr(L(G)) Tr(L(G) | - -« -+ -
lyny lony ... lonogn
where,

B I11 ... a(vir, vizr) a(viy, v2a1) ... a(viy, vaazr) | ]
a(vi2, v11) . .. a(viz, vi2r) a(vi2, v2q1) . .. a(viz, vV2a2r)
a(vizr, v11) . . - lypop a(vizr, v291) . . . a(vizr, V292p)

L(G) = ,
a(vaar, v11) ... a(vaay, vior) lyr ... a(var, v2a2p)
a(vaaz, v11) - . . a(vaaz, vi2r) a(vaaz, v11) . . . a(vaz, v2a2r)

L La(vaazr, v11) . . . a(vaazr, vi2r) a(vaaor, v2a1) . . . Ipnon i

and r = (29 — 1)27 + 1. If a(vij, vi) = a(vs, vgj) and a(v;j, viy) € R for j =1
then L_,-jT =L = L(G/),-j for all i and j, where L;; is ij’h block of L(G), and
L(G’) is the Laplacian matrix of conjugate partial transpose of (G, a). Therefore,
o' = pc = pcT. The reverse implication is also true. m|

4 Entanglement and separability of Weighted graphs

In this section, we discuss the separability and entanglement of weighted graphs on
n = 2™ vertices, associated with m-qubit states. We further demonstrate the sepa-
rability and entanglement of quantum states corresponding to block graphs and star
graphs.
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It is evident that the density operator pg of a graph (G, a) on n = pgq vertices is
separable if it can be written as a convex combination of the tensor product of density
operators p] of order p and pj of order ¢, such that [18, 30],

pG =Y pir| ® 5, )

1

where 0 < p; < 1 and ), p; = 1. Moreover, in order to evaluate the degree of
entanglement in a two-qubit state, concurrence is considered as one of the standard
measures. For example, concurrence of a two-qubit state pg is defined as C(pg) =
max (0, /i1 — /12 — /13 — /1a) [35]. Here 1 > o > p3 > g are eigenvalues
of the matrix pgpg; p¢ = Ppc™ P where asterisk represents complex conjugation
and

000-1
0010
0100
—-100 0

P=0o,Qo0y, =

The value of concurrence C(pg) lies in [0, 1], i.e., if C(pg) = 0, then the density
operator pg represents a separable state otherwise it is considered as entangled; and
if C(pg) = 1 then pg represents a maximally entangled state.

Theorem 4.1 Let (G, a) be a weighted graph on 4 vertices. Suppose the Laplacian
L(G) is positive semi-definite having eigenvalues A1 > lo > A3 > Ag. [fA1 < Ax+A3,
then (G, a) is associated with a two-qubit separable state.

Proof As the Laplacian L(G) is positive semi-definite the density operator pg =
m L(G) isalso positive semi-definite. By the definition of pG, we have, Tr(og) =
Tr(pg) = 1 and pg is positive semi-definite. If pg and pg are two positive semi-

definite matrices, then the following are equivalent [22, 29, 36]:

1. pGpG is normal, that is, [0G oG, (PG 0G)*] = PG PG (P6PG)* — (PG PG)* PG PG
=0.
2. pG PG is positive semi-definite.

The eigenvalues of pg are Z}‘—IA > Z'\—"’A > ZMX > Z)‘—‘R Letvi > vy > v3 > v4 be
the eigenvalues of pg and | > wr > p3 > w4 be the eigenvalues of matrix pg oG-
Therefore, p; < %m < 0‘2"'2)‘—3)‘%)‘4)\)1 < w2 + w3 + wna [29, 37] which implies the

concurrence for pg is equal to 0 as C(pg) = max (0, Ju1 — /12 — J U3 — /1L4).
Hence, (G, a) is associated with a separable state. O

Theorem 4.2 Let (G, a) be a weighted graph on n = 2™(m = p + q) vertices
associated with an m-qubit state. Let (n — 2) vertices are isolated and there is one
edge that lies between the remaining two vertices (loops can also be also considered
on them). Suppose, V(G) = {v;;} is the set of vertices, wherei = 1,2, ...,29, and
j=1,2,...,2P. The graph (G, a) is entangled if and only if the edge lies between
vij and vaa_ i1y 2r—(j—1) for any j.
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Proof Let (G, a) be a weighted graph on n = 2™ (m = p + q) vertices associated
with an m-qubit state where (n — 2) vertices are isolated. If V(G) = {v;;} is the set
of vertices, where i = 1,2,...,29,and j = 1,2, ..., 27 then for a two-qubit state,
there are four vertices |00), |01), [10), and |11). Therefore, a two-qubit quantum state
associated with a weighted graph on 4 vertices is entangled if the edge lies between
vertices v and vo_¢_1) 2—(j—1)> wherei = 1,2and j =1, 2.

Similarly, for a three-qubit state, there are eight vertices (|000), [001), |010), |011),
[100), |101), [110), |111)). Therefore, a quantum state associated with a weighted
graph on 8 vertices is entangled if the edge lies between v;; and va—(—1) 4—(j—1),
where i = 1,2 and j = 1, 2, 3, 4. Likewise for an m-qubit state, there are 2" ver-

tices [000...0),]000...01),...,[0111...1), [1000...0),...,[111...10), and
—_—— 7 —— —— ——— ——
m m—1 m—1 m—1 m—1

[111...1) and hence a quantum state associated with a weighted graph on 2™ vertices
—_————

m
is entangled if edge lies between v;; and vos_(;—1) 20 —(j—1), Where i = 1,2, ...,29
and j =1,2,...,27. O

Theorem 4.3 Let (G, a) be a weighted graph on n = 2™ vertices associated with an
m-qubit state. If det (plG) = O then the state associated with (G, a) is separable, where
plG is a reduced density operator associated with the first qubit.

Proof Let pG = [pijluxn be a density operator which can be represented as a 2 x 2
block matrix, i.e.

A B
therefore,
1 _ | Tr(A) Tr(B)
PG = |:Tr(B*) Tr(C) | @)
Since det(p};) = 0,
(o11 +---+ p%%)(p%+1%+l + A ppn)
— (1341 +,02g+2+'~+,0%,1)||2=0, 5)
or
(p11+ -+ pr)(pnyn gy + -+ Pan)
=ll(o1z41 + 02240+ F p%n)||2. (6)

From equation (6), if |[p1441 + p2142 + - -+ + pu,ll* = O then either (p11 +--- +

nn
P33

) = 0or (pryi541 + -+ + pun) = 0. Therefore, either pg = [’3 8]
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or pg = |:8 g:| which suggests that pg is separable. On the other hand, if

11 1
p1as1 + p2n2 + -+ + puall* # O, then pg = 5 [1 1}@Aorpa =5 [_l. 1}@
A, hence, pg is separable.

Theorem 4.4 Let (G, a) be a weighted graph on n = 2™ vertices associated to an
m-qubit state with at least two edges and the density operator pg be a block matrix.
If Ape = Acp™, where Apc is bt block of the density operator pg then one cannot
identify whether the underlying state is an entangled or a separable state. If Ap. =
i"Bpe +i3Che +i"Dpe forb < c,r =1lord, s =2o0r3,t =1o0r2or3ord, where
By and Cpe are positive semi-definite matrices and Dy, is a positive semi-definite
diagonal matrix such that

Epp = App — Y _(Bpe + Che + Dpe) = 0,
c#b
then the graph G is associated with a separable state.

Proof Let (G, a) be a weighted graph on 2" (n = p + q) vertices associated with an
n-qubit state where the associated density operator pg is a 2” x 2P block matrix such
that

Al A ... A
1 Ap1 A ... Axp

- Tr(L(G)) : :
Aop1 Agpo ... Apop

PG

Here, Ape = Agp*, so for b < ¢, Ape can be decomposed as Ape = i Bpe + i°Cpe +
i"Dp. wherer = lor4,s =2or3,¢t =1 or2or 3 or 4. Further, By, and Cp. are
positive semi-definite matrices and Dj, is a positive semi-definite diagonal matrix.
Therefore, if Ape = Agp* then Aep, = (—i) Bpe + (—i)°Cpe + (—i)! Dp.. Hence,
one can evaluate that pg can be written as convex combination of tensor products if
Epp = App — )_ (Bpe + Cpc + Dpe) > 0. O
c#b
A1l A ... Ay

Axr Ay ... Axpp

Corollary 4.5 Let pg = be the density operator of

1
Tr(L(G))

Aop1 Appo ... Aodpop
a weighted graph (G, a) on 2"=Pt4 vertices where A;j are Hermitian matrices of
order 29. If A;; = Bjj — Cij + (=1)"Djj fori # j where B;j and C;; are positive
semi-definite matrices and D;j is a positive semi-definite diagonal matrix such that

Aji — ZA,']' >0, foralli
J#
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then the graph G is associated with a separable state where Tr(L(G)) =
Zi Tr(Eijj)+2 Zi Zj>i TI"(B,'J') + T}"(Cij) + Tr(Dij) and E;; = Aji — Z (B,'j +
J#

Cij + Dij).

Corollary 4.6 Let G be a weighted graph on n = 2™ (m # Q) vertices associated to

an m-qubit state and pg be the density operator with pg = pg* . If all off diagonal

blocks are either positive or negative semi-definite and A;; > Y A;j, then the state
J#i

is associate to a separable state.

Theorem 4.7 Let (G, a) be a weighted graph on n = 2™ vertices associated to an

m-qubit state with at least two edges and the density operator pg be a block matrix.

The state associated with the graph G is entangled if and only if A;; # A};*, where

Aijisij™ block of pG; and Ay # Ay where A is ij™" block of pgr where pg is a

density operator obtained after interchanging columns C; with Cj, and corresponding

rows R; with R in pg.

Proof Let (G, a) be aweighted graph onn = 2™ vertices associated to an m-qubit state
Al A ... A
Ax; Ax ... Axp

with at least two edges. The density operator pg = m

Aop1 Aogpo ... Apop
be a block matrix. Let us further assume that A;; # Aj;*, where A;; is ij" block of
density operator pG, and A;;» # A ;" where A is ij™ block of pg'.

Clearly, if the density operator pg of a graph (G, a) onn = 2™ vertices is separable
then it can be written as a convex combination of the tensor product of density operators
pi and ,05, such that [18]

pG =Y pip| ® P,

1

The separable representation clearly implies that A;; = A j;*, which contradicts our
assumption. Therefore, graph G associated to the quantum state cannot be written
as a convex sum of tensor products of individual subsystems. Hence, the graph G
associated to the quantum state is not separable if A;; # Aj;;* and A;; # A;*. O

Example 5 Consider the graph G associated with an entangled state, and represented
as
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G

The density operator for the graph G is

1—-1 0 0
-1 3-1-1
PGLi=%l 0-=1 1 0"
0-1 0 1
and
1-10-1
) pr_ 1| -1 30-1
G 6l 0 01 0
—1-10 1

Here, pG, # pc,*T and blocks of pg, are not symmetric matrix after interchanging
columns and corresponding rows. Hence, the state associated with G is entangled.

Example 6 Rigolin et al. [27, 28] have introduced maximally entangled four qubit
states, but following our Theorems (4.4) and (4.7), one can easily show that the states
are separable with an absence of genuine four-qubit entanglement. The graph G2
depicted below serves as an example of the above theorem.

G,

A brief description of Example 6 above is presented in the Appendix.
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Example 7 The graph G3 depicted below also serves as an example of the above
Theorem 4.7.

Gs

Clearly, the state associated with the graph G3 is entangled as also briefly demonstrated
in the Appendix.

Example 8 As another illustration of the theorem, we consider the graph G4 where the
isolated vertices are not considered.

Gy
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Similar to the previous example, in this case also the state associated with G4 is an
entangled state.

Example 9 Let us consider the state [23] |W) = J=(lo11) + A0 + ¢ F|110)).
Therefore, the density operator corresponding to the state | W) can be represented as

000 00 0 0 0
00000 0 0 0
00000 0 0 0

11000 1 05 %0

P=31000 00 0 0 0
00050 1 €% 0
0005 0e % 1 0
1000 00 0 0 O

Considering p to be a block matrix, one can clearly show that all blocks are not
Hermitian. Hence, using Theorem 4.7, the given state is an entangled state.

Example 10 We now consider another state represented in [23] as |z) = %(|001) +
[010) +]100) +e2i¢ [111)). Using the above state, one can express the density operator
as

0 0 000 00 0 7
01 1 01 00e7%
01 1 01 00e %%
1{0 0 00000 O
P=4101 101 00c20
00 00O0O00 O
00 0O0O0O00 O
L0 &% 2% 02900 1 |

Similar to the previous example, if we consider p to be a 2 x 2 block matrix, then the
blocks are not Hermitian. Therefore, using Theorem 4.7, the given state is an entangled
state.

Example 11 Here, we further extend our discussion by considering the state
p(T) from [38], represented as p(T) = %

@ Springer



Entanglement and separability of graph Laplacian quantum... Page 190f28 152

=
2

e 0 0 0
0 leﬁ(za)(l—f—eﬁé) %619 ﬂ(sza)(l—e/‘%) 0
0 %e_ieeﬂ(-/zfﬁ) (1 _ eﬁa) %elg(f2—5) (1 + eﬁa) 0
0 0 0 e

where Z = Ze_ﬁTJ[l + eﬁjcosh@], B = %, and § =2J+/1 4+ D2,
In this case also, if we consider p to be a 2 x 2 block matrix then the resultant blocks

are not Hermitian. Clearly, the density operator cannot be written as a convex sum
. . .. BU=D)
of tensor products of density operators. Using Theorem 4.7, if e 2 (1 — e#%) # 0
then the state is entangled. Alternately, as discussed above, for separability we must
BU=5)

have e 7 (1 — ef%) = 0 which is possible only if J = 0. Theorem 4.4 further

leads us to Epp = App — Ape = 0 confirming that the state is a separable state if
BU=9) 85
e 2 (1—¢€P%)=0.

Similarly, using Theorem 4.1, for J = 0 the density operator p(T") can be re-expressed
1000
0100

=1
P =1310010
0001
A1 < A2 + A3, therefore, using Theorem 4.1, the state is a separable state for J = 0.

. Here A1 = X = A3 = Mg where A; are eigen values and

Corollary 4.8 Let G be a simple graph on 2" vertices with at least two edges associated
with an n-qubit state and pg be the density operator. If pg # pctT then G is
associated with an entangled state.

Corollary 4.9 Let G be a simple graph on 2" vertices associated with an n-qubit state.

L]0 DB
Ifthe Laplacian matrix of G is expressed as L(G) = [ 01 7 ] + |: 3D ] , where D is
2
a diagonal matrix whose elements are row sum of — B, then the graph G is associated
with a separable state and L and L are Laplacian matrices of subgraph of G.

4.1 Entanglement and separability of Block graphs

We now proceed to discuss entanglement and separability in another important class
of graphs, i.e., block graphs. For a connected graph G, a vertex v € V(G) is called a
cut-vertex if G — v is not connected. A maximal connected subgraph of G is called a
block if it has no cut-vertex. A graph G is known as a block graph if every block of G
is a complete graph. For example,
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Graph Blocks of graph

19:6-@

G G
L(G) =L(G1) + L(G»)
1 =10 O 1 —-100 00 0 00
-1 3 —1-1 _ -1 100 n 02 —1-1
0 -1 2 -1 “ 10 00O 0-1 2 —1
0 —-1-12 0 000 0—-1-12

Theorem 4.10 Let (G, a) be a weighted block graph on 2" vertices with k blocks,
associated with an n-qubit state. The state associated with the weighted graph (G, a)
is entangled if at least one of the blocks of graph is associated with an entangled state.

Proof Let (G, a) be a weighted block graph having 2" vertices with k blocks.
The Laplacian matrix of the graph (G, a) can be written as L(G) = Lg, +
Lg, + - + Lg,. Therefore, the densuy operator of the graph (G, a) is, pg =
Tr(Lal+ch+ o, )[L(;] + Lg, + -+ 4+ Lg,]. The density operator pg can be re-
expressed as

Tr(Lg,) {
TI’(LG1 +LG2 +"'+LGk) Tr(LGl)
Tr(Lg,) [ 1
T}”(LG1 + Lg, +-~-+LGk) Tr(LGZ)
Tr(Lg,) {
Tr(LG1 +Lg, +---+ LGk) Tr(LGk)

P = [La,1}

28]

[L1}.

Assuming the ' block of the graph (G, a) to be associated with an entangled state
suggests that Ag,,; # (AG”-,«)* where Ag,,; is ij'" block of pg, which is a density
operator associated with the 7" block of the graph (G, @). Similarly, Ag, i # (Ag, i )*

@ Springer



Entanglement and separability of graph Laplacian quantum... Page 210f28 152

where Ag; i isij’ " block of pg; such that pg: is a density operator after interchanging
columns C ," with C;, and corresponding rows R; with R in pg, . Clearly, A;; # (Aj;)*
and A;;r # (Ajy)*, where A;j is ij™ block of pg and Ajjris ij™ block of pgr
where p¢ represents a density operator after interchanging columns C; with C;, and
corresponding rows R; with R; in p¢. Therefore, using Theorem (4.7), the weighted
block graph is associated with an entangled state. O

Theorem 4.11 Let (G, a) be a weighted block graph on 2" vertices associated with
a (n = p + q) qubit state. The state associated with the weighted graph (G, a)
is separable if vertex sets of blocks are {vi1,vi2,...,v12¢}, {V21, V22, ..., V204},
o {vart, var2, .., v2p0a), and {vij, v} for i # k where k # 2P — (i — 1) and
1 #£29—(—1.

Proof Let (G,a) be a weighted block graph on 2" vertices associated with a
(n = p + ¢q) qubit state. For the vertex sets of blocks , i.e., {vi1, vi2, ..., Vi12¢},
{va1, v22, ..., V224 },.. . ,{var1, V2r2, ..., V2p2e )}, and {v;;, vgy} for i # k where k #
2P — (i — 1) and [ # 29 — (j — 1), the density operator can be expressed as
oG = % i %(A)[A]} + % { ﬁ[B] where A is a diagonal block matrix
which can therefore be expressed as a tensor product. Clearly B can also be expressed
as a tensor product by Theorem (4.2), hence the proof. O

Corollary 4.12 Let G be a simple graph on 2" vertices associated with an n-qubit
state. If every vertex of G has degree k > 2 and G has no cut-vertex, then the graph
G is associated with a separable state

Proof Let G be a simple graph on 2" vertices associated with an n-qubit state. If every
vertex of G has degree k > 2 and G has no cut-vertex, then the graph G is connected
and L(G) = [Lol fl] + [gll gll ,

where L is the Laplacian of a subgraph of the simple graph G . D is a diagonal
matrix with the i-th diagonal entry equals to sum of absolute value of i-th row (or
column) of B;. Hence the proof. O

4.2 Entanglement and separability of Star graphs (S,)

We further discuss the properties of star graphs where a star graph (S,,) is a complete
bipartite graph on n + 1 vertices or n edges, e.g.,
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S

Theorem 4.13 Let G be a star graph on 2" vertices associated with an m-qubit state.
If r vertices are deleted from G then the resulting graph on 2° vertices is associated
with an entangled quantum state and 0 < r < 2(2(’"’1) —1).

Proof Let G be a star graph such that |V (G)| = 2™ (m > 2) and |E(G)| = 2™ — 1.
Since a star graph has cut vertices, it will have blocks that are equal in numbers to
the number of edges. By Theorem (4.2) at least one of the blocks of the star graph is
associated with an entangled state because of the block containing an edge between
vij and vaa_(i_1)2p—(j—1), Where i =1,2,...,2%and j = 1,2, ..., 27, Therefore,
following Theorem (4.10), the state associated with star graph is an entangled state.
If r vertices are deleted from G then the resulting graph G’on 2* vertices will also be
a star graph. Since every star graph on 2 vertices is entangled, G’ is also associated
with an entangled state. Clearly, r = 2" —2°% = 2° (2(’"_5) —1),wheres =1,2,...,m
which shows that 0 < r < 22D — 1), o

Theorem 4.14 Let G be a star graph on 2™ vertices. Adding adjacent edges to the
graph G results in G’ with blocks having either one edge or three edges. The resultant
graph G’ will have at least one block which is associated with an entangled state and
entanglement measure of blocks of G’ would not exceed the entangled measure of
blocks of G.

Proof Let G be a star graph on 2™ vertices and G’ be the resultant graph
after adding r adjacent edges to the graph G, where 1 < r < %
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The graph G’ contains cut vertices and a minimum of m blocks. Since
one block G’ of the graph G’ contains the edge between vertices v;; and
V2a_(i—1)20—(j—1), Where i = 1,2,...,29 and j = 1,2,...,27, thus by Theo-
rem (4.2) and (4.7), G} is associated with an entangled state. Further, we know that
the degree of entanglement of a simple graph is equal to m for an entangled state
and O for a separable state [20]; therefore, the degree of entanglement for all blocks
of G’ can either be 0, or 1 or %, where the degree of entanglement for all blocks of G
is either O or 1. Hence proved. O

5 Conclusion

In this article, we demonstrated effective entanglement and separability conditions for
weighted, block and star graphs associated with n-qubit states. Our analysis led us
to describe entanglement properties of multi-qubit states utilizing characteristics of
graphs and density operators. The study presented here is important from the perspec-
tive that characterization of weighted, block and star graphs in terms of entanglement
and separability is relatively unexplored in comparison with simple graphs. We believe
that the results obtained in this article will allow one to address entanglement and sep-
arability problem for these classes of graphs in an effective manner.

Acknowledgements The authors are grateful to Ranveer Singh and Satish Sangwan for their valuable com-
ments and suggestions. The authors are also grateful to II'T Jodhpur for providing the research infrastructure.
On behalf of all authors, the corresponding author states that there is no conflict of interest.

Data Availability statement All data generated or analyzed during this study are included in this published
article.

6 Appendix
6.1 A brief explanation of Examples (6) and (7)

1. Explanation of the example (6)

Go
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The density operator for the graph G, can be represented as

10000 10000—-10000—1]
00000 00000 00000 O
00000 00000 00000 O
00000 00000 00000 O
00000 00000 000O0O
10000 10000-10000
00000 00000 00OO0OOO
1 00000 00000 0OOOOO
PG =7 00000 00000 000O0O
00000 00000 000O0O
-10000-10000 10000
00000 00000 00O0OO
00000 00000 0OOOO
00000 00000 00OOOO
00000 00000 000O0O
| —-10000-10000 10000

— O OO O~ OO0 O ~O

Using pg, , one can verify that pg, # ,OGZP T Therefore, interchanging columns Co
with C11, and Cy4 with Cj¢ and corresponding rows Rg with Rj; and R4 with Rjs,
we have

10000 100-10000-100T7
00000 000 00000 000
00000 000 00000 000
00000 000 00000 000
00000 000 00000 000
10000 100-10000—100
00000 000 00000 000

_ , 1] 00000 000 00000 000
PG =PGs =71 _10000-100 10000 100
00000 000 00000 000
00000 000 00000 000
00000 000 00000 000
00000 000 00000 000
~10000-100 10000 100
00000 000 00000 000
00000 000 00000 000 |

Here, we can see that blocks are symmetric, satisfying the Theorem 4.4. Hence, the
state associated with the graph G is separable.
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2. Explanation of the example (7)

G3

Similar to the previous case, the density operator for the graph G3 is expressed as

10000
00000
00000
00000
00000
10000
00000
00000
00000
00000
10000
00000
00000
00000
00000

PG; =

B

10000
00000
00000
00000
00000
10000
00000
00000
00000
00000
10000
00000
00000
00000
00000

10000 —1"]

00000
00000
00000
00000
10000
00000
00000
00000
00000
10000
00000
00000
00000
00000

| -10000-10000-10000

=l el ool el lNeiell e o)

0

=)

In this case, we can see that we cannot get the symmetric blocks by interchanging the
columns and corresponding rows. Therefore, the state associated with the graph G3 is

entangled.

6.2 Decomposition of the Laplacian matrix of a simple graph G

Every Laplacian matrix can be decomposed as a sum of Laplacian matrices of sub-
graphs (G1, G2, and G3) of a graph G [24].
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We have
Zﬂ . _ _
j=141j a2 Aain
—dan] Z;l':l azj e —an
L =
n
—dnl —an2 : Zj:] Anj
It is easy to see that L(G) can be rewritten as
ng:lalj —dal2 ...—alg 00...0
—al] 212-:1 azj e az% 00...0
2
L = —any —0%2 ijla%jOO
00.
0 0 00...0
L 0 0 00...0]
[00...00 0 ]
00...00 0
00...00 0
—+ n
00 0 Zj=g+1 agiyj  TAL41542 - TaL 4
n
00 ... 0 —anipnyy Djni asqj ... —asiom
n
_OO 0 —an gy —an1 42 0 Zj:%-}-lanj_
(> aij 0 —ayn —aip, |
J=EA1E I3+l "
n
0 Lj=4+193) 044 a4
+ n
2
—ari11 —art+1s Z/:1 aziij 0
2
L —dy] —dpy 0 . Zj:l Anj
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To summarize, L(G) = |:L01 8:| n |:8 L021| . |:§21 glz:|’

where L and L, are also Laplacian of simple graphs and D and D; are diagonal
matrices with the i-th diagonal entry equals to the sum of absolute value of i-th row
sum of B and B;.
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