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Abstract

Quantum teleportation protocols are widely employed for secure transfer of quantum
states to away part. In this paper, we present a new scheme for teleporting a N-qubit
entangled state via a (N + 1)-qubit cluster state as quantum channel. In this scheme,
the sender (Alice) performs a von Neumann measurement on her basis and announces
the result to the receiver (Bob), let him to recover the original state by affecting unitary
operator on his state. Here, firstly, we present our general scheme for teleportation of
a N-qubit entangled state by using a (N + 1)-qubit cluster state; then, the proposed
scheme is examined by a simple example in which a 6-qubit entangled state is tele-
ported by employing the proposed scheme. Finally, we analyze the efficiency of the
scheme and indicate its advantages.
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1 Introduction

Quantum communication is a field of applied quantum physics relates to quantum
information processing. These two fields, i.e., quantum communication and quantum
information, give us deeper insights into the application of the quantum physics. One of
the most pure quantum mechanical phenomena widely used in quantum information is
quantum entanglement [1]. Quantum entanglement plays a key role in different quan-
tum information processing scenarios such as quantum secret sharing [2,3], quantum
cryptography [4] and quantum teleportation [5].
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One valuable example of the power of quantum information transfer and exciting
implications of the *weirdness’ of quantum mechanics, is quantum teleportation that
discovers from over two decades. Quantum teleportation is a unique quantum method
that a quantum state sends from one party to another, without physically transmitting
of the state by the combination of classical communication and quantum entangle-
ment resources. Quantum teleportation as an elementary operation serves in quantum
computers and such quantum communication protocols. Experimentally, it has been
used in some quantum systems [6-9], for transferring quantum information in long
distance for inside [10] and outside [11] laboratory conditions.

In a simple quantum teleportation, the procedure begins by preparing a pair of
entangled particles as a quantum transmission channel. The first particle A is held by
Alice (the sender), and the second particle B is sent to Bob (the receiver). Due to the
entanglement of the particles, any physical operation on the particle A by Alice can
be reflected in the Bob’s particle. Alice also has another particle C: wants to teleport
onto B. For the aim of quantum teleportation, Alice makes a Bell measurement, on her
particles A and C. Although Alice’s measurement doesn’t tell give any information
about the quantum state of C, but due to the entanglement between A and B, it changes
the quantum state of B in a new quantum state can be simply turned into initial quantum
state of C by operating a unitary operation in Bob’s side. The required unitary operation
can be deduce by using the outcome of Alice’s Bell measurement, i.e., Alice has to
communicate her outcome to Bob by a classical means such as e-mail, phone, carrier
pigeon, whatever works. Finally, having Alice’s outcomes, Bob knows what would be
the proper operator to turn B into the original C. Since the proposing of the first quantum
teleportation, it has been widely employed as an elementary operation for designing
quantum communication protocols. In arecent couple of decade, considerable progress
has been made in the field of quantum teleportation. Bennet and et al for the first time
proposed a teleportation protocol of an arbitrary single qubit | >,= «|0 > +8|1 >
(with |a|>+|B|> = 1) by using an entanglement EPR pair as quantum channel between
the sender and receiver [5] and it was experimentally demonstrated four years later
[12].

By increasing the number of transmitted qubits in a quantum teleportation protocol,
the complexity of the protocol increases in association with manifold multi-partite
entanglement. A quantum teleportation protocol for transfer of two-qubit state using
Bell state is presented in [13]. Moreover, a number of more protocols for teleporting
two-qubit states are presented [14—16]. Also, in recent years multi-qubits quantum
teleportation protocols have attracted several huge attention [17-24].

Furthermore, in a generalized quantum teleportation, a N-qubit system can be effi-
ciently transferred from one party to another. The efficient scheme for perfect quantum
teleportation of N-qubit by using Bell states as a quantum channel has been proposed
in [25]. A nontrivial scheme for teleportation of an unknown N-qubit W-like state by
costing only (N — 1) shared bits and 2(N — 1) bits of classical communication and
employing only controlled-NOT gates and single-qubit measurements/operations was
proposed in (2007) [26]. Moreover, a quantum teleportation protocol for teleporting
of N-qubit through the composite GHZ-Bell channel was reported in (2012) [27]. Fur-
thermore, a number of schemes for quantum teleportation of N-qubit state via n-pairs
of EPR state and GHZ-like state as quantum channels were also studied [28-30].
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In 2001, a new multi-particle entangled state proposed that called Cluster state [31].
It has been made clear that the cluster state ( with n > 3) has maximally connected,
robust against decoherence and better persistency compared to the GHZ states. So, the
teleportation protocols prosper by using cluster states. In 2005, a 4-qubit cluster state
is prepared by Walther et al. [32]. The 6-qubit cluster state was generated by Lu et al. in
2007 [33]. In 2010, teleportation of an arbitrary two-particle state via a 5-qubit cluster
state is suggested by Liu et al. [34]. In 2013, Zha proposed a bidirectional quantum
controlled teleportation via 5-qubit cluster state [35]. Then, in 2014, transporting a
3-qubit state using a five-particle cluster state is investigated by Liu et al. [36]. Later,
several quantum teleportation protocols based on 5-qubit, 6-qubit, 9-qubit cluster states
were proposed [37-42].

In this paper, a new quantum teleportation of a N-qubit entangled state by using a
(N + 1)-qubit cluster state is investigated. A simple example is the proposed protocol
is examined by teleportation of a 6-qubit entangled state via a 7-qubit cluster state as
a quantum channel.

This paper is structured as follows: In Sect. 2, the teleportation of a N-qubit entan-
gled state via a (N + 1)-qubit cluster state is proposed. In Sect. 3, we then examined
the proposed scheme for teleportation of a 6-qubit entangled state via a 7-qubit cluster
state. In Sect. 4, the efficiency of proposed scheme is calculated. Finally, the conclusion
is given in Sect. 5.

2 Teleportation of a N-qubit entangled state via (N + 1)-qubit cluster
state

A scheme for teleportation of 5-qubit entanglement quantum state by using a 7-qubit
quantum channel was proposed by Binayak et al., in (2018) [24]. Inspired by this
scheme, we present a new protocol in which a N-qubit entangled state can be trans-
mitted between a sender called Alice and a receiver called Bob by using a cluster
(N + 1)-qubit state. Suppose that, Alice wants to transfer the following N-qubit entan-
gled state to Bob:

2 2
(W) A, Ay =X (Z b by, ...bl‘1>> +y (Z Ici.Cl_ ;... c{)> :
i=1 Al AN i=1 Al...AN
(1)

where 2(|x|>+ |y|?) = 1 ,b;., c;l €{0,1}; j =1,2,3, ..., N.In the above state, the

Z%:l shows that there exist two terms contain N-qubit in each braces x and y. Alice
and Bob share the entanglement (N + 1)-qubit cluster state |p) is given by:

|10>AN+] B1B...By

2 2
= (Z |bly 1 Biybly_y .. bY) + Y 1Cly O Cly ...ci>)> :
AN+1B1B2...BN

i=1 i=1

@)
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as well bi., C; e {0,1}but j = 1,2,3,..., N + 1. So, the complete state can be
written as:

IT) =1¥)a,..ay ®|0)Ay.1BB>...By

2
( < bl bl . b§)>+y(2|c;'vc§v1...c{)>>
i=1 Ar...AN
( |bly 41 BBy - b’1)+Z|C}\,+1C}VC}V_1...Ci))>
i i=1 AN+1B1By...BN
() (i)
1= Al ANAN+1 i=1 B1B>...By

+<

i
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Al ANANy1 i B1B>...By

2
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i=1 Al ANAN+1 BBy
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We can write this state in terms of 4 orthogonal (N + 1)-qubit cluster states as follows:

3
) = Z Mi)A;...Aye @ |Vi)B, .. By
i=0
3
= Z Mi)Ay..Ays @ Uil¥)B,. . .By» “)
i=0
where
1 o o
) = E (|bN N—1 - b} bN+1>) + (|C;\/C5\1,1 -~C5C;\/+1>)]
Lo igi i i i i
[n2) = 5[(|bNbN_1 bbby ) — (ICyCly - . C1CN )]
[n3) = ST - BiChvii) + (CKCh_y .- Cibly )]
1 .. o o
[n4) = 5[(|b’N N_p---PICyi) — (ICyCh_y ... C] bN+1))]

Obviously, there are 4 orthogonal states for teleporting N-qubit state that transmit-
ted by using 2 bits in classical channel. Alice makes measurement on her states
Ini);i = 0,1,2,3, and sends outcome measurement to Bob through the classical
channel. After that, Bob by affecting suitable unitary operator U; corresponding to
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Alice’s measurement can recover the original state |W). The states |W;)p, . p, are
given by:

W) = Ui|¥)
|W2) = Us| V)
|W3) = Us|W)
[Wq) = Us|W), 5)

where the unitary operators U; are combination of N Pauli operators. So, the process of
teleportation is thereby completed. This scheme is a definitive scheme by the successful
probability 1.

3 Teleportation of a 6-qubit entangled state via a 7-qubit cluster state

In this section, for the sake of more clarification, we examine the proposed protocol
for a case of teleporting a 6-qubit state. Suppose, Alice as a sender intends to transfer
a 6-qubit entangled state to receiver Bob, as follows:

|K)A1A2A3A4A5A(, = X(|000000> + IIOIIOO))AlA(, + y(|001111) + |100011>)A1A(),
(6)

where x and y are complex coefficients that satisfy 2(|x|*> + |y|?) = 1 and subscripts
A1, Az, Az, Ay, As, Ag refer to the Alice’s qubits. For the aim of completing the task,
Alice and Bob share a 7-qubit entangled cluster state as quantum channel which is
given by:

1
1K) 4781 B2 33 By s g = 5(10000000) + [1001111) + [0101100) + [1100011)) 475, -
(7

in which Alice takes the first qubit A7 and the remaining six qubits By, B>, B3, B4, Bs,
Bg are with Bob. Therefore, the whole system can be written as:

|®) = |Kk)A,A2A344A546 @ |X) A7B\B2B3B4Bs B
= x(/000000) + [101100)) 4, .4,
1
+3(1001111) + [100011)),1,..4, @ 5(10000000)
+]1001111) + [0101100) + [1100011)) 4. 5,...,

1
= (10000000} + [1011000)) 4,...1; (¢(1000000) + [101100))5,...5,)

+(]0000001) 4 [1011001)) 4,4, (x(J001111) + [100011)) 5, . )
+(]0011110) 4 ]1000110)) 4, ..., (¥(J000000) + [101100)) 5, .. 5,)
+(J0011111) 4 [1000111)) 4, 4, (y(J001111) 4 [100011)) 5, 5,)]. (8)
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We can denote the above state as:

|®) = |€1)4,...4; ® [x(]000000) + |101100)) 4+ y(|001111) + |100011))]p,...8,
+1€2);...4, ® [x(]000000) + [101100)) — y(|001111) 4 [100011))]3,...54
+l€3)Ay...4; ® [x(J001111) + [100011)) 4+ y(]000000) + [101100))]3...5,
+1€4) 4.4, ® [x(JO0L111) +[100011)) — y(|000000) + [101100))]B;...Bs

©)
where the four orthogonal seven-qubit states write as:
1
l€1)A,..a; = §(|OOOOOOO) -+ (0011111) + ]1011000) + [1000111))4, .4,
1
l€2)a,..4; = §(|OOOOOOO) —]0011111) 4 [1011000) — [1000111))4,...4,
1
l€3)A,..A; = §(|0000001) -+ 10011110) + [1011001) + |1000110)) 4,...4,
1
l€4)Ay..a; = §(|0000001) —|0011110) + [1011001) — |1000110)) 4, ...4;-
(10)
So, we can write:
3
®) = Z l€i)A,...Aa7 @ |Ki)By...Bg
i=0
3
= " l€i)ay..a7 ® Uilko) B,...Bo- (11)
i=0

where the states |k;) p, ..., built by affecting the unitary operators U; on the state |«)
in (6) are as follows:

1) = Uy |x) = x(]000000) + [101100)) + y(J001111) + [100011)),

Uy =I1I111
k) = Uslk) = x(]000000) + [101100)) — y(J0OT111) + [100011)),
U, = 111110,

lk3) = Uslk) = x(]001111) + [100011)) + y(]000000) 4 [101100)),

Us = 110,000y

|ka) = Uslk) = x(]001111) + |100011)) — y(]000000) + [101100)),

Uy = Iloy0,050y, (12)
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where I, oy, o and o are the Pauli operators as:

10 01 (01 10
Iz(oJ"”=<m>’q””<m )’%=<04>'(B)

Therefore, Alice performs a measurement on her states |€;) 4,..4,; i =0, 1,2, 3and
announces the outcome of her measurement to Bob by sending proper two classical
bits through a classical channel. At last, by having Alice’s measurement outcome,
Bob would be able to selects the proper unitary operator U; and he can simply recover
the original state by applying the proper operator to his states |«;) g, ... ;. Thereby, the
teleportation of 6-qubit entangled state by using 7-qubit cluster state is completed and
Bob recovers the original state.

4 The efficiency

In this section, we calculate the efficiency of the proposed scheme. The intrinsic
efficiency of the communication scheme is defined [43] as:

qs

== 14
o+ D (14)

n

where ¢ is the number of qubits of a state to be teleported, g, is the number of
the qubits which is used as the quantum channel and b, is the number of classical
bits transmitted. According to the above formula, the efficiency of teleportation of a
N-qubit state via (N + 1)-qubit cluster state is:

_ N _ N
T (N+D+2 N+3

n (15)

It should be noted that the number of measurements in our scheme is always 4 and only
2 classical bits needed for transferring information in classical channel. For example,
the efficiency of teleportation of 6-qubit entangled state via 7-qubit state is:

6
= 2~ 0.66.
T=39

where this value is significant. You can see, by increasing N the efficiency increases.
In order to the underscore the advantage of proposed scheme, the efficiency of some
previous related works is listed in Table 1.

5 Conclusion
In summary, we proposed a new general protocol for the transfer of a N-qubit entan-

gled state by using a (N + 1) cluster state as a quantum channel. In this protocol, Alice
makes measurement on her (N + 1)-qubit states including the N message qubits and
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Table 1 Efficiency of some

previous protocols Number of references qs qu bt n
[14] 2 6 4 2/10
[15] 4 4 4 172
[16] 2 6 6 1/6
[28] N 2N 2N 1/4
[29] N 3N 2N 1/5
[33] 2 5 4 2/9
[34] 2 5 4 2/9
[35] 3 5 4 1/3
[36] 3 6 6 1/4

one qubit of the (N + 1) shared cluster states and announces outcome measurement
to Bob by using 2 classical bits, after that by affecting suitable unitary operator corre-
sponding to Alice’s measurement, the original state recovers by Bob. Comparing with
the previously schemes, the high maximally connected, robust against decoherence
and better persistency properties of cluster states suggests the proposed scheme as a
definitive scheme by the successful probability 1 which exhibits a good efficiency.

Acknowledgements This work is supported by Kermanshah Branch, Islamic Azad University, Kermanshah,
IRAN.

References

1. Nielsen, M., Chuang, I.: Quantum Computation and Quantum Information. Cambridge University
Press, Cambridge (2000)

2. Hillery, M., Buzek, V., Berthiaume, A.: Quantum secret sharing. Phys. Rev. A 59, 1829 (1999)

3. Gottesman, D.: Theory of quantum secret sharing. Phys. Rev. A 61, 042311 (2000)

4. Bennett, C.H., Brassard, G.: Quantum cryptography public key distribution and coin tossing. In: Inter-
national Conference on Computers, Systems and Signal Processing, Bangalore, India, vol. 9-12, pp.
175-179 (1984)

5. Bennett, C.H., Brassard, G., Crepeau, C., Jozsa, R., Peres, A., Wootters, W.K.: Teleporting an unknown
quantum state via dual classical and Einstein Podolsky Rosen channels. Phys. Rev. Lett. 70(13), 1895—
1899 (1993)

6. Karlsson, A., Bourennane, M.: Quantum teleportation using three-particle entanglement. Phys. Rev.
A 58(6), 4394-4400 (1998)

7. Yan, FL., Yan, T.: Probabilistic teleportation via a non-maximally entangled GHZ state. Chin. Sci.
Bull. 55(10), 902-906 (2009)

8. Pati, A.K.: Assisted cloning and orthogonal-complementing of an unknown state. Phys. Rev. A 61(2),
022308 (2000)

9. Rajiuddin, S., Baishya, A., Behera, B.K., et al.: Experimental realization of quantum teleportation of
an arbitrary two-qubit state using a four-qubit cluster state. Quantum Inf. Process. 19, 87 (2020)

10. Espoukeh, P., Pedram, P.: Quantum teleportation through noisy channels with multi-qubit GHZ states.
Quantum Inf. Process. 13(8), 1789-1811 (2014)

11. Agrawal, P., Pati, A.: Perfect teleportation and superdense coding with W states. Phys. Rev. A 74(6),
062320 (2006)

12. Bouwmeester, D., Pan, J.W., Mattle, K., Eibl, M., Weinfurter, H., Zeilinger, A.: Experimental quantum
teleportation. Nature 390(6660), 575-579 (1997)

@ Springer



Quantum teleportation of a N-qubit entangled... Page90of10 367

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Rigolin, G.: Quantum teleportation of an arbitrary two qubit state and its relation to multipartite
entanglement. Phys. Rev. A 71, 032303 (2005)

Zhu, P.H.: Perfect teleportation of an arbitrary two-qubit state via GHZ-like states. Int. J. Theor. Phys.
53, 4095-4097 (2014)

Zhou, R.G., Qian, Ch., Ian, H.: Bidirectional quantum teleportation of two-qubit state via four-qubit
cluster state. Int. J. Theor. Phys. 58, 150-156 (2019)

Li, D., Wang, R., Baagyere, E.: Quantum teleportation of an arbitrary two-qubit state by using two
three-qubit GHZ states and the six-qubit entangled state. Quantum Inf. Process. 18, 147 (2019)
Fang, J., Lin, Y., Zhu, S., Chen, X.: Probabilistic teleportation of a three-particle state via three pairs
of entangled particles. Phys. Rev. A 67, 014305 (2003)

Muralidharan, S., Panigrahi, P.K.: Perfect teleportation, quantum-state sharing, and superdense coding
through a genuinely entangled five-qubit state. Phys. Rev. A 77(3), 032321 (2008)

Tsai, C.W., Hwang, T.: Teleportation of a pure EPR state via GHZ-like state. Int. J. Theor. Phys. 49,
1969-1975 (2010)

Li, Y., Li, X., Nie, L., et al.: Quantum teleportation of three and four-qubit state using multi-qubit
cluster states. Int. J. Theor. Phys. 55, 1820-1823 (2016)

Choudhury, B.S., Dhara, A.: Teleportation protocol of three-qubit state using four-qubit quantum
channels. Int. J. Theor. Phys. 55, 3393-3399 (2016)

Nie, Y.Y., Li, Y.H., Liu, J.C., Sang, M.H.: Quantum state sharing of an arbitrary four-qubit GHZ-type
state by using a four-qubit cluster state. Quantum Inf. Process. 10, 603—608 (2011)

Li, Y.H., Sang, M.H., Wang, X.P.,, Nie, Y.Y.: Quantum teleportation of a four-qubit state by using
six-qubit cluster state. Int. J. Theor. Phys. 55, 3547-3550 (2016)

Choudhury, B.S., Samanta, S.: A perfect multi-hop teleportation scheme for transfer of five-qubit
entangled states using intermediate nodes. J. Mod. Opt. 65, 1479-1485 (2018)

Pathak, A., Banerjee, A.: Efficient quantum circuits for perfect and controlled teleportation of n-qubit
non-maximally entangled states of generalized Bell-type. Int. J. Quantum Inf. 09(supp0O1), 389403
(2011)

Man, Z.X., Xia, Y.J., An, N.: Quantum teleportation of an unknown n-qubit W-like state. JETP Lett.
85(12), 662-666 (2007)

Saha, D., Panigrahi, P.: N-qubit quantum teleportation, information splitting and superdense coding
through the composite GHZ-bell channel. Quantum Inf. Process. 11(2), 615-628 (2012)

Cao, M., Zhu, S.Q., Fang, J].X.: Teleportation of n-particle state via n pairs of EPR channels. Commun.
Theor. Phys. 41, 689-692 (2004)

Zhang, B., Liu, X., Wang, J., et al.: Quantum teleportation of an arbitrary N-qubit state via GHZ-like
states. Int. J. Theor. Phys. 55, 1601-1611 (2016)

Fatahi, N.: Multi-hop teleportation of N-qubit state via Bell states. Mod. Phys. Lett. A 36(08), 2150053
(2021)

Briegel, H.J., Raussendorf, R.: Persistent entanglement in arrays of interacting particles. Phys. Rev.
Lett. 86(5), 910-913 (2001)

Walther, P., Resch, K.J., Rudolph, T., et al.: Experimental one-way quantum computing. Nature 434,
169-176 (2005)

Lu, C.Y., Zhou, X.Q., Pan, W.J., et al.: Experimental entanglement of six photos in graph state. Nature
3,91-95 (2007)

Liu,J., Li, Y., Nie, Y.: Controlled teleportation of an arbitrary two-particle pure or mixed state by using
a five-qubit cluster state. Int. J. Theor. Phys. 49(8), 1976-1984 (2010)

Zha, X.W., Zou, Z.C., Qi, J.X.: Bidirectional quantum controlled teleportation via five-qubit cluster
state. Int. J. Theor. Phys. 52, 1740-1744 (2013)

Liu, Z.M., Zhou, L.: Quantum teleportation of a three-qubit state using a five-qubit cluster state. Int.
J. Theor. Phys. 53(12), 40794082 (2014)

Li, Y.H., Nie, L.P, Li, X.L., Sang, M.H.: Asymmetric bidirectional controlled teleportation by using
six-qubit cluster state. Int. J. Theor. Phys. 55(6), 3008-3016 (2016)

Choudhury, B.S., Samanta, S.: Asymmetric bidirectional 3<>2 qubit teleportation protocol between
Alice and Bob via 9-qubit cluster state. Int. J. Theor. Phys. 56(10), 3285-3296 (2017)

Sang, M.H.: Bidirectional quantum teleportation by using five-qubit cluster state. Int. J. Theor. Phys.
55(3), 1333-1335 (2016)

Zhou, R.G., Xu, R., Lan, H.: Bidirectional quantum teleportation by using six-qubit cluster state. IEEE
Access 7, 44269-44275 (2019)

@ Springer



367 Page100f10 N. Fatahi, M. Naseri

41. Fatahi, N., Naseri, M., Gong, L.H.: High-efficient arbitrated quantum signature scheme based on cluster
states. Int. J. Theor. Phys. 56(2), 609-616 (2017)

42. Zhao, N., Li, W.: Quantum teleportation of ten-qubit state based on the cluster state quantum channel.
Int. J. Theor. Phys. 59, 2147-2154 (2020)

43. Yuan, H., Liu, Y.M., Zhang, W., Zhang, Z.J.: Optimizing resource consumption, operation complexity
and efficiency in quantum-state sharing. J. Phys. B, At. Mol. Opt. Phys. 41, 145506 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Quantum teleportation of a N-qubit entangled state by using a (N+1)-qubit cluster state
	Abstract
	1 Introduction
	2 Teleportation of a N-qubit entangled state via (N+1)-qubit cluster state
	3 Teleportation of a 6-qubit entangled state via a 7-qubit cluster state
	4 The efficiency
	5 Conclusion
	Acknowledgements
	References




