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Abstract
In this paper, we construct some new entanglement-assisted quantum maximum dis-
tance separable (EAQMDS) codes with lengths n = q2 + 1 and n = (q2 + 1)/2
from negacyclic MDS codes and constacyclic MDS codes, respectively. All of them
have flexible parameters. These EAQMDS codeswe constructed have largerminimum
distance and contain the known EAQMDS codes with same length in previous papers.
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1 Introduction

In 2006, Brun et al. [1] proposed entanglement-assisted quantum error-correcting
codes (EAQECCs for short) that do not require the dual-containing constraint neces-
sary for standard quantum error-correcting codes. The EAQECCs play an important
role in protecting quantum information from decoherence and quantum noise. Since
then, it has attracted many scholars to study EAQECCs [4,7–10,16–19,25,28,29].
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ManygoodEAQECCs are constructed by some classical codes. The generalizedReed–
Solomon codes, LCD codes, cyclic codes and constacyclic codes are good codes used
for constructing EAQECCs.

A q-ary [[n, k, d; c]]q EAQECC that encodes k information qubits into n channel
qubits with the help of c pairs of maximally entangled Bell states (ebits) can cor-
rect up to �(d − 1)/2� errors, where d is the minimum distance of the code. What
is more, the parameters of EAQECCs satisfy the following EA-quantum Singleton
bound

2d ≤ n − k + c + 2.

Clearly, if c = 0, the above bound is quantum Singleton bound. If a q-ary EAQECC
achieves this bound, it is called an EAQMDS code. It is well known that the length
n of nontrivial EAQMDS codes is less than or equal to q2 + 1. In recent years,
many work have been done in EAQMDS codes [3,5,6,12,20–23,26]. In particu-
lar, when n = q2 + 1 and (q2 + 1)/2, there are abundant results about EAQMDS
codes whose minimum distance is larger than all known EAQMDS codes with same
length.

In [5], Fan et al. obtained a class of EAQMDS codes with parameters [[q2+1, q2−
2d + 4, d; 1]]q by using cyclic codes, where 2 ≤ d ≤ 2q is an even integer. After
that, Qian et al. constructed two new classes of q-ary EAQMDS codes with parameters
[[q2+1, q2−4(m−1)(q−m+1), 2(m−1)q+2; 4(m−1)2+1]]q and [[q2+1, q2−
4(m−1)(q−m+1), 2(m−1)q−2l+2; 4(m−1)2+1−4l]]q , where 2 ≤ m ≤ �q/2�
and 1 ≤ l ≤ m − 1 [27]. By using negacyclic codes, Chen et al. constructed a new
class of EAQMDS codes with parameters [[q2 +1, q2 +5−2q−4t, q +2t +1; 4]]q ,
where q ≡ 1 mod 4 and 2 ≤ t ≤ (q − 1)/2 [2]. By using LCD codes, Qian et al. [26]
constructed some new EAQMDS codes with maximal entanglement (i.e., c = n − k)
with length n = q2 + 1. By using constacyclic codes, Lu et al. [20] constructed a
new class of EAQMDS codes with parameters [[q2 + 1, q2 − 2d + 7, d; 4]]q , where
q is an odd prime power and q + 3 ≤ d ≤ 3q − 1 is even. In [24], Mustafa et al.
constructed new EAQMDS codes with parameters [[q2 +1, q2 −4q +4, 2q +2; 5]]q
and [[q2 + 1, q2 − 4λ+ 8, 2λ+ 2; 9]]q , where q + 1 ≤ λ ≤ 2q − 2 and q ≡ 3 mod 4.

As for n = (q2 + 1)/2, Fan et al. obtained a class of EAQMDS codes with
parameters [[n, n − 2d + 3, d; 1]]q , where 2 ≤ d ≤ 2

⌊
(n)/(q + 1)

⌋
is an even

integer [5]. Chen et al. constructed a new class of EAQMDS codes with parameters
[[n, n − 2q − 4t + 5, q + 2t + 1; 5]]q , where 2 ≤ t ≤ (q − 1)/2 [2]. They also
obtained a class of maximal entanglement-assisted quantum codes with parameters
[[n, n − 5, d ≥ 3; 5]]q .

Inspired by these works, we consider to construct new EAQMDS codes with
larger minimum distance whose lengths n are equal to q2 + 1 and (q2 + 1)/2.
This paper is organized as follows. In Sect. 2, some basic knowledge about con-
stacyclic codes and EAQECCs are recalled. In Sect. 3, we construct three classes
of EAQMDS codes with length n = q2 + 1. In Sect. 4, we construct a class of
EAQMDS codes with length n = (q2 + 1)/2. Finally, we give the conclusion in
Sect. 5.
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2 Preliminaries

In this section, we give some basic results and notations of negacyclic codes and
EAQECCs. The readers also can refer to [2–12,14] for more details.

Throughout this paper, let Fq2 be a finite field with q
2 elements, where q is a prime

power. For any a ∈ Fq2 , the conjugation of a is denoted by a = aq . For two vectors
a = (a0, a1, . . . , an−1) and b = (b0, b1, . . . , bn−1) ∈ F

n
q2
, their Hermitian inner

product is defined as

(a,b)h =
n−1∑

i=0

aibi = aq0b0 + aq1b1 + · · · + aqn−1bn−1.

An [n, k, d] linear code C over Fq2 is a k-dimensional linear subspace of Fn
q2

and
minimum distance d. The parameters of the code C satisfy the Singleton bound

d ≤ n − k + 1.

If minimum distance d meets this bound, then C is called an MDS code. The
Hermitian dual code of C is defined as

C⊥h = {a ∈ F
n
q2 |(a,b)h = 0 for all b ∈ C}.

For an element η ∈ F
∗
q2
, let the order of η be r . An [n, k, d] linear code C over Fq2

is called an η-constacyclic code if any (c0, c1, . . . , cn−1) ∈ C implies its constacyclic
shift (ηcn−1, c0, . . . , cn−2) ∈ C. Particularly, ifη = 1, thenC is cyclic code. Ifη = −1,
then C is negacyclic code. By identifying any vector (c0, c1, . . . , cn−1) ∈ F

n
q2

with a

polynomial c0 + c1x + · · · + cn−1xn−1 ∈ Fq2 [x]/〈xn − η〉, then a constacyclic code
over Fq2 is an ideal of Fq2 [x]/〈xn − η〉. In fact, every ideal of Fq2 [x]/〈xn − η〉 is
a principal ideal, so every constacyclic code C has generator polynomial g(x). Let
C = 〈g(x)〉, where g(x) is a unique monic polynomial which has minimal degree in
C. And h(x) = (xn − η)/g(x) is the check polynomial of C.

Note that xn − η has no repeated root over Fq2 if and only if gcd(n, q) = 1.
Let γ be a primitive rnth root of unity such that η = γ n in Fq2m , where m is the
multiplicative order of q2 modulo rn, i.e., m = ordrn(q2). The roots of xn − η are
γ 1+ir , 0 ≤ i ≤ n− 1. Let Zrn = {0, 1, . . . , rn− 1} and Ωrn be a set with form 1+ ir
in Zrn . For any i ∈ Zrn , the q2-cyclotomic coset modulo rn is given by

Ci = {i, iq2, iq4, . . . , iq2(di−1)},

where di is the smallest positive integer such that iq2di ≡ i mod rn, which is also
called the size of Ci . Hence, Mi (x) = � j∈Ci (x − γ j ) is the minimal polynomial of
γ i over Fq2 . For a constacyclic code C = 〈g(x)〉 with length n over Fq2 , its defining
set is the set T = {i ∈ Ωrn | g(γ i ) = 0}. It is well known that Ωrn is an union of
some q2-cyclotomic coset modulo rn.
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Lemma 2.1 (The BCH Bound for η-Constacyclic Codes [11]) Let C be a q2-ary η-
constacyclic code of length n. If the generator polynomial g(x) of C has the elements
{γ 1+ir | 0 ≤ i ≤ d − 2} as the roots, where γ is a primitive rnth root of unity, then
the minimum distance of C is at least d.

As we all know, the key to construct EAQECCs from any classical linear code
over Fq2 is to determine the number of entangled states c. Recently, for constacyclic
codes, scholars have utilized decompose defining set of constacyclic codes to obtain
the number of entangled qubits c of corresponding EAQECCs. The classical Hermitian
constructions can be referred to [2,14,15].

Lemma 2.2 If C is an [n, k, d]q2 classical code and H is its parity check matrix over
Fq2 , then there exist entanglement-assisted quantum codes with parameters [[n, 2k −
n + c, d; c]]q , where c = rank(HH†) and H† is the conjugate transpose matrix of H
over Fq2 .

Definition 2.3 Let C be a q2-ary η-constacyclic code of length n with defining set T .
Assume that Tss = T

⋂
(−qT ) and Tsas = T \Tss, where −qT = {rn − qx |x ∈ T }

and r | q + 1. Then, T = Tss
⋃

Tsas is called a decomposition of the defining set of C.
Lemma 2.4 Let C be a constacyclic code with length n over Fq2 , where gcd(n, q) = 1.
Suppose that T is the defining set of the constacyclic code C and T = Tss ∪ Tsas is a
decomposition of T . Then, the number of entangled states required is c = |Tss|.

Let [a, b] = {i ∈ Z+ | a ≤ i ≤ b} and [i] = [0, i], where Z+ denote the set of
all nonnegative integers. For integers a, b and x , a ≤ x ≤ b ⇔ x ∈ [a, b] if a ≤ b,
⇔ x ∈ ∅ if a > b.

3 New EAQMDS codes of length q2 + 1

In this section, let r = 2. We construct some new EAQMDS codes from negacyclic
codes of length q2 + 1.

Lemma 3.1 ([13,20]) Let n = q2 + 1 and s = n/2, where q ≥ 5 is an odd prime
power. Then the q2-cyclotomic coset modulo 2n containing all odd integers from 1 to
2n are Cs = {s}, C3s = {3s} and Cs+2i = {s + 2i, s − 2i} with 1 ≤ i ≤ s − 1.

Based on the result of Lemma 3.1, we give another expression of the q2-cyclotomic
coset modulo 2n containing integers in Ω2n as follows

Cs+2(iq+ j) = {s + 2(iq + j), s − 2(iq + j)},

where 0 ≤ j ≤ q−1 if 0 ≤ i ≤ (q − 3)/2, and 0 ≤ j ≤ (q + 1)/2 if i = (q − 1)/2.
Note that the subscripts of Cs+2(iq+ j) are all belong to [s, 3s].
Lemma 3.2 Let n = q2 + 1 and q ≥ 5 be an odd prime power and i, j be defined as
above,

123



New entanglement-assisted quantum MDS codes with larger… Page 5 of 18 207

(1) If q ≡ 1 mod 4, we have

−qCs+2(iq+ j) =
⎧
⎨

⎩

C
s+2

((
q−1
2 − j

)
q+

(
q+1
2 +i

)), if 0 ≤ j ≤ q−1
2 ,

C
s+2

((
j− q+1

2

)
q+

(
q−1
2 −i

)), if q+1
2 ≤ j ≤ q − 1.

(2) If q ≡ 3 mod 4, we have

−qCs+2(iq+ j) = Cs+2( jq−i).

Proof By Lemma 3.1, we have Cs+2(iq+ j) = {s + 2(iq + j), s − 2(iq + j)}.
(1) Assume that q ≡ 1 mod 4. If 0 ≤ j ≤ (q − 1)/2, we have

−q(s + 2(iq + j)) = −qs − 2iq2 − 2 jq = −qs − 2i(q2 + 1) − 2 jq + 2i

≡ s + 2

((
q − 1

2
− j

)
q +

(
q + 1

2
+ i

))
mod 2n,

which implies that −qCs+2(iq+ j) = C
s+2

((
q−1
2 − j

)
q+

(
q+1
2 +i

)).

If (q + 1)2 ≤ j ≤ q − 1, we have

−q(s − 2(iq + j)) = −qs + 2iq2 + 2 jq = −qs + 2i(q2 + 1) + 2 jq − 2i

≡ s + 2

((
j − q + 1

2

)
q +

(
q − 1

2
− i

))
mod 2n,

which implies that −qCs+2(iq+ j) = C
s+2

((
j− q+1

2

)
q+

(
q−1
2 −i

)).

(2) Assume that q ≡ 3 mod 4, then we have

−q(s − 2(iq + j)) = −qs + 2iq2 + 2 jq = −qs + 2i(q2 + 1) + 2 jq − 2i

≡ s + 2( jq − i) mod 2n,

which implies that −qCs+(iq+ j)r = Cs+( jq−i)r . The desired results follows. ��

Lemma 3.3 Let n = q2 + 1 and q ≥ 5 be an odd prime power. For a positive integer,
2 ≤ m ≤ (q − 1)/2.

(1) If q ≡ 1 mod 4, we define

T1 =
⋃

0≤i≤m,
0≤ j≤(q−2m−1)/2

Cs+2(iq+ j)

⋃

0≤u≤m−1,
(q+2m+1)/2≤v≤q−1

Cs+2(uq+v).

Then T1 ∩ −qT1 = ∅.
(2) If q ≡ 3 mod 4, we define
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T2 =
⋃

0≤i≤m−1,
m+1≤ j≤q−m−1

Cs+2(iq+ j)

⋃

i=m,
m+1≤ j≤(q−2m−1)/2

Cs+2(iq+ j)

⋃

(q−1)/2−m≤u≤m−1,
v=q−m

Cs+2(uq+v).

Then T2
⋂ −qT2 = ∅.

Proof (1) Assume that q ≡ 1 mod 4. Let

T1 =
⋃

0≤i≤m,
0≤ j≤(q−2m−1)/2

Cs+2(iq+ j)

⋃

0≤u≤m−1,
(q+2m+1)/2≤v≤q−1

Cs+2(uq+v).

From the result of (1) in Lemma 3.2, we have

−qT1 =
⋃

0≤i≤m,
0≤ j≤(q−2m−1)/2

C
s+2

((
q−1
2 − j

)
q+

(
q+1
2 +i

))

⋃

0≤u≤m−1,
(q+2m+1)/2≤v≤q−1

C
s+2

((
v− q+1

2

)
q+

(
q−1
2 −u

)).

If 0 ≤ i ≤ m, 0 ≤ j ≤ (q − 2m − 1)/2, then we have

s + 2(iq + j) ≤ s + 2

(
mq + q − 2m − 1

2

)
,

s + 2

((
q − 1

2
− j

)
q +

(
q + 1

2
+ i

))

≥ s + 2

(
mq + q + 1

2

)
.

If 0 ≤ u ≤ m − 1, (q + 2m + 1)/2 ≤ v ≤ q − 1, then we have

s + 2(uq + v) ≤ s + 2((m − 1)q + q − 1),

s + 2

((
v − q + 1

2

)
q +

(
q − 1

2
− u

))
≥ s + 2

(
mq + q − 2m + 1

2

)
.

Therefore,

s + 2(iq + j) < s + 2

((
q − 1

2
− j

)
q +

(
q + 1

2
+ i

))
,

s + 2(iq + j) < s + 2

((
v − q + 1

2

)
q +

(
q − 1

2
− u

))
,
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s + 2(uq + v) < s + 2

((
q − 1

2
− j

)
q +

(
q + 1

2
+ i

))
,

s + 2(uq + v) < s + 2

((
v − q + 1

2

)
q +

(
q − 1

2
− u

))
.

For the range of i, j, u, v, the subscripts of Cs+2(iq+ j), Cs+2(uq+v),
Cs+2(( q−1

2 − j)q+(
q+1
2 +i)) andCs+2((v− q−1

2 )q−(
q+1
2 +u))

are all belong to [s, 3s]. Then
T1

⋂ −qT1 = ∅.
(2) Assume that q ≡ 3 mod 4. If 2 ≤ m ≤ (q − 3)/4, then

T2 =
⋃

0≤i≤m−1,
m+1≤ j≤q−m−1

Cs+2(iq+ j)

⋃

i=m,
m+1≤ j≤(q−2m−1)/2

Cs+2(iq+ j).

From the result of (2) in Lemma 3.2, we have

−qT2 =
⋃

0≤i≤m−1,
m+1≤ j≤q−m−1

Cs+2( jq−i)

⋃

i=m,
m+1≤ j≤(q−2m−1)/2

Cs+2( jq−i).

If (q + 1)/4 ≤ m ≤ (q − 1)/2, then

T2 =
⋃

0≤i≤m−1,
m+1≤ j≤q−m−1

Cs+2(iq+ j)

⋃

(q−1)/2−m≤u≤m−1,
v=q−m

Cs+2(uq+v).

From the result of (2) in Lemma 3.2, we have

−qT2 =
⋃

0≤i≤m−1,
m+1≤ j≤q−m−1

Cs+2( jq−i)

⋃

(q−1)/2−m≤u≤m−1,
v=q−m

Cs+2(vq−u).

Similar to the proof of (1), we have T2
⋂ −qT2 = ∅. This completes the proof. ��

Theorem 3.4 Let n = q2 +1 and q ≥ 5 be an odd prime power. For a positive integer,
2 ≤ m ≤ (q − 1)/2. Let C be a cyclic code with defining set T given as follows

T =
⋃

0≤i≤m−1,
0≤ j≤q−1

Cs+2(iq+ j)

⋃

i=m,
0≤ j≤(q−2m−1)/2

Cs+2(iq+ j).

(1) If q ≡ 1 mod 4, then |Tss| = 4m2.
(2) If q ≡ 3 mod 4, then

|Tss| =
{
4m(m + 1) + 1, 2 ≤ m ≤ q−3

4 ,

4m(m − 1) + 2q − 1, q+1
4 ≤ m ≤ q−1

2 .
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Proof (1) Assume that q ≡ 1 mod 4. Define

T1 =
⋃

0≤i≤m,
0≤ j≤(q−2m−1)/2

Cs+2(iq+ j)

⋃

0≤u≤m−1,
(q+2m+1)/2≤v≤q−1

Cs+2(uq+v)

and

T ′
1 =

⋃

0≤i≤m−1,
(q−2m+1)/2≤ j≤(q+2m−1)/2

Cs+2(iq+ j).

From the result of (1) in Lemma 3.2 , we have

−qT ′
1 =

⋃

0≤i≤m−1,
(q−2m+1)/2≤ j≤(q−1)/2

C
s+2

((
q−1
2 − j

)
q+

(
q+1
2 +i

))

⋃

0≤i≤m−1,
(q+1)/2≤ j≤(q+2m−1)/2

C
s+2

((
j− q+1

2

)
q+

(
q−1
2 −i

)).

For 0 ≤ i ≤ m − 1, (q − 2m + 1)/2 ≤ j ≤ (q − 1)/2, it is easy to check that
0 ≤ (q − 1)/2 − j ≤ m − 1 and (q + 1)/2 ≤ (q + 1)/2 + i ≤ (q + 2m − 1)/2.
For 0 ≤ i ≤ m − 1, (q + 1)/2 ≤ j ≤ (q + 2m − 1)/2, it is easy to check that
0 ≤ j − (q + 1)/2 ≤ m − 1 and (q − 2m + 1)/2 ≤ (q − 1)/2 − i ≤ (q − 1)/2.
Then we have −qT ′

1 = T ′
1. From the definitions of T , T1 and T ′

1, we have T =
T1

⋃
T ′
1. By Definition 2.3 and Lemma 3.3, then

Tss = T
⋂

(−qT ) = (T1
⋃

T ′
1)

⋂
(−qT1 ∪ T ′

1)= (T1
⋂ −qT1)

⋃
(T1

⋂ −qT ′
1)

⋃
(T ′

1

⋂ −qT1)
⋃

(T ′
1

⋂ −qT ′
1)= T ′

1.

Therefore, |Tss| = |T ′
1| = 4m2.

(2) Assume that q ≡ 3 mod 4. If 2 ≤ m ≤ (q − 3)/4, then define

T2 =
⋃

0≤i≤m−1,
m+1≤ j≤q−m−1

Cs+2(iq+ j)

⋃

i=m,
m+1≤ j≤(q−2m−1)/2

Cs+2(iq+ j),

and

T ′
2 =

⋃

0≤i≤m−1,0≤ j≤m
q−m≤ j≤q−1

Cs+2(iq+ j)

⋃

i=m,
0≤ j≤m

Cs+2(iq+ j).

Similar to the proof of (1), we have |Tss| = |T ′
2| = 4m(m + 1) + 1.
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If (q + 1)/4 ≤ m ≤ (q − 1)/2, let

T2 =
⋃

0≤i≤m−1,
m+1≤ j≤q−m−1

Cs+2(iq+ j)

⋃

(q−1)/2−m≤u≤m−1,
v=q−m

Cs+2(uq+v),

and

T ′
2 =

⋃

0≤i≤(q−3)/2−m,
0≤ j≤m,q−m≤ j≤q−1

Cs+2(iq+ j)

⋃

i=m,
0≤ j≤(q−2m−1)/2

Cs+2(iq+ j)

⋃

(q−1)/2−m≤u≤m−1,
0≤ j≤m,q−m+1≤ j≤q−1

Cs+2(uq+v).

Similar to the proof of (1), we can obtain |Tss| = |T ′
2| = 4m(m − 1) + 2q − 1. The

desired results follow. ��
Theorem 3.5 Let n = q2 + 1 and q ≥ 5 be an odd prime power.

(1) If q ≡ 1 mod 4, then there are the following EAQMDS codes with parameters

[[n, n − (4m + 2)q + 4m(m + 1), (2m + 1)q − 2m + 1; 4m2]]q ,

where 2 ≤ m ≤ (q − 1)/2.
(2) If q ≡ 3 mod 4

(i) 2 ≤ m ≤ (q − 3)/4, then there are the following EAQMDS codes with param-
eters

[[n, n − (4m + 2)q + 4m(m + 2) + 1,

(2m + 1)q − 2m + 1; 4m(m + 1) + 1]]q .

(ii) (q + 1)/4 ≤ m ≤ (q − 1)/2, then there are the following EAQMDS codes
with parameters

[[n, n − 4m(q − m) − 1, (2m + 1)q − 2m + 1; 4m(m − 1) + 2q − 1]]q .

Proof Suppose that C is a cyclic code with defining set T , which is given in Theo-
rem 3.4.

(1) When q ≡ 1 mod 4, note that the cyclic code C have (2m + 1)q − 2m consecutive
roots. From Lemma 2.1, the minimum distance of C is at least (2m+1)q−2m+1.
Then C is an MDS code with parameter [n, n − (2m + 1)q + 2m, (2m + 1)q −
2m + 1]q2 by Singleton bound. From Lemma 3.3, we have |Tss| = 4m2. From
Lemmas 2.2 and 2.4, there are the following EAQECCs with parameters

[[n, n − (4m + 2)q + 4m(m + 1), (2m + 1)q − 2m + 1; 4m2]]q .

123
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Table 1 Some new EAQMDS codes with length n = q2 + 1

Length Parameters Condition Distance References

n [[n, n − 4q + 3, d; 5]]q q ≥ 5 2q + 2 [27]

n [[n, n − 8q + 15, d; 9]]q q ≥ 7 4q − 2 [27]

n [[n, n − 8q + 15, d; 13]]q q ≥ 7 4q [27]

n [[n, n − 8q + 15, d; 17]]q q ≥ 7 4q + 2 [27]

n [[n, n − 12q + 35, d; 25]]q q ≥ 9 6q − 4 [27]

n [[n, n − 12q + 35, d; 29]]q q ≥ 9 6q − 2 [27]

n [[n, n − 10q + 24, d; 16]]q q ≥ 5, q ≡ 1 mod 4 5q − 3 Th.3.5 (1)

n [[n, n − 14q + 48, d; 36]]q q ≥ 9, q ≡ 1 mod 4 7q − 5 Th.3.5 (1)

n [[n, n − 12q + 35, d; 2q + 23]]q q ≥ 7, q ≡ 3 mod 4 7q − 5 Th.3.5 (2)

n [[n, n − 20q + 99, d; 2q + 79]]q q ≥ 11, q ≡ 3 mod 4 11q − 9 Th.3.5 (2)

Notice that

n − k + c + 2 = (4m + 2)q − 4m + 2 = 2d,

which implies that the EAQECCs are EAQMDS codes.
(2) When q ≡ 3 mod 4, we can construct EAQMDS codes with the following param-

eters

[[n, n − 4m(q − m) − 1, (2m + 1)q − 2m + 1; 4m(m − 1) + 2q − 1]]q .

Its proof is similar to (1), so we omit it here. ��
Next, we list some new EAQMDS codes and compare these codes with previously all
known EAQMDS codes of length n = q2 + 1 in Table 1.

Furthermore, we compare these codes with EAQMDS codes constructed in [30],
where q is an odd prime power. For convenience, we write their parameters in a unified
form.

We obtain EAQMDS codes with the following parameters.

1 For 2 ≤ m ≤ q−1
2 , let d = 2 + (2m + 1)(q − 1) and q ≡ 1 mod 4,

[[n, n − 2d + 4m2 + 2, d; 4m2]]q ;
2.1 For 3 ≤ m ≤ q+1

4 , let d = 2m(q − 1) − q + 3 and q ≡ 3 mod 4, [[n, n − 2d +
4m2 − 4m + 3, d; 1 + 4m2 − 4m]]q ;

2.2 For q+1
4 ≤ m ≤ q−1

2 , let d = 2 + (2m + 1)(q − 1) and q ≡ 3 mod 4, [[n, n −
2d + 4m2 − 4m + 2q + 1, d; 4m(m − 1) + 2q − 1]]q .
Wang et al. [30] constructed two classes of EAQMDS codes below.

1′ For 1 ≤ m ≤ q−1
4 , let 2+ (2m − 1)(q + 1) ≤ d ≤ 2+ (2m + 1)(q − 1) and d be

even, [[n, n − 2d + 4m2 + 2, d; 4m2]]q ;
2′ For 1 ≤ m ≤ q+1

4 , let 2+ (2m − 1)(q + 1) ≤ d ≤ 2+ 2m(q − 1) and d be even,
[[n, n − 2d + 4m2 − 4m + 3, d; 1 + 4m2 − 4m]]q .
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Compared with the codes in [30], our parameters are new in the following three
cases.

(a) The EAQMDS codes are new for q+3
4 ≤ m ≤ q−1

2 in case 1;

(b) The EAQMDS codes are new for 3 ≤ m ≤ q+1
4 in case 2.1;

(c) The EAQMDS codes are new for q+1
4 ≤ m ≤ q−1

2 in case 2.2.

4 New EAQMDS codes of length q2+1
2

In this section, we construct new EAQMDS codes from η-constacyclic codes of length
n = (q2 + 1)/2 over Fq2 . Throughout this section, let r | q + 1.

Lemma 4.1 Let n = (q2 + 1)/2, r < q+1 andr |q+1, where q is an odd prime power.
Then the q2-cyclotomic coset modulo rn containing integers inΩrn are Cn = {n} and
Cn+ir = {n + ir , n − ir} with 1 ≤ i ≤ (n − 1)/2.

Proof Note that the size of Cn+ir at most two since ordrn(q2) = 2. It is clear that
Cn = {n} since q2n ≡ n mod rn. Notice that q2(n + ir) ≡ n − ir mod rn. This
completes the proof. ��
In Lemma 4.1, an expression of the q2-cyclotomic cosetmodulo rn containing integers
in Ωrn is given. Next, we will give another expression of the q2-cyclotomic cosets.
The definitions of n, r , q are the same as in Lemma 4.1; then,

Cn+(iq+ j)r = {n + (iq + j)r , n − (iq + j)r},

where i and j have inner connection listed below. Assume that q ≡ 1 mod 4, then

{
0 ≤ j ≤ q − 1, 0 ≤ i ≤ q−5

4 ,

0 ≤ j ≤ q−1
4 , i = q−1

4 .

Assume that q ≡ 3 mod 4, then

{
0 ≤ j ≤ q − 1, 0 ≤ i ≤ q−7

4 ,

0 ≤ j ≤ 3q−1
4 , i = q−3

4 .

From this expression, we have the following lemma, which is vital for the construc-
tion of EAQMDS codes.

Lemma 4.2 Let n = (q2 + 1)/2 and q be an odd prime power. For i, j defined as
above, then we have

−qCn+(iq+ j)r = Cn+( jq−i)r .
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Proof By Lemma 4.1, we have Cn+(iq+ j)r = {n + (iq + j)r , n − (iq + j)r}.

−q(n − (iq + j)r) = irq2 + jrq − qn = ir(q2 + 1) − qn + jrq − ir

≡ n + ( jq − i)r mod rn,

which implies that −qCn+(iq+ j)r = Cn+( jq−i)r . ��
Lemma 4.3 Let n = (q2 + 1)/2, t = (q − 1)/2 and q be an odd prime power. For a
positive integer, 2 ≤ m ≤ (q + 1)/2.

(1) If m is even, we define

T1 =
⋃

0≤i≤(m−4)/2,i+1≤ j≤t−i,
or t+2+i≤ j≤2t−i

Cn+(iq+ j)r

⋃

i=(m−2)/2,i+1≤ j≤t−i,
or t+2+i≤ j≤q−m/2

Cn+(iq+ j)r .

Then T1 ∩ −qT1 = ∅.
(2) If m is odd, we define

T2 =
⋃

0≤i≤(m−3)/2,i+1≤ j≤t−i,
or t+2+i≤ j≤2t−i

Cn+(iq+ j)r

⋃

i=(m−1)/2,1+i≤ j≤t−i

Cn+(iq+ j)r .

Then T2 ∩ −qT2 = ∅.
Proof As for the case of q ≡ 1 mod 4, let T̃2 = T2, where m = (q + 1)/2 and m is
odd. It is easy to check that T1 ⊆ T̃2 and T2 ⊆ T̃2 for any 2 ≤ m < (q + 1)/2. Then
we only need to prove T̃2 ∩ −qT̃2 = ∅. Since m = (q + 1)/2 is an odd integer, then
we can get the following result from (2)

T̃2 =
⋃

0≤i≤(q−5)/4,i+1≤ j≤t−i,
or t+2+i≤ j≤2t−i

Cn+(iq+ j)r .

From Lemma 4.2, we have

−qT̃2 =
⋃

0≤i≤(q−5)/4,i+1≤ j≤t−i,
or t+2+i≤ j≤2t−i

Cn+( jq−i)r .

Note that n = (q − 1)q/2+ (q + 1)/2. For 0 ≤ i ≤ (q − 5)/4, i + 1 ≤ j ≤ t − i ,
or t + 2+ i ≤ j ≤ 2t − i . We have Cn+(iq+ j)r = {n + (iq + j)r , n − (iq + j)r}. For
(q + 1)/2 ≤ j ≤ q − 1, Cn+( jq−i)r = Cn+(( j− q−1

2 )q−(i− q+1
2 ))r . Thus, we only need

to consider 1 ≤ j ≤ (q − 1)/2. We divide our discussions into two subcases as to j .

(1) If 1 ≤ j ≤ (q − 1)(r − 1)/2r , then we have

Cn+( jq−i)r = {n + ( jq − i)r , (r + 1)n + ( jq − i)r , }
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where n ≤ ( jq − i)r , and

Cn+( jq−i)r = {n + ( jq − i)r , n − ( jq − i)r , }

where n > ( jq − i)r .
Assume that T̃2 ∩ −qT̃2 �= ∅, then there are some of the following equations hold.
If iq + j ≤ �n/r�, then we have n + (iq + j)r = n + ( jq − i)r , n + (iq + j)r =

n− ( jq − i)r , n+ (iq + j)r = (r + 1)n− ( jq − i)r , n− (iq + j)r = n+ ( jq − i)r ,
n − (iq + j)r = n − ( jq − i)r or n − (iq + j)r = (r + 1)n − ( jq − i)r hold, but it
is easy to check that it is impossible.

If iq + j > �n/r�, then we have (r + 1)n− (iq + j)r = n+ ( jq − i)r , (r + 1)n−
(iq + j)r = n − ( jq − i)r or (r + 1)n − (iq + j)r = (r + 1)n − ( jq − i)r hold,
which is equivalent to one of the cases in iq + j ≤ �n/r�, so it is also impossible.

(2) If (q − 1)(r − 1)/2r < j ≤ (q − 1)/2, then we have

Cn+( jq−i)r = {n + ( jq − i − n)r , n − ( jq − i − n)r , }

where n > ( jq − i − n)r , and

Cn+( jq−i)r = {n + ( jq − i − n)r , (r + 1)n − ( jq − i − n)r , }

where n ≤ ( jq − i − n)r .
Assume that T̃2 ∩ −qT̃2 �= ∅, then there are some of the following equations hold.
If iq+ j ≤ �n/r�, thenwehaven+(iq+ j)r = n+( jq−i−n)r ,n+(iq+ j)r = n−

( jq−i−n)r , n+(iq+ j)r = (r+1)n−( jq−i−n)r , n−(iq+ j)r = n+( jq−i−n)r ,
n − (iq + j)r = n − ( jq − i − n)r or n − (iq + j)r = (r + 1)n − ( jq − i − n)r
hold, but it is easy to check that it is impossible.

If iq + j > �n/r�, then we have (r + 1)n − (iq + j)r = n + ( jq − i − n)r ,
(r+1)n−(iq+ j)r = n−( jq−i−n)r , or (r+1)n−(iq+ j)r = (r+1)n−( jq−i−n)r
hold, which is equivalent to one of case in iq + j ≤ �n/r�, so it is also impossible.

As for the case of q ≡ 3 mod 4, we can get the same results similarly. Till now, we
complete the proof. ��
Theorem 4.4 Let n = (q2 + 1)/2 and q be an odd prime power. For a positive integer,
2 ≤ m ≤ (q + 1)/2.

(1) If m is even, we define

T =
⋃

0≤i≤(m−4)/2,
0≤ j≤q−1

Cn+(iq+ j)r

⋃

i=(m−2)/2,
0≤ j≤q−m/2

Cn+(iq+ j)r .

(2) If m is odd, we define

T =
⋃

0≤i≤(m−3)/2,
0≤ j≤q−1

Cn+(iq+ j)r

⋃

i=(m−1)/2,
0≤ j≤(q−m)/2

Cn+(iq+ j)r .
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Then we have Tss = 2m(m − 1) + 1 for any integer 2 ≤ m ≤ (q + 1)/2.

Proof (1) If m is even, let

T1 =
⋃

0≤i≤(m−4)/2,i+1≤ j≤t−i,
or t+2+i≤ j≤2t−i

Cn+(iq+ j)r

⋃

i=(m−2)/2,i+1≤ j≤t−i,
or t+2+i≤ j≤q−m/2

Cn+(iq+ j)r ,

and

T ′
1 =

⋃

1≤u≤(m−4)/2,
q−u≤v≤2t

Cn+(uq+v)r

⋃

0≤u≤(m−2)/2,0≤v≤u,
or t+1−u≤v≤t+1+u

Cn+(uq+v)r .

By Lemma 4.2, we have

−qT ′
1 =

⋃

1≤u≤(m−4)/2,
q−u≤v≤2t

Cn+(vq−u)r

⋃

0≤u≤(m−2)/2,0≤v≤u,
or t+1−u≤v≤t+1+u

Cn+(vq−u)r .

From the proof of Lemma 4.3, we have T ′
1

⋂ −qT ′
1 = Cn . By the definitions of T ,

T1 and T ′
1, we know T = T1

⋃
T ′
1. Then we have

Tss = T
⋂ −qT = (

T1
⋃

T ′
1

)⋂ −q
(
T1

⋃
T ′
1

)

= (
T1

⋂ −qT1
) ⋃ (

T1
⋂ −qT ′

1

) ⋃ (
T ′
1

⋂ −qT1
) ⋃

(T ′
1

⋂ −qT ′
1)= Cn

⋃ (
T1

⋂ −qT ′
1

) ⋂ (
T ′
1

⋂ −qT1
)
.

Next, we show that T
⋂ −qT ′

1 = −qT ′
1. Let S = S1

⋃
S2, S1 = {(u, v) | 1 ≤

u ≤ (m − 4)/2, q − u ≤ v ≤ 2t}, S2 = {(u, v) | 0 ≤ u ≤ (m − 2)/2, 0 ≤ v ≤
u or t + 1 − u ≤ v ≤ t + 1 + u} and (v′q − u′)r ≡ (vq − u)r (mod (r − 1)n) ≥ 0.
We only need to prove uq + v − (v′q − u′) ≥ 0 for any (u, v) ∈ S. We divide our
discussions into three subcases.

(1.1) If 0 ≤ (vq − u)r < (r − 1)n, it is easy to check that

uq + v − (v′q − u′) = uq + v − (vq − u) ≥ 0

for the range of (u, v).
(1.2) If (r − 1)n ≤ (vq − u)r < 2(r − 1)n, we can easy prove that

uq + v − (v′q − u′) = uq + v − ((v − (r − 1)(q − 1)/2r)q

−(u + (r − 1)(q + 1)/2r)) ≥ 0

by considering the range of (vq − u)r in the following three cases.

(i) If v = (r − 1)(q − 1)/2r + 1, then q − u ≥ (r − 1)(q + 1)/2r . Thus, the
above result follows.
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(ii) If (r − 1)(q − 1)/2r + 1 < v < (r − 1)(q − 1)/r + 1, then the above result
is apparent.

(iii) If v = (r − 1)(q − 1)/r + 1, then q − u < (r − 1)(q + 1)/r . Thus, the above
result follows.

(1.3) If (vq − u)r ≥ 2(r − 1)n, we can easy prove that

uq + v − (v′q − u′) = q + v − ((v − (r − 1)(q − 1)/r)q

− (u + (r − 1)(q + 1)/r)) ≥ 0

by considering the range of (vq − u)r in the following two cases, where
v = (r − 1)(q − 1)/r + 1 or v > (r − 1)(q − 1)/r + 1.

Then we have T
⋂ −qT ′

1 = −qT ′
1 and T ′

1

⋂ −qT ′
1 = Cn . Hence, T1

⋂ −qT ′
1 =

−qT ′
1 \ Cn . Notice that −qT1

⋂
T ′
1 = −q(T1

⋂ −qT ′
1) = T ′

1 \ Cn . Therefore, we
have Tss = Cn

⋃
(T ′

1 \Cn)
⋃

(−qT ′
1 \Cn) = T ′

1

⋃ −qT ′
1. Furthermore, we determine

the size of Tss. FromLemma 4.1, we have |Cn| = 1 and |Cn+(iq+ j)r | = 2with (i, j) �=
(0, 0). From the definition of T ′

1, we have |Tss| = |T ′
1| + | − qT ′

1| − |T ′
1

⋂ −qT ′
1| =

2|T ′
1| − 1 = 2m(m − 1) + 1.
(2) If m is odd, let

T2 =
⋃

0≤i≤(m−3)/2,i+1≤ j≤t−i,
or t+2+i≤ j≤2t−i

Cn+(iq+ j)r

⋃

i=(m−1)/2,1+i≤ j≤t−i

Cn+(iq+ j)r ,

and

T ′
2 =

⋃

0≤u≤(m−3)/2,q−u≤v≤2t
or t+1−u≤v≤t+1+u

Cn+(uq+v)r

⋃

0≤u≤(m−1)/2,
0≤v≤u

Cn+(uq+v)r .

By Lemma 4.2, we have

−qT ′
2 =

⋃

0≤u≤(m−3)/2,q−u≤v≤2t
or t+1−u≤v≤t+1+u

Cn+(vq−u)r

⋃

0≤u≤(m−1)/2,
0≤v≤u

Cn+(vq−u)r .

It is similar to (1). We have Tss = T ′
2

⋃ −qT ′
2 and |Tss| = 2|T ′

2|−1 = 2m(m−1)+1.
This completes the proof. ��
Theorem 4.5 Let n = (q2 + 1)/2, r |q+1 and q be an odd prime power. For a positive
integer, 2 ≤ m ≤ (q + 1)/2. Then there are EAQMDS codes with parameters

[[n, n − 2m(q − m) − 1,m(q − 1) + 2; 2m(m − 1) + 1]]q .

Proof Assume that the definitions of T , T1, T ′
1, T2 and T

′
2 are defined as in Theorem 4.4

and m a positive integer, where 2 ≤ m ≤ (q + 1)/2. Suppose that C is a cyclic code
of length n = (q2 + 1)/2 with defining set T . Note that C has m(q − 1) consecutive
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Table 2 Some new EAQMDS codes with length n = q2+1
2

Length Parameters Condition Distance References

n [[n, n − 5, d; 5]]q q > 3 d ≥ 3 [2]

n [[n, n − 2d + 7, d; 5]]q q > 7 q + 5 ≤ d ≤ 2q [2]

n [[n, n − 2d + 3, d; 1]]q – 2 ≤ d ≤ 2
⌊ n
q+1

⌋
even [5]

n [[n, n − 2d + 15, d; 13]]q q ≥ 5 d = 3q − 1 New

n [[n, n − 2d + 27, d; 25]]q q ≥ 7 d = 4q − 2 New

n [[n, n − 2d + 63, d; 61]]q q ≥ 11 d = 6q − 4 New

n [[n, n − 2d + 87, d; 85]]q q ≥ 13 d = 7q − 5 New

roots. It is easy to check that the dimension of C is n−m(q−1)−1. From Lemma 2.1,
then we have C is anMDS code with parameters [n, n−m(q−1)−1,m(q−1)+2]q2 .
From Lemmas 2.2 and 2.4, Theorem 4.4, there are EAQECCs with parameters

[[n, n − 2m(q − m) − 1,m(q − 1) + 2; 2m(m − 1) + 1]]q .

Notice that

n − k + c + 2 = 2m(q − m) + 1 + 2m(m − 1) + 1 + 2 = 2m(q − 1) + 4 = 2d,

which implies that its parameters achieve the EA-quantum Singleton bound. Thus, the
EAQECCs we constructed are EAQMDS codes. ��

Next, we list some new EAQMDS codes and compare these codes with previously
all known EAQMDS codes of length n = (q2 + 1)/2 in Table 2.

5 Conclusion

In this paper, we investigate the q2-cyclotomic coset modulo rn, where n = q2 + 1
and n = (q2 + 1)/2. Then series of entanglement-assisted quantum MDS codes with
length n = q2 + 1 and n = (q2 + 1)/2 are constructed from negacyclic MDS codes
and constacyclic codes, respectively. From those two tables, we know that EAQMDS
codes constructed in the paper have largerminimumdistance than those in the previous
literature. It is an interesting problem to construct more EAQMDS codes with different
lengths.
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