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Abstract

Entanglement-assisted quantum error-correcting codes are a generalization of standard
stabilizer quantum error-correcting codes, which can be possibly constructed from any
classical codes by relaxing the duality condition and utilizing pre-shared entanglement
between the sender and the receiver. In this paper, we construct seven new families
of entanglement-assisted quantum maximum-distance-separable codes from cyclic
codes by exploiting less pre-shared entangled states. Most of these codes are new in
the sense that their parameters are not covered by the codes available in the literature.

Keywords Entanglement-assisted quantum error-correcting codes - Cyclic codes -
Cyclotomic cosets

Mathematics Subject Classification 94B15 - 94B65

1 Introduction

Quantum error-correcting (QEC) codes were introduced to reduce decoherence during
quantum communications and quantum computations. The stabilizer formalism makes
QEC codes that can be constructed from classical codes with certain self-orthogonality
(dual-containing) properties. However, the need for such dual-containing forms an
obstacle in the development of quantum coding theory. In Brun et al. [1,12], a
more general framework named entanglement-assisted stabilizer formalism was intro-
duced and it increases the communication capacity. The related codes are called
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entanglement-assisted quantum error-correcting (EAQEC) codes which can be possi-
bly constructed from any classical codes by relaxing the duality condition and utilizing
pre-shared entanglement between the sender and the receiver. After that, many schol-
ars have constructed lots of EAQEC codes with good parameters. (see, for example,
[6,10,11,16,17,35,36] and the relevant references therein).

Let g be a prime power. A g-ary EAQEC code, denoted by [[n, k, d; c]],, encodes
k information qudits into n channel qudits with the help of ¢ pairs of maximally
entangled states and can correct up to L%J errors, where d is the minimum distance
of the code. Actually, if ¢ = 0, itis the standard [[n, k, d]]; quantum codes. Moreover,
if c = n — k, it is called a maximal-entanglement EAQEC code.

Similar to quantum Singleton bound, there is also a so-called entanglement-assisted
(EA) quantum Singleton bound for EAQEC codes.

Theorem 1 (EA quantum Singleton bound) [1,7,15] For any [[n, k, d; c]l, EAQEC
code with d < %, its parameters satisfy

n+c—k>2d-1),

where 0 < c<n-—1.

An EAQEC code achieving this bound is called an EAQMDS code. If ¢ = 0, it is
the quantum Singleton bound. As we said before, EAQEC codes can be constructed
from classical codes without dual-containing condition, but it is still hard to do so,
since it is not an easy task to determine the number of shared pairs in the construction
of EAQEC codes. Scholars have proposed several methods to solve this problem, and
many EAQEC codes with good parameters have been constructed.

Maximal-entanglement EAQEC codes with small lengths constructed from qua-
ternary zero radical codes were presented in [25]. Qian and Zhang [31] constructed
maximal-entanglement EAQEC codes from arbitrary binary linear codes and proved
that asymptotically good EAQEC codes exist in binary case. Very recently, Liu et
al. [22] generalized [31] to linear codes with k-Galois product and they also constructed
some EAQEC codes from matrix-product codes in [21]. Recently, a relationship
between the number of maximally shared qudits required to construct an EAQEC
code from a classical code and hull of the classical code was obtained in [8], in which
EAQEC codes with flexible parameters were also constructed. Meanwhile, codes based
on linear codes with complementary duals were also used to construct EAQEC codes
in [9] and [32], respectively. In addition, EAQMDS codes were constructed from
Reed-Solomon and generalized Reed—Solomon codes in [18,28,29].

Lu et al. [24] utilized the decomposition of the defining set of codes which was
introduced in [20], to construct EAQEC codes from BCH codes. Recently, Lu et
al. [26] and Chen et al. [2] proposed the concept of decomposition of the defining set
of constacyclic codes, which makes the shared qudits ¢ that can be easily determined,
and they also constructed some new EAQMDS codes. Since then, many EAQMDS
codes have been constructed from constacyclic codes (including cyclic codes and
negacyclic codes). Among the obtained results, the lengths of these EAQMDS codes

divide g2+ 1 (see, for example, g2 + 1 in [2,27,33,34]; £5L in [2]; £ in [3,13,26];
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qz]—f)“l in [13,27], etc.), and q2 — 1 (see, for example, [2,19,23,26,27,34]). Very recently,
Chen et al. [4] also used negacyclic BCH codes to construct EAQEC codes.

In this paper, through the analysis of the intersection of the defining set D of cyclic
codes and —g D, we obtain several new families of EAQMDS codes of lengths that
divide ¢2 + 1 with ¢ being an odd prime power as follows:

(1) [, 24 24 46, d; 4]],, wh i
=, 4= - ,d; 4]y, where g +2 < d < 2q — 11is odd.
P+l g+l . - 492
2) [[—5 i 2d +3,d; 1]],, where ¢ = 3 (mod 10),g > 3,2 <d < ==

5
is even.
3) (L2, £ 2447, d; 51),, where g = 3 (mod 10),q > 3,248 < 4 < 912
is even.

4) [[.‘125+1’ q25+1 —2d +3,d; 1]];, where g = 7 (mod 10),2 <d < # is even.

(5) 155, CE — 2d +7,d: 5], where g = 7 (mod 10), “H12 < g < %2 i
even.

(6) [[_‘121?)-1’ qzl-(‘r)-] —2d+6, d; 4]14, whereg = 3 (mod 10), g > 3,@ <d< @
is ()2dd. s

(D) 145", Lt — 2d + 6, d; 4]y, where g = 7 (mod 10), 21 < d < %3 s
odd.

The paper is organized as follows. In Sect. 2, some notations and basic results
of cyclic codes and EAQEC codes are presented. In Sect. 3, some new families of
EAQMDS codes with small pre-shared entangled states are constructed from cyclic
codes. The conclusion is given in Sect. 4.

2 Preliminaries

Let g be a prime power and F > be the Galois field with g elements. A g>-ary linear
code ¢ of length n with dimension , denoted by [n, k] 2, is a linear subspace of ]FZ2

with dimension k. The number of nonzero components of ¢ € % is said to be the
weight wt(c) of the codeword ¢. The minimum nonzero weight of all codewords in
% is said to be the minimum distance of ¢, denoted by d(%). An [n, k] 42 linear code
with minimum distance d is denoted by [n, k, d] g2

Given two vectors X = (xq, X1, ..., Xp—1),andy = (Yo, Y1, - -+, ¥u—1) € ng,their
Hermitian inner product is defined as

x,y) == xoy¢ +x1y] 4+ +xmyl .

The vectors x and y are called orthogonal with respect to the Hermitian inner product
if (x,y) = 0. For a ¢?-ary linear code ¢ of length 1, the Hermitian dual code of € is
defined as

¢ = (x € IFZ2 :(x,y) =O0forally € ¢}.

It is clear that ¥ is a ¢*-ary linear code with dimension n — dim(%).
A g’-ary linear code € of length n is called cyclic if it is invariant under the
cyclic shift of IE"’;Z: (co,c1y...,cp—1) = (cn—1,co0, ..., cn—2). Each codeword ¢ =
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(co, €1, - - ., cy—1) is customarily identified with its polynomial representation c(x) :=
co 4 cix + - 4+ cy_1x" L, and the code ¥ is in turn identified with the set of all
polynomial representations of its codewords. Then in the ring % := Foalx1/ x"—1),
xc(x) corresponds to a cyclic shift of ¢(x). It is well known that a ¢2-ary linear code
¢ of length n is cyclic if and only if ¢ is an ideal of the quotient ring %. Moreover,
4 is a principal ideal ring, whose ideals are generated by monic factors of x* — 1, i.e.,
¢ = (f(x)and f(x)|(x" —1).

Suppose that gcd(n, ¢) = 1. Let i be an integer with 0 < i < n — 1. The ¢>-
cyclotomic coset of i modulo 7 is defined by C; := {iqzz (mod n):0<1 <[ —1},
where /; is the smallest positive integer such that ig? = i (mod n). The smallest
number in C; is called the coset leader of C;.

Let € be a g>-ary cyclic code of length n with generator polynomial g(x), then
theset D ={0<i<n—1: g(ai) = 0} is called the defining set of ¥, where « is
a primitive n-th root of unity in some extension field of I >. Obviously, the defining
set D is a union of some qz-cyclotomic cosets and dim(%) = n — |D|, where |D|
denotes the cardinality of the set D. The minimum distance of 4 has the following
well-known bound.

Theorem 2 (BCH bound) [30] Let § be an integer in the range 2 < § < n. Assume that
C is a cyclic code of length n with defining set D. If D consists of § — 1 consecutive
elements, then d(€) > 6.

As we said before, scholars had proposed several methods to construct EAQMDS
codes. Among these methods, the most frequently used one is to decompose the
defining set of the codes based on [2,26] et al. Similar to this method, we have the
following result.

Theorem 3 Let € be a qg*-ary cyclic code of length n with defining set D. Suppose
2 = D N (—qD), where —qD = {—qz (mod n) : z € D}. If € has parameters
[n,n —|D], d]qz, then there exists an EAQEC code with parameters [[n,n — 2| D| +
121, d: 1211,

3 Constructions of entanglement-assisted quantum MDS codes

In this section, we will construct some new EAQMDS codes with lengths that divide
g% + 1. We first give a useful lemma in the following which will play an important
role in our construction.

Lemma1 [14] Letn | (¢>+ 1) ands = 3] Ifn is odd, then the q%-cyclotomic cosets
modulo n containing integers from 0 to n are: Co = {0}, C; = {i, —i} = {i,n — i},
where 1 < i < s. If n is even, then the q2-cyclotomic cosets modulo n containing
integers from 0 to n are: Co = {0}, Cs = {s} and C; = {i, —i} = {i,n — i}, where
1<i<s—1
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2
3.1 Entanglement-assisted quantum MDS codes of length %
2
Throughout this subsection, let ¢ be an odd prime power, n = % and s = "—51
From Lemma 1, the g2-cyclotomic cosets modulo n are: Cy = {0} and for every i
with0 <i <s—1,
Cs—i={s—i,s+1+i} (1)

For every t with0 <t < s — 1, let 7, be the q?-ary cyclic code of length n with
defining set

t
Dy =]JC )
i=0

We have the following basic property for the defining set Dy ;.

Lemma2 Let Dy ; be defined as above. If% <t <q—2 then|D;;N(—qDj ;)|
=4,

Proof Clearly, for every g>-cyclotomic coset C, —gC is also a g>-cyclotomic coset
modulo 7. Consequently, D; ;N (—g Dj ;) is either an empty set or a union of some g>-
cyclotomic cosets. Next, by analyzing the ¢>-cyclotomic coset modulo 7 represented
by —qCs—;, for 0 < i < ¢, we will determine Dy ; N (—g Dy ;). Thereby, the desired
result follows.

For every i with 0 <i < s — 1, from (1), there is a unique @¢; with0 < a; <s — 1

such that —gC;_; = Cs_,;. Now, we determine g; for 0 <i < ¢. Since s = % and
q is odd,
. q+1 :
—q(s—t)Es+T+qz (mod n), 3)

for each i in the range 0 < i < s — 1. It follows from (1) and (3) that

-1
a; = qT + gi (mod n), “4)

or
+1
4 =— (qT i qi> (mod n). (5)
Notice that % < % +qi <2n— # for0 <i < g —2,so we have the following
four cases.

—Casel:iel:={i: % < qzil +gi < s}.From (4), a; = % + gi. Hence,

—qCs_; =C

q—1 P
¢

S—
From (2), (—qCs—;) N Dy ; # ¥ if and only if 0 < % +qi <t <g—2.Since
i is an integer, there is only an i = 0 such that (—qCs_;) N Dy, # W fori € I';.
Hence,

Uier, (=qCs—i) N Dy =C,_g-1.

2
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—Case2:i € I := {i:s—i—lf%—i—qi Sn}.Weclaim%—i—qi £ 5+ 1.
Otherwise,

- 1
n2q=s+1—%50(modq).

It implies that n = 0 (mod ¢) since ¢ is odd, which contradicts to the fact that
ged(n, g) = 1. It follows from (5) that

From (2), (—qCs—;) N Dy ; # @ifand only if 0 < a; <t < g — 2. Since i is an
integer, there is only an i = qT_l such that (—gCs—;) N Dy # W fori € I';. In
this case, a; = 0. Therefore,

(Uier,(—=qCs—)) N Dy, = Cs.

—Case3:iellz={i:n+1< qTH + qi < n + s}. It follows from (4) that

1 —1
ai:%—i—qi—n—l:q(i—qT)—l.

From (2), (—qCs—i) N Dy; # @ ifandonly if 0 < a; <t < g — 2. Since
i is an integer, there is no i € I'3 such that 0 < @; < ¢ — 2. That is to say,
Uier;(—=qCs—i) N Dy = 0.

~ Casedii €eTy:={i:n+s+1< +gi <2n— ) Clearly, if Ty # 4,
we have ¢ > 3. Now, assume that ¢ > 3. We claim % +qi #n+s+1 for
i € I'4. Otherwise,

q2+3_n+1

4 2

. og+1 g —1
= 1: _— = - —),
s+ qi + > n=q( 5 )

which implies that 3 = 0 (mod ¢) since ¢ is odd. This contradicts to the fact that
g > 3. It follows from (5) that

3g + 1 1 -1
s Sai=2n—%—qi=q(q—i)—q7.

From (2), (—qCs—;) N Dy ; # ¥ if and only if # <a;j <t <qg—2.Sinceiis

an integer, there is no i € I'4 such that % <a; <q —2.Then,

Uiery(—=qCs—i)) N Dy = 0.
In conclusion, we have Dy ; N (—g Dy ;) = Cs U CS,J;L The result follows O
b 2

Theorem 4 Let g be an odd prime power. For each odd integer d withq +2 < d <
2 2
2q — 1, there exists an EAQMDS code with parameters [[qTH, % —2d+6,d; 4]],.
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Table 1 New entanglement-

assisted quantum MDS codes of a Parameters [[n. k. d: cllq d
2
length % 7 [[25,31 —2d,d; 4]]7 9 <d < 13isodd
9 [[41,27 —2d, d; 4119 11 <d < 17isodd
1 [[61,67 — 2d, d: 4] 13 < d < 21is odd
13 [[85,91 —2d,d; 41113 15 <d <25isodd
17 [[145,151 —2d,d; 41117 19 <d <33isodd
19 [[181,187 —2d,d; 4]119 21 <d < 37isodd
23 [[265,271 —2d,d; 4]123 25 <d < 45is odd
25 [[313,319 —2d,d; 4]1»5 27 <d <49is odd
2
Table 2 Entanglement-assisted quantum MDS codes of length %
q Parameters [[n, k, d; c]lq d References
2 2
0dd 52, 45 24 +3,d: 1), 2<d <q+1liseven (5]
2 2
0Odd H, SH —2a 47,4551, q+5<d<2qiseven 2]
2 2
Odd [[4;1’4;1,2d+6,d;4]]q q+2<d<2q—1isodd New

Proof For each odd integer d with g +2 <d <2g — 1, lett = ‘%, then % <
t < g — 2. Consider the g>-ary cyclic code €, of length n = ‘IZT'H with defining set
Dy ;. It follows from (1) and (2) that | Dy ;| = 2t +2 = d — 1. Hence, dim(%7 ;) =
n — |Dj:| = n —d + 1. By the definition of Dy ; (see (2)), the defining set Dy ;
consists of d — 1 consecutive integers

’S‘__

d-3 d—->5 . ! d—-73 d—1
{s > S ) yore L, S s, s+ 1,85+ > , 8+ ) }
Then by Theorem 2, the minimum distance of €7 ; is at least d. Thus, 67 ; is a cyclic
code with parameters [n,n —d + 1, > d]qz. From Lemma 2, |D; ; N (—g Dy ;)| = 4.
Combining Theorem 3 with EA quantum Singleton bound, there is an EAQMDS code
with parameters
[[n,n—2d+6,d;4]],.

The result follows. O

Example 1 We list some new EAQMDS codes of length # obtained from Theorem
4 in Table 1.

Remark 1 EAQMDS codes of length "ZTH with ¢ = 1 and ¢ = 5 had been constructed

in [2] and [5] using cyclic codes and negacyclic codes, respectively. We list them in
Table 2.
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2
3.2 Entanglement-assisted quantum MDS codes of length %

Throughout this subsection, let g be an odd prime power with ¢ = £3 (mod 10)
2
andg > 3. Letn = ‘75—+1, then n is even. From Lemma 1, the ¢2-cyclotomic cosets

modulo n are: Cy = {0}, C% = {%}, andfor1 <i < % -1,

Ci=1i,n—i). (©6)

For each t with0 <t < % — 1, let €71, be the qz—ary cyclic code of length n with
defining set

'
Dy = UC,‘. @)
We have the following basic property for the defining set Dy ;.

Lemma3 Let Dy ; be defined as above. If 0 <t < |_3q 4] then

1 if0<r <[22,

IDij N (—qDyy )| = s if L2q+1J <1< qu 4

Proof Let 1y = L%J. We now prove

Dll,to N (_qDII,Z()) = CO U C[#W U CL24157+1J

and —qgC reg2) = =C |21 . The main idea is to analyze the g>-cyclotomic coset modulo

1
n represented by qC for 0 <i <19.Clearly, —qCoy = Cy. For every i in the range
I <i=<r,

—qg(n —1i)=gqi (mod n). (8)
Let a; be an integer with 1 < q; < % such that —gC; = C,;. From (6) and (8), we

have
a; = qi (mod n), )
or

a; = —qi (mod n). (10)

Notice that 0 < gi < gty < 3n for 1 < i < ty, we now analyze a; in the following
Six cases.

—Caseliieln:={i:1<gqi < %}. From (9), a; = qi, i.e., —qC; = Cy;. From
(7), (=qCi) N Dyy 4y # Y if and only if 1 < gi < fy. Since i is an integer and
) < g, then

(Uier, (=qCi)) N Dyj 4y = 9.

— Case2:i e Iy :={i : 7 +1 < qi <n}.Since gcd(n, q) = 1, gi # n. It follows
from (10) that a; = n — qi, i.e., —qC; = C,_4;. From (7), (—=qC;) N Dy 4y # ¥
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ifand only if 1 <n —gqi < 1y. Since i is an integer, | < n — gi < fg is equivalent

R e N e
5 q q 5
Hence,if g = —3 (mod 10), thereisonly ani = qT_Z such that (—¢C;)N Dy 4 #

¢ fori € I'p. In this case,a; = n — qi = 2(15—“, and

Uier,(—qCi)) N Dy 4y = Czqs;rl.

If g = 3 (mod 10), (Ujer,(—qCi)) N Dyp 4y = 9.

—Case3:i elz3:={ :n+1 < qi < %}. From (9), a; = qi — n, ie.,
—qC; = Cyi—y. It follows from (7) that (—gC;) N Dyy 4 # ¥ if and only if
1 < gi —n < ty. Note that i/ is an integer, 1 < qi —n < 1y is equivalent to

q+2 _ n+1 << n+ty _ q+2 ‘
5 q -~ q 5
Hence, if ¢ = 3 (mod 10), thereisonly ani = % suchthat (—gCi)N Dy 4y # 9

fori € I's. In this case, a; = gi —n = 2", and

(Uiers (=qCi)) N Dipgy = Cagt

If g = =3 (mod 10), we have (Ujer;(—¢Ci)) N Dy .49 = 9.

—Cased:i eTy:={i: %” + 1 < gi < 2n}. Since g is an odd prime power and
ged(n, g) = 1, one can get gi # 2n. Hence, 1 < 2n —gi < % — 1. From (10),
a; =2n—gqi,ie., —qC; = Cy_g;. It follows from (7) that (—gC;) N Dy 4y # ¥

ifandonlyif 1 < 2n—gqi < fy.Sincei is aninteger, | < 2n—qi < g is equivalent

EE R R

Hence, if g = 3 (mod 10), there is only ani = 2‘]5—_1 such that (—¢C;) N Dy 4 #
@, fori € T'4. In this case, a; = 2n — qi = ’15—2, and

Uier,(=qCi)) N Dyy 4y = Cqu'

If g = —3 (mod 10), we have (U;er,(—gCi)) N Dy 49 = 9.

—CaseS:iel's:={i:2n+1<gqi < 57”}.Similarto Case 4, one can get gi # 57”
Itimplies that 1 < gi —2n < % —1.From (9),a; = qgi —2n,i.e., —qC; = Cyi—2x.
From (7), (—qC;) N Dyr4 # ¥ if and only if 1 < gi — 2n < fy. Since i is an
integer, 1 < gi — 2n < 1y is equivalent to

2q+1] [2n+1 << 2Zn+1o | |29 +1
5 01 ¢ = L ¢ J L 5 1
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Therefore, if ¢ = —3 (mod 10), there is only an i = 2‘1;” L Such that (—gCiH N

Djy 4y # W, fori € I's. In this case, a; = qi —2n = q5—2 and

(Uiers(—=qCi)) N Dyy 4y = Cq%

()

If ¢ = 3 (mod 10), we have (Ujers(—¢qC;)) N Dy 4y = 9.

—Case 6:i € I'g := {i : 57" + 1 < gi < gtp}. Obviously, 1 < 3n — gty <
3n —qi < % — 1. From (10), a; = 3n — qi, ie., —qC; = C3,—4;. From (7),
(=qCi)N Dy 4y # Pifand only if 3n — gto < 3n —qi < ty. Since i is an integer,
3n — gty < 3n — qi < 1y is equivalent to

3g —1 _ 3n — 1o i< 3g —4
5 qg |- 7 5

Therefore, (Ujcrg(—qCi)) N Dyp4 = 9.

In conclusion, we have Dj; 4 N (=qDyy ) = Co U C[q;z] U CquHJ. The result
5 5
follows. O

Theorem 5 Let g be an odd prime power with ¢ = £3 (mod 10) and g > 3. For each
eveninteger d with2 <d < 2L2q+1 1, there exists an EAQMDS code with parameters

241 g% +1
CARL . L Y SN
5 5 v

For each even integer d with 2|_2q+6j <d <2|¥— SqH |, there exists an EAQMDS code

with parameters
2 2
1 1
[[u’ g+1 2d + 17, d; 5i|]
5
q
Proof For each even integer d with 2 < d < 2L3q+1J lett = 5=, then 0 <t <
L3q 4] Now consider the ¢2-ary cyclic code €/ ; of lengthn = T W1th defining set

D”,, From (7),|Dy | = 2t+1 = d—1.Hence,dim(%6}; ;) =n—|Dyy ;| = n—d+1.
According to the definition of Dy ;, it consists of d — 1 consecutive integers

-2 -2
_d_,...,_l,o,l,...,d_ )
2 2

Then by Theorem 2, d(%671 ;) > d. Therefore, €} ; is a cyclic code with parameters
[n,n—d+1,> d]qz From Lemma 3,

1 if0<r<|2?

[Dirs N (=qDjpp )|l = {5 i L2‘1+1J <t< L3q —4
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Table3 New entanglement-

assisted quantum MDS codes of a Parameters [[n. k. d: cllq d
length '125—'“ 13 [[34,37 —2d,d; 11113 2<d < 10iseven
[[34,41 —2d,d; 51113 12 < d < 161is even
17 [[58,61 —2d,d; 11117 2 <d < l4iseven
[[58, 65 —2d, d; 51117 16 < d < 20is even
37 [[274,277 — 2d, d; 1]]37 2 <d <30iseven
[[274, 281 — 2d, d; 5]]37 32 <d < 44iseven
53 [[562,565 —2d, d; 1]]53 2<d<42iseven
[[562,569 — 2d, d; 5]]53 44 < d < 64 iseven
57 [[650, 653 — 2d, d; 11157 2 <d <46iseven
[[650, 657 — 2d, d; 51157 48 < d < 68iseven

Combining Theorem 3 with the EA quantum Singleton bound, there is an EAQMDS
code with parameters

241 g%2+1
A N LN VI R |
5 5
q
forevend with 2 < d < 2| 2 |; and
2 2
1 1
LT ai7as||
5 5 .
for even d with 2L2"5—+6J <d< 2L3"5—+1J. The result follows. O

2
Example 2 We list some new EAQMDS codes of length % obtained from Theorem 5
in Table 3.

Remark2 EAQMDS codes of length "25—+1 with ¢ = 1 and ¢ = 5 had been constructed
in [26] from negacyclic codes, where ¢ = 10m + 3, ¢ = 10m + 7 and m is an even
integer. However, in this paper, we construct EAQMDS codes of length ‘125—+1 with
¢ = 1 and ¢ = 5 under the case ¢ = 10m + 3, ¢ = 10m 4 7 and m is any positive
integer. Hence, our results are more general. It is easy to see that our results coincide
with theirs under the case m is even. But when m is odd, our results are new. EAQMDS
codes of such length with other cases also had been studied (see Table 4).

2
3.3 Entanglement-assisted quantum MDS codes of length %

Throughout this subsection, let g be an odd prime power with ¢ = £3 (mod 10) and

g >3.Letn = ‘121—31 ands = % From Lemma 1, the ¢>-cyclotomic cosets modulo
n are: Co = {0},
Cs_i={s—i,s+1+i}, an
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2
Table 4 Entanglement-assisted quantum MDS codes of length q%l

q Parameters [[n, k, d; cllq d References
2 2
om+2 [5G 24 1 6,d:41), M9 <4 < g+ 1is odd (3,13]
2 2
om+8  [[450 CF 24 +6.d: 41 39l < d<q+1isodd [3.13]
P+ g+l . .
20m + 3 [[*5—, F5— —2d +6,d: 4]y 12m +4 < d < 20m + 4 is even [3]
241 g2+l ) .
20m + 7 [[*=5—, 5= —2d +6,d;4]lq 12m 4+ 6 < d < 20m + 8 is even [3]
10 41 g+l . ‘
m + 3 [l 5, 3 —2d+6,d;4]l4 4dm +3 <d <6m+ 1isodd [26]
m odd om+4 <d < 10m + 4 is even
2 2
m even [[%,%—2{14—3@; 1]lg 2<d<8m+2iseven
2 2
[[115"'1’115-5-1_241_‘_6"1;4]]‘] 4m +3 < d < 6m+1isodd
2 2
[[‘15"'1,‘15"'1—2d+7,d;5]]q 8m +4 <d < 12m+4iseven
41 g2+l ) .
10m + 7 [[T’T_2d+6’d’4]]q 8m+7<d< 14m + 11 is odd [26]
m odd om+6 <d < 10m + 8 is even
2 2
m even [[%,%—2{14—3,& 1lg 2<d<8m+6iseven
2 2
[[‘15"'1,‘15"'1—2d+6,d;4]]q 8m +7<d < 14m 4+ 111is odd
2 2
5, 5 —2a +7,4;51), 8m +8 < d < 12m + 8 s even
2 2
10m +3 G, 4 —2a 43,45 1), 2<d <8m+2iseven New
2 2
m odd M, S —2d 4+7,d;51l;  8m+4<d<12m+4iseven
2 2
10m + 7 [[(15—+1,‘15—+1—2d+3,d;1]]q 2 <d<8m+6iseven New
2 2
m odd M, 5 —2a +7,4;51), 8m +8 < d < 12m + 8 s even

for1 <i <s—1.Foreveryr withO <t <s—1,let 7/ be the qz—ary cyclic code
of length n with defining set

t
Diry=|JCi. (12)
i=0

We have the following basic property for the defining set Dy ;.

Lemma4 Let Dy, be defined as above. Iffu] <t< qu 8|, then
|Drr1i 0 (=qDyrr)l =4
Proof Let 1y = L J It is clear that we only have to prove that
Dirrig N (=4 Diirsg) = C_ a3 UC_ a3y

The main idea is similar to Lemma 3, that is, to analyze the ¢?-cyclotomic coset
modulo n represented by —gCs_; for 0 <i < fy. From (11), there is a unique integer

@ Springer



Entanglement-assisted quantum MDS codes from cyclic codes Page 130f 18 65

a; with 0 < g; < s — 1 such that —qCs_; = Cs—,. Forevery i with 0 < i <1, itis
easy to check that
. q+1 .
—q(s—z)zs+T+qz (mod n). (13)
From (11), we have
-1
ai = qT 4 gi (mod n), (14)
or +1
a4 = —(q— + gi) (mod n). (15)

Note that q+1 < q+1 +qi < q“ + gty < 4n, for 0 < i < ty. We now analyze
Drrr N (= 61D111,ro) in the fo]lowmg eight cases.

—Case l:i eI’y :={i: % < q+1 + qi < s}. From (14), a; = %+qi,i.e.,
—qCy_; = CS_%_ql.. From (12) (—=qCs—i) N Dypr4 # ¥ if and only if 0 <
%+qi < fy.Sincei isanintegerand 0 < fp < %,wehave (Uier,(—qCs—i))N
Drrr = 9.

—Case2:ielpyi={i:s+1< q+1 + gi < n}. Similar to Case 2 in the proof
of Lemma 2, q Lbgi £s+1. From (15),a; =n — q'H — gi. Thereby, from
(12), (—qCs— ,) N D1 #Yifand only if 0 < g; < to Since i is an integer,
0 < a; < 19 is equivalent to

_ —g—1— 2 _ 5, _ _
q—1 _ 2n —q — 1 — 219 << q 5g — 4 _|4 7 ‘
10 2q - 10g 10
Therefore, if g = —3 (mod 10), there is only ani = % such that 0 < a; < 19

fori € I'y. In this case, a; = n — q+1 —qi = %. Hence,

(Uier, (=qCs—i)) N D1,y = C;_g2.

5
If ¢ =3 (mod 10), there isno i € I'; such that 0 < a; < #y. Hence,
Uier, (—qCs—i) N Dyp1.49 = 9.
—Case3:iel:={i:n+1< qTH—i—qi < n+s}. From (14), a; = qz;l—i—qi—n.

It follows from (12) that (—qCs—;) N Dyyy4y # Yifand only if O < a; < 1. Since
i is an integer, 0 < a; < fy is equivalent to

q—3 2n—q+1 - 2n —q + 1+ 21 q—3
—_— = — l = .
10 2q - 2q 10
Hence,ifg = 3 (mod 10), thereisonlyani = %suchthat(—qu_i)ﬁD”]’t0 *
() for i € I'y. Therefore,

(Uiers; (=qCs—i)) N Dypp4y = Cs_ng'
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If g = =3 (mod 10), Uiery;(—qCs—i) N Dyj1.49 = 9.

—Cased:iely = :n+s+1=< %—Fqi < 2n}. Similar to Case 4 in
the proof of Lemma 2, we have q+1 + qi #n + s + 1. It follows from (15) that
a; =2n—4L~—gi.From (12), (— qu )NDyrr 4 # Yifandonlyif0 < a; < .
Since i is an 1nteger, 0 < a; < 1y is equivalent to (qT} <i< LqTJ. Hence, if
g = 3 (mod 10), there is only an i = ‘15;3 such that (—gCs—;) N Dyy1,4 # 9 for
i €Ty, ie.,

(Uiery(=qCs—i)) N Dypp9 = C;_g-3.

1
Otherwise, if ¢ = —3 (mod 10), we have U;cr, (—qCs—;) N Dyr1.4y = 9.
— Case5:i €N's:={i : 2n+1 < qT'H+qi < 2n+s}.From (14),a; = &= 1+qz—2n
From (12), (=qCs—;)N Dy 4 # Pifand onlyif 0 < a; < 9. Sincei i 1s an integer,
0 < a; < fo is equivalent to [452] < i < [%5%]. Hence, if ¢ = —3 (mod 10),
there is only ani = % such that (—qCs_;) N Dy 4, 7 ¥ fori € I's. Thereby,

(Uiers(—=qCs—i)) N Drypeg = C;_g-1.

I

Otherwise, if ¢ = 3 (mod 10), we have U;ers(—qCs—i) N Dyjp49 = 9.
—Caseb:ielg:={i:2n+s+1< %—i—qi < 3n}.Weclaim%+qi £

2n + s + 1. Otherwise, ¢ + 1 4+ 2gi = 5n + 1. It implies that 5n = 0 (mod q),
q+1

which contradicts to the fact that ged(5n, ¢) = 1. From (15), a; = 3n — 5~ —qi.
It follows from (12) that (—qCs_;) N Dy 4 7& @ifand onlyif 0 < a; < to Since
i is an integer, 0 < a; < 1y is equivalent to [ '| <i< |_3q 9J Therefore,

(Uiery(—qCs—i)) N Dyp149 = 9.

— Case7:i € 7 :={i : 3n+1 < L +¢i < 3n+s}). From (14),a; = 5 +qi—3n.
It follows from (12) that (—gCs_;) N Dy 4 ;é QJifand only if 0 < a; < #9. Since
i is an integer, 0 < a; < ¢ is equivalent to { '| <i< L3q 9J Hence,

Uier,(—qCs—)) N Dyyr = 9.

=< q“ + gqto}. We claim

q+l + gi # 3n + s + 1. Otherwise, ¢ + 1 + 2qgi = 7n + 1. It implies that
7n = 0 (mod ¢). Note that gcd(n, g) = 1, we have ¢ = 7. However, if ¢ = 7,
we have I's = @. It follows from (15) that a; = 4n — qH — gi. From (12),

(=qCs_) N Dyy1.4 # Wifand only if O < a; < 19, that is, (—1 <i< |27

— Case 8:i € I'g = {"3n+s+1<ﬂ+qi<

Notice that i < | q5 8, we have (Uierg(—qCs—i)) N D114y = 9.
According to all the cases above, we have Dyj; 4 N (—qDjrr,) = Y =y U
5=
C . 4-3.. The result follows. m]
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Table5 New entanglement-

assisted quantum MDS codes a Parameters [[n. k. d: cllq d

of length 11217?)_1 13 [[17,23 —2d,d; 4]113 7<d < 1lisodd
17 [129,35 —2d,d; 41117 9 <d < 13isodd
23 [[53,59 —2d, d; 41123 11 <d < 19is odd
27 [[73,79 —2d, d; 41127 13 <d <2lisodd
37 [[137,143 —2d, d; 4]137 17 < d <29isodd
43 [[185,191 —2d, d; 4]143 19 <d <35isodd
47 [[221,227 —2d, d; 41147 21 <d < 37is odd

Theorem 6 Let g be an odd prime power with g = £3 (mod 10) and g > 3. For each
odd integer d with 2[q+2'| +1<d< 2L2q lj + 1, there is an EAQMDS code with
parameters

Hq2+1 g +1

, —2d+46,d;4
T |

q

Proof For each odd integer d with 2127 + 1 < d < 2|21 | + 1, let 1 = 433,
then f%'l <t < qus—_6j. Consider the g2-ary cyclic code Gr11.¢ of length n =

ql’l_gl with defining set Dy7 ;. From (12), [Dyj1¢] = 2(t + 1) = d — 1. Hence,
dim(érrr1) = n — |Drr14] = n —d + 1. Clearly, the defining set D”[, consists
of d — 1 consecutive integers {s — %, e, s—1,s, s+ 1,005 + 21} Then
by Theorem 2, d(6711.,) > d. Therefore, €711, is a cyclic code with parameters
[n,n—d+1,> d]qz. From Lemma 4, ¢ = |Dyy;; N (—gDyyr1+)| = 4. Combining
Theorem 3 with the EA quantum Singleton bound, €7 ; is an EAQMDS code with
parameters

?+1 ¢ +1
10710

—2d +6,d, 4i|]
q

The result follows. O

Example 3 We list some new EAQMDS codes of 1ength
in Table 5.

! obtained from Theorem 6

Remark 3 EAQMDS codes of length 4 0 ! with ¢ = 1 had been constructed in 2]
from negacyclic codes. EAQMDS codes of the same length with ¢ = 5 and ¢ = 9 had
been constructed in [13] utilizing constacyclic codes with order g + 1. We list all the

known results of EAQMDS codes of length 27~ in Table 6.

4 Conclusion

41 ¢*+1 ¢>+1
In this paper, EAQMDS codes of three different lengths, i.e., 2 , 75,595, have

been constructed by exploiting less pre-shared maximally entangled states. Comparing
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2
Table 6 Entanglement-assisted quantum MDS codes of length %

q Parameters [[n, k, d; c]lq d References
2 2

10m +3 4L, G —2d +3,d: 1) 2<d < 9 iseven (5]
2 2

10m 47 4L, 4t — 24 +3.d: 1), 2<d < 2 iseven (5]
2 2

10m +3 4L, 4t — 24 +3,d: 1), 2<d < 6m+2is even 27]
2 2

10m +7 4L, 48t — 24 +3.d: 1), 2<d < 6m+4iseven 27]
2 2

10m +3 4L, 4t — 24 +7.d: 51), ML < 4 < M2 s even [13]
2 2

10m +7 4L, 4t — 24 +7.d: 51), M9 < d < MF2 iseven [13]
2 2

10m +3 4L Gt —2d +11,4:91), 488 <d<q-liseven [13]
2 2

10m +7 4L, G —2d + 11, 4: 911, 212 <4 <q+3iseven [13]
241 ¢2+1 29+9 4943

10m + 3 [t L5t —2d +6,d: 4]y 2 < d < M s odd New
2 2 -3 .

10m +7 4L, 4t — 24 + 6, d: 41), 2 < 4 < 423 s odd New

the parameters of the obtained EAQMDS codes with all known EAQMDS codes of
such lengths, one can find that these EAQMDS codes are new in the sense that their

parameters are not covered by the codes available in the literature, except the length
2

‘15—+1, where ¢ = 10m 4+ 3 and ¢ = 10m + 7 with m even, which is the same as the

results in [27].

Acknowledgements We are grateful to the anonymous referees and the associate editor Travis S Humble
for useful comments and suggestions that improved the presentation and quality of this paper. The work
was supported by the National Natural Science Foundation of China (61802102, 61772168, 61972126),
the Natural Science Foundation of Anhui Province (1708085QA01, 1808085MA15), the China Scholar-
ship Council (201806695004) and the Fundamental Research Funds for the Central Universities of China
(PA2019GDZC0097).

References

1. Brun, T.A., Devetak, I., Hsieh, M.H.: Correcting quantum errors with entanglement. Science 314(5798),
436-439 (2006)

2. Chen, J., Huang, Y., Feng, C., Chen, R.: Entanglement-assisted quantum MDS codes constructed from
negacyclic codes. Quantum Inf. Process. 16, 303 (2017)

3. Chen, X., Zhu, S., Kai, X.: Entangle-assisted quantum MDS codes constructed from constacyclic
codes. Quantum Inf. Process. 17, 273 (2018)

4. Chen, X., Zhu, S., Kai, X.: Entanglement-assisted quantum negacyclic BCH codes. Int. J. Theor. Phys.
58(5), 1509-1523 (2019)

5. Fan, J., Chen, H., Xu, J.: Constructions of g-ary entanglement-assisted quantum MDS codes with
minimum distance greater than ¢ + 1. Quantum Inf. Comput. 16(5, 6), 0423-0434 (2016)

6. Galindo, C., Hernando, F., Matsumoto, R., Ruano, D.: Entanglement-assisted quantum error-correcting
codes over arbitrary finite fields. Quantum Inf. Process. 18, 116 (2019)

7. Grassl, M.: Entanglement-Assisted Quantum Communication Beating the Quantum Singleton Bound.
AQIS, Taiwan (2016)

8. Guenda, K., Jitman, S., Gulliver, T.A.: Constructions of good entanglement-assisted quantum error
correcting codes. Des. Codes Cryptogr. 86(1), 121-136 (2018)

@ Springer



Entanglement-assisted quantum MDS codes from cyclic codes Page 170f 18 65

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

. Guenda, K., Gulliver, T.A., Jitman, S., Thipworawimon, S.: Linear /-intersection pairs of codes and

their applications. (arXiv Preprint: 1810.05103v1) (2018)

. Guo, L., Li, R.: Linear plotkin bound for entanglement-assisted quantum codes. Phys. Rev. A 87,

032309 (2013)

. Hsieh, M.H., Brun, T.A., Devetak, I.: Entanglement-assisted quantum quasi-cyclic low-density parity-

check codes. Phys. Rev. A 79, 032340 (2009)

Hsich, M.H., Devetak, L., Brun, T.A.: General entanglement-assisted quantum error-correcting codes.
Phys. Rev. A 76, 064302 (2007)

Koroglu, M.E.: New entanglement-assisted MDS quantum codes from constacyclic codes. Quantum
Inf. Process. 18, 44 (2019)

La Guardia, G.G.: New quantum MDS codes. IEEE Trans. Inf. Theory 57(8), 5551-5554 (2011)
Lai, C.Y., Ashikhmin, A.: Linear programming bounds for entanglement-assisted quantum error-
correcting codes by split weight enumerators. IEEE Trans. Inf. Theory 64(1), 622-639 (2018)

Lai, C.Y., Brun, T.A.: Entanglement-assisted quantum error-correcting codes with imperfect ebits.
Phys. Rev. A 86, 032319 (2012)

Lai, C.Y., Brun, T.A.: Entanglement increases the error-correcting ability of quantum error-correcting
codes. Phys. Rev. A 88, 012320 (2013)

Li, L., Zhu, S., Liu, L., Kai, X.: Entanglement-assisted quantum MDS codes from generalized Reed—
Solomon codes. Quantum Inf. Process. 18, 153 (2019)

Li, R., Guo, G., Song, H., Liu, Y.: New constructions of entanglement-assisted quantum MDS codes
from negacyclic codes. Int. J. Quantum Inf. (2019). https://doi.org/10.1142/S0219749919500229

Li, R., Zuo, F,, Liu, Y.: A study of skew asymmetric qz—cyclotomic coset and its application. J. Air
Force Eng. Univ. (Nat. Sci. Ed.) 12(1), 87-89 (2011). (in Chinese)

Liu, X., Liu, H., Yu, L.: Entanglement-assisted quantum codes from matrix-product codes. Quantum
Inf. Process. 18, 183 (2019)

Liu, X., Yu, L., Hu, P.: New entanglement-assisted quantum codes from k-Galois dual codes. Finite
Fields Appl. 55, 21-32 (2019)

Liu, Y, Li, R., Lv, L., Ma, Y.: Applications of constacyclic codes to entanglement-assited quantum
maximum distance separable codes. Quantum Inf. Process. 17, 210 (2018)

Lu, L., Li, R.: Entanglement-assisted quantum codes constructed from primitive quaternary BCH
codes. Int. J. Quantum Inf. 12(3), 1450015 (2014)

Lu, L., Li, R., Guo, L., Fu, Q.: Maximal entanglement entanglement-assisted quantum codes con-
structed from linear codes. Quantum Inf. Process. 14, 165-182 (2015)

Lu, L., Li, R., Guo, L., Ma, Y., Liu, Y.: Entanglement-assisted quantum MDS codes from negacyclic
codes. Quantum Inf. Process. 17, 69 (2018)

Lu, L., Ma, W,, Li, R., Ma, Y., Liu, Y., Cao, H.: Entanglement-assisted quantum MDS codes from
constacyclic codes with large minimum distance. Finite Fields Appl. 53, 309-325 (2018)

Luo, G., Cao, X.: Two new families of entanglement-assisted quantum MDS codes from generalized
Reed-Solomon codes. Quantum Inf. Process. 18, 89 (2019)

Luo, G., Cao, X., Chen, X.: MDS codes with hulls of arbitrary dimensions and their quantum error
correction. IEEE Trans. Inf. Theory 65(5), 2944-2952 (2019)

MacWilliams, FJ., Sloane, N.J.A.: The Theory of Error Correcting Codes. North-Holland, Amsterdam
(1977)

Qian, J., Zhang, L.: Entanglement-assisted quantum codes from arbitrary binary linear codes. Des.
Codes Cryptogr. 77(1), 193-202 (2015)

Qian, J., Zhang, L.: On MDS linear complementary dual codes and entanglement-assisted quantum
codes. Des. Codes Cryptogr. 86(7), 1565-1572 (2018)

Qian, J., Zhang, L.: Constructions of new entangle-assisted quantum MDS and almost MDS codes.
Quantum Inf. Process. 18, 71 (2019)

Sari, M., Kolotoglu, E.: An application of constacyclic codes to entanglement-assisted quantum MDS
codes. Comput. Appl. Math. 8, 75 (2019)

Shin, J., Heo, J., Brun, T.A.: Entanglement-assisted codeword stabilized quantum codes. Phys. Rev. A
84, 062321 (2011)

@ Springer


https://doi.org/10.1142/S0219749919500229

65 Page180f18 L. Wang et al.

36. Wilde, M.M., Brun, T.A.: Optimal entanglement formulas for entanglement-assisted quantum coding.
Phys. Rev. A 77, 064302 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Entanglement-assisted quantum MDS codes from cyclic codes
	Abstract
	1 Introduction
	2 Preliminaries
	3 Constructions of entanglement-assisted quantum MDS codes 
	3.1 Entanglement-assisted quantum MDS codes of length q2+12
	3.2 Entanglement-assisted quantum MDS codes of length q2+15
	3.3 Entanglement-assisted quantum MDS codes of length q2+110

	4 Conclusion
	Acknowledgements
	References




