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Abstract

A particularly simple description of separability of quantum states arises naturally
in the setting of complex algebraic geometry, via the Segre embedding. This is a
map describing how to take products of projective Hilbert spaces. In this paper, we
show that for pure states of n particles, the corresponding Segre embedding may be
described by means of a directed hypercube of dimension (n — 1), where all edges
are bipartite-type Segre maps. Moreover, we describe the image of the original Segre
map via the intersections of images of the (n — 1) edges whose target is the last vertex
of the hypercube. This purely algebraic result is then transferred to physics. For each
of the last edges of the Segre hypercube, we introduce an observable which measures
geometric separability and is related to the trace of the squared reduced density matrix.
As a consequence, the hypercube approach allows to measure entanglement, naturally
relating bipartitions with g-partitions for any ¢ > 1. We test our observables against
well-known states, showing that these provide well-behaved and fine measures of
entanglement.
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1 Introduction

Quantum entanglement is at the heart of quantum physics, with crucial roles in quantum
information theory, superdense coding and quantum teleportation among others. An
important problem in entanglement theory is to obtain separability criteria. While there
is aclear definition of separability, in general it is difficult to determine whether a given
state is entangled or separable. A refinement of this problem is to quantify entanglement
on a given entangled state. This is a broadly open problem, in the sense that there is
not a unique established way of measuring entanglement, which might depend on the
initial set-up and applications on has in mind. There is, however, a general consensus
on the desirable properties of a good entanglement measure [11,22]. Directly attached
to measuring entanglement is the notion of maximally entangled state, central in
teleportation protocols.

Many different entanglement measures and the corresponding notions of maxi-
mal entanglement have been proposed. Methods range from using Bell inequalities,
looking at inequalities in the larger scheme of entanglement witnesses, spin squeez-
ing inequalities, entropic inequalities, the measurement of nonlinear properties of the
quantum state or the approximation of positive maps. We refer to the exhaustive reviews
[11,16,19] for the basic aspects of entanglement including its history, characterization,
measurement, classification and applications.

A particularly simple description of separability of quantum states arises naturally
in the setting of complex algebraic geometry. In this setting, pure multiparticle states
are identified with points in the complex projective space PV, the set of lines of the
complex space CV*! that go through the origin. Entanglement is then understood via
the categorical product of projective spaces: the Segre embedding. This is a map of
complex algebraic varieties

o

Plx -2 xP! — P¥' 1, )

whose image, called the Segre variety, is described in terms of a family of homogeneous
quadratic polynomial equations in 2" variables, where n is the number of particles. The
points of the Segre variety correspond precisely to separable states (see for instance
(1,3D.

In this paper, we exploit this geometric viewpoint. There are numerous approaches
to entanglement via Segre varieties that are related to the present work [2,5,9,12—
14,20]. The hypercube viewpoint presented here connects the notions of bipartite and
q-partite in a geometric way. We describe the image of (1) by means of the intersection
of all Segre varieties defined via bipartite-type Segre maps

PX1 s P2 S P2 foralll < £ <n— 1. 2)
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Specifically, we show that a state is g-partite if and only if it lies in g of the images of
Segre maps of the form (2). We do this after showing that the Segre embedding (1) may
be decomposed in various equivalent ways, leading to a hypercube of dimension (n—1)
whose edges are bipartite-type Segre maps. In this framework, all the information about
the separability of the state is contained in the last applications (2) of the hypercube.

While the above results are extremely precise and intuitive, they are purely alge-
braic. In order to build a bridge from geometry to physics, we introduce a family
of observables {7, ¢}, with 1 < £ < n — 1, which allow us to detect when a given
n-particle state belongs to each of the images of the bipartite-type Segre maps (2).
As a consequence, we obtain that a state is g-partite if and only if at least g of the
observables 7, ¢ vanish on this state, completely identifying the sub-partitions of the
system. Each of these observables are related to the trace of the squared reduced density
matrix, also known as the bipartite non-extensive Tsallis entropy with entropic index
two [17,21]. They are always positive on entangled states and our first applications
indicate that they provide well-behaved and fine measures of entanglement.

We briefly explain the contents of this paper. We begin with a warm-up Sect. 2 where
we detail the theory and results for the well-understood settings of two- and three-
particle states. In Sect. 3, we develop the geometric aspects of the paper. In particular,
we describe the Segre hypercube and prove Theorem 1 on geometric decomposability.
The main result of Sect.4 is Theorem 2, where we match geometric decomposabil-
ity with our family of observables related to non-extensive entropic measures. The
two theorems are combined in Sect.5, where we study entanglement measures for
pure multiparticle states of spin—% and apply our observables on various well-known
multiparticle states.

2 Warm-up: two and three particle states

We begin with the well-understood example of two-particle entanglement. The initial
set-up consists in two particles which can be shared between two different observers,
A and B, that can perform quantum measures to each of the particles. A general pure
state for two spin-% particles can be written as

V) ap = 20100) + 21 [01) + 22 [10) + z3 |11), (€)

where z; are complex numbers that satisfy the normalization condition Y |z; > =1.
The labels A B, which will be often omitted, indicate that A is acting on the first particle
while B is acting on the second, so

lij) == 1)a ®1J)p, fori,j {0, 1}.

Entanglement is a property that can be inferred from statistical properties of different
measurements by the observers of the system. In particular, we can compute the sum of
the expected values of A measuring the spin of the state |y/) in the different directions.
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With this idea in mind, we define:

3
Tae(Y) =2 — (Zuwwi ®L ) |2>,

i=0

where o;, for i = 1, 2, 3, denote the Pauli matrices, og = I, is the identity matrix of
size two, and ® denotes the Kronecker product. Using the expression (3) for [i) we
obtain

Taes (W) = 42023 — z122°.

It is well known that the state |y) is entangled if and only if
2023 — 2122 = 0.

Therefore, we find that |v) is a product state if and only if Jagp(¥) = 0. When
Jaep(¥) > 0 we have an entangled state, which is considered to be maximally
entangled when the observable reaches its maximum value at Jagp () = 1.

The measure given by Jagp(¥) may also be interpreted in terms of the density
matrix operator. If p4 denotes the reduced density matrix for the subsystem A, then

Tnan@) =2 (1=Trand ).

The characterization of entanglement has a simple geometric interpretation. Note
first that a general pure state for a single spin-% particle may be written as

20 10) + z1 |1) where |z0|* + |z1]2 = 1.

In particular, such a state is determined by the pair of complex numbers (zo, z1) and
the normalization condition ensures (zg, z1) # (0, 0). This allows one to consider the
corresponding equivalence class [z : z1] in the complex projective line P!. This space
is defined as the set of lines of C? that go through the origin. The class [zg : z1] denotes
the set of all points (z, z}) € C2\{(0, 0)} such that there is a nonzero complex number
A with (zo, z1) = A(z, z}). Note that, by construction, we have [z¢ : z1] = [Az0 : Az1]
for all A € C*.

In summary, every one particle state of spin-% defines a unique point in P'. Con-
versely, given a point [zg : z1] € P! we may choose a representative (zg, z1) such that
Izol2 + |z1|* = 1 and so it determines a unique pure state zq |0) + z; |1) up to a global
phase which does not affect any state measurements.

This one-to-one correspondence between pure states and points in the projective
space generalizes analogously to several particles: pure states for n particles of spin-%
correspond to points in P21, This correspondence is just a way of describing the
projectivization of the Hilbert space of quantum states.

For our two-particle case, since the state |1/) introduced in (3) is determined by the
normalized set of complex numbers (zo, z1, z2, 23) we obtain a point [{] := [z0 : 21 :
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22 : z3] in the complex projective space P, the set of lines in C* going through the
origin. Interestingly for the study of entanglement, there is a map

fagp i Py x Py — Pip,
called the Segre embedding, defined by the products of coordinates
[ao : a1], [bo : 1]+ [aobo : apby : arbg : a1by].

The Segre map is the categorical product of projective spaces, describing how to take
products on projective Hilbert spaces. The image of this map

Zagp = Im(fagn)

is called the Segre variety. This is a complex algebraic variety of dimension 2 and
is given by the set of points [zo : 21 : z2 : z3] € Pp3 satisfying the single quadratic
polynomial equation

2023 — 2122 = 0.
Therefore, product states correspond precisely to points in the Segre variety and

Tagp(W) =0 & [V] € Zags.

As a consequence, |1) 4 g 1s a product state if and only if its corresponding point [/]
in P3 lies in the Segre variety X g 5.

The entanglement of three particle states is also well understood in the literature
[8]. However, this case already exhibits some non-trivial facts that arise in the geo-
metric interpretation of entanglement. We briefly review this case before discussing
the general set-up.

A general pure state for three spin-% particles can be written as

|[Y¥) apc = 201000) + z1 1001) + z2|010) + z3 |011)

. 4
424 1100) + 25 |101) + 26 |110) + 27 [111) “)

As in the two-particle case, z; are complex numbers that satisfy the normalization
condition Y |z; |2 = 1. Now we have a third observer, C, in addition to A and B, so

lijk) :=1i)4, ®|j)p ® |k)c fori, j, k e{0,]1}.

We will first measure bipartitions: the separability of this state into states of the
form

1) 4 ® 19" pc or [@)ap ® 1¢)c -
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For the first case, we define the observable

3
Tresc(¥) =2 — <Z| (Wloi @ Ls|y) |2>

i=0

2 2 2
=4 {: |z0z5 — z124|° + |z0z6 — 2224|° + |2027 — 2324]

2 2 2
+lz1z6 — 2225 + 12127 — 232517 + 12227 — 2326 } ,

where the last equality will be proven in Sect. 4. Let us for now interpret this expression
geometrically. Our state |1/) corresponds to a point in P7 and bipartitions of type
A ® BC are geometrically characterized by the Segre embedding

fagse i Py @ Py — Plge
defined by sending the tuples [ag : ai], [bo : b1 : by : b3] to the point of P7 given by
[aobo : apby : agbs = agbs - aibg : ai1by : a1by : a1bs].

Specifically, the state |¢y) can be written as |¢) 4 ® |¢') g¢ if and only if the corre-
sponding point [Y] = [z0:---:27] € P7 lies in the Segre variety

Yagpc :=Im(fagpc).

The equations defining X 4@ pc, having set coordinates [zg : - - - : z7] of P", are given
by the vanishing of all 2 x 2 minors of the matrix

20 <1 22123
243526 27)
Therefore, we see that

Jagpc(¥) =0 & [{¥] € ZagsC.

For the second case, we define:

3
1
JasecW) :=2— (> |Wloi®o;@LIy)

i,j=0
4 _ 2 . 2 B 2
=4 1lz0z3 — z122|” + |z025 — z124|” + 2027 — 2126l

2 2 2
+lz225 — 23241° + 12227 — 232617 + 12427 — 2526] } ,

@ Springer



Characterization of quantum entanglement via a hypercube... Page70f28 252

where again, the last equality is detailed in Sect.4. Bipartitions of type AB ® C are
now geometrically characterized by the Segre embedding

fasec 1 Php @ PL — P

The state |y) can be written as |@) 45 ® |¢')¢ if and only if the corresponding point
[]=1lz0:--:27] € P lies in the Segre variety

Yapgc :=Im(fapgc).

In this case, the Segre variety X4 pgc is given by all points [zq : - - - : z7] € P’ such
that all 2 x 2 minors of the matrix

20 21
22 23
24 25
26 27
vanish. Therefore, we may conclude that
Tapec(¥) =0 <= [V] € Zupgc.
We may now ask about separability of the state |) in a totally decomposed form
l)a® 19" g ®1¢")c -
It turns out that the above defined observables are sufficient in order to address this
question. This is easily seen using the geometric characterization of entanglement, as
we next explain. The total separability of the state |/) 4 p¢ is geometrically character-
ized by the generalized Segre embedding
fagpac i PL x PL x PL — P! 5
defined by sending the tuples [ag : ai], [bg : b1], [co : c1] to the point in P7 given by

[aoboco : apbocy : apbico : apgbicy = aiboco : arbocy : aibico : aibicy].

The state |v) is separable as A ® B ® C if and only if its associated point [y/] € P’
lies in the generalized Segre variety given by

Yagec = Im(fagpec)-

The above generalized Segre embedding factors in two equivalent ways:
fagsac = fagpc o (Ia X faic) = fapec o (fags x o),
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so we have a commutative square

1 1 1 Jaesxlc 3 1
Py xPp xPs P x Po
HAXfBJrCl \LfAB@C
1 3 fA®BC 7
Py x Ppe Pagc

We will show (Theorem 1) that the Segre variety X 4g pgc agrees with the intersection

YagBec = Xagpc N XaBeC-

In particular, we have

Jagpc(¥) = 0and Japgc(¥) =0 <= [¥] € Yagpec-

In summary, the observables Japgc and Jagpc determine separability of any
three particle state in the ABC order. Of course, one can also measure separability
for the orders BAC and C A B by consistently taking into account permutations of the
chosen Hilbert bases, as we next illustrate.

Consider the following well-known states and their corresponding points in the
projective space P’:

|Sep) = |000) [Sep]= [1:0:0:0:0:0:0:0]
|B)) = L (|000)+|011)) [Bil= [1:0:0:1:0:0:0:0]
|By) = (|OO) [101)) [Bo]= [1:0:0:0:0:1:0:0]
|B3) = (|000>+|110)) [Bi]= [1:0:0:0:0:0:1:0]
|[W) = —3(|100)+|010)—|—|001)) [Wl= [0:1:1:0:1:0:0:0]
|GHZ) :\/LQ(|OOO)+|111)) [GHZ]=[1:0:0:0:0:0:0:1]

These can be taken as representatives for the six existing equivalence classes of three
particle states under SLOCC-equivalence. The state |Sep) is obviously separable and
|GHZ) and |W) are the only genuinely entangled states. Moreover, these two entangled
states represent two different equivalence classes of entanglement [8]. The former
state, named after [10], is maximally entangled with respect to most entanglement
measures existing in the literature and its one-particle reduced density matrices are all
maximally mixed. The remaining states |B;) are 2-partite (depending on the order of
the Hilbert basis). We have the following table:

| ABC [Sep|Bi|By|B3|W|GHZ]

Jazsc| 0 |1 10§ 1
Japec| 0 |01 1|5 1
L7 Jofs[r][z[5] 1]
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Here, the labels ABC indicate we are measuring entanglement of the states with the
fixed order ABC and

1
J = E(jA®BC + JaBec)

is the average measure. In particular, we see that while B; and B3 are bipartite in
this order, the state B is classified as entangled. Note however that if we measure
entanglement with respect to the order AC B, the roles of B, and B3 are exchanged
and we obtain the following table.

| ACB [Sep|B1|B,|B3|W|GHZ|

Jagsc| 0 101§ 1
Japec| 0 |01 15| 1
L g Jofsls[t[g] 1]

The states |Sep), |W) and |GHZ) are invariant under permutations of the basis
ABC and so the values of the observables always remain unchanged. Note as well
that |W) exhibits less entanglement than |GHZ) with respect to the above measures,
in agreement with the existing entanglement measures.

3 Hypercube of Segre embeddings

This section is purely mathematical. Given an integer n > 2, we consider the gener-
alized Segre embedding

o) xP! — p2'-1

P! x
and introduce the notion of g-decomposability of a point z € P?"~! for any integer
1 < g < n. We show that g-decomposability is detected by looking at all the Segre
embeddings of the type

IPZZ_I X Pzn%_l — Pzn_l, forl <t <n-—1,

which accommodate as edges of a directed hypercube of Segre embeddings. Let us
first review some basic definitions and constructions.

The complex projective space PV is the set of lines in the complex space CNV*!
passing through the origin. It may be described as the quotient

N CN+1 _ {0}
oz~

P , A e C*.

A point z € PV will be denoted by its homogeneous coordinates
z=[zo:--- 12Nl
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where, by definition, there is always at least an integer i such that z; # 0, and for any
A € C* we have

[zo: - tznyl=T[Azo: -+t Azn].
Definition 1 Given positive integers k and ¢, the Segre embedding fi ¢ is the map
fie: Pr x Pt — pk+DE+D-1
defined by sending a pair of points
a:[aoz---:ak]eIP’kandbz[bo:---:bg]eIE”Z

to the point of P**+DE+D=T whose homogeneous coordinates are the pairwise prod-
ucts of the homogeneous coordinates of a and b:

fk,l(av by=1[--: Zij e -] with Zij = a,-bj,
where we take the lexicographical order.

The Segre embedding is injective, but not surjective in general. The image of fx ¢ is
called the Segre variety and is denoted by

Zijzi/j/ — Zij/zi/j = O7
Zre=Im(fe) = {1z o] e PODEDL
Vi#gij# ]

In other words, X , is given by the zero locus of all the 2 x 2 minors of the matrix

200 * - 20¢

2kO " Tkt

A combinatorial argument shows that there is a total of

(k41 e+1 k-(k+1)-£-(+1)
&k = » )\ )= 2

minors of size 2 x 2 in such a matrix.
The above construction generalizes to products of more than two projective spaces
of arbitrary dimensions as follows. Given positive integers ki, - - - , k, let

Ny, - k) =k +1)---(ky,+1)— 1.
For1 < j <mn,let [aé R a,{j] denote coordinates of P¥/
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Definition 2 The generalized Segre embedding
Skt ke PKx - x PR — PN K1k
is defined by letting
NN (O 3":'11 sl e rd e D= Ziy -

where

and the lexicographical is assumed. Denote the generalized Segre variety by

Ekl’... ky = Im(fqu“' 7k)l).

It follows from the definition that every generalized Segre embedding may be
written as compositions of maps of the form

]Im X fk,( X Hm’

for certain values of m, k, £ and m’, where I,,, denotes the identity map of P™. These
compositions may be arranged in a directed (n — 1)-dimensional hypercube, where the
initial vertex is P! x - - - x P%» and the final vertex is PV *1- k) Note that the (n—1)
final edges of the hypercube (those edges whose target is the final vertex PN 1. -kn)y
are given by Segre embeddings of bipartite-type

R R A e L

’

where | < j <n—1.

Example 1 For the generalized Segre embedding fi 1,11 characterizing entanglement
of 4 particle states of spin-4, we obtain a cube with commutative faces

IxI
P! x P! x P! x P! ket P! x P! x P3

Ix f3,1

fiaxIxT P! x P3 x P! P! x P’
fiaxI Jf]le]l
P3 x P! x P! el P3 x P3 fiz
m f33
P’ x P! di P'5
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We next state a general decomposability result for arbitrary products of projective
spaces. Since our interest lies in spin—% particle systems, for the sake of simplicity we
will restrict to the case where the initial spaces are projective lines. For any integer
m > 1, let

Ny =N, "y =21,
We will consider the decompositions associated with the generalized Segre embedding

(n) XPI — ]P>Nn.

P! x
Definition3 Let n > 2 and 1 < ¢ < n be integers. We will say that a point 7 €
PNe is g-decomposable if and only if there exist positive integers mj, - - - , mg with
mjy + -+ -+ mg = n such that

z€ Zle [ stq °

Note that every g-decomposable point is also (g — 1)-decomposable. If z is not 2-
decomposable, we will say that it is indecomposable.

Points that are g-decomposable will correspond precisely to g-partite states and
indecomposable points will correspond to entangled states.

Example 2 A point z in P3 is 2-decomposable if and only if z € X . Otherwise, it is
indecomposable. A point z in P’ is 2-decomposable if and only if z € 231 U X 3.
It is 3-decomposable if and only if z € X 1 1. The following result shows that z is
actually 3-decomposable if and only if z € X351 N X 3, so that it is 2-decomposable
in every possible way. In physical terms, it just says that a state is 3-partite if and only
if it is 2-partite when considering both types of bipartitions.

Theorem 1 (Generalized Decomposability) Let n > 2 and 1 < q < n be integers. A
point z € PNv is g-decomposable if and only if it lies in at least g — 1 different Segre
varieties of the form Xy, n,_,, with1 < £ <n — 1.

For the particular extreme cases, we have that a point z € PN ig:

Indecomposable <= z ¢ X, n,_,, foralll <£ <n —1.
n-decomposable <= z € Xy, y,_,, foralll < ¢ <n —1.

We refer to the Appendix for the proof. This result will be essential in the next
section, where we give a general method for measuring decomposability. Indeed,
Theorem 1 asserts that decomposability is entirely determined by the Segre varieties
2Ny,N,_, forall1 < £ < n—1.Note that this family of varieties is the one arising when
looking at the (n — 1) edges whose target is the last vertex of the (n — 1)-dimensional
hypercube and corresponds precisely to the family of all possible bipartitions of PV

This result will translate into taking (n — 1) measures of a given n-particle state,
in order to detect the level of decomposability of its associated point in the projective
space.
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Example 3 In view of Theorem 1, a point z in P! is:

indecomposable <=z ¢ Y71 U X 7U X33
2-decomposable <=z € Y71 U X 7U X33
3-decomposable <= z € (X17N X7 1) U (X170 X33) U (X7, N X33).
4-decomposable <= z € Y71 N X1 7N X33

4 Operators controlling edges of the hypercube

Given an n-particle state, in this section we define (n — 1) observables which measure
its entanglement. Let us first fix some notation. We will denote by

10 01 0 —i 10
0=Vo1) "= \10)°27 i 0) P \o-1

and by I the identity matrix of size k.
The Kronecker product of two matrices A = (a;;) € Maty, and B € Mat,,, is
the matrix of size kn x kn given by:

a“B s alkB
A@B=| : :
ap B - - a B
The Hermitian product of two complex vectors u = (ug,---,u;) and v =
(UO, ) vk) is
k
u-v= Zu_iv,
i=0
Also, let
k
2. =
Hull“ :=u-u= Zuiui.
i=0
For o a complex number, we denote || := ||¢|| = V& - « its absolute value.

We will use the Lagrange identity, which states that

k=1 k
2 2 2 2
a0l = v =Y Y vy — v,

i=0 j=i+1

Note that in many references, the term on the right side of the identity is often written
in the equivalent form |u; V; — uji,-lz instead of [u;v; — ujvi|2.
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In order to describe n-particle states we fix an ordered basis of N,, = 2" — 1 linearly
independent vectors of the corresponding Hilbert space

i ein) = |i1>(91 ®-® |in>(9,,
where Oy, - - -, O, denote the different observers and {i, --- , i,} € {0, 1}, since we

are in the spin-% case. Using this basis, the coordinates for a general pure state for n
particles will be written as

where z; are complex numbers satisfying the normalization condition

lel'lzz 1.

i>0
Likewise, we will write:
<1/f| = (207 Z]a e aZNn)-

Given such a state, we may consider its class [1/] € PV by taking its homogeneous
coordinates

[(V]l=1lz0: - :zn,],

where we recall that [zg : -+ : zy,] = [Azo : -+ - @ Azn, ] for any A € C*.
Forall £ = 1,---,n — 1, define the following observable acting on n-particle
states:
3
Tne@)=2= = D [Wloy ® @0y ®Ly-c |y)
i1, ,ig=0

The purpose of this section is to show that 7, ¢(¥) = 0 if and only if the class [{/]
in the projective space PV lies in the Segre variety 2 NeNys-

The next two examples detail the computations of the observables introduced in
Sect. 2 for the cases of two and three particles, respectively. Note that we used a slightly
different notation, namely: For two particles, we have: Jagp = J2.1 and Ysgp =
21.1. For three particles, we have: Jagpc = J3.1, Xagpc = 21,3, Japec = J3,2,
and Yypec = X31.
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Example 4 For 2-particle states, we have a single observable

3
Joi(¥) =2 — (Zuwm 1 |v) |2> :

i=0

Define vectors Ay = (zo, z1) and A; = (z2, z3), so that (/| = (Ap, A;). Then, we
have

T 1 () =2 — (Ao~ Ao + Ai-Ai1? + [Ag-Ap + Ap-Ag|?
+l Ao A — Ap-Ao|? + [Ao-Ag — A A7)
=1- (IZ()ZO + 7121 + %222 + B3231% + [Zo22 + 2123 + 2220 + T3z
+ |=Z0z2 — 2123 + 2220 + Z321 1% + 1Z0z0 + 7121 — Z2z2 — Z3Z3|2)
=1 — (12022 + 7123 + 2220 + 2321 1% + |—Z022 — 2123 + 2220 + 2321 12
+ 12020 + Z121 — 2222 — B3231%) = 42023 — 212217

Therefore, J> 1(y) = 0 if and only if [y] € X 1.
Example 5 For 3-particle states, we have two observables
3
Jii(¥) =2~ (Zuwm ® Iy |v) |2) and
i=0

3
L
Tio() =2~ 5} | (Yloi ®o; @ L)

i,j=0

Write z = (Ao, A1) where Ay = (20,---,23) and Ay = (z4,---,2z7). Then, we
have

T31(¥) =2 — (Ao Ao + A1 A2 + [Ag Ao + AL A2 + [Ap Ay + A Aol
+| = Ao Ar + A1 Ao|? + [Ag Ay — A Ai]?)
=1—(AoAl + A1 Aol* + | — Ao A1 + A1 Aol + [ Ao Ao — AL A1)
= 4{lz0z5 — 2124 + 12026 — 2224|* + 2027 — 2324 ]
+lz126 — 22251% + |2127 — 23251% + |2227 — z316|2} .

Note that the numbers z;z; — z/jz; correspond to the minors describing the zero
locus of X 3. Indeed, this is determined by the vanishing of all the 2 x 2 minors of
the matrix

20 21 22 13
242526 27)
Therefore, J3,1(¥) = 0 if and only if [{] € ¥ 3.
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Likewise, writing z = (Ao, A1, A2, A3) with Ay = (z0,21), A1 = (22,23),
Az = (z4, z5) and A3 = (z¢, z7) we easily obtain

2 2 2
J32(8) =4 [|ZOZ3 — z122|7 + 1z0z5 — z1241" + 12027 — 21%6]

2 2 2
+lz225 — z3z24|" + |2227 — 23261° + 2427 — 2526 } .

Note that the numbers z;z; — z’jz; correspond to the minors describing the zero locus
of X5 1. Indeed, this is determined by the vanishing of all the 2 x 2 minors of the
matrix

20 21

2223

24 25

26 27
Therefore, J3,2(¥) = 0 if and only if [Y] € X5 1.

Returning to the general setting, note that the measures 7, ¢ () are related to the
trace of the squared density matrix for a given partition of the system. Indeed, the
density matrix for any physical state is a Hermitian operator and therefore can be
written in terms of o; as

p = Z CiyiyOiy @ - @ 07, @ Iyn—e +diz+1~-inﬂ2l ®0ip, - ®0j,,
il,--.l.ne{l’zﬁ}

where we write explicitly the partition of the system in A and B. In this notation, the
reduced density matrix of the system A reads

pa=2""Yci .i,01, ® - R0y
We may now compute expectation values for our operators:
(Yloi ®-®0;, @yt [¥) =Tr (p- (07, ® -~ @ 0y, @ Ipur))
and using the identity
Tr (0 ® -+ ®03,) - (0, ® -+ ® ) = 2"8i1jy8izp + -~ B
we obtain

Ci]a"'i[ = 2" (‘N 0i| ® t ® Gi{ ® Hznfe h”) .
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We now compute the trace of the squared density matrix:

TrAP/% = zz(n_e)cilw“izcjlw-'ler ((Gi] X ® Uin) ’ (Gjl X Ojn))
=2(Yloy, ® - ® 0y, ® Lyus |9)?

which leads to the identity
TneW) =2 (1=Teap}).

The main result of this section relates the operators 7, ¢ with the minors of order
two that define Segre varieties. In particular, our operators are directly related to the
entanglement measures studied in [18].

Theorem 2 Let ) be a pure n-particle state and let 1 < € < n — 1. Then,

Tno () =4 M,
1

where the sum runs over all 2 x 2 minors M| determining the zero locus of Xy, N, -
In particular,

Ine(W) =0 [¢¥] € TN, N,_,-

Proof Write (zo, -, zn,) = (Ao, - - - , Ap,), where

Aj = @ jNaeg 4D 3 2Ny DA+ Nae)
for j = 0,---, Ny, so that each A; is tuple with N,_¢ + 1 components. With this
notation, we have
N¢e—1 Ny
Tt @) =4 Y (AP AP = 14 - Al
Jj=0 k>j

Applying the Lagrange identity, we obtain

N¢—1 Ny Ny—1 Ny
Tut@) =43 3" 3" JAjs - Acs — Ajr - Al

j=0 k>j s=0 t>s

where 4; ; denotes the j-th component of the tuple A;. It now suffices to note that
the numbers

-Aj,s-Ak,t - -Aj‘tAk,s
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correspond to the minors M;. Indeed, the zero locus of X'y, v, , is determined by the
vanishing of the 2 x 2 minors of the matrix

Aoo -+ Aon,,

Ano - ANgN,

5 Physical interpretation

Given an integer n > 1, we fix an ordered basis of N,, = 2" — 1 linearly independent
vectors of the Hilbert space of pure n-particle states of spin—%

liv---in)o,..0, = lin)o, ® -+ B lin)o,

where Oy, ---, O, denote the different observers. We will omit the labels of the
observers, but one should note that, in the following, the chosen basis always has the
same fixed order unless stated otherwise.

Definition 4 Let1 < ¢ < nbe aninteger. An n-particle state |/) is said to be g-partite
if it can be written as

W) =1¥1) ® - ® Yy,

where |;) are n;-particle states, withn; > Oand ny +--- +ny =n.

1-partite states are called entangled, while n-partite states are called separable.
Physically, separable states are those that are uncorrelated. A product state can thus
be easily prepared in a local way: each observer O; produces the state |v;) and the
measurement outcomes for each observer do not depend on the outcomes for the other
observers.

A basic observation is that a state is separable if and only if it lies in the generalized
Segre variety of Definition 2 (see for instance [1]). Likewise, a state is g-partite if and
only if its corresponding projective point on PV lies in a Segre variety of the form

Ele v+ \Nmg
with my, - -, my positive integers such that m + --- + m, = n. So g-partite states
correspond geometrically to the g-decomposable points of Definition 3. Combining
the results of the previous two sections, we have that an n-particle state |{) is g-partite
if and only if there are ¢ — 1 indices €1, --- , £,y with1 < ¢; <n —1and ¢; # ¢{;
such that 7, ¢, () = 0. Indeed, from Theorem 1 we know that |/) is g-partite if and
only if its corresponding point [y] in P77 lies in at least ¢ — 1 different Segre varieties
of the form Xy, n, ,, with 1 < £ < n — 1. Moreover, from Theorem 2 we know that

n—=_°

[V] e XN, N, if and only if 7, ((¥) = 0.
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Note that, a priori, given an n-particle state, one would have to take (n — 1)!
measures of bipartite type to completely determine its g-decomposability (namely,
for each possible bipartition, check further bipartitions recursively). The hypercube
approach tells us that it suffices to take (n — 1) measures, corresponding to the operators
{Jn.¢} in order to determine completely its g-decomposability.

In the remaining of the section, we study the behaviour of the observables 7, ¢ in
some particular cases of interest. We first introduce the average observable acting on
n-particle states:

n—1

1
JW) = —— ; T e (V).

Note that this is a measure of entanglement, in the sense that it does not increase under
LOCC. Indeed, assume that a state |y) is transformed, using LOCC, into an ensemble
{pi. lpi)}with ) "; p; = 1.Recallthat 7, ¢ () =2 (1 — TrA,o%) for a certain partition
of the system into A ® B, and so we have the well-known inequalities

Tnt @) =Y piTne(@i)

(see for instance [18,23]). Therefore, we obtain
n—1

1= 1
TW) = —= D Tnt@W) 2 —=> > piJne()
(=1 =1 i

n—1

= Zpiﬁ > Tnelen) =Y pid (@i).
i =1 i

The two- and three-particle states discussed in Sect.2 which are invariant under
permutations of the Hilbert basis (|Sep), |EPS), |GHS), |W)) allow for natural gener-
alizations to the n-particle case. We study their entanglement measures.

Note first that the separable n-particle state

(n)
|Sep,,) :==10 --*- 0)
corresponds to the point in PV given by
[Sep,]=[1:0:---:0]

and so one easily verifies that 7 (Sep,,) = 0.
The Schrodinger n-particle state is a superposition of two maximally distinct states

1 (n) (n)
Sy)i=—1(10 -~ 0 1~ 1)).
|Sn) ﬁ(' )+ >>
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It generalizes the two-particle state |EPS) and the three-particle state |GHZ) and it
corresponds to the point in PV given by

[S.]=[1:0:---:0:1].

One easily computes Jy, ¢(S,) = 1 forall 1 < € < nandso J(S,) =1.Forn > 3,
it is not clear that the Schrodinger state exhibits maximal entanglement [15]. This
observation agrees with our measures for 7, ¢, as we will see below.

We now consider a generalization of the W state for three particles, to the case of
n-particles. For each fixed integer 0 < k < n, these states are constructed by adding
all permutations of generators of the form

k —k
e emene " @)

with k states |1) and n — k states |0), together with a global normalization constant.
These are clearly invariant with respect to permutations of the basis. Denote such
states by

1
n\ 2 (k) (n—k)
|Dn,k>=(k) Yome-el)e0)e - ®0).

permut

These are known as Dicke states [7]. Note that | D, o) = |Sep,) and |D3 1) = |W3).
In the case of four particles, we have

|Da.1) = J7 (11000) + 0100) +0010) + 0001)),
|Da2) = 2 (11100) + [1010) +[1001) + [0110) + 0101) + [0011)) ,

|Da3) = == (J1110) + [1101) + [1011) +0111)).

Their corresponding points in P are

[D41)=10:1:1:0:1:0:0:0:1:0:0:0:0:0:0:0],
|[Dy2)=[0:0:0:1:0:1:1:0:0:1:1:0:1:0:0:0],
|D43)=[0:0:0:0:0:0:0:1:0:0:0:1:0:1:1:0].

We obtain the following table for the observables J4 ¢:

[ |[Ds.1)[[Dsa]|[Das]]

Jaal 3 [ U] 3
Jan| 1 1 1
Jas| 3 1 3

Jla 1[4

Note J(D42) = 1 as is the case for the state |S4). For more than four particles, we
obtain values > 1 for the observables 7, (. For instance, in the five-particle case, we
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have:

[__[[Ds.)[[Ds.2)[[ D5 3)]| Ds.a]

T BT Z2TZ2 Tk
S EAEIERE:
541 23 25 25 25
Jl:ilalxnls

In particular, we see that
J(Ds2) =T (Ds3) > J(Ss5) = L.
For higher particle states, the same pattern repeats itself, with the middle states
|Dy, 2y) and [Dy, 11)

always exhibiting the largest entanglement as well as symmetries of the tables in both
directions.

We end this section with some notable examples in the four- and five-particle cases.
The state

[HS) = 11100) 4 [0011) + @ [1001) + @ [0110) + w? [1010) + w? |0101>)

q
V6
where @ = e’3 is a third root of unity, was conjectured to be maximally entan-
gled by Higuchi—Sudbery [15] and it actually gives a local maximum of the average
two-particle von Neumann entanglement entropy [4]. Another highly (though not max-

imally) entangled state, found by Brown—Stepney—Sudbery—Braunstein [6], is given
by

1
IBSSB4) = 3 (10000) + |+) ® |011) + [1101) + |—) ® |110)),

where |+) = \%(IO) +|1)) and |—) = \%00) — |1)). Our measures agree with these
facts, as shown in the table below.

| [IS4)[[D4,2)[IBSSBy4)[|HS)]

Jan| 1 1 % 1
Jan| 1 1 I 3
Tas| 1] 1 1 1

Jl1] 1 TR

In [25], a related measure of entanglement is introduced, based on vector lengths
and the angles between vectors of certain coefficient matrices. While this measure is
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strongly related to concurrence and hence to the observables 7, their measure Ey,
does not distinguish the states [BSSB4) and |HS). In contrast, we do find that

1 = J(BSSBs) < J(HS).
In [6], a highly entangled five-particle state is described as
1
IBSSB)s = 5 (1000) ® |#-) +[010) ® [¥-) + |100) ® | @) + [111) ® |¥+)) ,

where |[¥1) = |00) £ |11) and |@4) = |01) &£ |10). Our measures give:

[ [IS5)][Ds.2)[IBSSBs)|

Tsi| 1] = 1
J52| 1 g %
J53| 1 P} 7
Js4| 1| 5 1
Jl1] 5] ®

In particular, we see that
1 =J(S5) < J(Ds2) < J(BSSBs).

So far we have only considered pure states. As is well known, the identification of
quantum states with points in the complex projective space is only valid for pure states,
and so the approach to entanglement via the Segre embedding is very particular to the
pure setting. Indeed, recall that pure states of a single particle of spin-% are identified
with points in CP!, a space diffeomorphic to the sphere 2, while mixed states would
correspond to points in the interior of this sphere, so in the 3-dimensional ball B,
which has S? as its boundary. Still, via the convex roof construction, given a mixed
state with density matrix p one may extend the entanglement measure [J by letting

J(p) :=1inf Y pi T (i)

where the infimum is taken with respect to all ensembles {p;, |¢;)} such that
p=> pilgi) (@l with Y pi=1.
i

Any operator defined via the convex roof construction of an entanglement measure is
again an entanglement measure, in the sense that it will still be non-increasing under
LOCC (see [11,24]). However, the interpretation of this entanglement measure as well
as its applicability is not clear and requires a more general framework than the one
provided by the hypercube of Segre embeddings presented here.
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6 Summary and conclusions

Within a purely geometric framework, we have described entanglement of n-particle
states in terms of a hypercube of bipartite-type Segre maps. For simplicity, in this
paper we have restricted to spin-% particles, but the geometric results generalize almost
verbatim to the case of qudits. The hypercube picture allows to identify separability (or
more generally, g-decomposability) in terms of a depth factor within the hypercube:
the deeper a state lies in the hypercube, the more separable.

We have defined a collection of operators which measure the properties of a state in
the above geometric set-up. Given an n-particle state and having fixed an ordered basis
of the total Hilbert space, there are 2" ~! different decomposability possibilities, given
by the different ordered g-partitions, for 1 < g < n. A standard way to characterize
the decomposability of such a state would be to consider, for any possible bipartition,
all of its possible bipartitions in a recursive way. This gives a total of (n — 1)! measures
to be taken. Our hypercube approach says that it suffices to take (n — 1) measures,
given by the operators 7, ¢, with 1 < £ < n — 1. So as the complexity of the problem
grows factorially, our solution just grows linearly on 7.

The operators 7, ¢ measure the different bipartitions of the system, corresponding
geometrically with the last (n — 1) edges of the Segre hypercube. The expected value
of these operators is related with the quantum Tsalis entropy (¢ = 2) of both parts
of the state. The concrete values of ¢ for which 7, ¢ vanishes show precisely in what
edge of the hypercube the state belongs or, more physically, in which parts the state
is separable.

To illustrate the physical interest of our approach, we have computed the value
of the operators J, ¢ for various entangled states considered in the literature. The
motivation for many of them arises in quantum computing and are therefore classified
from the quantum control perspective. In all cases, the proposed observables give
results consistent with the expectations.

Acknowledgements We would like to thank Joan Carles Naranjo for his ideas in the proof of Lemma 1 as
well as the referee for useful comments.

A Proof of the Generalized Decomposability Theorem

This appendix is devoted to the proof of Theorem 1 on geometric decomposability.
Let us first consider the tripartite-type Segre embedding

Frr ks © PRU s PR2 5 PR3 pN (ko ks
where we recall that
Ny, - ky) =k +1)---(ky,+1)— 1.

The following lemma relates the Segre varieties associated with it.
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Lemma 1 Let ki, ko, k3 be positive integers. Then
2k koks = ki N(kaks) N 2N (ky ko) ks -

Proof 1t suffices to prove the inclusion X, Nkaky) D XNk ko) ks € kg ko ks - Recall
that we have identities

S ko ks = S Ntk k) © ATX fig k3) = NGy ko) ks © iy ey X D).
Leta = [a;], b = [b;] and ¢ = [¢,] be coordinates for Pk, Pk2 and A3, respectively.
We will also let x = [x;;] and y = [y;x] be coordinates for PN *1-k2) and PN Kk2.k3),

respectively, and z = [z;;] will denote coordinates for PN ki.ka.k3)
‘We have:

(fr1, ko x D(a, b, c) = (x,¢), with x;; := a;b;.
(I X foh3)(a, b, c) = (a,y), withyj, :=bjcy.
SNy Jo) ks (X, €) = (2), with z;jk := xjjck.
Sl Ntoky) (@, y) = (2), with zjjx = a;yji.

Given a point z = (z;j¢) € PN &1k2.k3) e claim the following:
1. z € Xk, N(ky.ky) if and only if all the 2 x 2 minors of the matrix

2000 " Z0k2k3

k100 ** Zkikoks

vanish, so that z;jx - 2y jiir = zivji - 2ijk forall i # i" and (7, k) # (j', k).
2. 2 € XNk k) ks if and only if all the 2 x 2 minors of the matrix

2000 " Z00ks3

Zk1koO * * * Zkikoks
vanish, so that z;jx - 2y jir = 2zijir - ziv jx for all (i, j) # (i', j') and k # k'
3. 2 € Xk ko ks ifand only if 7 € Xk ky),ks- SO that 7jjx = X;j - ¢k, and x = (x;;) €

2, k- This last condition gives the vanishing of the 2 x 2 minors of the matrix

X00 * - XOko

Xk10 * ** Xkiko
Therefore, we have x;; - x;/j» = x;j - x;rj foralli #i’, j # j'. This gives identities
Zijk . Zi/j/k/ = xij + Ck .xi/j/ . Ck/ = xl'/j < Ck -+ xij/ . ck/ = Zi’jk . Zl-j/k/
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foralli #i’, j # j andk #k'.
Claims (1) and (2) are straightforward, while (3) follows from the identity
2](1,/{2,/{3 = Im(fN(k1,k2),k3 o (fkl,kz X ]I))

Assume now that z € Xy, Nk k) N ZN(k;,ka), k3 - Then, the equations in (1) and (2)
are satisfied, and moreover, we may write z;jx = X;; - cx. To show that z € Xy, 1, i,
it only remains to prove that x;; - x;sjy = x;j» - x;7j forall i # i" and j # j'. By (1),
we have

Zijk " Zitjik = Xij ~ Ck - Xitjr - Cpt = Xi/j = C = Xjjr = C/ = Zjl jk = Zij'k’
foralli # i’ and (j, k) # (j', k'). Take k = k’ such that ¢ # 0. This gives
cq - xij CXjj = cl -xjj - xij foralli #i"and j # j'.
Since c,% # 0, we obtain the desired identities. O

In order to prove the Generalized Decomposability Theorem, it will be useful to
denote the cubical decomposition of

(n)

P'x - xP! — PV

by the (n — 1)-dimensional hypercube whose vertices are given by tuples v =

(v1, -+, vp—1) where v; € {0, 1}, with initial vertex vop = (0, ---,0) represent-

ing P! x o xP! and final vertex vy = (1,---,1) representing PNr . We will call
|[v| := vy + - - 4 v,—1 the degree of a vertex. All edges are of the form

[j]
(1, -+ s vp—1) —> (W, -+, Wp—1)

where v; = w; foralli # jand w; = v; + 1 = 1, so that [w| = [v| + 1. Such an
edge represents a contraction of a product x at the position j via a Segre embedding.

Example 6 For example, the cubical representation of f 11 is

00) — 1 (10) |

[ﬂl lm
[1]

01) ——— (11
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and the cubical representation of f 11,1 is

[3]

(000) (001)
[2] [2]
[ (010) Sl 011)
[ [1]
3
(100) Bl (101) i
2] o
(110) Sl (111)
We will say that a point z € PN lives in a vertex v = (v, --- , v,_1) if it is in the

image of the map v — v given by the composition of all edges [i] such that v; = 0.
It follows that z is g-decomposable if and only if it lives in some vertex v of degree
lo|=n—gq.

Lemma2 Let v # v’ be two vertices of the same degree in the (n — 1)-dimensional
hypercube. Then, there is a unique 2-dimensional face of the form

[i]

-

,U/

l[/‘]
[i]

w

—_—

S\

(/]

S<—

and if z lives in w, v and V', then it also lives in w'.

Proof Since |v| = [v| and v # V', there are i, j such that v; = 0, v, = 1, v; = 1,
v} =0and v = vy forall k # i, j. Let w and w’ be the vertices whose components
are given by

wi = max{vk, v;} and wy, = min{vg, v;}.
This gives the above commutative square. Assume now that z lives in w, v and v'. It
suffices to consider two cases:
Case j =i + 1. In this case, the above commutative square represents morphisms

of the form

LA fiey ky ¥Ticy x1p

A x Pkt x PR2 x Pk3 x B A x PNGkik2) o phs B

\LHA XTIy X fr kg3 X1B lﬂAXfN(kl‘kz),lq xIp

LA X fie) N kg k3) <1

A x PR x PNKaks) 5 g A x PNGkLkoks) o g,
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where A and B are products of projective spaces. Therefore, we can apply Lemma 1
to conclude that z lives in w’.

Case j < i+ 1. In this case, the above commutative square represents morphisms
of the form

AxP xPR2 x Bx P xPM x C — A x PNGKLk2) 5 B PR3 » P4 » C

| l

Ax PR x PR x Bx PNKk) o 0 o A x PNGELk) 5 B x PNGKska) o« ©

Since z lives in w we may decompose z = (z4, 212, 2B, 234, Z¢)- Since it lives in v
we have 212 € XN k). and since it lives in v’ we have z34 € XN (ky.ky)- It directly
follows that z lives in w’. O

Theorem 3 (Generalized Decomposability) Let n > 2 and 1 < g < n be integers. A
point z € PV is g-decomposable if and only if it is in at least ¢ — 1 different Segre
varieties of the form X, n, ,, with0 < £ < n.

Proof Using the cubical representation introduced above, it suffices to show that if z

lives in g — 1 different vertices vl ... il of degree [vi| = n — 2, then z lives in

a vertex of degree (n — ¢). By recursively applying Lemma 2, we find that z lives in
the vertex v* of degree (n — ¢) whose components are v;‘ = min,-{v;.}. This implies
that z is g-decomposable. The converse statement is trivial. O
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