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Abstract

Let g be a prime power with ged(q,6) = 1. Let R = F > + ulF 2 + vF 2> 4+ uvF 2,
where > = u, v> = vand uv = vu. In this paper, we give the definition of linear skew
constacyclic codes over F 2 R. By the decomposition method, we study the structural
properties and determine the generator polynomials and the minimal generating sets
of linear skew constacyclic codes. We define a Gray map from ng x RP to IFZ;F 48
preserving the Hermitian orthogonality, where o and § are positive integers. As an
application, by Hermitian construction, we obtain some good quantum error-correcting
codes.

Keywords Linear skew constacyclic codes - Gray map - Hermitian orthogonality -
Hermitian construction - Quantum codes
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1 Introduction

In 2007, Boucher et al. [12] studied skew cyclic codes over finite fields. These codes
were constructed by non-commutative polynomial rings. The authors showed that
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some skew cyclic codes have larger minimum Hamming distances than previously
best-known linear codes of the same lengths and dimensions. Inspired by this work,
there are many papers on skew codes over finite fields. Abualrub et al. [1] studied
skew quasi-cyclic codes over finite fields. Siap et al. [34] studied the structure of skew
cyclic codes of arbitrary length and constructed some good linear codes over finite
fields. Recently, the topic on skew codes has been generalized to finite rings. Boucher
et al. [13] studied some structural properties of skew constacyclic codes over Galois
rings. In [26], Jitman et al. generalized this issue to finite chain rings. Afterwards,
many scholars studied skew cyclic codes and constacyclic codes over finite ring such
as [2,11,14,22,24,36,38,42].

In past years, there are several papers on mixed alphabet codes. In 1973, Delsarte
[17] introduced additive codes which can be viewed as subgroups of the underlying
abelian group of the form Z7 x Zf. Later, many scholars paid more attention to
additive codes. Abualrub et al. [3] and Borges et al. [10] introduced Z;Z4-additive
cyclic codes. They investigated the generator matrix and the duality of the family
of codes. Aydogdu et al. [6,7] generalized Z,Z4-additive codes to Z,Z,s-additive
codes and Z r Z s -additive codes. Afterwards, some papers focused on additive codes
appeared, such as [5,18,33,35].

Quantum error-correcting codes (QECCs) are based on the classical information
theory and quantum mechanics. They play an important role in quantum computa-
tion and quantum secret communications, such as quantum signature schemes [41],
quantum identities authentication schemes [16] and quantum key distribution proto-
col [40]. Recently, it has become a hot topic of constructing quantum error-correcting
codes [8,14,20,30] and quantum error-avoiding codes [39]. The first quantum code
was discovered by Shor [32]. Later, a construction method called CSS construction
of quantum codes from classical error-correcting codes was given by Claderbank et
al. [15]. Afterwards, many good quantum codes have been constructed from classical
error-correcting codes.

The error-correcting codes over finite rings have richer algebraic structures than
those over finite fields. Therefore, the quantum coding theory over the finite rings has
received a lot of attention, recently. Many coding scholars have constructed new quan-
tum codes with Euclidean and Hermitian orthogonality from cyclic and constacyclic
codes over finite rings such as [21,23,29,31]. Recently, the structural properties of
cyclic, constacyclic, skew constacyclic codes over the ring F;, + uF, + vF, + uvF,
have been studied. Ashraf et al. [4] constructed quantum codes over Fs from cyclic
codes over Fs + uFs + vFs + uvFs. Yao et al. [42] considered the structural prop-
erties of Euclidean dual codes of skew cyclic codes over Fy + ulf, + vF, + uvF,.
Zheng et al. [43] studied some properties of Euclidean dual codes of constacyclic
codes over IF, + ulF), + vF, + uvlF,. Ma et al. [28] constructed some non-binary
quantum codes from constacyclic codes over F,[u, v]/(W? — 1,0 — v, uv — vu).
Skew constacyclic codes generalize cyclic codes and constacyclic codes and provide
more flexibility in constructing of good quantum codes. In [14], the authors con-
sidered the structure of Euclidean dual codes of skew constacyclic codes over the
ring Fy [u, v]/(u? — 1,v> — 1, uv — vu), and some quantum codes were constructed
from this family of codes. In [8], Aydin et al. introduced and studied additive skew

@ Springer



[FgqR-linear skew constacyclic codes and their application... Page3of23 193

cyclic codes over the quaternary field F4. They showed that some optimal quan-
tum codes can be obtained from additive skew cyclic codes. Motivated by the above
work, in this paper, we consider structural properties of skew constacyclic codes
with respect to the Hermitian inner product over the mixed alphabet F 2> R, where
R = qu + u]qu + quz + quqz with u? = u, v> = v and uv = vu. The contribu-
tions of our paper are listed as follows.

1. We discuss structural properties of skew A-constacyclic codes over R. Moreover,
we consider the dual codes of skew A-constacyclic codes with respect to the Her-
mitian inner product. A sufficient and necessary condition for the existence of
Hermitian dual-containing skew A-constacyclic codes over R is given.

2. We study the algebraic structure of IF > R-linear skew constacyclic codes and deter-
mine the generators and the minimal spanning sets of this family of codes.

3. We define an F2-linear Gray map from ]F;‘2 x RP to ]F‘Z;r ¥ The Gray image of
any I > R-skew constacyclic code is the product of a cyclic code over F > of length
o and four skew constacyclic codes of length S.

4. As an application, by the Hermitian construction, we obtain some new quantum
error-correcting codes. Moreover, our new quantum codes have better parameters
than the ones appeared in previous studies.

This paper is organized as follows. In Sect. 2, we give some basic definitions and
introduce the skew polynomial ring R[x, ], where R = F 2 + ulF 2 + vF 2 + uvF 2
with u? = u, v> = v and uv = vu. In Sect. 3, we study some structural properties of
skew constacyclic codes over R. In Sect. 4, we introduce the definition and algebraic

structure of I > R-linear skew constacyclic codes and determine their generating sets.

In Sect. 5, we define an F »-linear Gray map from IE‘ZZ x RP to IE‘Z;F N Finally, we

construct some good quantum codes from F > R-linear skew constacyclic codes by
Hermitian construction.

2 Preliminaries

Let F > be a finite field, where g is a prime power such that ged(q, 6) = 1. Let
R = qu + uJqu + v]qu + ququ, where u? = u, v> = v and uv = vu. Clearly, R is
not a finite chainring. Lete; = uv,eo = u—uv,e3 = v—uv,eq = l—u—v+uv.Itis
easy to show that ei2 =¢;,eie; =0and Z?:l e =1,wherei =1,2,3,4andi # j.
From the Chinese remainder theorem, we have that R = equz GaezIE"qz ®e3Iqu EBe4qu.
Thus, for any elementr € R, r can be expressed uniquely asr = ejs+ext +ezw+esz,
where s, t, w, z € IE‘qz.
We define the set

IquR ={(x,r)|x € qu, r € R}.
It is a ring but not an R-module under the operation of standard multiplication. For

anyr =eistext+exw+tez=z+ult—z)+vw—2) +uvis—t—w+2),
define the following map
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8:R—>qu

r=-e1s +ext+ezw—+eqz7 — 2.

Clearly, § is a well-defined ring homomorphism. For any / € R, we define a multipli-
cation x by Ix(x,r) = (§(I)x, [r). It can be naturally generalized to ]ng x RP given
by

Ixpp = (8(Dxo, -, 8D xg-1lrg, ..., Irg_y),

where ! € R, it = (x0, ..., Xq—1]7), ""r,/s—l) € IFZ‘2 x RE.
From the above discussion, we have the following result directly.

Lemma 1 The ring Fzz x RP is an R-module under the addition in the usual way and
the above multiplication.

In the following, we introduce an automorphism of R. Define

6:R— R
a+ub +ve+uvd — a? +ub? + vc? +uvd?.

In this case, ord(f) = 2. Clearly, the invariant subring under the automorphism 6 is
Fy +uF, +vF, +uvlF,.

Definition 1 Let 6 be an automorphism of R defined above. The skew polynomial ring
R[x, 0] is a set of polynomials

R[x,0l={a(x) =ap+ajx +---+a;x'|a; e R, foralli =0,1,...,1¢},

where the addition of these polynomials is defined in the usual way, while multiplica-
tion is defined using the distributive law and the rule

(ax®) % (bx’) = ab' (b)x'*/.
The skew polynomial ring R[x, 6] is a non-commutative ring.

An element g(x) € R[x, 0] is said to be a right divisor of f(x) if there exists a
polynomial g(x) € R[x, 8] such that

f(x) =qgx)*gx).

In this case, f(x) is called a left multiple. Similarly, the left divisor can be given. In
the following paper, we denote g(x) a right divisor of f(x) by g(x)|, f(x). Similar to
the reference [26], we give the right division algorithm in R[x, 6].

Lemma 2 [26] Let f(x), g(x) € R[x, 0], where the leading coefficient of g(x) is a
unit. Then, there exist unique polynomials q(x), r(x) € R[x, 0] such that
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J ) =q(x) *g(x) +r(x),
where r(x) = 0 or deg(r(x)) < deg(g(x)).
The definition of left divisor algorithm is similar to the right divisor algorithm.

A non-empty subset C of IE'Z‘2 x RP is called an [F 2 R-linear code if it is a left R-

submodule of ]FZ2 x RP.Let C be an [F,2 R-linear code and Cy (respectively, Cg) be

the canonical projection of C on the first & (respectively, on the last ) coordinates. The
code C is called separable if C is the direct product of Cy and Cg,i.e. C = Cy x Cg.

Letx = (xo,...,xa,1|x(/),...,x‘gfl),y = (yo,...,ya,1|y(’),...,y;gil) e]F‘;‘2 X
R, where xl;. =e1S1,j +ext1,j+eswy j+esz; j and y} =esy,jtextr jteswy j+
e4z2,j, for j = 0,1,..., 8 — 1. The Hermitian inner product between x and y is
defined by

| a—1 B—1
(b = e +ertes) Y xif(n) + ) X007,
i=0 j=0

For an F > R-linear code C of length o + B, its Hermitian dual code is defined by
C=\{y eIng x RP| < x,y >p=0, forany x € C}.

A code is called Hermitian dual containing if ctf cc.

3 Skew A-constacyclic codes over R

In this section, we discuss the structural properties of skew A-constacyclic codes over
R.
For a linear code C of length n over R, define

Al ={se F;2| I, w,z € IB‘ZZ,s.t. e1s + ext + e3w + eqz € C},
Ay =1{t e IF‘;'2| As,w,z € F;’z,s.t. e1s + et + ezw +eqz € C},
(D

Az ={w e F22| ds,t,z € IF'ZZ, S.t. e1s + ext + e3w + eqz € C},
Ay ={z ¢ IFZZ| Is,t,w € IFZZ, s.t.es + et +ezw +eqz € Cl.
Clearly, for any i = 1, 2, 3, 4, A; is a linear code of length n over IB‘qz. Moreover, the

linear code C can be uniquely expressed as C = ej A1 B e2As @ e3A3 @ esAs. The
generator matrix of C is

e1Gy
e2Go
e3G3
esGy

where G; is the generator matrix of A;, fori = 1,2, 3, 4.
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It is well known that the skew polynomial ring R[x, €] is a non-commutative ring,
then the ideal (x” — 1) of R[x, 6] may not be two sided, where A is a unit in R. It
is easy to show that (x" — 1) is a two sided ideal if and only if n is an even integer
because of ord(f#) = 2. However, when n is odd, R[x, 8]/(x" — 1) is a left R[x, 0]-
module, where the left module multiplication is given by f(x) * (g(x) + (x" — 1)) =
f(x) xg(x)+ (x" —A), for f(x) and g(x) € R[x, 6].

Definition 2 Let A be a unit in R. A linear code of length n over R is called a skew
A-constacyclic code if

(i) C is aleft R-submodule of R";
(ii) C is closed under the py-constacyclic shift, i.e.

p.(c) = (A0(cp—1), 0(co), ..., 0(cp—2)) € C,

for any codeword ¢ = (cg, c1,...,cn—1) € C.

When A = 1, C is called a skew cyclic code over R. When 1 = —1, C is called a
skew negacyclic code over R.

Let R, = R[x, 0]/{x™ — A). To associate the vectors of R with the polynomials
in R,, we define an R-module isomorphism from R” to R, as

(€O, Cls vy Cn1) P> COAC1X o cugx" L

According to the above discussion, we can get the following result directly.

Lemma 3 A linear code C of length n over R is a skew A-constacyclic code if and
only if C is a left R[x, 0]-submodule of R,,.

In the following, we will identity the skew A-constacyclic code of length n over R
with a left R[x, 6]-submodule of R,,.

In [43], Zheng et al. gave the sufficient and necessary condition for the existence
of units in the ring F, +ulF, +- vIF, + uvlF,. Similarly, we give the following lemma.

Lemma4 Let . = a + ub + vc + uvd be an element in R. Then, A is a unit in R if
and only if A1, A2, A3 and ,4 are units in ]qu, where \y =a+b+c+d, Ao =a+b,
M=a+c A =a.

Now we give some results about skew A-constacyclic codes over R. They are
significant to study the generator polynomials of skew A-constacyclic codes over F 2 R.
For the sake of convenience in writing, we denote by A and A; the following elements

A=a+ub+vc+uvd, M =a+b+c+d, Mm=a+b, IMm=a+c, I =a.
Theorem 1 Let C = e A @ exAr @ e3A3 ® eq A4 be a linear code of length n over

R. Then, C is a skew \-constacyclic code with respect to the automorphism 0 if and
only if A; is the skew A;-constacyclic code over ¥ 2, fori =1, 2,3, 4.
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PrOOf Let (S()? Slyeens Sﬂ—l) € Al? (t01 tls MR} tn—l) € A23 (w07 Wiy enns wn—l) €
Asz and (20,21, ..., 2n—1) € Ag4. Suppose that ¢; = e1s; + ext; + e3w; + e4z;, for
i =0,1,...,n — 1. Then, the vector (cg,c1,...,cn—1) € C. Since C is a skew

A-constacyclic code with respect to the automorphism 6, then we have
(A0(cn-1),0(co), ..., 0(cp—2)) € C.
Note that A = ejA| + epAp + €313 + eqrq. Thus,

()"O(c)’l*l)’ 9(60)7 IR ] 9(@172))
=e1(AM10(sp—1),0(50), ..., 0(sn—2)) + e2(A20(th-1), 0 (t0), . . ., O(ts—2))
+ e3(A30(wy—1), O(wo), ..., O(wy—2)) + ea(A40(z4—1), 0(20), ..., 0(zu—2)).

Therefore, (A10(sp—1), 0(s50), ..., 0(sp—2)) € A1, (A20(th—-1),0(t0), ..., 0(ty—2)) €
Az, (A30(wy—1), 0(wp), ..., 0(wy—2)) € Az and (A40(2—1), 0(20), - .., 0(z4—2)) €
A4, which implies that A; is the skew A;-constacyclic code over IE‘qz,fori =1,2,3,4.

On the other hand, assume that (cq, ¢, ..., c,—1) € C, where ¢; = es; + ext; +
esw; +eqzi, fori =0,1,...,n — 1. By Eq. (1), we have (sg, 51, ...,5,—1) € A1,
(to, 11, ..., ty—1) € Az, (wo, Wy, ..., wy—1) € Az and (20, 21,...,2n-1) € A4. For

any i = 1,2, 3,4, if A; is the skew A;-constacyclic code over Iqu, then

(A0 (cn-1),0(co), - .., O(cu—2))
=e1(AM0(57-1),0(50), ..., 0(sn—2)) + e2(A20(ty—1), 0(t0), ..., 0(ts—2))
+ e3(A30 (wy—1), O(wo), - . ., O(wy—2)) + e4(246(z4-1), 0(20), - - -, 0(zn—2))
€e1Al DerAr D e3As D esAs.

Therefore, (A0 (c,—1),0(co), - .., 0(cn—2)) € C, which implies that C is a skew A-
constacyclic code over R. O

In [22], we know that a skew A-constacyclic code of length n over F 2 is a left
F,2[x, 6]-submodule of F 2[x, #]/(x" — i) generated by a monic polynomial f (x)
with minimal degree in C and f(x)|(x" — X). According to the result, we have the
following theorem.

Theorem2 Let C = e A @ exAr ® e3A3 ® eqAq be a skew A-constacyclic code of
length n over R. Let Aj = (gi(x)) be the left F 2[x, 0]-submodule of F 2 [x, 61/ (x" —
Ai),fori =1,2,3,4. Then, C = (g(x)), where g(x) = e1g1(x)+exg2(x)+e3g3(x)+
e4g4(x) with g(x)],(x" — 1).

Proof The proof process is similar to that of Theorem 6 in [22]. O

Theorem3 Let C = e1A| @ e2Ar @ e3A3 @ esAq be a skew h-constacyclic code of
even length over R, where ) is fixed by 6 of R. Then, C+H = elAlLH ® 62A2LH ®
e3A3LH ® e4AiH is a skew )Fl-constacyclic code over R, where AI.LH is the skew
A;l-constacyclic code over qu,fori =1,2,3,4.
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Proof Let x = (x0,X1,...,Xs—1) € Cand y = (yo, V1, ..., yu_1) € C. Then,
P ) = 0" (), A0 (x2), L A0 (1), 677 1 (x0)) € C. Note that A is
fixed by 6 and n is even. Thus, we have

0= (p/"'x), Vm

2
= A0 (x1)O (o) + 20(x2)0 (y1) + - - - + A0 (xu—1)0 (Yn—2) + 0 (x0)0 (Yn—1). @

From Eq. (2), we obtain

0=00p} "), y)m)
= A(X1Y0 4+ X2Y1 + - 4 Xn_1¥n—2 + A xoyn_1),

which implies that x1yg +x2y1 4+« +Xp—1Yn—2 +)F1xoyn,1 = 0. Since p;-1(y) =
(70 n-1).0(30). . ... 0 (ya—2)), then

(X, 01 (M) = %00 (70 (yu-1)) + X100 (30)) + -+ + X100 (yn—2))
=2 x0Yno1 + X1¥0 + + + X1 Y2
=0.
Therefore, p;-1(y) € C LH Consequently, C+# is a skew A~ !-constacyclic code over
R. Similar to the proof of Theorem 1, we can get C+# = ¢; A{-H @egAi‘H Des A%H @
e4Aj-H and AiJ-H is a skew Ai_l-constacyclic code over Iqu, wherei =1,2,3,4. 0O

Let a(x) = ap + aix + -+ + apx™ € Fpalx, 0]. Define (p(ZTZOaixi) =
Y oxaand g (3" aixt) = Y 6(a;)x’, which are introduced in [9]. Accord-
ing to [37], we have the following result.

Lemma5 Let C = (g(x)) be a skew A-constacyclic code with respect to the auto-
morphism 6 of even length n over F ». Let g(x) = Zdigo(g(x)) ! gix! + x92W™) gpd

h(x) = Zdeg(h(x)) 1h,)c + xdeg(h(x)) such that x" — A = h(x) x g(x) in F2[x, 0].
Then,

CJ_H — <9deg(h(x))+l (ho_l)(b(.xdegh(x)@(h(x))))

From Theorem 3 and Lemma 5, we have the following theorem.

Theorem4 Let C = (ejg1(x) + exga(x) + e3g3(x) + esga(x)) be a skew -
constacyclic code with respect to automorphism 6 of even lengthn over R. Let g; (x) =

deigégl (x)— 1 x, + xdeg(si(x)) and hi(x) = Ztiigéh i(x0))— ]hi xJ + xdeghi() geh

thatx — A —h (x)xgix)inTF z[x 0], fori =1,2,3,4 Then
CH = (e1h] (x) + exh}(x) + e3h} (x) + eah) (x)),
where hf (x) = 93 e (- 1y (x4e8h o (1 (x)))
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Lemma 6 Let C = (g(x)) be a skew L-constacyclic code of even length n with respect

to the automorphism 6 over F». Let A = +1 and g(x) = Z?i%(g(x))_l gix' +

xdeg@)) p(x) = Z?igo(h(x))_l hixt + x40 qych that x™ — A = h(x) % g(x) in

F2lx, 6] Then, C+# € C if and only if x" — A|,h" (x) % h(x).

Proof Let . = %1. Since n is even and ord(f) = 2, then x* — A commutes with any
skew polynomial in Iqu[x, @]. Thus, we have h(x) * (x" — 1) = (x"* — X) * h(x).
Since x" — A = h(x) x g(x) in F 2[x, 6], then

h(x) * (h(x) % g(x)) = (h(x) * g(x)) * h(x) = h(x) * (g(x) * h(x)).

As the leading coefficient of 4(x) is a unit in qu [x, 0], divide both sides of the above
equation by A (x), then we get h(x) * g(x) = g(x) * h(x). Assume that cti cc, by
Lemma 5, there exists a polynomial ¢(x) € qu[x, 0] such that At (x) = q(x) * g(x).
Multiplying both sides of it by /(x) on the right, we have W) xh(x) = q(x)*xg(x)*
h(x). Thus, AT (x) % h(x) = q(x) * (x" — X) implying that x" — M,hT(x) * h(x).

On the other hand, if x" — A|,h" (x) % h(x), then there exists a polynomial p(x) €
IE‘qz[x, 6] such that A7 (x) % h(x) = p(x) * (x" — 1) = p(x) * g(x) * h(x), which
implies that (h%(x) — p(x) * g(x)) *x h(x) = 0. Since h(x) is not a zero divisor in
F,2[x, 6], then h¥(x) = p(x) * g(x), which implies that C+# < C. O
Theorem5 LetC = e A1 Der Ay De3 AzDesAg be a skew A-constacyclic code of even
length B over R, where A1 = (g1(x)), A2 = (g2(x)), A3 = (g3(x)) and A4 = (g4(x))
with x" — Ay = hy(x) * g1(x), X" — Az = ha(x) * g2(x), x" — A3 = h3(x) * g3(x)
and x" — dg = ha(x) * ga(x). Foranyi = 1,2,3,4, if \; = *£1, then cti cc if
and only if

X" = Aleh () % hi(x), X" = Aol hb(x) * ha(x),
X" = A3l h () % h3(x), X" — Aalph(x) * ha(x).
Proof SupposethatnisevenandA; = £1,fori =1, 2,3, 4. Ifx"—ki|rhj(x)hi(x),by

Lemma 6, we have Al.J-H C A;, which implies that e,-Al.J-H CeiAj, fori =1,2,3,4.
Thus,

AT @ ey AT @ e3 AT @ eq AT Ce1 A1 @ erAr @ e3A3 @ esAs.
Hence, C+¥ C C.
Conversely, if C11 C C, then e; A" @ e2 A7 ® e3AT7 @ esAFH C 1A @
erAr DesAsDesAy. Thus, el-Al.LH Ce;jA;,fori = 1,2, 3, 4. Therefore, A[.LH C A;,
where i = 1,2, 3, 4. By Lemma 6, we have the result. O

4 Linear skew A-constacyclic codes over F ;R

In this section, we study linear skew A-constacyclic codes over F > R. We give the
definition of I > R-linear codes first.
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Lete; = uv,ep = u—uv,e3 = v—uv,eq4 = l—u—v+uv.Sincee|+er+e3+e4 =
1, then for any ¢ = (x]y) € IE‘ZZ x RP, we have ¢ = (Z?:l e,-x|y), where x € ]FZ‘2

andy = ejs+ext +e3w+eqz € RP . For a linear code C of length o 4- B over qu R,
define

(xls) € F% x Y, |x € F%, 5 € Al},

Cy
C
C3

[(x|t) €F x F/y |y € T 1 € A2],
{(x|w) € F‘;‘z X Fsz |x € ng’ w e A3},

Cy= {(x|z) €T x Fy [x € FYy, z € A4} ,
where A; is defined as (1), fori = 1,2, 3,4. A linear code C of length o + 8 over
quR can be expressed as C = ¢;C| @ e2Cy & e3C3 D e4Cy.

Definition 3 Let 6 be an automorphisms of R and A be a unitin R. A code C is called
an [ > R-linear skew A-constacyclic codes of length o + g if

(i) C is a left R-submodule of FZZ x RP;
(i1) C is closed under the Tp_;-constacyclic shift, i.e.
Ty,.(c) = (ca—1, €05 - - - Ca—zlw(c,/g_]), 0(co)s - - - 9(6,/3_2)) eC,
where ¢ = (co, ¢1, ..., ca—1lcy, €], '~~’C;371) € Cwith(co, c1,...,Cq—1) € ]FZZ

and (¢, ¢}, ...,c},_l) € RP.

Let Ry p = qu[x]/(x"‘ — 1) x R[x, 6’]/(x‘8 — A). To associate the vectors of
ng x RP with the polynomials in Ry g, we define an R-module isomorphism from

FZz x RP to Ry p as

(c0, €15 -+ s Cam1lchs €1y vy Cpy)

> (co+c1x + 4 cq1x* e+ ejx + -+ cl’gflxﬁ_l).

Let f(x) = fo+ fix + -+ fix" € R[x,0] and (c(x)|c'(x)) € Ry, g. Define the
multiplication operation

F*(c@)|c'(x)) = B(f(x)e@)] f(x) * ' (x)),

where §(f (x)) = 8(fo) +8(fi)x+---+8(f)x" and §(f (x))c(x) € Fpalx]/(x*—1),
f(x)%c'(x) € R[x, 0]/(x# — 1). From the above discussion, we give the polynomial
definition of F > R-linear skew A-constacyclic codes as follows.

Definition 4 A code C is called an F 2 R-linear skew A-constacyclic code of length
a+ pif
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(i) C is aleft R-submodule of Ry g;
(i) If (c(x)|c’(x)) € C, then

xx(c(x)|c'(x)) = (xe(x)|x % ¢'(x))
= (Ca—1 + C0X 4+ + ca—2x® " AO(c_)) + O(c)x
+o 0 xf T ec,

where ¢(x) = co + c1x 4 -+ + co1x*7 1 € Folx]/(x® — 1) and ¢'(x) =
chteix 4+ c;g_lxﬁ_l € R[x,0]/(xP — 1).

By the above multiplication operation, we have the following result.

Lemma?7 A code C is a linear skew A-constacyclic code of length o + p over F 2R
if and only if C is a left R[x, 0]-submodule of Ry g.

Theorem 6 Let C = ¢|C| @ e2Co @ e3C3 D e4Cy be a linear code of length o + B
over F 2 R. Then, C is a skew A-constacyclic code over ¥ 2 R if and only if C; is the
skew \;j-constacyclic code of length o + B over qu, wherei =1,2,3,4.

Proof Let ¢ = (co,c1, ..., Ca—tlch, €y .- -, cl’g_l) e C, where c; = e1s; +extj +
esw; + e4zj, for j = 0,1,..., 8 — 1. Then, the codeword ¢ can be expressed as
c = e1X] + exxy + e3x3 + eqx4, where

xp = (co,Cl, -+, Ca—1150,515--.,58-1) € Cy,
x2:(CO,Cl,...,Ca_1|t0,ll,...,tﬂ_l) €C27 (3)
x3 = (co,C1, ..., Ca—t1lwo, wy, ..., wg—1) € C3,
x4 = (co, C1, -+, Ca—1120, 21, - -, 2p-1) € C4.
Assume that C is a skew A-constacyclic code over IE‘qz R, then
Ty s.(c) = (Cq—15€COs - - » ca_2|)»0(cl’3_l), 0(cy)s---» 9(c/’3_2)) € C. Note that
20(ch_1)
= Me10(sp—1) + et (tg—1) + e30(wp—1) + e40(z5-1))
= e1M0(sp—1) + e2A20(1p—1) + e3230(wp—1) + earat(zp—1).
Then, Ty 5 (c) = e1y1 + e2y2 + e3y3 + e4y4, where
y1 = (Ca—1,€0s - -+, Ca—2|210(s5-1), 0(50), ..., 0(s-2)) € C1,
2 = (Ca—1, €05 - -+ » Ca—2|220(tg—1), O (t0), ..., O(tg—2)) € C2, @

¥3 = (Ca—15 €0, - - -, Ca—21A30(Wp—1), O(wo), ..., O(wg—2)) € C3,

y4 = (Ca—1, €0y - - -, Ca—21240(2-1), 0(20), ..., 0(zp-2)) € C4.
Combining (3) and (4), we can get C; is the skew A;-constacyclic code in ]F;‘2 X Fs 2
fori =1,2,3,4.

Conversely, it has the similar proof, so we omit it. O
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In the following, we consider the generators and the minimal spanning sets of linear
skew A-constacyclic codes over IF 2 R. The proof process is similar to that of Theorem
4 in [5].

Theorem 7 Let C be a linear skew A-constacyclic code of length o + B over F 2 R.
Then,

C = ((f(3)0), ((x)[g(x))),

where f(x),l(x) € F2[x]/(x* —1), deg(l(x)) < deg(f(x)), f()|(x*—1), g(x) =
e181(x) +e282(x) +e3g3(x) +eaga(x), g(x)|, (xP — 1) and xP — x; = hi(x) x gi (x),
i=1,2.3,4

Proof Let C be an [F,2 R-linear skew constacyclic code of length @ + . Define

¥ : C— Rlx,01/(xP =)

W)V (x)) = v'(x),

where v(x) € qu[x]/(x“ —1)andv'(x) € R[x, 0]/(x? —1).Forany p(x) € R[x, 0],
we have ¥ (p(x)*(v(x)|v(x))) = p(x) * ¥ (v(x)|v'(x)). Thus, v is a left R[x, 0]-
module homomorphism whose image is a left R[x, 8]-submodule of R[x, 6]/ (x‘3 —A).
By Lemma 3 and Theorem 2, we obtain that ¢ (C) = (g(x)), where g(x) = e1g1(x)+

e282(x) + e383(x) + eaga(x) with g(x)[ (xP — ).
Define the set I to be

I={f(x) €Fplxl/x* = DI(f(x).0) €ker(¥)} .
Clearly, / is an ideal of qu [x]/(x* —1). Hence, I is a cyclic code in qu [x]/{(x*—=1),
which implies that I = ( f(x)), where f(x) is a divisor of x* — 1. For any (v(x), 0) €
ker(yr), we have that v(x) € I = (f(x)). Therefore, there exists a polynomial p(x) €
R[x, 0] such that v(x) = §(p(x))f(x). Thus, (v(x)|0) = px)*(f(x)|0) which
implies thatker (1) is a submodule of C generated by one element of the form ( f (x)|0),

i.e. ker(y) = ((f(x)]0)), where f(x) € ]qu[x] and f(x)[(x* — 1). By the theorem
of isomorphism, we have

C/ker(y) = (g(x)).
Let (I/(x)|g(x)) € C such that ¥ (I(x)|g(x)) = g(x). Then, C can be generated as a

left R[x, 8]-submodule of Ry, g by two elements of the form (£ (x)[0) and (I(x)|g(x)).
Thus, any element in C can be written as

c()*(f(x)]0) +d (x)*(U (x)|g(x)),

where c(x), d(x) € R[x, 0]. Consequently,
C = ((f(0)]0), U (x)]|g(x))).
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Finally, we show that deg(l(x)) < deg(f(x)). Let C = ((f(x)|0), (((x)]|g(x))).
Suppose that deg(l/(x)) > deg(f(x)) and deg(/(x)) — deg(f(x)) = t. Let D =
((f(x)]0), (I(x)]|g(x)) + x"*(f(x), 0))). Then, it can be regarded as

D = ((f(0)]0), ((x) + x f(x)|g(x))).

Clearly, D € C.Moreover, (I(x)|g(x)) = ((x)+x" f(x)|g(x)) —x"*(f(x)|0), which
implies that C € D. Therefore, C = D, which implies a contradiction. O

Proposition 1 Let the notations be the ones defined in Theorem 1. Then, we have
F @) ha()l(x) in F2[x]/{x® — 1).

Proof Let x? — A; = hi(x) * gi(x), fori = 1,2, 3, 4. Then,

(e1h1(x) + exha(x) + e3h3(x) + eshq(x)) * g(x)
=erhi(x) * g1(x) + e2ha(x) * g2(x) + e3h3(x) * g3(x) + esha(x) * ga(x)

=e1(xf —a) +ea(xf — ) +e3(xf —a3) + ea(x — ra) (5)
= (e1 +ex+ ez +en)xP — (e1h1 + eara + €303 + eara)

_ B

=xP —A.

By Eq. (5), we obtain

(e1h1(x) + exha(x) + e3h3(x) + eshq(x))x(1(x)]g(x))
= (8(e1h1(x) + exha(x) + e3h3(x) + eqhs(x))[(x)|0)
= (h4(0)(x)|0) € ker ().

From Theorem 7, we have that f(x)|h4(x)I(x) in qu[x]/(x"‘ —1). O

Theorem 8 Let C = ((f(x)]|0), (I(x)|g(x))) be a linear skew \-constacyclic code of
length o + B over qu R, where B is an even integer and g(x) = e1g1(x) +e282(x) +

e383(x) + eaga(x), g(x)|, (xP — 1), xP — 1 = hi(x) * gi(x), i = 1,2, 3, 4. Suppose
that

a—deg(f(x))—1

si= U & rmio.
i=0
B—deg(h(x)—1
= U UwIg)).
i=0
Then,
S=85US%

forms a minimal spanning set for C with |C| = ¢>©@~9e(f () g4(B—deg(r())) "y pere
h(x) = erhi(x) + e2h2(x) + e3h3(x) + esha(x).
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Proof Let c(x) € C = ((f(x)|0), (I(x)|g(x))). Then, there exist polynomials a(x),
b(x) € R[x, 0] such that c(x) = a(x)*(f(x)]|0) + b(x)*(I(x)|g(x)). If deg(a(x)) <
o —deg(f) — 1, then c(x) = a(x)x(f(x)|0) € Span(S7). Otherwise, by the right
divisor algorithm, there exist polynomials ¢(x) and r(x) € R[x, 6] such that

x4 —1

J(x)

d(a(x)) = d(q(x)) +8(r(x)),

where §(r(x)) = 0 or deg(5(r(x))) < deg (%) Hence,

a()*(f(x)|0) = (8(a(x)) f(x)]0)

x%—1
=
<( (g(x)) @

= (8(r(x)) f(x)]0).

+ S(F(X)))f(x)|0>

Since deg(5(-(x))) < deg ("f(—;)l) then a(x)(f(x)]0) € Span(S)).
Let b(x) € R[x, 6]. If deg(b(x)) < B — deg(h(x)) — 1, then b(x)x(I(x)|g(x)) €
Span(S,). Otherwise, by the right division algorithm, there exist polynomials g1 (x),

r1(x) € R[x, 0] such that
b(x) = q1(x) * h(x) +r1(x),

where ri(x) = 0 or deg(ri(x)) < deg(h(x)). Note that A(x) x g(x) =
x# — 1 in R[x, 0]/(x? — X). Thus, b(x)*((x)|g(x)) = g1 (x)*(Sh(x))(x)|0) +
r1(x)x(l(x)|g(x)). Since ri(x)x(I(x)|g(x)) € Span($z), by Proposition 1, we get
q1(xX)*(S(h(x)I(x)]0) = q1(x)*(ha(x){(x)|0) € Span(S;). Consequently, c(x) =
a(x)*(f(x)]0) + b(x)*((x)|g(x)) € Span(S; U ) and it is easy to show |C| =
g2 le—deg(f (1)) g4 (B—deg(h(x)) O

5 The Gray images of linear skew 1-constacyclic codes over >R

For any r = eys + ext + e3w + eaz € R, r can be expressed as r = (5,7, w, z) €
11 1 1
11 —1-1
1—-1 1 -1}
1-1-11
we need a Gray map from R to F;z given by @ (r) = (s,t, w,z)M = rM, where
r = e15 + ext + eaw + esz. Here, for the sake of convenience in writing, we use r in
place of vector (s, t, w, z). It can be extended to

IE‘;‘Z. Let M = MT denotes the transpose matrix of M. Firstly,

@ :F% x RP —>]F°‘;'r4’3
q q

¢ = (05 vy Ca—1lCys s C_) P> (€O, -y CamtlcGM, ..., cy | M),
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where c;. = e15j + eatj + e3w; + e4z; and c;.M = (sj,tj,wj,z;))M, for j =
0,1,..., 8 — 1. The Lee weight of an element ¢ = (co, ..., Ca—tlcp, - - -, C;%—l) IS
ng x RP is defined as the Himming weight of the extended Gray image, i.e.

a—1 B—1
wr(e) = Y wa(c) + Y wy(P(C)).
i=0 j=0

The Lee distance between two vectors x and y in F%, x R? is defined as d; (x, y) =
wyr, (x — y). Based on the above definitions, we have the following result.

Proposition 2 Let @ be the Gray map defined above.

(i) ®isanl -linear distance preserving map from IFZz x RP (Lee distance) to ]FZ; 48
(Hamming distance).

(i) IfCisan(a+pB, M, dy) linear code over]qu R, then @ (C)isan[a+48, log%, dr ]
linear code over F 2, where M denotes the number of codewords in C.

Proof Letx = (xo, ..., Xq—1]X{s - - .,x}’g_l) andy = (50, .-, Ya—11¥g - - - » yé_l) €
IFZZ x RP, where X =ers1j +eatj +eswr;+eszijand i = e1so,j +eatn,j +
eswy j +eqz2 j,for j =0,1,..., 8 — 1. Then, from the definition of the Gray map
@, we have

DP(x+y)

= (XO +)’0, sy Xa—1 +y0(*1|('x(/) ‘|')’(/))M7 sy (x/ﬂ—l ‘|')’,/371)M)
= (X0, - .-, Xa—11x0M, ...,xl’g_lM) + Y0y« - s Yae1lYOM, . ..,y}’g_lM)
=d(x)+ D(y).

Moreover, for any a € Iqu, we have

@ (ax) = P (axo, ..., axq—1laxg, . .., ax//g_l)
= (axo, ..., axq—1laxyM, ..., axl’g_lM)
=ad(x).

Therefore, @ is an I 2-linear map. It is easy to show that @ is an [ 2 -linear distance
preserving map. O

Proposition 3 Let C be a linear Hermitian self-orthogonal code of length a + B over
F,2R. Then, ®(C) is a linear Hermitian self-orthogonal code of length o + 4 over
F,o.

q

Proof Let x = (xq,...,Xq—1lx(, - "xl/‘}—l)’ Y= (0 -ees Yar1lYgs oo es y;/S—l) €
IE‘ZZ x RP, where x} =e1S1,j +ext1,j +e3wy,j +e4z1,j and y; =e15,j+etr+
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eswy j +e4z2 j,for j =0,1,..., 8 —1.1f C is a linear Hermitian self-orthogonal
code over ]qu R, then

1 a—1 p—1
(.3 = et +ertes) Y xibi) + ) xj0() =0,

i=0 j=0

which implies that
1 a—1 B—1
=Y w000+ Y 51,6062 =0,
i=0 =0

1 a—1 B—1
EPIROEDBUNICHEY
i=0 j=0

(6)
1 a—1 p—1
T inﬁ’(yi) + Z wy,j0(ws, ;) =0,
i=0 j=0
p—1
ZZl,jﬁ’(zz,j) =0.
j=0
By Eq. (6), we obtain
p—1 a—1
1
Z(Sl,j9(52,j) +1,j0(t2,;) + wy, j0 (w2 ;) = ~7 inQ(Yi),
j=0 i=0
p—1
ZZ],jQ(ZZ,j) =0.
j=0
LetO(M) = (e(m,',j))()f,',j§3 for M = (m,',j)ofi,jfy Note that
(@(x), W) H
a—1 p—1
=D xb0)+ Y _xMOM) o)
i=0 j=0
a—1 p—1
=D X0 +4 Y (51,0(52,) + 11,02, ) + w1 ;0 wa ) + 21,;0(22,7))
i=0 j=0
=0.

Therefore, @ (C) is a linear Hermitian self-orthogonal code of length oo +48 over F ».
|
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6 Quantum codes from linear skew constacyclic codes over F.:R

Letged(n, ¢) = 1andm = ord,(¢?). Then, IF 2w contains a primitive nzh root of unity
nandx"” —1 = ]_L”;O1 (x —n'). Let s be an integer with 0 < s < n. The ¢>-cyclotomic
coset mod n containing s is defined by Cs = {s, sqz, s(qz)z, e, s(qz)’_1 }, where r
is the smallest positive integer such that s(qz)’ = s(mod n).

Let C = (g(x)) be acyclic code of length n over qu, where g(x) =[] Hiecj (x—

n') and s run through some subsets of g>-cyclotomic cosets mod 7. Let
Z=FQWU=Qme§i§n—4.

The set Z is called the defining set of C. Since C*¥! = (C%)*, then the defining set
of Ct is given by Z79 = {(—qZ(mod n)|z € Z}.

In [30], Mi et al. gave a sufficient and necessary condition for the existence of
Hermitian dual-containing cyclic codes over I 2 as follows.

Lemma8 [30] Let ged(g, n) = 1. A cyclic code of length n over F > with defining
set Z contains its Hermitian dual code if and only if Z(\Z~9 = @, where Z791 =
{—qZ(modn)|z € Z}.

Let Cy be a cyclic code over F > and Cg be a skew A-constacyclic code over R,
respectively. If C is separable, then C = Cy x Cg, ie. C = ((f(x)]0), (0|g(x))),
where Cy = (f(x)) with f(x)[(x* — 1) and Cg = (g(x)) with g (xP = ).

Lemma9 Let C = Cy x Cg be a separable linear code of length o + B over F 2 R.
Then, C+H C C if and only iijH C Cq and CﬂLH C Cg.

Theorem 9 [27] Let C| and C; be [n, ki, dl]qz and [n, k>, dz]qz linear codes, respec-

tively, where Cj‘H C Cy. Then, there exists a quantum error-correcting code C with
parameters [[n, ki +kz —n, > min{dy, d2}]],. In particular, ifo-H C Cy, then there
exists a quantum error-correcting code with parameters [[n, 2k; —n, > di]l,.

Assume that ged(a, n) = 1. Let Cy be a cyclic code of length o over F 2 with
Co = (gu(x)). Let Cp be a skew A-constacyclic code with respect to 6 of even
length B over R and Cg = (gg(x)), where gg(x) = e1g1 + €282 + €383 + esg4 with
xP — A = hi(x) % gi(x), fori = 1,2,3,4 and A; = £1. By Theorems 5 and 9,
Proposition 3, Lemmas 8 and 9, we can get the following theorem.

Theorem 10 Let C = Cy x Cg be a (a + B, M,dr) separable linear skew A-
constacyclic code over F > R, where dy, is the minimum Lee distance of C. If

() ZNZ™ =9
(i)

P = a1 b @) x (), xP = Rl kS () # ha(x),
o = 23l h ) x b ), xP = dal ki (x) s ha(x),
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where Z79 = {—qZ(mod n)|z € Z}. Then, there exists a quantum error-
correcting code C with parameters [[a + 48,2k — (o« + 4B8), > dr]], where k
is the dimension of the code @ (C) and dy, is the minimum Hamming distance of
D(C).

Example 1 Let C, = (gq(x)) be a cyclic code of length 8 over Fps, where Fps =
Fs[w] with w?> = w + 3 . Assume that Z = {1, 2} is the defining set of C,. Then,
ga(x) = x>+ wx 4+ w’. Since Z73 = {3, 6}, then ZN Z~ = . By Lemma 8, C,, is
a Hermitian dual-containing code with parameters [8, 6, 3]»5.

Let R = Fas + ulFas + vFas + vlFas + uvFas, where u? = u, v = v, uv = vu and
Fas5 = Fs[w] with w?> = w+ 3. Let 0 be an automorphism of R denoted by 6 (a) = a>
for every element a € [Fo5. Let § = 8. Then, we have

xg—l=(x—l—1)>|<(x+4)>x<(x+2)>|<(x+3)*(x+w7)*(x+w23)*(x+w9)2,
B l=0 4+ s+ +wh) x4+ wd) o+ w)?xx+ w2,
x8—1=(x—l—wg)*(x+w4)*(x—i—w)*(x—i—w”)*(x+w23)>l<(x+w7)

* (x + w22) * (x + wz),
-1 =(x+w4)>x<(x+w8)*(x+w9)2>x<(x+w14)>k(x+w10)*(x+w15)2.
Let Cg = e1C1 @ e2Cr D e3C3 @ ey Cy be askew cyclic code of length 8 over R, where
Ci = (g1(0)), C2 = (g2(x)), C3 = (g3(x)), C4 = (g4(x)) with g1 (x) = x + w”,
g2 (x) = x + w3, g3(x) = x + w? and g4(x) = x + w'>. Since
hix) = x7 4+ w0x® + wbx® + w'x* + w23 + w4 Wiy + w3,

hy(x) = x7 + wix® + w'txS + wllx® + w2 + w2 + wx + v,

h3(x) :x7+w22x6+w12x5+w10x4+x3+w22x2+w12x+w10’

h4(x):x7+w15x6+w18x5+w9x4+w12x3+w3x2+w6x+w21.
and
h;(x)=x7+w15x6+w18x5—|—w9x4+w12x3—|—w3x2+w6x+w21,
h;(x)=x7+w2]x6+w6x5+w3x4+w12x3+w9x2+w18x+w]5,
12.5 14 4 4

h;(X)=x7+w2x6+w 4+ w3 wx? + wPy + w'?,

hl(x) =x7+w9x6+w6x5+w15x4+w12x3+w21x2+w18x+w3,

then we have x8 — 1|rhj(x)h,~(x) fori =1,2,3,4. By Theorem 5, Cg is a Hermitian
dual-containing code with parameters [32, 28, 3],5. Let C = C,, x Cg be a separable
skew cyclic code of length 16 over Fos R. According to Lemma 9, we get C+# C C.
By Proposition 2, @ (C) is a linear code over 5 with parameters [40, 34, 3]. By The-
orem 10, we obtain a quantum code with parameters [[40, 28, 3]]5. This quantum code
has the larger dimension comparing with the known quantum code with parameters
[[40, 24, 3]]s appeared in [28].
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Table 1 New quantum codes [[n, k, d]]4 from skew A = a + ub + vc + uvd constacyclic codes over R

Label n 81 82 83 84 @(C) [[n, k, d]lq

1 2 w8 w1 w1 wO1 [8. 4, 4]»5 [[8. 0. 4]15

2 4 whi w1 21 21 [16,12,4]5  [[16,8,4]l5

3 6 wl0 w!4l 431 wlt [24,19,4]p5  [[24, 14,4]]5
4 6 4wl w!0] 431 4wl [24,17,5]»5s  [[24,10,5]]5
5 8 w!Twdl w31 lwiw?w!”1 w®wd1  [32,23,6s  [[32, 14, 6]]s
6 8wl w1 w!d1 w21 [32,28,3]ps  [[32,24,3]]s
7 10wt wrwl®l  4ud1 w031 [40,32,5]5  [[40,24, 5]]5
8 10wt wdl wl0] w031 [40,35,3]5  [[40, 30, 3]]5
9 12w wl 3wl0] wl0] [48,43,4]p5  [[48,38,4]]s
10 6 41 w341 wl31 w331 [24,20,4140  [[24.16,4]]7
11 6 41 w31 651 w081 [24,18,5149  [[24,12,5]]7
12 6 651 w31 w2028 wBw201  [24,17,6]49  [[24, 10, 6]
13 8wl w1 w21 6w?1 [32,27,4la9  [[32,22,4]7
14 4 w9 w1 w21 w301 (16,12, 41160 [[16, 8, 41113
15 6 31 wl01 w01 w901 [24,20,4]160  [[24.16,4]]13
16 6 w33l 10 w01 w01 [24,18,5]160  [[24,12,51113
17 8 w2l w1 51 w3w31 (32,27, 41160 [[32,22,4]113

At the last of this section, we obtain some new quantum error-correcting codes.
Table 1 contains some new non-binary quantum codes from skew A-constacyclic codes.
The second column of the table denotes the code length of C over R. The g;(x) are
the generator polynomials of Ay, Ay, Az and Ay, respectively. The following column
denotes the parameters of the Gray image of C. The last column denotes the associated
quantum codes. In Table 2, 2 is an element of R and A; are units of I >, respectively.
The column five denotes the associated quantum codes, and the last column denotes
the known quantum codes in comparison.

Remark 1 In Table 1, some quantum codes are constructed from skew A- constacyclic
codes Cg = (e1g1(x) + e2g2(x) + e383(x) + esg4(x)) over R, where A = a +ub +
ve + uvd. Let gi(x) = go + gi1x + -+ + g:x'. For simplicity, we denote g; (x) by
8081 - - - 8t-

In Table 2, our quantum codes [[24, 10, 5]]5, [[40, 24, 5]]s, [[40, 30, 3]]5 have
better parameters than the quantum codes [[23, 6, 5]]s, [[40, 24, 3]]s, [[40, 24, 3]]5 in
[28]. Moreover, our obtained quantum codes [[8, 0, 4]]s, [[16, 8, 4]]s, [[24, 16, 4]]7,
[[16, 8, 4]]13 and [[24, 16, 4]];3 are almost quantum MDS codes such thatn —k—2d =
2. Therest of quantum codes [[24, 14, 4]]s, [[32, 24, 3]]5, [[48, 38, 4]1s, [[24, 12, 5]17,
[[24, 10, 6]17, [[32, 22, 4]]7 and [[32, 22, 4]];3 have the parameters satisfyingn —k —
2d +2 = 4.
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Table 2 List of units and parameters used in Table 1

Label n A (A1, A2, A3, A4) [[n, k, d]lq [[n', k', d'y

1 2 —1 (-1,-1,—-1,-1) [[8, 0, 4]]s 2d =n—k

2 4 1 —2u (-1,-1,1,1) [[16, 8, 4]]5 [[18, 4, 4]]5[23]

3 6 —1 (=1,-1,-1,-1) [[24, 14, 4]]5 [[22, 10, 4]15([23])

4 6 1 —2u —2v+4uv (1,-1,-1,1) [[24, 10, 5115 [[23, 6, 5115([19])

5 8 —1+2u (1,1,-1,-1) [[32, 14, 6]]5 -

6 8 1 (1,1,1, 1) [[32,24,3]]5 [[32, 20, 3]]5([29])

7 10 1 —2v+2uv (1,1,-1,1) [[40, 24, 5]]5 [[40, 24, 3]]5([28])

8 10 1 —2v+2uv (1,1,-1,1) [[40, 30, 3]]5 [[40, 24, 3]]5([28])

9 12 1—2u —2v+2uv (-1,-1,-1,1) [[48, 38, 4]]5 2d=n—k—-2

10 6 —1+2u (1,1,-1,-1) [[24, 16, 4117 [[27, 15, 4]117([29])

11 6 —142u +2v —2uv (1,1,1,-1) [[24, 12, 5117 [[26, 12, 5]117([19])

12 6 —142u (1,1,-1,-1) [[24, 10, 6117 [[30, 12, 6]17([19])

13 8 =1+ 2u +2v —2uv (1,1,1,-1) [[32,22,4]]7 2d =n—k—-2

14 4 1 —2u —2v+2uv (-1,-1,-1,1) [[16, 8, 4]]13 [[16, 8, 2]113([21])

15 6 —1+2uv 1,-1,-1,-1) [[24, 16, 41113 [[24, 12, 4]113([20])
16 6 -1 (-1,-1,-1,-1) [[24, 12, 51113 [[24, 8, 51113([20])

17 8 —142u +2v —2uv (1,1,1,-1) [[32,22,4]113 [[36, 24, 4]113([20])

Example2 Let R = Fas + uFss 4+ vFas + vFas + uvFas, where u? = u, v2 = v,
uv = vu and Fps = Fs[w] with w? = w + 3. Let 6 be an automorphism of R
denoted by 0(a) = a> for any element a € [Fos. Let f1 = x + w, for=x+ w8,
fz = x2 4+ wix + w?, fa = x3+w16x2—|—4x+w4, f5 = x2 4+ wdx + 4 and
fo = x+w!0 Ttiseasy tosee that f1|(x'0—1), H|(x'10=1), f1(x'0=1), fal(x10—1),
Fs1(x1%4+1) and fs|(x'°41) inFps[x, 6].In Table 3, we list some examples of quantum
codes over 5 obtained by Hermitian dual-containing skew constacyclic codes over
Fas5 + ulfos 4+ vlFas + uvlFas of length 10.

Remark 2 In Table 3, we construct quantum codes of length 40 with parameters
[[40, 24, 5]1s, [[40, 28, 4]]5, [[40, 30, 3]]s, [[40, 32, 2]]s. Comparing with the well-
known quantum codes [[40, 24, 3]]5 appeared in [28], our quantum codes [[40, 24, 5]]5
and [[40, 30, 3]]5 have the larger minimum distance and the larger dimension. More-
over, our quantum code [[40, 32, 2]]s has the larger dimension than the well-known
quantum code [[40, 24, 2]]s in [25]. Therefore, our quantum codes will have better
performances in the quantum channel.

Remark 3 In the last, we introduce our new contribution of this paper over the
existing results in references [26,27,30,43].

In [26], Jitman et al. gave the properties of skew constacyclic codes over finite
chain rings. The generators of Hermitian dual codes of skew constacyclic codes were
determined. However, the authors did not introduce the application of this family of
codes. In our paper, we discussed the properties of skew constacyclic codes over the

finite non-chainring R = qu—i-u]qu—i—v]qu—i—quqz,Where u? = u,v? = v,uv = vu.
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Table 3 Quantum codes from

Hermitian dual-containing skew 81 g2 £3 54 [in, k, d1lq

constacyclic codes 10 fi £ fs f (140, 24, 5115
10 h 12 fs W] (140, 28, 4]15
10 h 12 f6 VE] [[40, 30, 3115
10 h 12 fe fi (140, 32, 215

Moreover, we extended this concept to mixed alphabet codes. Similarly, we gave
the algebraic structure of > R-linear skew constacyclic codes and determined their
generating sets. More importantly, we constructed some good non-binary quantum
codes.

In [27], the authors introduced non-binary stabilizer codes over finite fields. They
established the self-orthogonality with respect to a trace-symplectic form. In our paper,
by the theory of Hermitian construction in [27], we used Hermitian dual-containing
skew constacyclic codes over R to construct quantum codes.

In [30], Mi et al. obtained some Hermitian dual-containing cyclic codes based on
a characterization of ¢g-cyclotomic cosets modulo 7. But they only obtained quantum
codes with odd length. In our paper, by considering the Hermitian dual-containing
skew constacyclic codes over R, we got quantum codes of length 4n, where n is a
positive integer.

In [43], Zheng et al. only considered some structural properties of constacyclic codes
under Euclidean inner product over F, +uF , 4+ vF ), + uvF, where u? = u, v*> = v,
uv = vu. However, in our paper, we considered the structure of skew constacyclic
codes with respect to Hermitian inner product. Moreover, we introduced linear skew
constacyclic codes over F 2 R and gave their structural properties. As an application,
we constructed some good quantum codes in Tables 1 and 3.

7 Conclusion

In this paper, F > R-linear skew constacyclic codes of length & + B can be viewed
as a left R[x, 6]-submodules of qu[x]/(x"‘ — 1) x R[x, 9]/<x/3 — 1), where R =
qu + uIqu + vIqu + uvIqu with u?2 = u, v> = v and uv = vu. Firstly, we dis-
cuss the structural properties of skew A-constacyclic codes over R. Further, we study
the Hermitian dual codes of skew A-constacyclic codes over R. Secondly, we deter-
mine the generators and the minimal spanning sets of I > R-linear skew constacyclic
a+4p
q2

preserving the Hermitian orthogonality. As an application, we obtain some quantum
codes, which have better parameters than the known quantum codes. Quantum codes
with good parameters have practical applications in the construction of secret sharing
schemes in cryptography, improving the reliability of quantum computing and quan-
tum communication. Moreover, they play an important role in quantum confidential
communication. It is an interesting open problem to study how to apply quantum codes

codes of length o 4 B. Finally, we define a Gray map from ]ng x RP to
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from codes over rings into amplitude-damping qubit channel, phase-damping channel,
depolarized-damping qubit channel and actual physical background.
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