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Abstract

Entanglement-assisted quantum maximum distance separable (MDS) codes form a
significant class of quantum codes. By using generalized Reed—Solomon (GRS) codes
and extended GRS codes, we construct some new classes of g-ary entanglement-
assisted quantum error-correcting MDS codes. Most of these codes are new in the
sense that their parameters are not covered by the codes available in the literature.
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1 Introduction

Quantum error-correcting codes (QECCs) are one of the necessary guarantees for
the realization of quantum communication and quantum computer. The connections
between quantum codes and classical codes were established by Calderbank et al. [1].
The establishment showed that QECCs can be constructed from self-orthogonal (or
dual-containing) classical codes [2]. Since then, many classes of quantum codes have
been constructed by using classical error-correcting codes. There are two main ways
to construct quantum MDS codes, namely using constacyclic codes (see [3,4]) and
generalized Reed—Solomon codes (see [5—8]). However, the self-orthogonal condition
forms a barrier in the development of quantum coding theory. To break through the
barrier, Brun et al. proposed the entanglement-assisted (EA) stabilizer formalismin [9].
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By using preshared entanglement between the sender and the receiver, they proved that
arbitrary classical linear error-correcting codes can be used to construct entanglement-
assisted quantum error-correcting codes (EAQECCsS). Since then, many scholars have
been interested in EAQECCs and have made good progress.

Let g be a prime power. A g-ary EAQECC can be denoted as [[n, k, d; c]],;, which
encodes k logical qubits into n physical qubits with help of ¢ pairs of maximally
entangled states, where d is the minimum distance of the code. In particular, if ¢ = 0,
the code is a QECC. It is similar to the classical error-correcting codes, a quantum
code with minimum distance d can detect up to d — 1 quantum errors and correct up to
L%J quantum errors. The singleton bound for an EAQECC is given in the following
proposition:

Proposition 1 [10] An[[n, k, d; c]]l; EAQECC satisfiesn + ¢ — k > 2(d — 1), where
0§c§n—landd§"—f.

An EAQECC attaining the singleton bound is called an entanglement-assisted quan-
tum MDS (EAQMDS for short) code. By using Reed—Solomon codes and constacyclic
codes, Fan et al. [11] constructed five classes of EAQMDS codes with the help of a
few shared entanglement states. Chen et al. obtained four classes of EAQMDS codes
from negacyclic codes with the help of 4 or 5 shared entanglement states [12]. In [13],
Chen et al. obtained four classes of EAQMDS codes from constacyclic codes of length
n = qZTH. Subsequently, many researchers constructed many classes of EAQMDS
codes with constacyclic codes [14—19]. In [20], Guenda et al. have shown that the
number of shared pairs required to construct an EAQECC is related to the dimension
of the hull of classical linear codes. Then, Luo et al. presented several infinite families
of MDS codes with hulls of arbitrary dimensions by GRS codes and constructed sev-
eral new infinite families of EAQMDS codes with flexible parameters [21]. Since then,
many people have constructed many quantum codes by using GRS codes [22-24].

In this paper, we construct some classes of g-ary EAQMDS codes with parameters
[[n, n—2k+c, k+1; c]l; and EAQECCs with parameters [[n, ¢, n—k+1; n—2k+c]],
from GRS codes. The specific values of n, k and ¢ can be found in Theorems 1, 2,
3,4 and 5. Moreover, we also construct some classes of g-ary EAQMDS codes with
parameters [[n + 1,n — 2k + ¢ + 2,k + 1; ¢ + 1]]; and EAQECCs with parameters
[([n+1,c+1,n—k+2;n—2k+ c+ 2]], from extended GRS codes. The specific
values of n, k and ¢ can be found in Theorems 6, 7, 8, 9 and 10.

The paper is organized as follows. In Sect. 2, we recall the basic knowledge of
linear codes, EAQECCs, GRS codes. In Sects. 3 and 4, we construct some classes
of EAQMDS codes and EAQECCs from GRS codes. In Sect. 5, some classes of
EAQMDS codes are constructed from extended GRS codes. Section 6 concludes this

paper.
2 Preliminaries
Let GF(g?) be a finite field with ¢ elements. Let GF(¢2)" be the n-dimensional vector

space over GF(q), where n is a positive integer. The Hamming weight of x € GF(¢?%)"
is the number of nonzero coordinates of x and is denoted by wt(x). The Hamming
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distance of two vectors x and y is the Hamming weight of the x — y, denoted by
dist(x, y).

A g*-ary code C of length n is a subset of GF(¢?)". The minimum distance of C,
denoted by d(C), is defined by d(C) = min{dist(x, y)|x # y € C}. The code C is
called a g2-ary linear code of length n, if C is a subspace of GF(g?)". Clearly, the
minimum Hamming distance of linear code C is equal to the minimum nonzero Ham-
ming weight of all codewords in C. A qz—ary linear code [n, k, d] is a k-dimensional
subspace of GF(g?)" and minimum distance d.

Letx = (x1,x2,...,x) and y = (y1, Y2, ..., Yn) be two vectors in GF(qQ)”, the
Euclidean inner product is defined as (x, y)g = Z?:l X; Vi, and the Hermitian inner
product is defined as (x, y)g = Y /_ xi y? . For a ¢2-ary linear code C of length n,
the Euclidean dual of C, denoted by C£, is defined by

CYE = {x € GF(¢®)"|(x, y)g =0, forall y € C}.

If C € CLE, C is referred to as a Euclidean self-orthogonal code. Similarly, the
Hermitian dual of C, denoted by CLH s defined by

CHH = {x € GF(¢*)"|(x, y)g =0, forall y € C}.

If C € C+H, C is referred to as a Hermitian self-orthogonal code.

For a vector x = (x1, x2,...,Xx,) in GF(q2)", define x? = (xi], xg, . ,xZ). For
a subset T of GF(g?)", define the set 79 = {x?|x € T}. It is easy to check that
CtH = (C9) £ for a g*-ary linear code C of length n.

For a linear code C over qu, denoted by Hull,(C) the Hermitian hull C [ cLh
of C. Here are two propositions about Hermitian hull:

Proposition 2 [20] Let C be a classical [n, k, d] o code with parity check matrix H
and generator matrix G. Then, rank(HH") and rank(GG") are independent of H
and G so that rank(HH") = n —k —dim(Hullh(C)) = n—k —dim(Hullh(C*")),
and rank(GG") = k — dim(Hullh(C)) = k — dim(Hullh(C+h)).

Proposition 3 [20] Lez C be a classical [n, k, d] 2 code and let C*" be its Hermitian
dual with parameters [n,n — k, dJ-h]q. Then, there exist [[n, k —dim(Hullh(C)), d;
n—k—dim(Hullh(C))]]qz and[[n,n—k—dim(Hullh(C)), d+t; k—dim(Hullh(C))]l,
EAQECCs. If C is MDS, then one of the two EAQECCs must be MDS.

Let k, n be positive integers, and GF(¢%)[x]x be the set of polynomials whose

degree is less than k over GF(g?). Select n distinct elements a1, a2, - - - , a, of GF(g?)
and n nonzero elements vy, v, - -- , v, of GF(¢?). Let a = (ai, as, ...,a,) and
v = (v1,v2,...,V,), then

GRSk(a,v) := {(vi f(a1), ..., vaf(a))]f(x) € GF(gH[x]k)
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is called a GRS code. Clearly,

vla(l) vgag cee v,,a,?
1 1 1
Ulal vzaz st Upay
Gila,v) =
vla]f_l vgalz‘_1 vnaﬁ_l

is a generator matrix of GRSy (a, v). It is well known that GRSy (a, v) is a qz-ary
[n,k,n —k + 1] MDS code.

Moreover, any GRS code of length n can be extended to a code of length n 4+ 1 and
such code is called an extended GRS code. The definition of extended GRS code of
length n can be given by

GRSk(a, v,00) := {(v1 f(@1), ..., vaf(an), fiuD)|f(x) € GF(g)[x]i}

where f;_1 is the coefficient of x*~!in f(x) and k < n + 1 < ¢*> + 1. It is known
that GRSy (a, v, 0o) has parameters [n + 1,k,n + 2 — k]qz and a generator matrix
[Gi(a, v)|uT], where u = (0,0, ...,0,1).

When all of the a;, i = 1,2, --- , n, are nonzero, let Cy ¢, be a qz-ary linear code
of length n with generator matrix

ki ki ki
via; 24, cee Upap

1 1 1

Ula]lﬂ+ U2012{1+ o Una§]+

Gy (a, v) =
ki+k—1 ki+k—1 ki+k—1
vlallJr v2a21+ oo vpan ™
As ay,ap, ..., a, are n distinct nonzero elements of GF(qz), put v{ = viafl, i =

1,2,...,n, then Cyg, (a,v) = GRSk(a, v"). Hence, Ci .k, 1s an MDS code with
parameters [n, k,n — k + 1].

Similarly, when all of the a;,i = 1,2, ..., n, are nonzero, let Cy x, o be a qz-ary
linear code of length n with generator matrix [Gy k, (@, v) |uT].

In the end of this section, we will give a useful lemma for the following construction.

Lemma1 Let C be a GRS code GRSy(a,v) with generator matrix Gy(a,v) =
(g0, 81,---, gk_l)T and C be an extended GRS code GRSy (a, v, 00) with gener-
ator matrix Gk(a, v) = [Gi(a, v)|uT], where Gi(a, v) and u are defined as above.
Then dim(Hullhé) = dim(Hull,C) — 1 if (gi, gk—1)u = 0, wherei =0, ...,k — 1.
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Proof From Proposition 2, we know dim(Hull2(C) = k — rank(GG™)).

gog?T gogi gogg_l

218, &8 - 818
Since Gy (a, v)Gk(a, v)'" = st -t

gh-18) gk-18] -+~ gk—18)_,
gogé gog] - gog%_l

1
n ~ 218 8181 - 818, _
Gela. G v = =70 =% et

Sh-18y 8k—18] -~ gk-18)_y + 1

It is easy to prove that rank(ék(a, v)ék(a, v)") = Gi(a, v)Gi(a, v)" + 1. Then
dim(Hull, C) = dim(Hull,C) — 1. O

3 The first construction

Throughout this section, let @ be a primitive element of GF(¢?) and y = ", where
_ 2_
h is an even integer such that @ =2t + 1forsomet > 1.Letn’ = qu, then
y is a primitive n’-th root of unity.
For our construction, we need the following lemmas.

Lemma?2 Let g, h,t and n’ be defined as above. Suppose that 0 < j,1 < g — 2,
then jg +1+ g + 1 = 0 (mod n') if and only if j, [ satisfy one of the following
three conditions: j = | = S(qh—_l) — 1, where s is even and 2 < s < h; j =
—(“1)}5‘171) +t-1,1= —(“”}5‘171) + 14+ % where s is odd and 1 < s < % —1;0r

j=(s_l)h&—kr,l:(S_l)hﬁ—i—r—%wheresisoddand%+lgsgh—l.

Proof Suppose that jg+1+q+1 =0 (modn’). Note that0 < j,I < g —2, we have
q+1<jg+1l+qg+1<(q—1)(g+ 1), then there exists an integer s such that

jg+l=sn"—q—1,

where 1 < s < h. If 5 is odd, then

o [G=D@-1 (s—Dg-1 ¢ -1
jq+l—_T—l}q+ : + =1
_[6=D@-1 (s—=D@-1D 2¢q-D g+1
— 1 h 1}‘” I T !
[(s —1 —1 —1 -1 —1
z_(s )h(q )+T_1}q+(s )}fq )+q2 L

There are two cases.
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Case]Iflfsf%’—l,then

qg+1 s—D@—-1) q-1
- — 1<
, Trols h )

<qg—-2-r.

+71

Itfollowsthatj:%+r—landl:%+r+%.
CaseZIf%—}—lgsgh—l,then

G-D@g—-D qg-1
1< h + >

qg—1
SC]+T—T—2<2q.

qg+1t— +7

It follows that j = S=DE=D 4 7 anq = 6=Dl=D 4 o _ a4l
If s is even, then

jq+l=|:s(qh—_1)—1:|q+|:s(qh—_l)—l:|.

Notice that 2 < s < h, then we have

By using Lemma 2, we can obtain the GRS codes with the following parameters.
Lemma3 Let g, h, T, n’ be defined as above, and n = n’(% +1),(1<t< %). Then,
there exist some GRS codes with following parameters:

(1) Let tg, k be integers, where 0 < tg <t —2(t > 2) and % + 1+ M <
k< qT_l +7+ w — 1, the code C has parameters [n, k,n —k + 1] and
Hull, (C) has dimension k — 2ty — 2.

(2) Let ty, k be integers, where 0 < ty < % — t and % +71+ w <k<

% + 27 + w — 1, the code C has parameters [n,k,n — k + 1] and
Hully, (C) has dimension k — 2t — 3ty.

(3) Let ty, k be integers, where 0 < ty < % —t—1and qz;l 427+ w <
k< qTfl +T4 w — 1, the code C has parameters [n, k,n — k + 1] and
Hully (C) has dimension k — 2t — 3t — 1.

Proof Let y, @ be defined as above. Set

’_ ’_ h h h /_
a=0y,....y" Lo oy .. oyt ot ettty L wityt T,
v = (ug, u uoy™ Y uy, u ury” ! Uh Uk

= (o, uoy. -, uoy" "L ur ury, oy T U U Y
!
-

...,M%Hy” ),
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where ug, uy, ..., Uh,_;are % + ¢ nonzero elements in GF(qz).
i

We will prove that there exist % + t nonzero elements ug, uy, -+ ,un 4 in GF(qz)
7
such that GRSk (a, v) has parameters above. In fact,

%+t—l n'—1
. o | .
(@9t pitlyp = Z wl(qj+l)ul€l+ Zyr(qj+l+q+l)'
i=0 r=0

Noticing that the order of y is n’, then

”i o oo itate,
rzoy ) if n' | €.

It follows that (a%/+!, v9+1)p = 0 except forn’ | (qj + 1 + g + 1). Now we assume
that 0 < j,l <k —1 suchthatn | (%] + 1+ g + 1). From Lemma 2, if s is even

and2 < s < h,then j =1 = 11f51soddand1<s<§—1then

= &0l | oy = EDle-l) ])—I—r—l— Lifsisoddand 2 +1<s<h—1,

then j = S=DU=D 4 7 | = =big-n Da=D 4 ¢ ‘1;1.
Then, we will prove that (a%/ ™, v?T)y = 0for j =1 = S(qh—_l) — 1, where s is
evenand 1 < 5 < %—i—t— 1. Then
b1
@, it = Y w"w“ﬂ%'@—”u?“.
i=0

h
. Byt o
It suffices to prove that the system of % +— 1 equations >/ ™"~ (‘1+1)u?+1 =

Ofor 1 <m < +4¢—1hasasolution in (GF(¢2)*)i ™. Take y; = (0 ~1;)@*D
for0 <i < % + 1t — 1, then y; € GF(g)*. It suffices to prove that the system of the
equations

1 B - 13%“—1 Y0

1 ’32 ’32-%4471 V1 0

1 gl glr=Dhti=n | Vb

has a solution in (GF(q)*)%'H, where g = .
Because of ord(8) = %, ord(B) divides ¢ — 1. Hence, B8 € GF(g)*. Put f(x) =

1‘[4“ "(x — B%), then f(x) € GF(¢)[x] and f(x) | (x3 — 1). Considering a ¢-
ary cychc code C of length % with generator polynomial f(x), it is easy for us to
check that C is a [%, % —t+1, % + ¢t] MDS code. Hence, all coefficients of f(x) =
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h h
xatt—l Ah, HX aH2 44 ap are all nonzero. That means that the last system
P
has a solution

()’O, L] y%+1_27 )’%_H_l) = (a07 .. a/l_;’_t 27 1) e (GF(Q)*)n

Foreach0 <i < % +t — 2, since a; € GF(g)*, there exists b; € GF(qz)* such
that ¢; = b;’“. Take

— — 3 by
u—(uo,ul,...,u%+t_l)—(bo,a)bl,.. w? bh_,’_t 5 @4 ),

then (a? ! vt =0for j =1 = S(qh—_l) — l,wheres is even andO <5< U A

80 gOgg gOg% o g()gl; 1
g1 218, &8 - 88g
Let G = Gia,v) = | . | ThenGGT = 0 ! k=1
8k-1 Tl o
gk—lg() 8k-18, 8k-18)_1

In the first case: 0 < fp <t —2(t > 2)and%+r+% <k=< (12;14—
T+ w — 1. It is easy to prove that (a%/*! v?t1)p £ 0 if and only if
j= (S_l)h&—i—r—],l = %—i—t—i—%wheresisoddandl <s < 2t9p+1;0r
j= (Sfl)hﬁ—l-r,l = (Sfl)hﬁ—l-r—% Wheresisoddand%—i—l <s < %—G—Zto—l-l.
There are 21y + 2 pairs (j, [) such that (a? !, v9+t1) g £ 0.

By gjg = (a¥*!, v?t!) g, dim(Hull;(C)) = k — rank(GGT) = k — 219 — 2.

In the second case: 0 < 1y < ——tandq l—i—t—l—M <k< q21 +
2T + w 1. Tt is easy to prove that (a%/*!, vq“)E # 0 if and only
ifj=1= w—l,wheresisevenand%—}—h <5 < %+2t+2l0;j =
%—l—r—l,l = %—I—t—i—‘%lwheresisoddandl <s <2+2t—1;
orj = %—l—r,l: (Sfl)hﬁ—l-r qgl where s is odd and 2 +l<s<
% + 219 + 2t — 1. There are 31y + 21 pairs (j, [) such that (a%/+ v+ £ 0.

By g,-gj = (@ vty g, dim(Hull, (C)) = k —rank(GG") = k — 319 — 2t.

Inthelastcase:0§t0§——t—land +2T+M<k<
% + T+ w — 1. It is easy to prove that (@t va+1y g £ 0 if and only
if j =1= @—l,wheresisevenand%—l—% <s5 < %+2t+2to;j =
(‘Y_l)hﬁ+r—l,l = (‘Y_l)h&—l—t—i—qz;lwheresisoddandl <s <2p+2t—-1;
or j = 8= 4 oy = 6=DG=D 4 7 4t where sisoddand 4 +1 < 5 <
B 4 2t + 2t — 1. There are 31 + 2¢ + 1 pairs (], [) such that (a%/**, q+1)E £ 0.

By g,-gj = (a%*! vty g, dim(Hull,(C)) = k —rank(GGT) = k — 319 —2¢ — 1.

O

Similar to (2) and (3) of Lemma 3, when n = n’(% —1),0=<t< % — 1), we can
get the following lemma.
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Lemma4 Let g, h, t,n’ be defined as above, and n = n’(% —-1),0<t< % - 1.
Then, there exist some GRS codes with following parameters:

(1) Let ty, k be integers, where 0 < 1y 5 71 and 5= + T+ 2t°(q D) <k <

% + 27t + w — 1, the code C has parameters [n,k,n— k + 1], and
Hullh(C) has dimension k — t — 3ty — 3.

(2) Let ty, k be integers, where 0 < ty < % — 2 and % + 27t + W <k <
% + 71+ w — 1, the code C has parameters [n,k,n — k + 1], and

Hullh(C) has dimension k — t — 319 — 4.

From Lemmas 3, 4 and Proposition 3, we can get the following theorem.

Theorem 1 Let g, n', h, T be defined as above and k be an integer. Then, there exist
[[n,n — 2k + ¢,k + 1; clly EAQMDS codes and [[n,c,n — k + 1;n — 2k + c]ly
EAQECC s, if one of the following conditions holds:

(1) n=n't+1), ¢ = 26+ 2,and G474 20070 < < a7y oy A0dDED g
where2 <t <% and0 <1 <1-2.
(Z)n_n(4+t)c_2t+3t0,andq1+r+w<k< L 427+
Hott—D@-1 _ 1where1<t<—and0<to<ﬂ—§—t
(3)n—n(h+t)c—2t+3to+1 R e R e
% 1where1<t<zand0<to<z—l—l
@n=n—0,c=1+3100+3 and 43 + v+ 204D < p <7l o0y
M 1where0<z<-—1and0<ro<ﬁ—1
(5)n_n(’1—r)c_z+3to+4and +2r+2’°(‘1”<k< e

W 1,where0§t§Z—landOftofz—Z.

Remark 1 In Theorem 11 of [24], Fang et al. constructed a class of EAQMDS codes
with parameters [[n,k —l,n —k+1;n—k—I]lgand [[n,n —k =,k + 1; k —1]],,
where n'|(g> — 1),n = tn/, n1=W1<t<qn; k<L"+annd
0 <! <k — 1. Compared with Theorem 1, we find that the range of k is dlSJOlIlt for
the same length. It means that the EAQMDS codes constructed by Theorem 1 are new.

Example 1 Let g = 29, h = 8, and then 7 = 3. Then, there exist [[n,n — 2k 4+ ¢, k +
1; c]l; EAQMDS codes and [[n, ¢, n — k + 1;n — 2k + c]], EAQECCs, where the
values of n, k, ¢ can be found in Table 1.

4 The second construction

Throughout this section, let @ be a primitive element of GF(¢2) and y = ", where

= 2_
2(q;—1) =274 1 forsomet > 1. Letn’ = 4!

h > 4 is an even integer such that s

then y is a primitive n’-th root of unity.
For our construction, we need the following lemmas.
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Table 1 The values of n, k, ¢ in
n k c n k c
Example 1
420 17<k<23 2 210 17<k<19 3
420 24 <k <26 4 210 20<k <23 4
315 17<k<19 2 210 17<k <19 3
315 20<k <23 3 210 20 <k <23 4
315 24 <k <26 5 210 24 <k <26 6

Lemma5 Let g, h, T and n’ be defined as above. Suppose that 0 < j, 1 < g — 2,
then jq +1+ g + 1 = 0 (mod n') if and only if j, [ satisfy one of the following
three conditions: j = w —2andl = q — w — 1 where s is even and

2§s§h;j=(S_l)}lM—i—t—landl:#—(S_l)hﬂ—rwheresisoddand
1§s§%—l;orjzw+r—2andl=#—W—rwhemsm
oddand % +1<s <h— 1.

Proof Suppose that jg+I1+¢q+1 =0 (modn’). Note that0 < j,I < g —2, we have
q+1=<jg+1l+qg+1<(qg—1)(g+ 1), then there exists an integer s such that

jg+l=sn"—q—1,

where 1 < s < h. If 5 is odd, then

o =D+ (s—D@+D  ¢*—1
Jq+l__T—1}q— h +—— 1
_[G=D@+D 1} —D@+D  2g+D g—1
=|—F——-1|q~— + : —1
i h h h 2
(s — (g +1 -3 —D(g+1
:_(s )h(q )+t_1}q+[q2 G )}fq )_T]‘

There are two cases.
CaselIf1 <s < %—l,then

g=3 G-D@+D
2 h

O<t—-1<

T<g—-3—-1<gqg.

It follows that j = w +r7—1land! = % _ (S*l)h(qul) I
CaseZIf%—i—lfsfh—l,then

_q<t__q; <g-3—-1<-1-2<0.

Itfollowsthatj:WM—i—r—Zandlz#—%—r.
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If s is even, then

jq+l=|:@—2}q+|:q—s(qh—+l)—li|.

Notice that 2 < s < h, then we have

1 1
j:M_Z’]— _slg+D

_ 1.
h 9 I

4.1 The case g = 3 (mod 4)

By using Lemma 5, we can obtain the GRS codes with the following parameters.
Firstly, we consider the case that ¢ = 3 (mod 4).

Lemma 6 Let g = 3 (mod4) and h, T, n' be defined as above, and n = n’(% +2t4+2)

forQ <t < % — 1. Then, there exist some GRS codes with following parameters:

(1) Let t1, t2, k be integers, where 0 < t] < t» <t and # + 17+ w <
k< % +71+ w, the code C has parameters [n, k,n — k + 1], and
Hull, (C) has dimension k — 2t; — 2t) — 2.

(2) Let t1, 12, k be integers, where 0 < t; < t < % — 1 —1 and # + 71+
w <k < % + 7+ w, the code C has parame-
ters [n,k,n — k + 1], and Hull,(C) has dimension k — 4t — 4t — 2t, — 2.

Proof If ¢ = 3 (mod 4), then 8|h. Let y, @ be defined as above. Set

I_ I_ h h I_
a=My, ...y " Lo . Loyt ot a2yl
n'—1 n'—1 n'—1
v = (ug, ugy, - .., Ugy S UL, e ULY sees Wby Uk Y ),
h . 2
where ug, uy, ..., M%+2t+1 are 7 + 2t 4+ 2 nonzero elements in GF(g°).

We will prove that there exist % + 2t + 2 nonzero elements ug, ty, ..., Un 241 n

7

GF(qz) such that G = Gy k, (a, v) has parameters above. In fact,

hortl W1
. Lo 1 .
(aqurl’ vq+1)E — § : a)l(q]+l)u?+ 2 :yr(qj+l+q+1).
i=0 r=0

Notice that the order of y is n’, then
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It follows that (@%/ !, v7*1) g = 0 except for n’ | (qj + 1+ g + 1). Now assume that
0<j,l <k—1suchthatn' | (gj +1+ g + 1). From Lemma 5, if s is even and
2<s<h,thenj="9t)_ 25 =g S4tD _qiifsisoddandl <s < &1 then
j:(s_l)hﬁ+r—l,l=%—%—t;ifﬂsoddand%+l§s§h—l,

then j = —(s_l),fqﬂ) +t-2,1= —3q2_3 — —(S_l)}fﬁl) —T.

Hence, we will prove that (a%/*! v9tl)p = 0 for j =

—S(";l) —2and! =g —

W—l,wheresisevenand%—h <s< %—FZ[,Whichmeans%—t < % < %—H
and

byortl )
i+l g+1 / it =b_g_ny g+l
@™, v g =n Z 't Ty
i=0

Letm = 5 — %, It suffices to prove that the system of % + 2t + 1 equations

Z;Z:E)ZH'I wzi(m+g>n’—i(q+1)u?+1 _ Z;z:;)z""‘l(wzn’)im(wi(q—Z)ui)q+1 — 0 for _% _
t<m< % + ¢ has a solution in (GF(qz)*)%“t”. Take y; = (0'@2u;)4tD for
0<ic< % + 2t + 1, then y; € GF(q)*. That is to say, it suffices to prove that the

system of the equations

| g8t ... gEg-nh2r+D)
Yo
Y1

N . P : yh 2 l
1 ﬂ%+t ﬂ(g+r>-<%+zt+1) s

has a solution in (GF(q)*)%+2t+2, where B = w?".
Notice that ord(B8) = %, then ord(p) divides ¢ + 1. Hence, ﬂq+1 = Big =1,

h

then p~! = B7 and B~ + B € GF(¢)*. Put f(x) = Hﬁ:t A t(x — B™), then
=5

f(x) € GF(g)[x] and f(x) | (x% — 1). Consider a g-ary cyclic code C of length %

with generator polynomial f(x).Itiseasy tocheck thatCisa [%, %—ZI—I, %+2t~|—2]

. n h

MDS code. Hence, all coefficients of f(x) = xa T2+ 4 an o X a2 4 4 g are
7

all nonzero. That is, the last system has a solution

L
(Yo, -« Vi o y%+2t+1) = (ao, ..., Al o 1) e (GF(q)*)4+2r+2_

Foreach0 <i < % + 21 + 1, since a; € GF(g)*, there exists b; € GF(¢%)* such
that ¢; = quH). Therefore, taking

I
C()4+2t+]bh

G2l
z+21+1’ ’

u:(uo,ul,...,u%HH_l)=(b0,a)b1,..., w
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we have (a?*! vitlyp = 0 for j = w —2andl =q — w — 1, where s is
evenand%—2t§s§%+2t.

8k
8ki+1
Let G = Gy, (a,v) = .
8k +k-1
i i i
818y gklgkL+1 o 8k gle+k_1
8k1+18y, gk1+1g]'¢1+1 o 818 k1

Then, GGT =

T T i
Sli+k—18y, 8ki+k—-18p, 41 " Ski+k—18p, ;1
Inthe firstcase: 0 <t <1, <t,let "_3 —7— M <k < qil 2— 2”(Z+1)

Mol g1 4 22UED < gy +k—1 < 3 | — 3 4 20DE@HD Thep the
43 4 AckmarD < q 3 L4 2(z1+z2711><q+1> Itis

and
range of k satisfies 432
easy to prove that (a‘””, vt ;é 0 if and only 1f j = (Sl)hw +7—1and
| = ?—%—r,wheresisoddandl41+l—2t1 <gs5 < %—1+2t1;or
Jj= (S_l)hﬁ+r—2,l = %—(s_l)hﬁ—r,wheresisoddand%—2@—1 <
s < 3 421, + 1. There are 2t + 21, + 2 pairs (j, [) such that (a%/*!, vi*+1)g 0.

Since g jg} = (a?*! vt g, then dim(Hull,(C)) = k—rank(GGT) = k—21, —
2ty — 2.

In the second case: 0 < 11 < 1 < %—l—t,let¥—t—
by < 41 o 20D gpg 3ol g gy 2068EHD < gy g g

—3‘14_1 -3+ —2([+tz+hl)(q+l) . Then the range of k satisfies # +T+ —2(21+[1J;l[2)(q+1)

k < % + 1+ w It is easy to prove that (a?/*! vithyp £ 0 if
and only if j = W+r—landl = %—%—r,wheresisodd
and 2 +1-2r—20 <s <8 1420 42n;j = DD 405y =
%—%—r,wheresisoddand%—2t—2t2—1 <s < 3h—i—2t+2t2+1
orj= S(qh—H)—Z,l :q—s(qh—ﬂ)—l,wheresisevenando < |s——|—%—2t < 211;
There are 4t 4 41, + 21> + 2 pairs (j, [) such that (a%/+! vt £ 0.

By gjg] = (@, v?t!)p, then dim(Hull,(C)) = k — rank(GG') = k — 41 —
4t — 2tp — 2. O

2(t+t1)(g+1)
h

IN TN IA

Similar to (2) of Lemma 6, when n = n’( —2¢),(0 <t <7 —1),wecan get the
following lemma.

Lemma7 Let g = 3 (mod 4) and h, t, n’ be defined as above, and n = n’(% —21),
forQ <t < % — 1. Then there exist some GRS codes with following parameters:

Let t1, tr, k be integers, where 0 <t] <t < % — 1 and @ +7+ w <
k < % + 17+ w, the code C has parameters [n,k,n — k + 1], and
Hull, (C) has dimension k — 2t — 2t; — 2t — 4.
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Table2 The values of n, k, ¢ in Example 2

n k c n k c n k c
290 33<k<35 8 290 38<k<40 10 290 43<k<45 12
290 43<k<45 14 290 48 <k <50 16 290 53<k<55 20
580 33<k<35 6 580 38<k<40 8 580 43 <k=<45 10
580 43<k=<45 12 580 48 <k<50 14 580 53<k<55 18
870 33<k<35 4 870 38<k<40 6 870 43<k<45 8
870 43<k<45 10 870 48 <k<50 12 870 53<k<55 16
1160 33<k<35 2 1160 38<k<40 4 1160 43<k<45 8
1160 48 <k<50 10 1160 53<k<S55 14 1450 33<k<35 2
1450 38<k<40 4 1450 43 <k<45 6 1450 48 <k <50
1450 53 <k <55 12 1740 3B3<k<35 2 1740 38<k<40 4
1740 4 45 6 1740 48 <k<50 8 1740 53<k<55 10

From Lemmas 6, 7 and Proposition 3, we can get the following theorem.

Theorem 2 Let g, n’, h, T be defined as above and t, t\, 12, k be integers. Then, there
exist [[n,n — 2k +c, k + 1; c]lg EAQOMDS codes and [[n, c,n —k + 1, n — 2k +c]],
EAQECC:s, if one of the following holds:

(D) n=n'h4+2042), c =20 +20+2, T3 47 4 HED@ED g <923 4 oy
200D EHD yhere 0 <ty <h <t < B - 1.

@) n=n'(t +204+2), c =4t + 41 + 26 + 2, T 4 ¢ 4 22HIDEHD < <
43 4 ¢ 2EENFRIDEED pere 0 <ty < < B -1 1.

Gy n=n'(h—20), ¢ =2+ 4 + 20 + 4 and L 4 ¢ 4 2D < <
43 4o 4 2040t DEED here 0 <t < b —1and0 <1 < <% 1.

Remark 2 Comparing Theorem 2 with Theorem 11 in [24], we find that most of the
length is different and the range of k is disjoint for the same length. Comparing
Theorem 2 with Corollary 3.4 of [22], we can conclude although some codes have
the same parameters, there are still many codes with different parameters. Here is an
example.

Example2 Let g = 59 and h = 24, then t = 2. By Theorem 2, there exist [[n, n —
2k + ¢, k + 1; c]l; EAQMDS codes and [[n, ¢, n — k + 1; n — 2k + c]];, EAQECCs,
where the values of n, k, ¢ can be found in Table 2.

After removing the same parameters as in Reference [22], we can get the codes in
Table 3.

In Theorem 2, the length of those codes is even times of n’. And then we move on
to the case where length is positive integer multiples of n’.

Lemma8 Let ¢ = 3 (mod 4) and h, T, n’ be defined as above, and n = tn’, for
1 <t < h. Then, there exist some GRS codes with following parameters:
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Table 3 The values of n, k, ¢ in Example 2 after deleting the same parameters

n k c n k c n k c
290 34<k<35 8 290 38<k <40 10 290 43<k<45 12
290 43<k<45 14 290 48 <k <50 16 290 53 <k <55 20
580 38<k<40 8 580 43 <k <45 10 580 43<k=<45 12
580 48 <k<50 14 580 53<k<55 18 870 43<k<45 10
870 48 <k<50 12 870 53<k<55 16 1160 40 4
1160 48 <k<50 10 1160 53<k<S55 14 1450 35 2
1450 40 4 1450 45 6 1450 50 8
1450 53<k<55 12 1740 40 4 1740 45 6
1740 50 8 1740 54 <k<55 10

Let t1, 1y, k be integers, where 0 < t] <1, < % — 1 and @ +7+ w <
k < # + 17+ w, the code C has parameters [n,k,n — k + 1], and
Hull,(C) has dimension k — % — 4t — 21, — 3.

Proof 1If ¢ = 3 (mod 4), then 8|h. Let y, w be defined as above. Set

! / !
a=0y,....y" Lo . Loyt Lo o T,

1 1 1
v = (U, U0V -, UoY" T UL, e U1y T U, e W YT,

And then, we have
t—1 n'—1
qj+l q+1y . _ i(qj+D),,q9+1 r(qj++q+1)
(a L1 = Zw u; Z y .
i=0 r=0
where ug, uy, ..., u; are t nonzero elements in GF (q2) such that
-1
i(qj+0), a+1
Zw u;  #0.
i=0

Notice that the order of y is n’, then

”Z‘l o [0 ifnre,
e LA A

It follows that (a%/*!, v9t1)p = 0 except forn’ | (¢j + 1+ g + 1). Now assume that
0<j,l <k—1suchthatn'| (¢gj+1+ g + 1). From Lemma 5, if s is even and
2<s<h,thenj= S(qh—H)—Z,l :q—s(qh—ﬂ)—l;ifsisoddandl <s < %—l,then
j=00ED oy =2 62D@HD  pifsisoddand 4 +1<s <h—1,
then j = (sfl)h(qul) +r—21= ? _ (S*l)}fq+l) I
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Table4 The values of n, k, ¢ in
n k c n k c
Example 3
145¢ 33 <k <35 9 145¢ 38 <k <40 11
145t 43 <k <45 13 145t 43 <k <45 15
145t 48 <k <50 17 145¢ 53<k<55 21

LetO<n <n<®t-1,423 ¢ 26D g < gl 5 20W+D 4pq
Ml 14 228D < gy -1 < 3471 34 20EDEED Then the range of k
satisfies qTH—l—t—i—w <k< "2;3+r+w.ltis easy to prove that
@+, v3+ g £ Oifandonlyif j = S=DUD 47 and) = 42— &=D@tD g
wheresisoddand%—Fl—Ztl <s < %—1+2t1;j = (S_l)hﬂ—’-f—z,l:
3qu3 - (Xfl);f'”l) — 7, where sisoddand 3 — 21, — 1 <s < 3 4+ 2 + 13 or

= W—Z,l:q—W—l,wheresisevenand%—%l <s < %—1—2[1;
There are % + 411 + 21> + 3 pairs (j, [) such that (a/t! va+1); £ 0.

8y

8ki+1
Let G = Gy, (a,v) = .

8l +k—-1

By gjgj = (a®*!, 9+ g, then dim(Hull,(C)) = k — rank(GG") =k — 4 —
4t — 2t — 3. O

From Lemmas 8 and Proposition 3, we can get the following theorem.
Theorem 3 Let g, n’, h, T be defined as above and t1,t2, k be integers. Then, there
exist [[n,n — 2k +c, k +1; c]lg EAQMDS codes and [[n, c,n —k + 1, n — 2k +cl]],
EAQECCs, wheren = tn’, ¢ = %+4t1 + 2t + 3, and % +1+ w <k<
93 g 20t D@ED < p < pand0 <t <<t -1

Remark 3 Comparing Theorem 3 with Theorem 11 in [24], we find that most of the
length is different and the range of k is disjoint for the same length. Comparing
Theorem 3 with Corollary 3.4 of [22], we can conclude if ¢ is odd, the length are
different. This means that the EAQMDS codes constructed in Theorem 3 are new
when 7 is odd.

Example3 Let g = 59 and h = 24, thenn’ = 145, 1 <t < 24,and t = 2. By
Theorem 3, there exist [[n,n — 2k + ¢, k + 1; c]]; EAQMDS codes and [[n, ¢, n —
k+1;n — 2k + c]l; EAQECCs, where the values of n, k, ¢ can be found in Table 4.

4.2 The case g = 1 (mod 4)

In this subsection, we consider the case that g = 1 (mod 4). Similarly, using Lemma
5, we can obtain the GRS codes with the following parameters.
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Lemma9 Letq = 1 (mod 4) and h, t, n' be defined as above, and n = n’(% + 2t +
1),0=<t< hf;“). Then, there exist some GRS codes with following parameters:

et 1y, i, k be integers, where 0 <t} <th <t—1land 5+ =122 < | <

(1) L k be integ here 0 1 and 431 4 20x@rD
# + w, the code C has parameters [n, k,n —k + 1], and Hull, (C)
has dimension k — 2t; — 2ty — 2.

(2) Letty, ta, k be integers, where 0 < t; <t < % —tand qTH + w <
k < % -3+ w, the code C has parameters [n, k,n — k + 1],
and Hull, (C) has dimension k — 4t — 4t; — 2t, — 2.

Proof If ¢ = 1 (mod 4), then 8|(h — 4). Let v, w be defined as above. Set

—1 —1 hyort hyorp1 n'—1
a=,y,....y" L o,...,0p" T, ..., 04 .., w4 y*' T,
n'—1 n'—1 n'—1
v = (ug, Uy, ..., oy UL oo ULYT e Ml g e Wh g Y ),
h : 2
where ug, uy, ..., Ui yorpy are 7 + 27 + 2 nonzero elements in GF(g<).

From Lemma 5, we have (a%/ !, v7*1)p = Oifand only if (j, /) takes the following
values:

Ifsisevenand 2 < s < h, then j = Y4t 3y = ¢ — s@HD _ 114 5 odd
and1§s§%—1,thenj=Wﬂ+r—l,l=%—W—r;ifsis
oddand 4 +1 <s <h—1 thenj==D*D 4 ¢ o33 G=D@tD o

Similar to Lemma 6, we can find % + 2t + 1 nonzero elements ug, uy, ..., u%+21+1
in GF(¢?) such that (a%/*! v?t)p = 0 for j = w —2andl =gq — % -1,
Wheresisevenand%+l—2t <s < % — 142t
8k,
8ki+1
Let G = Gy, (a,v) = .
8k +k—-1

In the firstcase: 0 <t < tp <t — l,let%—r—l—w < k
(h—4)(g+1) +r—1-— 2’1(Z+1) and (Bh—4)(g+1) 47 -2+ 212(Z+1) <ki+k—1
—(3h71¥q+1) +1-34 —2(’2“;2(’”1) . Then the range of k satisfies qTH 4 Autn)g+h HZh)("H)
k < % + w. It is easy to prove that (a?/*! v9+t1) g = 0 if and only
if j = W—i—r—landl = %—W—r,wheresisoddand
% -2t <s < %—I—Ztl;orj = —(Sfl)h(q“) +1-2,1= —Sq;3 - —(“]),fq“) — 7, where
s is odd and % -2 <s < % + 2t1. There are 2t; + 2t + 2 pairs (j, [) such that

By g,-gj = (a¥t! y4t1) g, then dim(Hull, (C)) = k — rank(GGT) = k — 21, —
2ty — 2.

In the second case: 0 < t] < tp < Lf — 1, let (h_‘%qﬂ) — 2(t+"2(q“) < ki
(h_%qﬂ) +r—1— 2(t+t12(q+l) and (3Iz—i)h(q+l) +r—24 2(t+t2}2(l]+1) <ki+k—1

—(3h71)h(’1+1) —4+ —2(’+’2+}ll)(‘”1) . Then the range of k satisfies qzil 4 22t +0)g+D J;lm(q“)

IAN A IA

IN A IA

@ Springer



208 Page 18 0f 28 F.Tian, S. Zhu

k < % -3+ w. It is easy to prove that (@%/ !, v?*t1)p £ 0 if and
onlyifj:%—kt—landl:q—f—w 7, where s is odd and
ho0p—2n <s < hp2r4on;j= 00D g g 33 6DGED
where s is odd and 3 — 2r — 21, < 5 < %+2t+2r2,orj =t o =
—%—l,wheresisevenand0< |s—%|+1—%—2t < 2t1; There are
t + 41 + 2 + 2 pairs (J, such that (a%/*!, v E .
4t + 41y + 2t + 2 pairs (j, [) such that (@ v?Typ £ 0
By g,-g,T = (a%*! v?*tY g, then dim(Hull,(C)) = k — rank(GG) = k — 41 —
4t — 2t — 2. O

Similar to (2) of Lemma 9, when n = n’(% —21),(0<t< % — 1), we can get the
following lemma.

Lemma 10 Letq = 1 (mod 4) and h, ©, n’ be defined as above, andn = n (— -2t —

1), (0 <t < = —1). Then there exist some GRS codes with following parameters:
Letty, 1,k be integers, where 0 < t] <t < h 4 and qH + Wlw <k<

atl 3 + w, the code C haspammeters [n,k,n—k+1], and Hull,(C)

2
has dimension k — 4t — 411 — 2t, — 4.

From Lemmas 9, 10 and Proposition 3, we can get the following theorem.

Theorem 4 Let g, n’, h, T be defined as above and ty, t3, k be an integer. Then, there

exist [[n,n — 2k +c, k+1; c]ly EAOMDS codes and [[n, c,n —k+1;n —2k +c]l,

EAQECC s, if one of the following holds:

() n=n'(h+2+1), ¢ =20 +20n +2 G 4 200G < < 43 4
200D GHD yhere 0 <ty <1p <1 — 1 < B4 — 1

@) n —n(h—i-Zt—i-l) ¢ = 4t +4n + 20 + 2, 4F 4 AN o <
et 3+w,wher60§t570nd0§tl ftthT—t.

(3)n—n(——2t—1),c—21‘—i-4t1+2t2—}-4andqul wfk

R 3+w where0<t<——1and0<t1<t2<h2%4.

IA

Remark 4 Comparing Theorem 4 with Theorem 11 of [24], we find that most of the
length is different and the range of k is disjoint for the same length. Comparing
Theorem 4 with Corollary 3.4 of [22], we can conclude although some codes have
the same parameters, there are still many codes with different parameters. Here is an
example.

Example4 Let g = 49 and h = 20, then v = 2. By Theorem 4, there exist [[n,n —
2k + ¢, k + 1; c]l; EAQMDS codes and [[n, ¢, n — k + 1; n — 2k + c]], EAQECCs,
where the values of n, k, ¢ can be found in Table 5.

After removing the same parameters as in Reference [22], we can get the codes in
Table 6.

Lemma 11 Let g = 1 (mod 4) and h, t, n’ be defined as above, and n = tn’, (1 <
t < h). Then, there exist some GRS codes with following parameters:
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Table5 The values of n, k, ¢ in Example 4

n k c n k c n k c
240 25<k<27 6 240 30<k<32 8 240 35<k<37 10
240 35<k<37 12 240 40<k<42 14 240 45 <k <47 18
480 25<k<27 4 480 30<k<32 6 480 35<k<37 8
480 35<k<37 10 480 40<k<42 12 480 45 <k <47 16
720 25<k<27 2 720 30<k<32 4 720 35<k<37 6
720 35<k<37 8 720 40<k=<42 10 720 45 <k <47 14
960 25<k<33 2 960 35<k<37 6 960 40<k<42

960 45 <k <47 12 1200 25<k<33 2 1200 30<k<38 4
1200 35<k<43 8 1200 45 <k <47 10

Table 6 The values of n, k, ¢ in Example 4 after deleting the same parameters

n k c n k ¢ n k c
240 30<k<32 8 240 35<k<37 10 240 35<k<37 12
240 40<k<42 14 240 45 <k <47 18 480 35<k<37 8
480 35<k<37 10 480 40<k<42 12 480 45 <k <47 16
720 35<k<37 8 720 40<k<42 10 720 45 <k <47 14
960 30<k<33 2 960 40 8 960 45 <k <47 12
1200 30<k<33 2 1200 35<k<38 4 1200 35<k<40 8

1200 45 <k <47 10

h—4

Let t1, tp, k be integers, where 0 < t] < t) < 5 and qzil + w <k<
% -3+ w, the code C has parameters [n, k,n —k+ 1], and Hull,(C)

has dimension k — % — 4t — 2t — 2.
Proof If ¢ = 1 (mod 4), then 8|(h — 4). Let y, w be defined as above. Set

'—1 '—1 r—1 t—1_,n'—1
a=,y,....y" L o,...,0p" 7, .. 0 T, 0T YT,

’
v:(uO,MOVv---yuO)/n ’uly"-vuly 9"'1u[—17"'9ul—1yn

And then, we have

t—1 n'—1
. . | .
(aqj+l’ vq+l)E — Zwt(qjﬂ)u;ﬂr Z yr(qj+l+q+1).
i=0 r=0
where ug, uy, ..., u;—1 are t nonzero elements in GF(qZ) such that

t—1

Z wi(qu)M?H £ 0.
i=0

-,
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From Lemma 5, we have (a%/ !, v7*1) g = 0ifand only if (j, [) takes the following

values:
Ifsisevenand 2 < s < h, then j = @) 2 j — ¢ — S@ED _ 4, 1f 5 odd

and1<s<——1thenj M+t 1,l=%—%—r;ﬁsis
oddand2+1gsgh—1,then]_“”hﬂﬂ—z,l:#—“‘”hﬂ—r.
8k

8ky+1
Let G = Gy, (a,v) = .

8ki+k—1
Let0<f; <ty < %’ (h— 4)(q+1) 2:1(q+1) <k < W_'_ I_W
and (3h—i)h(q+1) +r -2+ 2t2(q+l) < ki +k 1 < Gh= ?h(qﬂ) 4+ 2(t2+1}3(61+1)'

Then the range of k satlsﬁes q42—1 + w <k< # -3+ w. It
is easy to prove that (@%/*! v?*t1)p £ 0 if and only if j = WM +7—1and
[ = #—wﬁ—r,wheresisoddand%—Ztl <s< %+2t1;j = (‘Y_l)hﬂ+
r—2,l=3(’2—_3—%—t,wheresisoddand%—%z§s§ %+2t2;or
_ s(g+D —2] = _ s(g+1)
=" b=4q h

— 1, where s is even and % -2 <s < % + 2115
There are % + 4¢; + 21, + 2 pairs (j, 1) such that (a%/*!, v4+1) g # 0.

By gjg} = (a¥*!, 4+ g, then dim(Hull,(C)) = k — rank(GG") =k — 4 —
4t — 2tp — 2
[m}

From Lemmas 11 and Proposition 3, we can get the following theorem.

Theorem 5 Let g, n’, h, T be defined as above and t1, t2, k be integers. Then, there
exist [[n,n — 2k +c, k+1; c]ly EAOMDS codes and [[n, c,n —k+1;n — 2k +c]l,
EAQECCs, where n = tn’, ¢ = % + 4t + 2t + 2, and % + w <k <
el 34 2030t D@D < ¢ < pand 0 <1 < 1 < 1

Remark 5 Comparing Theorem 5 with Theorem 11 in [24], we find that most of the
length is different and the range of k is disjoint for the same length. Comparing
Theorem 5 with Corollary 3.4 of [22], we can conclude if ¢ is odd, the length is
different. That means that the EAQMDS codes constructed in Theorem 5 are new
when 7 is odd.

Example5 Letg =29andh = 12,thenn’ = 70,1 < < 12,and t = 2. By Theorem
5, there exist [[n,n — 2k + ¢, k + 1; c]];, EAQMDS codes and [[n, c,n —k + 1;n —
2k + c]]; EAQECCs, where the values of n, k, ¢ can be found in Table 7.

5 The third construction

In this section, similar to the previous two sections, we will construct some new
EAQECCs by extended GRS codes.
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Table 7 The values of n, k, ¢ in

Example 5 k ¢
70¢ 15<k<17
70¢ 20<k <22
70t 25 <k <27 11

In the proofs of Lemmas 3,4, 6,7, 8,9, 10 and 11, if the generator matrices of GRS
code satisfy the condition in Lemma 1, we can construct the following extended GRS
codes:

Lemma 12 Let q, h, T, n’ be defined as in Sect. 3, and n = n’(% +1,(1 <1< %).

Then, there exist some extended GRS codes with following parameters:

(1) Let ty, k be integers, where 0 < tg <t — 2(t > 2) and % +T+ M <k <
% +1+ w — 1, the code C has parameters [n + 1, k,n — k + 2], and
Hull, (C) has dimension k — 2ty — 3.

(2) Let ty, k be integers, where 0 < ty < % —t and qz;l +71+ w <k <
% +27 + w — 1, the code C has parameters [n + 1, k,n — k + 2],
and Hull, (C) has dimension k — 2t — 319 — 1.

(3) Let ty, k be integers, where 0 < 19 < % —t—1and % +27 + w <
k< % +17+ w — 1, the code C has parameters [n + 1, k,n —k + 2],
and Hull,(C) has dimension k — 2t — 3ty — 2.

Lemma 13 Letq, h, T, n’ be defined as in Sect. 3, andn = n’(% —1),0<t< %— 1).
Then, there exist some extended GRS codes with following parameters:

(1) Let ty, k be integers, where 0 < ty < % — 1 and % + 1T+ M < k <
% + 27 + w — 1, the code C has parameters [n + 1, k,n — k + 2],
and Hull, (C) has dimension k —t — 3ty — 4.

(2) Let ty, k be integers, where 0 < ty < % — 2 and qz;l + 27 + w <k <
% +174+ w — 1, the code C has parameters [n + 1, k,n —k + 2], and
Hully, (C) has dimension k —t — 3ty — 5.

Lemma 14 Let g = 3 (mod 4) and h,t,n’ be defined as in Sect. 4.1, and n =
n' (% +2t+2),0<t < % — 1). Then, there exist some extended GRS codes with
following parameters:

(1) Letty, tr, k be integers, where ) < t) < t) < tand@ +1+ w <k <
% + 17+ w, the code C has parameters [n + 1, k,n — k + 2], and
Hull, (C) has dimension k — 2t; — 2t, — 3.

(2) Let t1, 12, k be integers, where 0 < t; < th < % —1—1t and % + 1+

w <k < ? +7 4 w the code C has parame-

ters[n+1,k,n —k + 2], and Hully,(C) has dimension k — 4t — 4t; — 2ty — 3.

Lemma 15 Let ¢ = 3 (mod 4) and h, t,n’ be defined as in Sect. 4.1, and n =
n’(% —-2t),0 <t < % — 1). Then, there exist some extended GRS codes with
following parameters:
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Let t, tr, k be integers, where 0 < t] <ty < %—land‘lzﬁ—f—t—}—w <

k< % +17+ w the code C has parameters [n + 1, k,n — k 4+ 2], and
Hull, (C) has dimension k — 2t — 2t; — 2ty — 5.

Lemma 16 Let g = 3 (mod 4) and h, T, n’ be defined as in Sect. 4.1, and n = tn/, for

1 <t < h. Then, there exist some extended GRS codes with followmg arameters:
Let 11, 1y, k be integers, where 0 <1 <t < g — 1 and q+ + T+ Il+t2)(q+1)

k < % + 17+ w, the code C has parameters [n,k,n — k + 1], and

Hully(C) has dimension k — % — 41; — 21, — 4.

Lemma17 Let g = 1 (mod 4) and h, t,n’ be defined as in Sect. 4.2, and n =
n' (]41 +2t+1),0 <t < }'7_4). Then, there exist some extended GRS codes with
following parameters:

(1) Let t1, 12, k be integers, where 0 < t;] <tr, <t —1and qTH + w <

k < % + w, the code C has parameters [n + 1, k, n — k + 2], and
Hully, (C) has dimension k — 2t; — 2t — 3.

(2) Letty, ta, k be integers, where ) <t} <1t < h7;4 —tand % +
k< qTH -3+ w the code C has parameters [n+ 1, k,n —k +2],
and Hully (C) has dimension k — 4t — 4t; — 2t, — 3.

2Q1+n+0)(g+D) _
h

Lemma 18 Let ¢ = 1 (mod 4) and h, t,n’ be defined as in Sect. 4.2, and n =
n' (% —2t—1),0 =<1t < %). Then, there exist some extended GRS codes with
following parameters:

Let t1, 1y, k be integers, where 0 <t} <t < % and % + <k <
% + w, the code C has parameters [n+ 1, k,n —k+2), and Hull,(C)
has dimension k — 4t — 411 — 2t, — 5.

2(t +t2)(q+l)

Lemma 19 Lerq = 1(mod4) and h, t, n’ be defined as in Sect. 4.2, andn = tn’, (1
t < h). Then, there exist some extended GRS codes with following parameters:

Let t1, tp, k be integers, where 0 < t; <t < % and % + w <k <
% -3+ w, the code C has parameters [n, k,n —k+ 1], and Hull,(C)
has dimension k — % — 4t — 21 — 3.

IA

From Lemmas 12, 13, 14, 15, 16, 17, 18, 19 and Proposition 3, we can get the
following theorems.

Theorem 6 Let g, n', h, T be defined as in Sect. 3 and k be an integer. Then, there exist

[[n+1,n=2k+c+2,k+1;c+1]ly EAOMDS codes and [[n+1,c+1,n —k +

2;n — 2k + ¢ + 2]l EAQECCs, if one of the following holds:

1) n=n (4+t) c = 2ty+2, andq2 +T+2to(q D k< %—}—I—FW—L
whererthandO§t0§t—2.

@) n=n't+1), c=2t+3t, and G + ¢ + 2HDE=D o < 47l 4 or o
20t=D@=D 1 yhere 1l <t <% and0 <1<t —1.

G n=n't+0),c=20+30+1, 455 427 4 230=DED o p < a7l 4oy
W—l,wherelft< and0<t0< —t—l
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(4)n=n/( —1),¢c=1+31H+3 andq2 +t+2[°(q D <k <2t 1+2T+
2(to+1}3(q ) —1Lwhere0O<t <% —land0<ty<%—1

(5)n=n/(%—t),c—t+3t0+4a"dq21+2f+2t0(;11 1)<k§%+r+
—2(’0“}3(‘1_1)—l,whereOSIS%—landoflofg—z-

Theorem 7 Let g, n’, h, T be defined as in Sect. 4.1 and t, t2, k be an integer. Then,
there exist [[n + 1,n — 2k +c+ 2,k + 1; ¢ + 1]l; EAQMDS codes and [[n + 1, ¢ +
I,n—k+2;n—2k+c+2]ly EAQECCs, if one of the following holds:

M) n=n"42042), c =201+ 20 +2, T2 o 4 20HDEHD g <023 4 7y
2040+D@H) ypere 0 <ty <p <1 < B 1.

@) n=n't +2042), c=dr+ 4 + 26 +2, 12 4 ¢ 4 2QHEDEHD g <
43 4 ¢ 4 22ED@HD ppere 0 <1y <t < B 11,

G)n=n't —20), ¢ =2t + 4 + 20+ 4, and 1 + ¢ 4 20HDEED g <
43 4 ¢ 200EDEED ppere 0 <t < B —land0 <t < < B —1.

Theorem 8 Let g, n’, h, T be defined as in Sect. 4.1 and t1, 1o, k be integers. Then,
there exist [[n + 1,n — 2k + ¢+ 2,k + 1; ¢ + 1]l; EAQMDS codes and [[n + 1, ¢ +
In—k+2;n—2k+c+2]ly EAQECCs, where n = tn’, c = % + 4t + 2t + 3,
and # +T 4+ 2(11+t§2)(4+1) <k < % +7 4 2(t1+t2-;1)(q+1)’ 1 <t <h, and
0<n<n=<t-L

Theorem 9 Let g, n', h, T be defined as in Sect. 4.2 and t, t2, k be an integer. Then,
there exist [[n + 1,n — 2k +c+ 2,k + 1; ¢ + 1]l; EAQMDS codes and [[n + 1, ¢ +
I,n—k+2;n—2k+c+2]ly EAQECCs, if one of the following holds:

IA

M n =" 42 4+1), ¢ =21 + 20 42, 431 4 20d)@ED g

2(t1+r+1D)(g+1) h—4
= ,Wwhere 0 <t <t <t < 3

(Z)n—n(4+2t+1) ¢ = 41 + 41y + 21 + 2, G 4 2EENEDGED g

q—é—l 3+w,whﬁ?0§tlfl2§hﬁ‘4—l.

Gyn=n-2—1),¢c=2+4+ 2z2 + 4, 43l 4 2tn)gtl) o g <
ol 3y 200G 0 < < "ha

5 and0<t1<t2 =5

-3
=+

IA

Theorem 10 Let g, n', h, Tt be defined as in Sect. 4.2 and 11, tp, k be integers. Then,
there exist [[n + 1,n — 2k + ¢+ 2,k + 1; ¢ + 1]l; EAQMDS codes and [[n + 1, ¢ +
In—k+2;n—2k+c+2]l; EAQECCs, where n = tn’, c = % + 4t + 2t + 2,
and 451  2030)atD g < abl 34 2046t D@ED ) <t < pand 0 <y <
t < =%

2> g

Remark 6 Similar to Remark 1, 2, 3, 4 and 5, we can see that most of EAQMDS codes
constructed in Theorem 6, 7, 8, 9 and 10 are new.
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6 Conclusions

In this paper, we constructed some classes of EAQMDS codes and EAQECCs and eval-
uated the dimensions of their Hermitian hulls. According to the entanglement-assisted
quantum singleton bound, the resulting EAQMDS codes are optimal. In Table 8 we
2
summarize the parameters of all precious quantum MDS codes with length w

and w + 1 (where b|(g> — 1) and a is a positive integer). From the tables, we
can easily see most of these g-ary EAQMDS codes are new in the sense that their
parameters are not covered by the codes available in the literature. GRS code is a
powerful tool for constructing EAQMDS codes. In the future work, we look forward
to getting more EAQMDS codes with large minimum distance from GRS codes.

Funding Funding was provided by National Natural Science Foundation of China (Grant Nos. 61772168,
61972126), Fundamental Research Funds for the Central Universities (Grant No. PA2019GDZC009).
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