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Abstract

We derive the weak limit theorem for a class of long-range-type quantum walks. To do
it, we analyze spectral properties of a time evolution operator and prove that modified
wave operators exist and are complete.
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1 Introduction

Quantum walks have been introduced as a quantum counter part of classical random
walks. Several prototypes of quantum walks have been introduced (for example, see
e.g., [1,17,24]). In a view point of quantum information theory, Grover [16] and Shor
[35] introduced algorithms based on quantum mechanics related to database search-
ing and prime factorization, respectively. After that, Ambainis et al. [2] considered
discrete time quantum walks based on quantum information theory. It is thought that
their contribution is a trigger that quantum walks are paid attention by various field
researchers.

Quantum walks are roughly divided into two types, discrete time and continuous
time. In continuous-time cases, time evolution is governed by the Laplacian on graphs
which is a self-adjoint operator. On the other hand, in discrete-time cases, time evo-
lution is governed by a unitary operator. One of the typical unitary operators is an
Ambainis type [2] which is a product of a shift operator and a coin operator. Espe-
cially, in discrete-time cases, a generator of time evolution operator is unknown in
general. In these aspects, generators of a class of discrete time quantum walks are
studied by Segawa and Suzuki [33]. However, in order to know some properties of
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discrete time quantum walks, we need technical treatment for unitary operators them-
selves. A relation between continuous time and discrete time is studied in [6,34,36].
Unitary equivalent classes between two discrete time quantum walks are investigated
in [26,27].

It is known that discrete-time quantum walks have remarkable properties which
are not seen in classical random walks. One of these properties appears in a “weak
limit theorem.” In [19], Konno firstly derived the limit distribution of quantum walks.
He also revealed that the shape of limit distribution is quite different from the nor-
mal distribution. Limit distribution of various types of quantum walks is investigated
[7,8,10-12,15,21,22,30,40]. Second feature is a “localization.” Localization is a phe-
nomenon that the existence probability of a quantum walker is strictly positive after
infinitely many time evolutions on some positions. An occurrence of localization is
deeply connected to the existence of eigenvalues of time evolution operators. One-
dimensional one defect models are precisely considered in [5] by using the CGMV
method. Konno [20] also considered a one-dimensional one defect model. He showed
the existence of new types of localization. Localization is also considered in other
models [13,14,18,25]. Third feature is “quantum tunneling.” In [23], it is shown that a
quantum walker can tunnel through a double well under some conditions. It is believed
that this phenomenon corresponds to “resonances.” However, studies related to reso-
nances on quantum walks are few. Other properties of quantum walks are summarized
in [38] and references therein.

From now, we explain some results related to weak limit theorem in detail. First,
we briefly introduce a mathematical framework of quantum walks. The Hilbert space
is

H = 12(Z; C?) = {xp (17— CY W)z, < oo,

xX€Z

and time evolution operator is U := SC where

vD(x 41)

SP)(x) = |:\ll(2)(x — 1)

i|, C¥)(x)=Cx)¥(x), VeH, xelZ,

and {C(x)}xez C U(2). Let ¥g € H (||¥| = 1) be an initial state of a quantum
walker. Then, the quantum state after time ¢ € Z is given by U’ Wy

For Wy € 'H with ||| = 1 and t € Z, X; be a Z-valued random variable whose
probability distribution is given by P(X; = x) = [|[(U' W) (x)||é2. Our interest is to
find the random variable V' such that X, with a suitable scaling converges to V as
t — oo. Konno considered space-homogeneous quantum walks in one dimension. It
means that C(x) = Co (x € Z) for some Co € U(2). He assumes that the initial state
U,y € H has a form of
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W(x) = (> + 1817 = 1).

0
|: :| otherwise,
0

Then, he showed that the existence of R-valued random variable V such that X, /f —
V ast — oo in a weak sense through combinatorial arguments [19]. After that,
Grimmett et al. gave a simple proof for Konno’s result, extended to d-dimensional
space-homogeneous quantum walks and removed the assumption related to initial
states [15]. Their proof is based on an application of the discrete Fourier transform. A
crucial contribution is to find the self-adjoint operator Vo which induces the random
variable V. Vj is called an “asymptotic velocity operator.” To find the limit distribution
of X, /t ast — oo, it suffices to find a suitable asymptotic velocity operator. Recently,
a nonlinear quantum walk is considered in [22].

If we allow a coin operator C to be depend on x € Z, it becomes difficult to
obtain the weak limit theorem since the discrete Fourier transform does not work. To
overcome this difficulty, Suzuki [37] introduced the idea of spectral scattering theory
for quantum walks. Here, we introduce the notion of short-range-type and long-range-
type conditions:

Definition 1.1 A coin operator C satisfies a short (resp. long) range-type condition if
there exists Cop € U(2),k > 0,and y > 1 (resp. 1 > y > 0) such that

ICx) = Collgcay < k(I + X7, x €,

where || - [|5(c2) is the operator norm on C2.

We assume that C satisfies the short-range-type condition. We set Uy := SCy. Then,
the following wave operator

Wy = s- tliinoo U~ U{Mae(Uo)

exist and are complete (i.e., RanWy = H,.(U)). It means that the quantum state U’ W
is approximated by UjW.. for some W.. € H ast — o0. Moreover, we can show the
absence of singular continuous spectrum of U by Mourre theory [4,29]. We denote the
asymptotic velocity operator of Up by Vo. Suzuki showed that the limit distribution
of X,/t ast — o0 is derived from a sum of the orthogonal projection onto the set of
eigenvectors of U and the spectral measure of Wi Vo Ws.

On the other hand, in the long-range-type condition, wave operators do not exist in
general [39]. It means that the quantum state U’ ¥ cannot be approximated by a vector
whose form is Ué W, forsome W, € Hast — oo. Inthe short-range-type case, a coin
operator C(x) converges to Cy sufficiently fast. Thus, it is assumed that a quantum
walker far from origin is approximately driven by not U = SC but Uy = SCy.
However, in the long-range-type case, a coin operator C(x) slowly converges to Co.
Thus, it is assumed that a quantum walker still gets a influence of C(x) even though a
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quantum walker is in a position far from origin. In this sense, it is not trivial problem
how to get the limit distribution of X, /z.

In scattering theory for quantum mechanics, it is known that we have to introduce
modified wave operators instead of wave operators. There are lots of results related
to long-range-type scattering theory [9,28]. To introduce modified wave operators, it
is important to introduce a suitable “modifier” induced by the Hamiltonian. However,
it is difficult to introduce a modifier in a context of quantum walks straightforwardly
since the Hamiltonian corresponds to U = SC is unknown in general.

To overcome the difficulty mentioned in above, we consider a suitable unitary
transform J such that the difference of U and Uy := JUyJ ! behaves like the short-
range-type condition. We assume that J is a multiplication operator and coin operator
C has a form of

e~ ae () gl bhe 16X ol
Cx) = 0 ¢80 | COT | _p i) —ip+is px k@) p—iatis | -

for some & : Z — R and Cy € U (2). For details, see Sect. 2. Since only phases of
components of C(x) are position dependent, transition probabilities that a quantum
walker moves to right or left are essentially same as the case of Cy. In this sense, a time
evolution operator U = SC can be regarded as a simple perturbation of Uy = SCy.
However, we can not apply straightforwardly results in [37] if £(x) slowly converges
to 0.

Under an additional assumption for £ (x), we can choose a suitable unitary operator
J and derive the weak limit theorem. As far as we know, this is the first result related
to long-range-type quantum walks. To derive the weak limit theorem, it is important
to show the absence of singular continuous spectrum of U and existence of modified
wave operators. We apply commutator theory for unitary operators under two Hilbert
space settings established by Richard et al. [29] and Kato—Rosenblum-type theorem
established by Suzuki [37].

Contents of this paper are as follows. In Sect. 2, we give a definition of a model in
quantum walks and some fundamental properties are explained. In Sect. 3, some facts
in the commutator theory are introduced. In Sect. 4, we show the absence of singular
continuous spectrum of U by applying the commutator theory explained in Sect. 3.
In Sect. 5, we derive the weak limit theorem which is a main result in this paper. In
Sect. 6, we give comments for future problem as a conclusion of this paper.

2 Definition of a model

In this section, we review some notations and fundamental results for quantum walks.
The Hilbert space is given by

H o= 12(Z: C?) = {qf N CZ’ S Iw el < oo], 2.1

X€EZL
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where || - [|c2 is the norm on C2. We denote its inner product and norm by (-, -)
(linear in the right vector) and || - ||y, respectively. If there is no danger of confusion,
then we omit the subscript H of them. We introduce the following dense subspace of
H:

Hin := {¥ € H|AN € N such that ¥(x) = 0 for all |x| > N}. 2.2)

Next, we introduce two unitary operators U and Uy. The shift operator S is defined
by

D +1)

SY)(x) == |:\IJ(2)(x —1)

i|, VeH xelZ. (2.3)

Let Cp be a2 x 2 unitary matrix. We introduce the coin operator C as follows:

—i£(x)
(CW)(x) = C()W(x), C(x):= [e . eig(”] Co, x€Z, (24

where £ is a real-valued function on Z. Throughout in this paper, we identify Cy as a
unitary operator on 7 such that (CoW)(x) = CoW(x), x € Z. We set U := SC and
Uy := SCy.

Next, we recall spectral properties of Uy = SCp. We denote the discrete Fourier
transform which is unitary from H to K := L2([0, 27), dk /2m; C?) and

(FP)(k) :=p(k) = )™, kel0,27), ¢ € Hpn.

X€Z

We set 00 = FUF~'. It is seen that 00 is a U (2)-valued multiplication operator
given by
ik

o eoik} Co, k €[0,27).

%mz[

Note that C has a form of
ae' be'h
Co=|_p —iptis yp—ia+is |

where a,b € [0, 1] with a®> + b?> = 1, o, B € [0,27) and €® (§ € [0,27)) is
the determinant of Cy. We denote an eigenvalue and a corresponding normalized
eigenvector by A (k) and u (k) (j = 1, 2), respectively.

Let B be a unitary or self-adjoint operator on H. The sets o (B), 0,(B), 0c(B),
oess(B) and o, (B) are called spectrum, pure point spectrum, continuous spectrum,
essential spectrum and absolutely continuous spectrum of B, respectively.

Proposition 2.1 [29, Lemma 4.1]
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(1) Ifa =0, then
k) =il aa(k) = —ie®?,
and
o (Up) = 0,(Up) = {ie"®, —ie'}.
(2) If0 <a < 1, then
k) = e +i(=D ")), j=1,2,

where T(k) := acos(k +a — 8/2) and n(k) := /1 — t(k)2. Moreover, it follows
that

o(Up) = 0.(Up) = {e|t e [8/24+ ¢, m +8/2—C1U[m +8/2+¢,2m +68/2 -1},

where { := arccos(a).
3) Ifa =1, then

A (k) = ei(k—i—a)’ ra(k) = e—i(k—&-a—&)’
and
o (Up) = oc(Up) =T := {¢'"|t € [0, 27)}.

In what follows, we assume thata € (0, 1] (Cp is not off-diagonal) to avoid a trivial
case.

For a given coin operator C defined in (2.4), we introduce an important assumption:

Assumption 2.1 Let £ : Z — R be a function such thatt lirin &(x) = 0. Then, there
—> 00
exists 0 : Z — R such that

(14 |x)~ 1,

1 x €Z,
k(14 [x)77 70,

| <
| <

@) — {0+ 1) —0(x0)}
|E(x) = {0(x) —0(x — D}

with some constants ¥ > 0 and €9 > 0.

Example 2.1 If £(x) = (1 + |x|)~!, x € Z. Then, we choose 6 as follows:
0(x) = log(1 + x), %fx >0
—log(1 — x), ifx <0
Then, there exists « > 0 such that

E0) = {0+ 1) =00} < k(1 +|x)72,
§00) = {0(x) —0(x = D}| < (1 +1xD)72,
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Example 2.2 We can consider a generalization of Example 2.1. For 0 < p < 1, we set
E(x) = (1 + |x])7P, x € Z. Then, we choose 0 as

1
1—(1+x)1—1’, ifx >0,

o =1 "
- (Q-x)'"P, ifx<0

l—p

Then, there exists k > 0 such that

k(1+[x)~1=P,
k(14 |x))~1=7,

@) — {0+ 1) —0(x)}

7.
6 — [8@) — 6(x — 1)) re

| <
| <
In what follows, we assume the existence of & which satisfies Assumption 2.1. We
introduce the U (2)-valued multiplication operator J as follows:

i00x)
() = T @), J(x) = [e ) el_g’(x)} L x€Z WeH. (5

It iSNObViOUNS that J is gnitary on H. We set Uo := JUpJ . Then, we can express 170
as Uy = SCy, where Cy := S™1JSCoJ .

Proposition 2.2 C~’o is a U (2)-valued multiplication operator on Z such that

3 o100 —0(—1)) 0
Co(x) = |: 0 ei{@(x+1)—9(x)}:| Co, x €Z.

Proof Since J~! and Cy commute, it suffices to consider the form of (S~1JSJ 1) (x).
For any W € 'H, it is seen that

» [l t@=0a+DIg D (¢ 4 1y

(JSI7 W) (x) = |:ei{9(x)—0(x—l)}\y(2)(x —nl

Moreover, it follows that

_1 ~1 sty —1)
(IS0 = (57100 + 1)
o= i00—06—Dhy () (1)

= ei{e(x+1>9(x>}q,(2>(x)}

Mo—il0(0)—0(x—1)} 0 WO (y)
= 0 OG-0} | | g@) (y)

Thus, the desired result follows. O
By proposition 2.2 and |¢’* — 1| < |s| for s € R, we have the following proposition:
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Proposition 2.3 For any x € Z, it follows that
Cx)— € H < 2ic(1 1,
e = o) ) =260+ 12D

where || - || g(c2) is the operator norm on C2.

We introduce “modified wave operators” as follows:

Wi (U, Uy, J) :=s- lim U™"JU}[Ma(Up),
t—+oo
where IT,(Up) is the orthogonal projection onto the absolutely continuous subspace
of Uy.
Theorem 2.1 W (U, Uy, J) exist and are complete.

Proof From}’roposition 2.3, we can show that C — (:’0 is trace class [37, Lemma 2.1].
Thus, U — Uy is trace class. Then, it is seen that

We(U, Up) :=s- lim U™ UTl,(Up)
t—=+00

exist and are complete (RanW4 = H,.(U)) [37, Theorem 2.3]. Since ﬁé = JU(’)J_1
and T (Up) = J,(Ug)J 1, it is seen that

s lim U™ JU{Mae(Up) = s- im U JULT I e (Ug)d 1
=s- lim U™ UbTae(Uo)J

= Wy(U, Up)J.

This implies the existence of W4 (U, Uy, J). Since Wy (U, 00) are complete, we have
Ran(WL (U, Ijo)) = Hac(U). Since Uy has purely absolutely continuous spectrum
(see Proposition 4.1 below), J maps Hyc(Up) to Hac(ﬁo). Thus, the completeness of
Wi(U, Uy, J) follows. 0O

Proposition 2.4 It follows that

Oess(U) = 0ess(Uo)
et e 24 w4821V +68/2+ .2 +8/2 ¢l ifO<a<l,
B ifa=1.

Proof From Proposition 2.3, C — Cy is a compact operator. This implies that the
compactness of U — Uo =S(C - C‘o). By Lemma 2.2 of [25] and unitary invariance
of essential spectrum, we have oes(U) = Oess(Up) = 0ess(Up). The last equality
follows from Proposition 2.1. O
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3 Commutator theory

In this section, we recall some definitions and notations related to commutator theory.
We mainly refer [2,29]. We denote the set of bounded linear operators from a Hilbert
space Hy to H by B(Hop, H) and B(H) := B(H, H). Moreover, we denote the set of
compact operators from Hy to H by K(Hop, H) and K(H) := K(H, H).

Let T € B(H) and let A be a self-adjoint operator on . We say that T € C¥(A)
(k € N) if a B(H)-valued map R > 1 > e ""AT¢!’4 belongs to C class strongly.
Especially in the case where k = 1, it is known that T € C'(A) if and only if a
following form

D(A) 3 ¢ — (A, To) — (¢, TAP)
can be continuously extended to the form on H. We denote the operator corresponds
to continuous extension of the above form by [A, T].

Here, we introduce three regularity conditions which are stronger than 7 € C'(A).
T € C''1(A) means that T € C'(A) and

1
) . . . dr
/ Ile—ltATeltA+eltATe—lfA _2S||B(H)t_2 < 00.
0
T € C'19(A) means that 7 € C!(A) and
b i iA dr
le " A1A, S1e'4 — [A, S]IIB(mT < oo.
0

T € C't€ for some € > 0 means that 7 € C!(A) and
le™"A1A, Sl — [A, S1lBa) | < Const.t¢ forall 7 € (0, 1).
For above conditions, following inclusion relation holds [2, Sect. 5.2.4]:
C%(A) c C'4(A) c c0A) c cllA) c cl(a).

Next, we introduce two functions which are useful to consider the commutator
theory for unitary operators which is introduced in [29]. For self-adjoint cases, see
e.g., [2, Sect. 7.2]. We assume that U € C!(A). For T, S € B(H), we write T > §
if there exists a compact operator K € JC(H) such that T + K > S. For 6 € T and
€ > 0, we set

O, ¢):=1{0 € Tllarg(® —0")| <€}, EY(B:¢):= EV(OO;¢€)).

where, EV (.) is the spectral measure of U. Under above preparations, we introduce
functions ,03 T (—o0, 00] and ,5{} : T+ (—o0, 0o] by

pf}(@) := sup{a € R|3e such that EU(Q; e)U_l[A, U]EU(B; €) > aEU(G; e},
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and
~A o U(p. —1 U/p. U/p.
P (0) :=sup{a € R|3e > Osuch that E” (8; €)U™ ' [A, UIE” (6;€) 2 aE” (6; €)}.

General facts related to commutator theory for unitary operators in one Hilbert space
are considered in [29, Sect. 3.3]. The following fact is important to show the absence
of singular continuous spectrum:

Theorem 3.1 [29, Theorem 3.6] Let U be a unitary operator and A be a self-adjoint
operator on 'H. We assume either that U has a spectral gap and U € CY1(A) or
U e CH'O(A). Moreover, we also assume that there exists an open set ® C T, a > 0,
and an operator K € K(H) such that

EVY@)U A, UIEY(©) > aEY (©) + K.

Then, U has at most finitely many eigenvalues in ©, each one of finite multiplicity, and
U has no singular continuous spectrum in ©.

To show Theorem 3.1, in addition, we introduce the commutator theory in a two Hilbert
space setting. We consider an another triple (Hg, Up, Ag) in addition to (H, U, A),
where H is a Hilbert space, Uy is a unitary operator on H, and Ay is a self-adjoint
operator on Hy. We also introduce a identification operator J € B(Hy, H). Following
general result is important:

Theorem 3.2 [29, Theorem 3.7] We assume that

1. Uy € C'(Ag) and U € C'(A),

2. JUy Ao, UglJ* —U~'[A, U] € K(H),

3. JUy—UJ € K(Ho, H),

4. Foreach f € C(C,R), f(UYJJ* = 1) f(U) € K(H).

Then, it follows that ,5{} > ,53(‘)’

To apply the commutator theory for time evolution operator U introduced in Sect. 2,
in what follows, we consider two triples (H, U, JAgJ*) and (H, Up, Ag). A follow-
ing fact is useful to check the condition U € C'(A) and the second condition in
Theorem 4.2:

Theorem 3.3 [29, Corollary 3.11, Corollary 3.12] Let Uy € Cl(Ao). Suppose that
JAoJ* is essentially self-adjoint on a set D, and assume that

BAo | D(Ao) € B(H), ByAo | D(Ag) € K(H),

where B := JUy — UlJy and By = JU; — U*J. Then, U € CY(JAyT*) and
JUy Ao, UplJ* — U™ [JAgJ*, Ul € K(H).
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4 Spectral analysis for quantum walks

In this section, we show the absence of singular continuous spectrum of U. First, we
introduce the asymptotic velocity operator of Uy = SCp by

— )\. k A
Vo)=Y l/\j]((k)) k). R cauj (), x €10.21). Y€ M.
j=

Note that Vj is bounded and self-adjoint on H.
Let C([0, 27); C2) be the set of C2-valued continuous functions on [0, 277).
Forany ¢, ¢ € C([0, 27); (C2),weintroducetheoperator|1p)(¢| - C([0, 27); C?) —
C([0, 27); C?) by

(V) (B1F) (k) := (W k), fR)2¢(K), [ € C(0,27;C%), k€l0,2n).

This operator can be continuously extended to a bounded operator on H. Moreover,
we introduce the self-adjoint operator P in K as follows:
D(P) :={f € K|f is absolutely continuous , f € K, and f(0) = f(2m)},
(Pf):=—if', f € D(P).

Under above notations, we introduce the operator X by

Xf) =~ > (uju|P = ilu) ;D f. f € FHg.

j=1,2

X is essentially self-adjoint [29, Lemma 4.3], and we denote the closure of X by the
same symbol. Moreover, we introduce the following operator:

1
Ag = E(XVO + Vo X).

Ay is self-adjoint and essentially self-adjoint on Hgy.

Proposition 4.1 [29, Proposition 4.5] Following properties hold:
1. Uy € C'(Ao) and Uy '[Ao, Upl = V.
Ay _

<A
2. p) = ,oUg and

(@) ifa € (0, 1), then 50 (6) > 0forf € Ini(a (Un)), 52 (6) = 0for € do (Up),
and ,538 (8) = oo otherwise,

(b) ifa =1, then 3, (0) = 1 forall € T.

3. Ifa € (0, 1), then Uy has purely absolutely continuous spectrum and

o (Up) = 0ac(Uo) = (e |y € [8/2+ ¢, +8/2 = ¢1U I +8/2+¢, 2w +8/2 - £1)
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4. If a = 1, then Uy has purely absolutely continuous spectrum and o (Uy) =
0ac(Up) = T.

In what follows, we set A := JAgJ*. We show conditions in Theorem 3.2 for two
triples (H, U, A) and (H, Uy, Ap).

Lemma 4.1 It follows that U € C'(A) and JU, '[A¢, UplJ* — U~ [A, U] € K(H).

Proof From Proposition4.1, weknow Uy € C '(Ap). Moreover, J AgJ ~ ! is essentially
self-adjoint on D = Hg, since J is unitary and JHg, = Hen. Now, we check two
conditions in Theorem 4.3. We note that Ag has a following form on Hgp:

i
Ao = QK+§H0

for some K, Hy € B(H), where Q is the position operator defined by

D(Q) = {w e H Y 2y lie: < oo} L QY =xY(), x e

X€Z

For more details, see the proof of [12, Lemma 4.10]. On Hgy, it follows that
BAy = (JUyJ* —U)J <QK + %H()) = Uy —U)QJK + %(f/o —U)Hy
- i ~
=S(Co—C)QJK + E(UO — U)Hy,

where we used the commutativity of J and Q. From Proposition 2.3, we see that Co—C
is a compact operator and (Cp — C)Q can be extended to a compact operator on H.
Thus, we have BAg | D(Ag) € K(H) C B(H). By the similar manner, it follows on
H#in that

i
B, Ay = (JU(;kJ* —U"J <QK + EH())
= (Cf — C*)SIQF 'KF + %(Uo —U)*JH,
= (Co— C)* QSJK + (Co— O)* (S0 — 0S)JK + %(00 — U)*J Hy

Since (Cop — C)* and (Uy — U)* are compact, (Cop — C)*Q can be extended to a
compact operator on H and SQ — QS can be extended to a bounded operator on H,
we have B, Ag | D(Ag) € K(H). An application of Theorem 3.3 implies the desired
result. O

Since J is unitary, JJ* = 1 holds. Moreover, JUy — UJ = (JUpJ — U)J =
(Up — U)J € K(H) since Uy — U is compact. Therefore, we checked conditions
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in Theorem 4.2. We introduce the set of threshold of U by 7(U) := 9o (Uyp), where
do (Up) is the set of boundary of o (Up) in T. We note that 7(U) contains at most 4
values.

Proposition 4.2 We have ,5{} > ,638. In particular, if0 € o (Uy)\t(U), then ,5{}3 ®) >
0.

Proof ,5{} > /533 follows by an application of Theorem 3.2. The latter assertion follows
from Proposition 4.1. O

To apply Theorem 3.1, we have to check a regularity of U more detail.

Lemma4.2 Foranye € (0, 1) withe <€y, U € Ct€0(A). Here, €y > 0 is a constant
introduced in Assumption 2.1.

Proof This proof is a slight modification of [29, Lemma 4.13]. In the proof of Propo-
sition 4.5 of [29], we see that Uy € C2(A0) Since J is unitary, it follows that
Uy € C2(A) C C1+€(A) We decompose U as U = = Uy + (U — Up). Thus, it
suffices to show that U — Uo e Clte (A). We see that

Do := AU — Uy) — (U — Up)A

on Hjp can be extended to a bounded operator on H. We denote it by the same symbol.
According to [2, p. 325-328] or [29, Lemma 4.13], following estimate holds:
lle™4Doe’™ — Dol sy < Const.(|| sin(t A) Dol + sin(t A) Dl 5ew))

< Const.([tA(tA + ) "' Dollpargy + ItAGCA + D) Dl

Weset A; ;= tA(tA+i) " Land A, := t{(Q)({(Q) + i)~ ! with (Q) =+ 0%+ 1. We
note that A(Q)~! € B(H). Then, it follows that

Ar= (A +iGA+D7TAQ) DA,
Since A; +i(tA +i)~'A(Q)~! is bounded, it suffices to show that
IA:Dollgry + I1A: Dy llBry < Const. 1€ ¢ € (0, 1).

We have to show that operators (Q)€ Do and (Q)€ Dg defined on the form sense on
Hsn extended to a bounded operator on . We note that (Q)!*€(C — Co) € B(H)
and (Q)~' A defined in the form sense on Hg, extend to a bounded operator on .
This implies that (Q)° Dy and (Q)€ Djj defined in the form sense on Hg, extend to
bounded operators on H. Thus, the proof is completed. O

By Theorem 3.1, Proposition 4.2 and Lemma 4.2, we have the following result.

Theorem 4.1 Forany closed set® C T\t (U), the operator U has at most finitely many
eigenvalues in ©, each one of finite multiplicity, and U has no singular continuous
spectrum in ©.

Recall that 7(U) is a finite set. From Theorem 4.1, U has no singular continuous
spectrum.
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5 Derivation of weak limit theorem

We set Qo(1) := U, " QU

Theorem 5.1 [37, Theorem 4.1] It follows that

s- lim /$Q0W/1 = ¢V £ c R,

—>0o0

Let X, be a random variable which describes the position of a quantum walker with
U and an initial state W at time ¢ € Z. The probability distribution of X; is given by

PUX; = x}) = [(U'W0) ()32, x €Z.

Moreover, we also introduce the characteristic function of the average velocity X, /¢
of a quantum walker by

E[e$X1/1] := (W, &P/ 10g), £ eR,

where Q(t) := U~"QU’. Our interest is the limit of X, /¢ in a weak sense.

Theorem 5.2 We set VJ+ = WU, Uy, VoW (U, Uy, J)*. Then, for any & € R,
it follows that

s- lim €20/ = [T, (U) + &Y/ MLe(U),

—0o0

where I1,(U) is the orthogonal projection onto a subspace generated by eigenvectors

of U.

Proof Since U have no continuous spectrum, we can decompose that

s- lim €20/ = s lim (52O T (U) 4 520/ 1, (U)).

t—00 t—00

By [37, Theorem 4.2], we have s-1im;_, o eiEQ(’)/’HP(U) = IIp(U). For the abso-
lutely continuous part, we consider the following decomposition:

ECONML (U) — VT e (U)
= UMY Moo (U) — W (U, Up, Ne W (U, Up, J)*Mae(U)
= U UL U9 U UG T U T (U)
— W4 (U, Up, De'* Wi (U, Up, J)*Mae(U)
= U JUS S QD (U T U e (U) — Wa (U, Up, J)*) e (U)
+ U TU (200 — BV W, (U, Up, J)* T (U)
+ (UTTUL = WU, Uy, 1)) Wo (U, Uy, J)* M (U),
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where we used the strong commutativity of Q and J. We note that W, (U, Uy, J)*
maps Hye (U) to ?'(ac(Uo) and Vo leaves Hyc (Up) invariant. By Theorem 5.1, it is seen
that s- lim;_, o0 /5 20/ = ¢€V0_ By taking a limit t — oo, the desired result follows.

O

Theorem 5.3 Let Vo € H be an initial state with |Yo| = 1 and V be the random
variable whose probability distribution is given by

v (dv) 1= [T, U)Wl %S0dv + | Ey, () TTae (U)o *dv,

where & is the Dirac measure for the point 0 and E v () is the spectral measure of
Vj'. Then, it follows that

lim E[¢$CD/ = E[¢/5V], £ eR.

t—>0o0

Proof The proof is quite similar to [37, Corollary 2.4]. We omit the proof. O

6 Conclusion

In this paper, we derived the weak limit theorem for a class of discrete time quantum
walks which partially include long-range types. Recall that the support of limit distri-
bution of Cy is determined by |a| the absolute value of a diagonal component of C.
For any x € Z, it is seen that

e—iEW ae'® be'f
C(x) = 0 o6 || _pe—iftis gxo—iatis

ae—E(X) pia be 1) Hip
= _pelE () pmiBHis  k piE(X) p—ia+is

Thus, absolute values of diagonal components of C(x) are position independent. It
is expected that the shape of limit distribution of U = SC is quite similar to that
of Uy = SCp. It may be an interesting problem to reveal a relationship between a
difference of two coin operators and a difference of a shape of limit distribution.

In this paper, we could not treat a following type of coin operator:

oy LV ) \/1—<x>—6}
C(x)_ﬁ[/l—(x)f Y ewredl x € Z.

C’(x) converges to Cy as x — +o00 the Hadamard coin which is a quantum version
of symmetric classical random walks:

w501
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Since absolute values of diagonal components of C’ are position dependent, it is
expected that long-time behavior of a quantum walker under U’ = SC’ is more
complicated. Our next problem is to establish a method of construction of a modifier
for U' = SC’ to derive the weak limit theorem.
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