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Abstract

Recently, a new class of monogamy relations (actually, exponentially many) was pro-
vided by Christopher Eltschka et al. in terms of squared concurrence. Their approach
is restricted to the distribution of bipartite entanglement shared between different sub-
systems of a global state. We have critically analysed those monogamy relations in
three as well as in four-qubit pure states using squared negativity. We have been able to
prove that in the case of pure three-qubit states those relations are always true in terms
of squared negativity. However, if we consider the pure four-qubit states, the results
are not always true. Rather, we find opposite behaviour in some particular classes of
four-qubit pure states where some of the monogamy relations are violated. We have
provided analytical and numerical evidences in support of our claim.

Keywords Entanglement - Monogamy - Negativity

1 Introduction

Entanglement is one of the mostimportant ideas in quantum information theory and it is
in fact the main form of quantum correlation which shows clear advantages over several
aspects of classical theory. Classification and characterization of entanglement have
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always been a challenging field of research. One important feature of entanglement
is that it could be used as a resource that allows one to perform certain quantum
information tasks, e.g. dense coding [1], teleportation [2], quantum computation [3,4],
etc. Now, as far as the number of parties is concerned, bipartite entanglement is well
understood at least for two-qubit system, whereas for multipartite systems only few
ideas are available.

Monogamy is one of the most important properties of entanglement that provide
us the information about the distribution of entanglement in a multipartite system
[5]. Monogamy was possibly first studied by Coffman et al. [6] in terms of squared
concurrence. Concurrence is defined as a bipartite measure of entanglement. For a
two-qubit state p4 g, concurrence is defined by, C(pap) = max{0, .| — Az — A3 — Ag}
where A1, A2, A3, A4 are the square root of the eigenvalues of the matrix pap((0y ®
oy)p4 g (0y®0y)) indecreasing order, oy is the Pauli spin matrix and p} 5 is conjugate
of pap. For pure bipartite states, concurrence can be computed through C(pap) =
2./detp, where py is obtained from p4p by taking partial trace over the subsystem
B. We will use the notation C4p instead of C(p4p) for any state psp. The CKW
(Coffman, Kundu, Wootters) inequality [6] is given by,

Canc > Chp + Cic (1

where C denotes the measure of concurrence for a bipartite state. The meaning of
the above CKW inequality could be stated as: sum of the amount of entanglement
(measured in terms of square of the concurrence) shared between parties A, B and the
amount of entanglement shared between the parties A, C cannot exceed the amount
of entanglement between the parties A and BC. They had also conjectured that the
extension of their monogamy relation for n-qubit states would be as follows:

2 2 2 2
Canlaras..a, = Cajay T Chjay +oo0 -+ Cha, @)

This conjecture later proved by Osborne et al. [7]. Since the introduction of CKW
inequality, several works had been done on monogamy where CKW inequality is
modified, generalized and also replaced by other entanglement measures [§—12]. All
such investigations enable us to understand the entanglement behaviour of composite
quantum systems more profoundly. In [13,14], the authors tried to describe monogamy
property without using CKW type inequality [6]. Recently, C. Eltschka et. al. [15]
provided a new kind of monogamy relation for multipartite (say, N number of parties)
d dimensional pure states. They adopt the methodology that any functional relation
between measures of entanglement in different subsets of parties could be considered
as a monogamy relation because the free distribution of entanglement between differ-
ent parties has been constrained by it. The monogamy relations in the compact form
are [15] given by,

Z (_1)\Smr\+1C§|SC >0 3)
d#£Sc(l1,2,...,N}

@ Springer



New monogamy relations for multiqubit systems Page3of18 30

where ® #= T C {1,2,..., N}. There are actually 2N _ 1 number of monogamy
relations where we find one inequality for each 7', and when |T'| (the cardinality of T')
is odd, we shall get only the trivial inequality O > 0. Inspired by their results, we have
studied in this paper three-qubit and four-qubit systems through another quantity, the
squared negativity.

Negativity is an important measure of entanglement [16]. It is an entanglement
monotone and invariant under local unitary operations. The negativity is a rare bipartite
entanglement measure which is easy to compute for pure as well for mixed bipartite
states. From Peres criterion [17], it is known that for a separable state partial transpose
of its density matrix will also be a density matrix. Partial transpose in general preserves
hermiticity but not positivity. Thus, after taking partial transpose on a density matrix
representing a bipartite state, if we obtain at least one negative eigenvalue, then we
could certainly say that the state is an entangled state. The definition of negativity for
a bipartite state p4p (pure or mixed) is given by,

el =1

> “

N(paB)

where || X||; = tr~/ X XT and partial transposition is taken with respect to subsystem
A. In other words, the negativity is the absolute sum of negative eigenvalues of pX‘B
and it measures how much ,o;AB fails to be a positive definite matrix. We will use the
notation N4 p instead of N(pap).

We have organized our paper as follows: In Sect. 2, we will discuss motivation of
our work. In Sects. 3 and 4, we will discuss monogamy relations for three-qubit and
four-qubit pure states, respectively. Section 5 ended with conclusion.

2 Motivation

The generalized T inversion map [15] is,

Irip)y =y, PN (Trsep) @ Ise (5)
SC{1,2,....N}

where T is any subset of {1,2, ..., N}. Using positivity property of Zr(.), for two
semi definite positive operator M| and M> one has

TrsIM\Zr(M>)] = 0. (6)

As Trs[(M1)Trse(Ma)] = Trs[Trse(My)Trse(Ma)] putting Eq. (5) in (6), one will
get

> PITrg[Trse (M) Trse(M)] = 0 (7
SC{1,2,...,N}
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where T is any subset of {1, 2, ..., N}. This inequality is called shadow inequality
[18,19].

Now, if one consider M1 = M = |y p) an N partite D dimensional pure state,
then one can directly get the monogamy inequalities,

Z (_1)‘SQT‘+1C§‘|SC 2 0 (8)
®£85c{l1,2,....N}
where ® # T C {1,2,..., N} and here Cg|sc is concurrence of the pure state along

the bipartition. So, the relation (8) is direct consequences of shadow inequality or
rather the algebraic property of generalized T inverter.
Again, the shadow enumerator polynomial [18] is,

N
Swmy (x.y) = D S (M Mp)xN T yi ©)
j=0

where the coefficient is defined as follows

SiMiMy) = > 3~ AL My, M) (10)

IT|=j S<{1,....N}

(the first sumis over all subsetofsizej)andA/S(Ml, Mp) = Trs[Trse(M)Trse(M3)].
If in particular My = M, = |¥n,p), then the inequalities (8) will imply that

Si(|Y¥n,p)) = 0.
Further, S;(M1M>) can be written in terms of coefficient of Shor-Laflamme enu-
merator [20] which is

N
Sj(MiMa) =" Kn_j(l: N)A] (M. My) (1)
=0

where Ky j(l; N) is the Krawtchouk polynomial

—1 l
Kn(l: N) = Y (=1 (2 - a) <a>

Now, when M| = M, = |y.p), then Al/(Ml» M) = (1;/)D—min(l,N—l).
Therefore,

N

N .
Sj(N’N,D)):ZKij(l; N)<Z)D_m’”(l’N_l). (12)
1=0

If for a pure state [y p), S;(|¥n,p)) becomes negative, then an Absolute Maximally
Entangled (AME) [20] state on N parties having D dimension cannot exist as it will
contradict S; (|¥n,p)) > 0.
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A particular example is |1/4.2), where So(|¥/4.2)) = Zfzo(—l)’(?)2’mi"(l*4’l) =
—% < 0. Therefore, there does not exist a 4 partite 2 local dimensional AME state
[20].

The inequalities (8) are very important class of monogamy inequalities, as because
in one hand, it is derived from an algebraic property of generalized T inverter and on
the other hand, it helps one in excluding the existence of AME states in N partite D
local dimensions. A simple question that arises from their work is whether this type
of monogamy holds for other entanglement measures or not. In our work, we have
examined the above set of monogamy relations using negativity as an entanglement
measure for three and four-qubit pure states.

3 Monogamy relations for three-qubit pure states
We start this section with a relation between negativity and concurrence.

Theorem 1 [10] For an N partite pure state |Ya,a,..Ay) Ma2®2Q® ... 2N

times) system, the negativity of bipartition A1|Ay ... Ay is half of its concurrence, i.e.
1

NayAy..ay = 5CA Ay Ay

Proof is given in “Appendix 3”.

We will use the above theorem to form monogamy relations for three- and four-
qubit systems from relation (3) with respect to squared negativity. For a three-qubit
pure state, from monogamy relation (3), we have

Z (_1)|S0T|+1C§|SC >0 (13)
¢#£SC{1,2,3}

where we will get one inequality for each ® # T < {I, 2, 3}, i.e. total 23 1 =
7 monogamy relations. When |T'| is odd we shall obtain trivial inequality 0 > 0.
Expanding (13) for T = {1,2}, T ={1,3}, T = {2, 3}, we get, respectively

2 2 2

Ciis + G313 = C3ppn (14)
2 2 2

Ciis + G312 = Gz (15)
2 2 2

Conz + G312 = Cijose (16)

Now, using Theorem 1 for 2®2 ®2 dimensional pure states, we have C;|jx = 2 x Nj|jx
and thus from (14), (15), (16) we can write,

P 2 2

Nijpz + Najiz = N3z (17)
P 2 2

Nips + N3ji2 = Njji3 (18)
> 2 >

N3ji3 + N3jp = Nips- (19)
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The above three monogamy inequalities can also be written compactly as

Z (_1)|SQT|+1N§|SC >0 (20)
¢#SC{1,2,3}

where one inequality is associated for each ® # T C {1, 2, 3}, i.e. total (2° —2)=6
inequalities. When |T'| is odd we shall get only the trivial inequality O > 0. Thus,
Theorem 1 completely determines the monogamy relations in terms of squared nega-
tivity from the relation (13). Next, we will consider pure four-qubit states and observe
whether it is similar to that of three-qubit case or not.

4 Monogamy relations for four-qubit pure states

For a four-qubit pure state, relation (3) looks like

Y DT >0 21)
$#SC{1,2,3,4}

where one inequality is associated foreach ® # T C {l, 2, 3, 4}, i.e. total 24_1=15
monogamy relations, out of which eight are trivial inequalities O > 0 when |T'| is an
odd number. The inequalities (21) are given in details in “Appendix 1”. We now state
another relation between concurrence and negativity in the following theorem.

Theorem 2 Foran N partite pure state |\ 4, 4..Ay) inad1®@dr®. . .®@dy dimensional
system where eachd; > 2Vi =1,2,..., N, Na,ja,..ay > %CAl\Az...AN .

Proof is given in “Appendix 3”.

As stated in Theorem 2, the replacement of concurrence by negativity in the relation
(21) is not always possible like in the three-qubit case, since in some expressions, the
focus party is of dimension 4, hence Theorem 1 will not be applicable to such cases.

We now denote §;, Vi =1, 2, ..., 15 as follows,

Si= Y. (=DPTHINGG (22)
¢#SC{1,2,3,4}

where we obtain, for each ® # T C {I, 2, 3, 4}, total 2 _-1=15 expression.
When |T| is odd we shall get zero in the right hand side of (22). We take the nonzero
expressions as 81, 82, ...87 and 63 = 89 = ... = &15 = 0. Expansion of expressions
(22) are given in “Appendix 1.

Whenever §; > 0, Vi = 1,2,...,7, we have the relations (30)—(36), given in
“Appendix 17, are true. As there exist infinitely many SLOCC inequivalent classes
for four-qubit pure states, we will consider the four-qubit generic class [21] and other
important four-qubit classes to check the sign of §;’sVi =1,2,...,7.

@ Springer



New monogamy relations for multiqubit systems Page70f18 30

4.1 Monogamy relations in some particular classes of four-qubit pure states

Generic Class: The generic class of pure states is dense under SLOCC in four-qubit
state space. It even contains uncountable SLOCC inequivalent subclasses [22]. We
denote this class by A and is defined as

A ={auy + buy + cus +dug | a,b,c,d € C
and |al® + |b]> + |c)? + |d> = 1}

where uj = |®1)|0F), uy = [O7)[®7), u3 = [WF)|WF),ug = |W7)|W7), |0F) =

100 ang Wty = w We now consider two special subclasses of generic

class [22] of four-qubit pure states

B={au; +aur +cus+cugs | a,ceC
and 2(lal* + |c|*) = 1}

and

D ={auy +buy +cuz +dug | a,b,c,d e R
and |al® + |b]> + |c)? + |d* = 1}

For states in subclass B, we have N34 = N2j134 = N3j124 = Naj123 = %, Nizj34 =
Niapp3 = |£l|2 + |C|2 + 4lac| and Ni3p4 = |a2 - 62|. So,

81 =8y =085 =86 =|a> — > 2 0,

83 = 84 = lal* + lc|* + 16laclllal® + |c|*] + 2[18]ac|? + Re(a’c**)] = 0, as
Re(a’c*?) < |a?c*?| = |a2c?).

Due to the difficulties in finding the sign of §7, numerical simulation (Fig. 1) has
been performed with 10° random pure states from class 13, which clearly shows that
67 < 0 for most of the cases.

In particular, if we take a and c as real numbers, then we have obtained the graph
of 87 versus a (Fig. 2).

For the states in subclass D (see details in “Appendix 2”) due to the difficulty in
computation of sign of §;, Vi = 1,2, ..., 7, we present numerical evidences using
10° random pure states from class D which shows §; = §, > 0 (Fig. 3),

Also, §3 = 84 > 0 & 85 = 8¢ > 0 (Figs. 8, 9 in “Appendix 2”) in all cases. But,
numerical evidences for §7 (Fig. 4) show that it is negative for most of the cases except
for a small number.

Cluster States: Cluster states are used in quantum nonlocality test [23], quantum
error correction code [24], etc. Four-qubit cluster states [25] can be written as

[Y) = @|0000) 4+ b|0011) + c|1100) — d|1111)

wherea, b, ¢, d € Cand |a|*>+|b|?+|c|?>+|d|*> = 1. Calculating negativity for this
state, we observe that §; > 0Vi = 1,2, ..., 6 (see “Appendix 2”). For §7, numerical
simulation with 103 random states from this class has been performed (Fig. 5), which
shows that for most of the cases §7 < 0.

@ Springer



30 Page8of18 P.Charetal.

Fig.1 &7 for states in B
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Fig.2 a vs §7 for state in B

Dicke States: A four-qubit Dicke state [26] is given by,

|S<4J<>>=,/W D 10)PE ek

permutation

where the summation is over all possible permutations of the product state having
k(< 4) qubit in excited state |1) and remaining (4 — k) qubits are in ground state.
|S(4,0)) = |0000) and |S(4,4)) = |1111), are separable states. |S(4, 1)) = |W) and
|S(4,3)) = |W). For |[W) and |W), we get, 8 = + Vi = 1,2,...,6and 87 = 0
(see “Appendix 2”). When k = 2, we get |S(4,2)) = (J0011) 4 [1100) + |0110) +
[1001) 4 ]1010) + |0101))/«/6. For this state, we have §; = % >0,vVi=1,2,...,6
and this time, §7 = —% < 0 (see “Appendix 27).

@ Springer
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Fig.3 & for states in D

Fig.4 47 for states in D

Generalized GHZ State: Four-qubit generalized GHZ state is |GGHZ) =
a|0000) + b|1111) where a,b € C and |a|> + |b|*> = 1. Simple calculations have
yielded that Nij234 = Noj134 = N3j124 = Naj123 = Ni2j34 = Ni3ppa = Nigps = |abl.
Hence §; = |ab|> > 0,Vi =1,2,...,7.

Generalized W State: Four-qubit generalized W state is given by, |GW) =
al0001) + b|0010) + ¢|0100) + d|1000) where a,b,c,d € C and |a|® + |b|> +
el +1d)> = 1. Simple calculations (see “Appendix 2”°) have revealed that §; > 0
Vi=1,2,...,6and 87 = 0. Obviously, the results for W state can be derived directly
from the generalized W state.

@ Springer
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Fig.5 &7 for cluster states

4.2 Monogamy relations in superposition of some pure states

Superposition of |W) and |W) states: Consider the superposition of |W)&|W) as
[¥) = a|W) + be'|W) where a, b € (0,1), a®> + b* = 1& 6 € [0, 27). Here,
Nip3a = Nojza = N3jioa = Najoz = %«/3 +4a?b? and Nigps = Nizpa =
Niajp3 = 5. Therefore, we have §; = § > 0Vi = 1,2,..., 6 and 87 = a®h? > 0.

Superposition of |GW) and |0000): Suppose, |/) = /p|GW) + /T — p|0000)
where 0 < p < 1, |GW) = a|0001) + b|0010) + ¢|0100) + d[1000), a, b, c,d € C
such that |a|? 4 |b|> + |c|> +|d|* = 1. For this case, we have §; > 0, Vi = 1,2,...,6
and 67 = 0 (see “Appendix 27).

Superposition of |GG H Z) and |W): Consider, |) = ¢1(a1]|0000) + b1|1111)) +
¢2(10001) +10010) 4 |0100) + [1000)) /2, a1, by, c1, ¢2 € C such that |a;|*> + |b1]* =
1 and |c1|*> + |c2|? = 1. Considering cyay, c1by, ¢2 as a, b, ¢, respectively |y) =
a|0000) + b[1111) + 5(|0001) +[0010) + [0100) + [1000)) where a, b, ¢ € C such
that |a|? + |b|? + |c|*> = 1. For this case we have §; > 0, Vi = 1,2,...,6 (see
“Appendix 2”). Due to the difficulty in computation of sign of §7, numerical evidence
(Fig. 6) is presented using 10° random pure states from this class. Figure 6 clearly
explains that §7 can be positive, negative or even zero for states in this superposed
class (Fig. 6).

Particularly assuming, @ = b = \/p/2 and ¢ = /T — p where p € (0, 1) and we
have obtained p vs §7 graph (Fig. 7).

For the four-qubit case, we consider different physically important pure states and
some subclasses of generic class. It is observed that the relations (30)—(35) are well
satisfied for all the mentioned classes and states in this paper, but peculiar behaviour
of the relation (36) have been noticed here. We have proved that the relation (36) holds
for generalized GHZ state, generalized W state, superposition of |W) and |W) state,
superposition of generalized W and ground state |0000), whereas violation is observed
in subclasses B, D of four-qubit pure generic class, Dicke |S(4, 2)) and by cluster state.
The most counter-intuitive result has been noticed through the superposition of W state
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n
OU
Fig.6 47 for superposition states of |GGH Z) and |W)
67
10f
P

Fig.7 p vs &7 for superposition of |GH Z) and |W)

and generalized GHZ state where we see (36) has been violated as well as satisfied for
large number of random states. Another important observation of our work enlightens
the fact that superposition of states also plays a crucial role on status of (36), contrary
to (30)—(35). §7 = 0 for |W) and |W) but for their superposition §; > 0. Similar,
peculiar behaviour of (36) has been observed for superposition of |GG H Z) and |W),
where 67 changes sign near p = 0.55 (approx.) (Fig.7), i.e. in this case, (36) violated
and satisfied depending on the value of p.

5 Conclusion
In conclusion, we have analysed a new set of monogamy relations in terms of squared

negativity for three-qubit and four-qubit pure states. With the help of theorem 1, we
have proved three monogamy relations (17)—(19) analytically and compactly. We can
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write them as

¢#SC{l,2,3}

where we will get one inequality for each ® # T C {I, 2, 3}. In four-qubit case for
squared negativity, we see that the six relations (30)—(35) plus eight trivial inequalities
(0 > 0), i.e. total fourteen monogamy relations of type

Z (_1)\SQT\+1N§|SC > 0
¢#SC{1,2,3,4}

where we will get one inequality for each & # T C {1,2, 3,4} are always true
in all the considered cases of this paper. We have observed that for three-qubit case
when T = {1, 2, 3}, we get a trivial inequality 0 > 0 and in four-qubit case when
T = {1,2,3,4}, the corresponding inequities (36) show different behaviours for
different classes. That is why we have excluded the case when T is the set of all
parties. We conjecture that for N-qubit pure states the monogamy relations are

Z (_1)|smT|+1N§‘Sr >0
$#SC{1,2,...,N}

where we will get one inequality for each ® # T (1,2, ..., N}, i.e. total 2 —2)
inequalities, and when |T| is odd, we will get the trivial inequality 0 > 0. We hope
our result will provide further insight into entanglement distribution of multipartite
systems and could be applied on possible areas of quantum key distributions and
quantum cryptography.

Acknowledgements Priyabrata Char acknowledges the support from Department of Science & Technology
(Inspire), New Delhi, India, Prabir Kumar Dey acknowledges the support from UGC, New Delhi, and Amit
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Appendix 1
Clisa + Cojiaa + Clyps + Claps = Ciuag + Cljis + Chapy - for T =1{1,2) (23)
C32\124 + CZ|123 + C123|24 + C124|23 E C12\234 + C%|134 + C122\34 Sfor T ={3,4} (24)
Closa + C3jioa + Chapsg + Claps = Cais + Cojiag + Chapg for T ={1,3} (25)
Cf\m + C§\134 + C122|34 + C124|23 = C12\234 + C§\124 + C123|24 for T ={2,4} (26)
C12\234 + Cf\m + C122|34 + C123|24 z C%|134 + Caz|124 + C124|23 for T ={1,4} (27)
C%\m + C32\124 + C122|34 + C123|24 = C12\234 + C:%uza + C124|23 for T ={2,3} (28)

C12\234 + C§\134 + C32\124 + Cz%\m > C122\34 + C123\24 + C124|23 for T =1{1,2,3,4 (29)

2 2 2 2 2 2 2
81 = Nijpzs + Niji34 + Nizpa + Nigps — N3jiog — Nijioz — Nigps - for T ={1,2}
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82 :N32\124+Nf\123+N123|24+N124|23 —N12\234—N22|134—N122\34 Sfor T ={3,4}
8 = N12\234 + N§\124 + N122|34 + N124|23 - N42|123 - N22|134 - N123\24 for T ={1,3}
84 = Na%\m + N22\134 + N122|34 + N124\23 - N12|234 - N32|124 - N123\24 for T ={2,4}
8s :N12\234+Nz%\123+N122|34+N123|24 _N22|134 _N32|124_N124\23 for T ={1,4}
86 = N22\134 + N32\124 + N122|34 + N123\24 - N12|234 - NZ|123 - N124\23 for T ={2,3}
87 = Nipas + N3jiaa + Nijoa + Nijios = Niaa = Nisps — Niys for T =1{1,2,3,4)

68 =89 =...=20815 =0 when |T|is odd number.

N12\234+N22\134+N123|24+N124\23 = N32|124+N3|123+N122\34 for T ={1,2} (30)
N§\124 + N3\123 + N123|24 + N124\23 z N12|234 + N22|134 + N122|34 for T ={3,4} (31)
N12\234 + N32\124 + N122|34 + N124\23 > N42|123 + N22|134 + N123\24 for T ={1,3} (32)
Nz%|123 + N22\134 + N122|34 + N124\23 > N12|234 + N32|124 + N123\24 for T ={2,4} (33)
Nfiosa + Nijizs + Niasa + Niyog = N3jjsg + Nijiog + Niaps for T ={1,4} (34)
N3i134 + N3jiog + Niyag + Nispg = Niigag + Njjoa + Niyps for T =1{2,3) (35)

Nimsa + N3z + Nijiog + Nijios = Nigpa + Nispg + Niaps for T ={1,2,3,4} (36)

Appendix 2

The subclass of four-qubit pure generic state D is D = {auj + bur + cuz +
dus | a,b,c,d €eR and |a*>+|b]? + |c)* + |d|*> =1}
For the states in subclass D we have

Nij23s = Noj13a = N3j1o4 = Nyj123 = 7
Nizps = {l@a+b0)* — (c+ )|+ |(a—b)* — (c —d)*| + (@ +0)* — (b+d)’|
Ha—o* +b—d? +@+d)?— b+ +]@—d)? — (b—0c)|}/4,
Nz = {l(a+b)* — (c —d)*| + [(a — b)* — (c+ )| + |(a + ¢)*
—(b—d)?|+1(a—c)+ (b +d)?| +|(a+d)>
—(b— )|+ |a—d)* — (b+0)*|}/4,
Nigz4 = lab| + |ac| + |ad| + |be| + |bd| + |cd|.
81 =8 = Ni3pq + Niypz — Niypag
83 =4 = N122\34 + N124\23 - N123\24s
85 = ¢ = N122\34 + N123\24 - N124\23’

_ 2 2 2
b7 =1- N12\34 - Nl3\24 - N14\23'

The numerical simulations using 103 pure random states from class D shows that
83 = 84 > 0 (Fig. 8) and §5 = 8¢ > 0 (Fig. 9).
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Fig.9 &5 for state in subclass D

Four-qubit cluster state is [¢) = a|0000) + b|0011) + ¢|1100) — d|1111) where
a,b,c,d € Cand |al®> + |b|*> + |c|* + |d|*> = 1. Negativities of cluster state are
Nig3e = |bc +ad| ,

Ni3j24 = Niaps = |ab| + |ac| + |ad| + |bc| + |bd]| + |cd],
Nipss = Nojiza = V(lal? + b2)([c]? + [d?),

Najia = Najioz = v/ (la? + e[ (b2 + 1d|?).
83 = 84 = Nip3s + Niys — Nizs = Ibe + adl® = 0,

85 = 86 = Niyas + Niyo3 — Niyoy = Ibe +ad|’> = 0,
81 = 4(jac)® + |bd)?) + (Ibc|* + |ad|?) + 2(|bcad| — Re(bea*d*)) + 2L > 0,
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8 = 4(lab|*> + |cd)®) + (Ibc)? + lad)?) + 2(Jbcad| — Re(bca*d™)) +2L > 0
[ lbcllad| = Re(bca*d™)],

where L is sum of product of {|ab|, |ac|, |ad|, |bc|, |bd], |cd|} taken two at a time

except the product |bc|lad]|.
The |W) and |W) states are

1
|W) = §(|0001) -+ 10010) + [0100) + [1000))

- 1
W) = §(|1110) +[1101) 4 [1011) + |0111))

Negativities of |W) and W states are Nij234 = N2j134 = N3j124 = Nyji123 = \/Tﬁ and
Ni2;34 = Ni3jpa = Nigp3z = % Hence, §; = LS ovi= 1,2,...,6,but 87 = 0. The

1
negativities of |S(4, 2)) among different bipartition are Njj234 = N2j134 = N3j124 =
Nyj123 = % and N34 = Ni3jp4 = Niap3 = % Thus, §; = % >0,vi=1,2,...,6
and §7 = —% < 0.

Generalized W state is

|GW) = a|0001) + b|0010) + ¢|0100) + d|1000) where a, b, ¢, d € C and |a|* +
b2 + [c]® + |d* = 1.

The negativities are

Nijpaa = |dV/|al*> + |b]* + |c?,
Nojiza = |cly/ |al? + [b]? + |d|?,
N3ji24 = |b|/]al? 4 1d|? + |c|?,
Nyj123 = laly/|1b|? + || + |d|?,
Niziaa = V(a2 + 6P (e + |d]?).
Nizjaa = V(lal* + 1) (b2 + 1d]),
Niaps = V(b2 + [cP)(lal> + [d?).

81 = 4cPld*, 8 = 4lal*|bl*, 83 = 4bIAdI%, 84 = 4al*|c?, &5 =
4lal?|d|?, 8¢ = 4|b|*|c|* and 87 = 0.S08; = 0Vi =1,2,...,6.

Superposition of [GW) and [0000) is [¢) = /pIGW) + /T — p|0000) where
0 < p < 1JGW) = a|0001) 4+ b|0010) + c|0100) + d|1000), a,b,c,d € C s.t.
lal> +|b> + |c|*> +1d|> = 1. The Negativities are, N1p34 = pld|+/|al? + |b|* + |c|,

Nojiza = plelv/lal> + |b|> + |d|?,
N3ji24 = plbl/1al? + |d|?> + |c|?,
Nyj123 = plalv/|b|? + [c|> + |d|?,
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Niaa = pv(la? + [b12)(c]? + 1d]?),
Nizpa = pv/(la? + [e2) (b2 + 1d]?),
Nuaps = pV/ (b2 + [cl?)(al? + [d]?).

81 = 4p*(cl?ld|?, 8, = 4p*lal?|b?, 83 = 4p?|bI*|d|?, 84 = 4p?lal*|c|?, 85 =
4p?lal?|d|?, 86 = 4p°|b|*|c|>. S0 8; = 0Vi=1,2,...,6.

Superposition of |GG H Z) and |W) state is

%) = al0000)+b|1111)+5(]0001)+]0010)+|0100)+|1000)) wherea, b, ¢ € C
s.t.|al? + |b)? + |c|* = 1.

Nipsa = Nojiza = /16]al[b]2 + 121b2|c|2 + 3|c|*/4 = N3joa = Najos,
Nigs = % + \/2|a|2|b|2 +21bPle? = 2v/lalPbl*(ja? +2[c]?) = Nizps =
Ni4p23.

Since Nij234 = N2j134 = N3j124 = N4ji23 and Nioj34 = Ni3jp4 = Niap3 we have
8i = Niyq 2 0Vi = 1,2,....6.

Appendix 3

Theorem 1 Foran N partite pure state |\ 4, 4,..Ay) iNa2Q@2Q. . .®2(N times) system
the negativity of bipartition A{|Ay ... Ay is half of its concurrence, i.e. Na,|a,.. Ay =
5Ca Az Ay [10].

Proof For simplicity we write, A| = A and A2A3... Ay = B. By Schmidt decom-
position, any bipartite state can be written as [ 4;5) = > ; JAi |¢f4) ® |¢g) where A;
are Schmidt coefficients and {|¢>i‘)}, {|¢g)} are orthogonal basis for the subsystems A
and B.

Now, pap = _; ; \/’T)‘J"qsi\)(‘i’ﬂ ® |¢%><¢é’

= ol = Loy VR0 | @ 16 (64
So, we have
ol — 1
Npp = —48—

2
S0 Vasleles] @ e {es| i - 1
ij

U VA0 (o] @ (a1 - 1
i,J

U VA {eh] @ o Vatein e - 1
J i

1 2 .
SUzez =1y (2= Vil (eh)

J=1
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1

= SUZIF =1} [14® Bl = [A]1B]]
1

= S+ Vi) = 1)

2
1
=3 x 2/ A1ha [zljxi = 1]
1=

—_

= — x 2y/det(pa)

NSRS

Cap

1
Hence, NA]\Az-nAN = ECAllAzn-AN (pI‘OVCd). O

Theorem 2 Foran N partite pure state |\, a,..Ay) inad1 ®dr®. . .Q@dy dimensional
system whered; > 2Vi =1,2,..., N, NajjAs..Ay = %CAl\Az...AN .

Proof For simplicity we write A] = A & Ay ® A3 ® ... Ay = B. Suppose,
d < min{dy,dy.d3...dy}, then by Schmidt decomposition for any bipartite state,
we write, [Wyp) = Z?:l \/A_,-|¢i‘) ® |¢g) where A; are Schmidt coefficients and
{|¢i‘)}, {|¢>%)} are orthogonal basis for the subsystems A and B, respectively. By the
similar calculations from theorem 1 we can say that O

1

d
1
Nap = SAIZIT =1} = S Val -1}
i=1

d
1 1 d
:E(Z E \/)Ll)\,])ZEX2X<2)

i#j=1
X 2/ AA2 .. Ag
X 2+/det(pa)

= Nap >

= Nap >

a
>
=

— Nap

v

N =N =] =

where Z = Y0, Vil¢)) (0% 1A ® Bl = [|All[|B] and Y, 2 =1
Hence, Najja,..Ay = %CA1|A2...AN (proved).
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