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Abstract

Let p be a prime and ¢ = p”, for an integer r > 1. This article studies A = (A +
uiy+viz)-constacyclic codes of length n over a class of finite commutative non-chain
rings R = Fy[u, v]/(u2 —yu, vZ — Sv,uv = vu = 0), where y, 8 € F;. First, we
decompose (A1 +uiz +vi3)-constacyclic code into the direct sum of A;-constacyclic,
(A1+yAz)-constacyclic and (A1 +6A3)-constacyclic codes over I, , respectively. Then,
we determine the necessary and sufficient condition for these codes to contain their
Euclidean duals. Further, we extend the study to IF, R-additive A-constacyclic codes of
length (n, m) which are R[x]-submodules of S, ,, = Fy[x]/{x" —1) x R[x]/{x™ —A).
Apart from other results, we also discuss the dual-containing separable ', R-additive
A-constacyclic codes. Finally, by using the CSS construction on the Gray images of
these codes, we obtain many new and better quantum codes that improve on the known
existing quantum codes available in recent articles.

Keywords Non-chain ring - Constacyclic code - Gray map - Additive code -
Quantum code

Mathematics Subject Classification 94B05 - 94B15 - 94B35 - 94B60

1 Introduction

Like classical linear codes, quantum codes help to protect quantum information during
transmission through a quantum channel. These codes have been extensively used in
quantum computation which solves challenging problems faster than the classical
computation. For instance, the running time of the Shor’s Algorithm [36] to find the
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prime factors of a large integer is polynomial time in quantum computation, whereas
sub-exponential in classical computation. Quantum code was introduced by Shor [35].
Later, Calderbank et al. [9] constructed the quantum codes from classical codes in a
formal way. Recall that a g-ary quantum code denoted by [[n, k, d]], satisfies the
quantum singleton bound 2d + k < n + 2 and called maximum distance separable
(MDS) if the bound is attained. Clearly, MDS codes have the best error control (highest
distance) and best code rate (larger non-redundant bits) compared to the other codes
with the same parameters. But, these codes are rare to find. Hence, people have been
constructing quantum codes close to MDS and store them to some online platform,
like [16]. Usually, to validate the novelty of the approach, researchers are comparing
their obtained codes to the codes which are known by most recent articles.

Kai and Zhu [26] determined the quantum codes over 4 from the cyclic codes
over [F4 + ulF4. Qian [31] obtained binary quantum codes by using cyclic codes over
Fy 4 vIF,. Later, the study of cyclic codes over finite commutative non-chain rings
has been contributed significantly in quantum codes, refer [2,3,12,18,22,24,31,33].
Further, the constacyclic codes, being a generalized class of cyclic codes, also play an
important role in quantum codes construction [10,23]. In 2018, the u-constacyclic
codes over F), + ulF,, u?> = 1 by Gao and Wang [17] and constacyclic codes
over F, + vF, + v’F,, v} = v by Ma et al. [28] were studied to obtain non-
binary quantum codes. Recently, Ma et al. [29] studied the constacyclic codes over
Fq [u, v]/(u2 -1, v — v, uv — vu) and produced many new quantum codes. Also,
Dinh et al. [15] explored some quantum codes from the constacyclic codes over the
non-chain ring Fj[u]/ (u"+1 — u). In continuation, Islam et al. [20] considered the
structure of constacyclic codes over a class of finite commutative non-chain rings
Rim =Fpmluy,uz, ..., uk]/(ui2 — L ujuj —uju;)izj=12,. .k wherem > 1,k > 2
are integers and constructed many MDS and good quantum codes compared to the
best-known codes. In addition, Alkenani et al. [1] studied the constacyclic codes over
the finite non-chainring Fy [u1, uz]/(u% —up, u% —up, ujuy —uru1) to obtain quantum
codes. Therefore, it is clear that the constacyclic code over finite non-chain rings is
one of the rich resources to produce new quantum codes. Hence, it is logical to study
these codes over different and new non-chain rings which are capable to explore more
new codes. This motivates us to study the constacyclic codes over a class of finite
commutative non-chainrings R = Fy[u, v]/(u2 —yu, v2—8v, uv = vu = 0), where
y,8 € IFZ

On the other side, the additive codes were introduced by Delsarte and Leven-
shtein [11] in 1998. One of the most common tasks in the study of additive codes
is to find their generator polynomials, dual codes and bounds on minimum dis-
tances [6,7,21,34]. Despite the application in steganography [32], these codes are
also useful to construct good quantum codes [4]. In 2019, Aydogdu and Abualrub [5]
studied the quantum codes from Z, x (Z; + uZ;) and Diao et al. [14] considered
ZpZp[v]-additive cyclic codes to obtain good quantum codes. To the best of our
knowledge, very few articles [4,5,13,14,27] have engaged to construct new quantum
codes using additive codes. So, still there is a huge scope to explore quantum codes
using cyclic and constacyclic codes over the mixed alphabets. Toward this, we extend
our study to the constacyclic codes over the mixed alphabets F, R with two main
motives as follows:
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(1) The article obtains many new and better quantum codes compared to the existing
codes (available in recent articles) from the constacyclic codes over the class of
non-chain rings R.

(ii) The article determines the structure of [F; R-additive constacyclic codes of length
(n, m) and constructs better quantum codes compared to the known codes.

2 Preliminary

Foraprime pandg = p",let R = I, [u, v]/(uz—yu, v2—8v, uv = vu = 0), where
y,8 € IE‘Z. Thus, R is a finite commutative Frobenius, non-chain and semi-local ring
(with unity) of characteristic p. Also, R has ¢> elements and three maximal ideals
(u 4+ v), (y —u) and (6 — v). The explicit representation of R is

R =F, +ulF; + vF,;, where u? = yu, v2 = 8v, uv = vu = 0,

and each member of R is of the form z = z; + uzz + vz3, where z; € F,, for

i=1.2.3.Lets) = L= & = S and & = §.Then &7 = &. &, = 0ifi # J,
and Z?Z] & = 1. Therefore, R = @?:1 &R = @1-321 &F,. Hence, an element A =
M +urz+vis € Rhasauniquerepresentation A = A&+ (A 1+yr2)&+(A1+5A3)&3.

Further, the units of R are classified by the below lemma.

Lemma 1 Let A = A1 + uro + vA3 € R be a nonzero element. Then, A is a unit in R
ifand only if Ay, A1 + Yy A2, A1 + 8A3 are units in .

Proof Let 1. € R be a unit such that . = 111 + (A + Y A2)& + (A1 + SA3)&3. There
exists A’ = Z?:l &\, € R where 1} € Iy such that AL = 1.Then, LA &1 + (A1 +
yA2) A6+ (A1 +843)A563 = 1. Now, multiplying by &1 in both sides, we get 11} &1 =
&1, and this implies Alk/l = 1. Hence, A1 is a unit. Similarly, A1 + y A2, A1 + §A3 are
units in .

Conversely, let A1, A1 + Y22, A1 + 8A3 be units in [F,. Let 1" = )Lflsl + (A +
YA2)"'& 4+ (A1 4+ 8A3)"1&3. Then, AL = 1. Hence, A is a unit in R. o

Now, we recall that a non-empty subset C of R" is said to be a linear code of length
n if it is an R-submodule of R" and each element of C is known as codeword. Let
A € Rbeaunitin R. Then, alinear code C is said to be a A-constacyclic code if for any
codeword (cg, ¢1,...,cp—1) € C implies (Ac,—1, o, -..,cn—2) € C. It is a cyclic
code for A = 1 and negacyclic code for A = —1. Algebraically, a A-constacyclic code
of length n is identified as an ideal of R[x]/(x" — 1) and each codeword is represented
by a polynomial of degree n — 1. Throughout the article, we fix A = A1 + uA, + vis,
where A; € Fy,fori = 1,2, 3. Foralinear code C of length n, its dual code clt= {a €
R"a-b = 0forall b € C} is also a linear code where the Euclidean inner product
between two vectors a = (ag, di, ..., a,—1),b = (bo, by, ...,b,—1) is defined by
a-b= Z:?:_ol a;b;. Here, we see that for a A-constacyclic code C, dual C+isa A~ !-
constacyclic code of length n over R (Theorem3). The linear code C is said to be
self-dual if C = C* and self-orthogonal if C C C*. Next, we define a Gray map
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¢ which preserves the orthogonality and it is useful to obtain I, -parameters of the
constacyclic codes over R.

Definition1 Amap¢ : R — F; is defined by

v(z) = (21,22, 23)M, (1

where z = Z?:l &izi € Rand M € GL3(F,) is a3 x 3 invertible matrix such that
MMT = t15. Here, MT represents the transpose matrix of M, I3 is the identity matrix
of order 3 and 7 € F}.

The map ¢ is a bijection and can be extended over R" componentwise. We define
the Gray weight for z € R by wg(z) = wy (¢(z)) and for z = (21,22, ..., 2,) € R"
by wg(z) = ZL] wg(zi), where wy is the Hamming weight in ;. The Gray
distance between z,z" € R" is dg(z,7') = wg(z — Z’) and for a linear code C is
dg(C) = min{wg(z)| 0 # z € C}. By the above discussion, the following result is
easy to verify.

Lemma 2 The map ¢ defined in Eq. (1) is linear and distance preserving from (R", dg)
to (F;", dp), where dy is the Hamming distance.

Lemma 3 Let C be a linear code of length n over R. Then,

L ¢(Ch) = (O)*.

2. C is a self-dual code of length n if and only if ¢(C) is a self-dual linear code of
length 3n over .

3. @(C) is a self-orthogonal linear code of length 3n if C is a self-orthogonal linear
code of length n over R.

Proof 1. Letz = (20,21,...,22—1) € CL, where z; = &2} + &z] + &z)/, for
0 <i <n—1. Then, ¢(z) € gp(CL). In order to prove ¢(z) € go(C)l, let
Yy = (Y0, 1. ---» Yn—1) € C, where y; = &1y/ + &y + &y for0 <i <n— 1.

Now, y-z = Oimplies Y72 vizi = 0,i.e., Y10 (E1y/2+E2y) 2] +&]"2])") = 0.
Hence, Y070 vizl = Y170 vi'e! = Yoi2y vz = 0. Again,

o) = [0, Y0, YOOIM, ..., iy Va1 v DM ] = (oM, . ..., sp—1 M),
0(@) = [(20. 20, 20 )M, ..., @1 Zp_1s 2 DM ]| = (t0M, ... tn_1 M),

/ 4 " / 4 " ]
WhereSi = (yiayiayi )ati = (Ziaziazi )fOrOSl Sn_ L.

Then,
n—1 n—1
0¥ 0@ =M@ =Y MMl =17y sit]
i=0 i=0

n—1

=3 Oz + /e +') =0,
i=0
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Therefore, ¢(z) € ¢(C)* and hence ¢(CL) C ¢(C)*. Since ¢ is a bijection,
| 9(C) |=] 9(C)* |. Thus, ¢(C) = p(O)*.

2. Let C be a self-dual linear code of length n,i.e., C = C*. Then, ¢(C) = ¢(C*) =
o(C ). Hence, ¢(C) is a self-dual linear code of length 3n over ;. On the other
side, let ¢(C) be a self-dual linear code, i.e., ¢(C) = ¢(C)*+ = ¢(C1). Since ¢
is a bijection, C = C~L. Hence, C is a self-dual linear code.

3. Let C be a self-orthogonal linear code of length n over R. Then, C € C*, ie.,
p(C) C (p(CL) = (p(C)L. Thus, ¢(C) is a self-orthogonal linear code of length
3n over FF,. ]

Let C bealinear code of lengthn over R.LetC; = {z] € ]FZ |, there exist zz, z3 € FZ
such that &1z1 + &220 + &323 € C}, Cp = {20 € IFZ| there exist 71, z3 € IF‘Z such that
§1z1 + &20 + §3z3 € C}, and C3 = {z3 € Fj| there exist zi, zp € Iy such that
&1z1 + 6222 +&323 € C}. Then, Cy, C2, C3 are linear codes of length n over F, and C
can be uniquely expressed as C = £1C & & C, @ £3C3. Also, the dual code of C is
ct=¢g Cll @ SQCZl @ &3 C3l (see [25,28] for proof of similar results) and generator
matrix of C is

&M,
M= | &M,
&3 M3

where M1, M>, M3 are generator matrices of C1, Ca, C3, respectively.

Now, we look for the structure of A-constacyclic codes from Theorems 1 to 3 without
proofs. These results are helpful to obtain quantum codes in the subsequent section.
For similar type of results, interested readers can find in [25,28].

Theorem 1 Let C = £1C| ®&,Cr ®&E3C3 be a linear code of length n over R. Then, C
is a L-constacyclic code if and only if C1, C> and C3 are A1-constacyclic, (A1 + Y r2)-
constacyclic and (A1 + 8)3)-constacyclic codes of length n over Fy, respectively.

Theorem2 Let C = £1C & &Co & £3C3 be a A-constacyclic code of length n over
R. Then, there exists a polynomial g(x) € R[x] such that C = (g(x)) and g(x) |
x™ — (A +ukry +vA3), where g(x) = 21‘3:1 Eigix)and C; = (gi(x)) fori =1,2,3.

Theorem 3 Let C = £1C| @ £Cy @ £3C3 be a A-constacyclic code of length n over
R. Let C = (Y;_ &gi(x)), where X" — A1 = g1(0)h1(x),x" — (A + yho) =
82(0h2(x), X" — (k1 + 843) = g3(x)h3(x). Then, C+ = §C{- ® £C5 @ £C5
is a A~ '-constacyclic code and C+ = <Zz‘3=1 & h?(x)), where h7(x) is reciprocal
polynomial of h; (x), fori =1,2,3.

3 Quantum codes from constacyclic codes over R
In the present section, we construct quantum codes from the dual-containing A-

constacyclic codes by using the CSS construction. First, we determine the necessary
and sufficient conditions (Theorem4) of these codes to contain their duals. Then, we
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apply CSS construction (Lemma 5) on their Gray images to construct quantum codes.
In this connection, first we recall some basic definitions and facts as follows.

Definition 2 Let C? be the Hilbert space of dimension g. Then, (C/)®" = C! ®
CY®---®C? (ntimes) is also a Hilbert space of dimension ¢”. Any g*-dimensional
subspace of (C?)®" is called a quantum code and denoted by [[n, k, d 114 where d is the
minimum distance. Note that the minimum distance d is defined by using the metric of
(C%)®" Every quantum code satisfies the quantum singleton bound 2d +k < n+2 and
known as maximum distance separable (or shortly, MDS) code if the bound is attained.
A quantum code [[n, k, d]], is said to be better than the quantum code [[»’, k", d']],
if any of the following or both hold:

1. d > d’ when % = ﬁ—: (larger distance with same code rate).

2. % > ﬁ—; when d = d’ (larger code rate with same distance).

Now, we recall two important results: Lemma4 (condition for dual-containing
codes over [F;) and Lemma 5 (CSS construction), which will help to determine dual-
containing A-constacyclic codes and quantum codes from these codes, respectively.

Lemma4 [9] Let C = (g(x)) be an a-constacyclic code of length n over Iy, where
o = +1. Then, C*+ C C ifand only if x™ — o = 0 (mod g (x)g*(x)).

Lemma5 [19] Let C be an [n, k, d] linear code over F such that CL C C. Then,
there exists a quantum code [[n, 2k — n, d]], over Fy.

With the help of Lemma4, we determine the necessary and sufficient conditions of
A-constacyclic codes to contain their duals in the next theorem.

Theorem 4 Let C = £1C| ® £,Cy & £3C3 be a A-constacyclic code of length n over
R where Ay = £1, A1 + yAy = £1, A1 4+ 813 = £1. Also, let C; = (gi(x)) where
X" =1 = g1(0)h1(x), x" = (A1 +yAr2) = g2(X)ha(x), x" — (A1 +3843) = g3(x)h3(x).
Then, C+ C C if and only if

x" — A1 =0 (mod g1 (x)g7 (x))
x" — (A1 + y22) = 0 (mod g2(x) g5 (x))
x" — (A1 + 823) = 0 (mod g3(x) g3 (x)).

Proof Let C; = (gi(x)) fori = 1,2, 3 where

x" — A1 =0 (mod g1 (x)g] (x))
X" — (A1 + y212) =0 (mod g2(x) g5 (x))
x" — (A1 + 823) = 0 (mod g3(x) g3 (x)).

By Lemma4, we have C,.J- C C;fori =1,2,3.Now, Ct = EICfEB&Cj‘GBSgCﬁ‘ c
£E1C1 @ 6EC, D EC3=C.
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On the other hand, let C+ C C. Since C; is a g-ary linear code such that C =
& C; (mod &), Cl.L C C; fori =1, 2, 3. Hence, by Lemma4, we have

x" — 11 =0 (mod g1 (x)g] (x))
x" — (A1 + y22) = 0 (mod g2 (x)g5 (x))
x" — (A1 4 823) = 0 (mod g3(x) g5 (x)).

O

Now, we are in a position to construct quantum codes by using Lemma5 and
Theorem4 in the next result.

Theorem5 Let C = £1C @ £ Cy & £3C3 be a h-constacyclic code of length n over
R such that C+ C C. Then, there exists a quantum code with parameters [[3n, 2k —
3n,dylly over Fy, where dy is the minimum Hamming distance.

Proof Since C+ C C, we have ¢(C+) C ¢(C). Now, by Lemma3, ¢(Ct) = ¢(C)*,
and this implies that go(C)l C ¢(C). Therefore, ¢(C) is a dual-containing [3n, k, dy |
linear code over IF,. Hence, by Lemma3$, there exists a quantum code [[3n, 2k —
3n,dylly over Fy. O

Remark 1 The dimension 2k —3n of the quantum code obtained in Theorem 5 is always
nonnegative due to the fact that C*+ C C.

4 Quantum codes from [FgR-additive constacyclic codes

The set FyR = {(a, b)|a € F,, b € R} is a group under componentwise addition.
Now, we define a projection map 7 : R —> F, by m(z1 + uzz +vz3) = zy,

where z; € F, for i = 1,2,3. With the help of 7, we define a multiplica-
tion * : R X IFZR" — IFZR" by z % (ap,ay,...,an-1,b0,b1...,bp—1) =
(w(2)ap, m(2)ay, ..., w(2)an—1,2bo, zb1 ..., zbyy—1) where z,b; € R,a; € F, for

all i. Then, it is easy to show that under the multiplication *, the set ]FZ R"™ =
{(a,b)|a € IF;, b € R™} is an R-module. Recall that a non-empty C C ]FZ R™
is called an [, R-additive linear code of length (n,m) if C is an R-submodule
of IFZ R™. For F, R-additive linear code C of length (n,m), its dual is defined as
Ct={ce FZ R™|c-¢’ = 0forall¢’ € C}, where the inner product of any two vectors
c=(ao,ai,...,an—1,bo,b1,....,by_1),c = (ay,aj,....,a,_,by,by,....b, )
is defined by ¢ - ¢/ = (u + v) Y=g a;a’ + Y7~ b;b/. It is a routine work to check
that C is also an IF, R-additive linear code of length (n, m).

Let A be a unit in R and denote S, ,, = F,[x]/(x" — 1) x R[x]/{x™ — ). Now,
we identify each vector (a,b) € IFZR’" to the polynomial (a(x),b(x)) € Sum,
where a = (ag,ay,...,a,—1) € F* b = (bo, b1, ...,by_1) € R™ and alx) =
ap+aix+---+a,_1x" e Fylx]/{(x" = 1), b(x) =bo+b1x+--- +by_xm e
R[x]/(x™ — ). The projection map 7 acts on the polynomial ring R[x] —> F,[x] as
n (Y rix') = Y, w(r;)x', where r; € R for all i. Hence, the extended correspond-
ing multiplication * : R[x] X S, —> Sp,m is defined as g(x) * (a(x), b(x)) =
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(w(g(x))a(x), g(x)b(x)), where b(x), g(x) € R[x],a(x) € Fy[x]. Thus, S, ,, is an
R[x]-module under the multiplication .

Definition 3 Let A be a unit in R. Then, an F, R-additive linear code C of length
(n,m) is said to be [F, R-additive A-constacyclic if for any (a,b) € C, we have
(o(a), 0,(b)) € C, where o, is the A-constacyclic shift and o is the cyclic shift
operator.

It is worth mentioning that an I, R-additive linear code generalizes both the linear
code over F;, and over R. In fact, if n = 0, then an IF, R-additive A-constacyclic code
of length (n, m) is indeed a A-constacyclic code over R. On the other side, for m = 0,
an [F, R-additive A-constacyclic code of length (n, m) is a cyclic code of length n
over IF;. In this way, we can conclude that the construction (I, R-additive codes) in
the present section is a more general version of earlier construction of A-constacyclic
codes. The next result characterizes the Iy, R-additive A-constacyclic codes of length
(n, m) as submodules of S, ;.

Proposition1 Let C be an IFyR-additive linear code of length (n, m). Then, C is
an ¥y R-additive \-constacyclic code of length (n, m) if and only if C is an R[x]-
submodule of Sy, -

Proof Let C be an F, R-additive A-constacyclic code of length (n, m). Letz(x) € R[x]
and (a, b) € C whose polynomial representation is (a(x), b(x)) where a(x) = ap +
a x4 Fap_1x" L b(x) =bo+bix+ -+ by_1x™ L. Now, x  (a(x), b(x)) =
(an—1+xag+--+ap—ox""', Aby_1+xbo+- - -+by_2x"1) = (c(a), 0,.(b)) € C.
Similarly, for any i > 2, we have x’ * (a(x), b(x)) € C. Since C is an R-submodule
of IE‘Z R™, z(x) % (a(x), b(x)) € C. Hence, C is an R[x]-submodule of S, ;.
Conversely, let C be an R[x]-submodule of S, ,,. Suppose (a,b) € C whose
polynomial representation is (a(x), b(x)). Now, x * (a(x), b(x)) € C where x *
(a(x), b(x)) = (o(a), 05(b)). Therefore, C is an I, R-additive A-constacyclic code
of length (n, m). O

Now, with the help of map ¢ defined in Eq. (1), we define another Gray map @ :
FyR —> F, by
3
@(a,z) = (a,9(2)) = (a, (z1,22,23)M), where 7 = Z%‘izi €R,a,z; eFyfori=1,23.

i=1
)

Since ¢ is a linear and bijective map, so is @. Then, the map @ can be extended over

IFZ R™ — ]F‘;"Hm) componentwise and preserves the orthogonality as shown in the
next result.

Lemma6 Let C be an F,R-additive linear code of length (n, m). Then, o(Ch) =
@ (C)L. Further, C is self-dual if and only if ®(C) is self-dual.
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Proof Let C be an F,R-additive linear code of length (n,m). Let w =
(@0, a1, -\ An=1,20, 21, - -» Zm—1) € CL where z; = &1z, +&2) +&32) for0 < i <
m—1.Inorderto show ®(w) € @(C)*,lets = (bo, b1, ..., bp—1, Y0, Vi, .-+, Ym—1) €
C,where y; = &1y] + &y + &y for0 <i <m — 1. Now, w - s = 0 implies that
(utv) Y120 aibi+30' vizi = Osice., (utv) Y2g aibi+Y 1 (G1yjzj+Eay] 2+
£3y"z!") = 0, which implies Y7~ a;b; = 0 and Y7 ' (y/z) + y/'z/ + y/"z") = 0.
Again,

D (w) = [ag, ar, ..., an—1,(20,20: 20 VM. ... Zpp_1s 21 21 ) M]
= [a()aaly‘-'aaVLf]’aOMv‘-'aam*lM]

D(s) = [0, b1, ... bu—t1, (90: Yo Yo )M - .o Vpp1s Y15 Yim—1)M |
= [b05b17"'5bn7]5ﬂ0M5 "'7/3}’}171M]7

where o; = (2}, 2/, z]"), Bi = (v}, ¥/, y/") for 0 <i <m — 1. Also,

n—1 m—1
Pw) B(s) = W)P() = w+v) Y aibi+ » o;MMTBT
i=0 i=0

n—1 m—1
= (u+v) Zaib,- +7 Zaiﬁ?
i=0 i=0
n—1 m—1
= @+v) Y abi+7t Y Gz +y' + /') =0.
i=0 =0

Then, ®(w) € ®(C)*t, and hence, @(CLt) S ®(C)*. Now, & being bijection,
| &(C) |=| @(C)* |. Therefore, ®(CL) = & (C)*.

Further, let C be self-dual, i.e., C = C+.Then, ®(C) = ®(C1) = &(C)*. Hence,
@ (C) is self-dual. On the other hand, let @ (C) be self-dual, i.e., (C) = ®(C)* =
(D(Cl). Since @ is a bijection, C = C~. Thus, C is self-dual. O

Now, m;, : IFZ R™ — ]FZ defined by m,(a,b) = a and 7, : ]FZ R™ — R™
defined by m,(a,b) = b, where a € IFZ, b € R™ are two projective R-module
homomorphisms. Let C be an IF; R-additive linear code of length (n, m). Then, C,, =
7, (C) is a linear code of length n over F; and C;,, = ,,(C) is a linear code of length
m over R.If C = C,, x Cy,, then C is said to be separable. Also, for a separable code
C,its dualis C+ = Cnl X C,#. We classify the separable F, R-additive A-constacyclic
code of length (n, m) in the next result.

Theorem6 Let C = C,, x Cy, be a separable F,R-additive linear code of length
(n, m). Then, C is an F, R-additive A-constacyclic code if and only if C, is a cyclic

code and Cy, is a A-constacyclic code, respectively.

Proof Let C = C, x Cj, be a separable F, R-additive A-constacyclic code of length
(n,m). Now, let a = (ag,ay,...,ay,—1) € C, and z = (20,21, .-->2m—-1) € Cpn.
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Then, (a, z) € C and (o (a), 05(z)) € C. Therefore, o (a) € C,, 03(z) € Cy,,. Hence,
C, is a cyclic code and C,, is a A-constacyclic code, respectively.

Conversely, let C,, be a cyclic code and C,,, be a A-constacyclic code. Let (a, z) €
C. Then, a € C, and z € C,, and this implies o(a) € C,,0,(z) € Cp,. Hence,
(0(a), 0.(2)) € C. Thus, C is an F, R-additive A-constacyclic code of length (n, m).

O

Corollary 1 Let C = C,, x Cy, be a separable ¥, R-additive linear code of length
(n, m), where Cy is a linear code of length n over Fy and C,, = @?:1 ECiis a
linear code of length m over R. Then, C is an F,R-additive A-constacyclic code if
and only if C,, is cyclic, C1 is A-constacyclic, Ca is (A1 + y X2)-constacyclic and C3
is (A1 + 8A3)-constacyclic codes over F, respectively.

Here, we use the separable F, R-additive linear codes to obtain quantum codes.
Before that, we discuss the necessary and sufficient conditions of these codes to contain
their duals.

Lemma7 LetC = C, x Cy, be aseparable Fy R-additive linear code of length (n, m).
Then, C+ C C if and only ifC,Jl- C C, and C,Jn- C Cp.

Proof Let C+ = C;- x C;- € C = C, x Cy. Then, C;- € Cy, and C;t € Cyy. On the

m —
other hand, if C;- € C, and Cj; € Cy,then C+ =C;- x Cpr € C, x C, =C. O
Theorem7 Let C = C,, x Cy, be a separable F, R-additive A-constacyclic code of
length (n, m), where C,, = (f(x)) and C,,, = <Zz‘3=1 £ gi(x)). Then, C+ C C if and
only if

x" —1=0(mod f(x)f*(x))

x™ — &1 =0 (mod g1 (x) g} (x))

x™ — (A1 + yA2) = 0(mod g2(x) g5 (x))
x™ — (A1 +823) = 0 (mod g3(x) g3 (x)),

where Ay = £1, A1 + yAy = £1, A1 + §A3 = £1.
Proof Combining Lemmas4 and 7, it is verified. O

Theorem 7 gives the necessary and sufficient condition for separable I, R-additive
A-constacyclic codes to contain their duals. Now, in light of Lemma5 and fact
@ (C) = @(C)*t, we present the construction of quantum codes from separable
[, R-additive A-constacyclic code in the next theorem.

Theorem8 Let C = C,, x Cy, be a separable ¥, R-additive A-constacyclic code of
length (n, m) such that C L C C. Then, there exists a quantum code [[n + 3m, 2k —
(n +3m), dy]lly over F,.

Proof Let C = C, x Cy, be a separable F, R-additive A-constacyclic code of length
(n, m) such that C1 C C. Then, ®(C+) C & (O). By Lemma6, we have ot =
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@ (C)*+, and hence, ®(C)+ < &(C). In this way, @ (C) is a dual-containing [n +
3m, k, dg] linear code over IF, where dy is the minimum Hamming distance. Now,
applying Lemma 5 on @ (C), we have a quantum code over [, with parameters [[n +
3m, 2k — (n +3m), dylly. O

Remark2 Note that the length of the quantum code obtained by using Theorem5
must be an integral multiple of 3, whereas the code length in Theorem 8 has no such
limitation, i.e., we can find code of any length (n + 3m) with some suitable choices of
n and m. For example, in order to obtain a code of length 40, there are finitely many
options for n and m such that n + 3m = 40, and n = m = 10 is one of them. This
is one of the advantages to study the IF, R-additive A-constacyclic codes in quantum
codes construction.

5 New codes and comparison

Itis well known that some good quantum codes are available in the online database [16].
Along with the database, we also use few recent articles [1,3,14,15,18,20,22,24,28-30]
(published within last two year) to compare our obtained quantum codes. It is worth
mentioning that with the help of Theorems5 and 8, we determine several new and
better quantum codes than existing codes which are appeared in the above-mentioned
articles. All computations involved in the examples are carried out by the Magma
computation system [8].

Example 1 Let g = 17, n = 8 and R = Fy7[u, v]/(u® — yu, v> — v, uv = vu = 0)
wherey, § € Ff,. If A = 1—2uy~'—2v8~ ! theni; = 1, Aj+y Ao = A +803 = —1.
Now,

Bol=4+ D +2)(x +4)(x + 8)(x + 9)(x + 13)(x + 15)(x + 16) € Fy7[x]
B l=0+DE+HE+ 6 + D+ 10)(x + 1) (x + 12)(x + 14) € Fy7[x].

LetC = (Z?:l & gi(x))bean (1—-2uy —1 —2v8‘1)-c0nstacyclic code of length 8 over
R,where g1 (x) = (x4+2)(x+4) = x>4+6x+8, g2(x) = (x+5)(x+6) = x>+11x+13
and g3(x) = (x +3)(x + 5)(x + 10) = x3 + x2 + 10x + 14. Let

212
M=]1521
1215

be a3 x 3 invertible matrix such that M MT = 915. Since x® — 1 = 0 (mod g1 (x)g} (x))
andx3+1 = 0 (mod g; (x)g} (x)) fori = 2, 3, by Theorem4, we have C* C C. There-
fore, ¢ (C) is a dual-containing [24, 17, 5] linear code over F17. Hence, by Theorem 5,
we have a quantum code [[24, 10, 5]]17, which has same length and minimum distance
but larger code rate than the known code [[24, 8, 5]];7 given by [28].
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Example2 Letqg =9,n =6, R = Fy[u, v]/(u2 —Yu, v2 —8v, uv = vu = 0) where
y.8 € F5 I =1—2uy=' — 2087 then Ay = 1, A1 + yAs = A + 843 = —1.
Now,

X —1=G+1)3x+2)° e Folx]
1=+ w) e+ w3 eFolx].

Let C = <Zi3=1 £gi(x)) be an (1 — 2uy~! — 2v8~!)-constacyclic code of length
6 over R, where g1(x) = x +2,g(x) = x + w2, g3x) = (x + wz)(x + w6)2 =
x4+ wox? + x + w® and w? + 2w + 2 = 0. Also, let
w —w’ 1
M=|—-w’ 1 w
1 w —w’
be a 3 x 3 invertible matrix over Fy such that MMT = I5. Since x® — 1 =
0 (mod g1 (x)g7 (x)) and x041 =0 (mod g (x)gf (x)), fori = 2, 3, by Theorem4 we
have C1 C C. Therefore, ¢(C) is a dual-containing [18, 13, 4] linear code over [Fog.
Thus, by Theorem 5, there exists a quantum code [[18, 8, 4]]9 which has same min-
imum distance but larger code rate compared to the known code [[24, 8, 4]]9 given
by [29].

Example 3 Let A = A +uiz+vizbeaunitin R = Fy[u, v]/(uz—yu, vZ—8v, uv =
vu = 0) such that Ay = £1, A1 + yAy = £1,A; + 543 = £1, where A; € Fy, y,6 €
F;,fori =1,2,3.LetC = (Z?zl & gi(x)) be a A-constacyclic code over R such that
X" =21 =0(g1(x)gf(x)), X" — (A1 + yA2) = 0(g2(x)g5(x)), x" — (A1 + 843) =
0 (g3(x)g5(x)). Also, let

212
M=|-221 |, satisfying MM =915 for g #9,
| 1 2-2
[ w w1
M=|-w 1 w , satisfying MM" = I for q=9.
1 w —w’

Then, ¢(C) is a dual-containing [n, k, d] linear code enlisted in the seventh column
of Table 1. In the eighth column, we construct [[n, k, d]]; quantum codes which are
better (by means of distance or code rate) compared to the existing codes [[n/, k', d ’]]q
given in the ninth column. In Table 1, the first column represents the length n, the
second column represents the value of ¢, the third column represents the value of
A and the fourth to sixth columns represent the generator polynomials g;(x), for
i =1, 2, 3, respectively. In order to precise Table 1, we write the string containing the
coefficients of the polynomials g; (x) in descending order. For instance, we write the

string 1w3w’ w® to represent the polynomial x> + w3x? + wx + w®.
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Example4 Let g = 5, (n,m) = (30,20), R = Fs[u, v]/u? — yu, v® — v, uv =
vu = 0) and A = 1, where y,§ € F%. Then, Ay = A; + yA2 = A1 + A3 = 1. Now,
in Fs[x] we have

0=+ D@+ D+ x+ 1D+ A+ 1)
20— l=x+ 1D’ +270x+3)°(x +4)°.

Let C = C3p x Cy be a separable [F'5 R-additive cyclic code of length (30, 20) where
C3o = (f(x)) and Cap = (X,  &gi(x). Let fi(x) = (x + D*(* +x + 1) =
X434 3+ L g () =x4+3, 0@ =@+ D +2)2=x>+3x+4
and g3(x) = x + 2. Let

212
M=|321
123

be a 3 x 3 invertible matrix over Fs such that MMT = 9I3. Since x*° — 1 =
0 (mod £ (x) f*(x)) and x?° — 1 = 0 (mod g; (x)g7 (x)) fori = 1, 2, 3, by Theorem7,
we have C+ C C. Moreover, @(C) is a dual-containing [90, 81, 3] linear code over
5. Hence, by Theorem 8, there exists a quantum code [[90, 72, 3]]5, which has same
length and code rate but larger minimum distance than existing code [[90, 72, 2]]s
given by [3].

Example5 Let . = Ay + uky + vA3 be a unit in R = Fy[u, v]/(? — yu,v? —
dv,uv = vu = 0) such that Ay = 1, A + YAy = £1, A1 4+ A3 = %1, where
A€y, y, 8¢ F*, fori = 1,2,3. Let C = C,, x C,, be a separable [F; R-additive
A-constacyclic code of length (n, m), where C,, = (f(x)) and C), = (Z?zl &igi(x))
besuchthatx” —1=0(f(x) f*(x)), x" =11 = 0(g1(x)g] (x)), x™ — (A1 +yA2) =
0(g2(x)g5(x)), x™ — (A1 +613) = 0(g3(x) g5 (x)). Let

212
M=|-221 |, satisfying MMT =9I;.

Then, @(C) is a dual-containing [n, k, d] linear code over I, given in the eighth
column of Table2. By Theorem8, we construct quantum codes [[n, k, d]]; (in the
ninth column) better (by means of larger code rate or larger distance) than the existing
codes [[n', k', d'1], (in the tenth column).

6 Conclusion
For the last few years, constacyclic codes over finite non-chain rings have become a

great resource to produce good quantum codes. Here, we explore many new quantum
codes from these codes over a class of finite commutative non-chain rings R. Further,
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we extend our study to additive constacyclic codes and construct many quantum codes
from them. To validate the novelty of the approach, we also compare our obtained codes
to the existing codes that appeared in some recent articles.
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