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Abstract

Entanglement-assisted quantum error-correcting (EAQEC) codes can be obtained
from arbitrary classical linear codes, based on the entanglement-assisted stabilizer
formalism. However, how to determine the required number of shared pairs is chal-
lenging. In this paper, we first construct three classes of classical linear MDS codes
over finite fields by considering generalized Reed—Solomon codes and calculate the
dimension of their Hermitian hulls. By using these MDS codes, we then obtain three
new classes of EAQEC codes and EAQEC MDS codes, whose maximally entangled
states can take various values. Moreover, these EAQEC codes have more flexible
lengths.

Keywords Entanglement-assisted quantum error-correcting (EAQEC)codes -

MDS codes - Hermitian hull - Generalized Reed—Solomon (GRS)codes

1 Introduction

Quantum error-correcting codes play a key role in quantum information processing

and quantum computation [1,2]. As we know, quantum error-correcting codes can be
constructed from classical linear error-correcting codes with certain dual-containing
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properties [3]. In other words, a classical linear code without the dual-containing con-
dition cannot be used to construct quantum error-correcting codes. For more details
on the construction of quantum MDS codes, please refer to [4—8]. The development
of EAQEC codes theory is a breakthrough in the area of quantum error correction.
Hsiehetal. [9] proposed a more general framework called entanglement-assisted stabi-
lizer formalism. The framework allows arbitrary classical linear error-correcting codes
without the dual-containing constraint to transform into EAQEC codes if shared entan-
glement is available between the sender and receiver. For more details on EAQECC:s,
we refer the reader to [10-16]. Recently, using arbitrary classical linear codes without
the dual-containing condition to construct EAQEC codes has become an important
area of study [17-32]; more and more scholars have been encouraged to construct
EAQEC codes with good parameters (much larger minimum distances or code rates).

However, it is challenging to determine the number of pre-shared maximally entan-
gled states for constructing an EAQEC code. By using algebraical methods, many
EAQEC codes with good parameters have been constructed in [17-19]. Fan et al.
provided a construction of EAQEC MDS codes with a small number of pre-shared
maximally entangled states in [20]. Li et al. proposed the concept of decomposition
of the defining set of cyclic codes in [21,22]. According to the concept, they trans-
formed the problem of calculating the number of share pairs to determine a special
subset of the defining set of a cyclic code and then constructed some EAQEC codes
with good parameters. Their method was generalized to apply in negacyclic codes and
constacyclic codes and yielded many EAQEC codes with good parameters [23-28]. Li
et al. [29] constructed some EAQEC MDS codes by using generalized Reed—Solomon
codes. Guenda et al. [ 18] proved that the required number of shared pairs was related
to the dimension of the hull of a classical linear code. Via following the fact, Luo et
al. [30] and Luo and Cao [31] constructed several new infinite classes of EAQEC MDS
codes by determining the Euclidean hull of (extended) GRS codes. Fang et al. [32]
obtained several classes of EAQEC MDS codes by determining the Hermitian hull of
(extended) GRS codes. These works showed that (extended) GRS codes are a good
source for producing EAQEC MDS codes.

In this paper, we first construct some MDS codes from GRS codes and calculate the
dimension of their Hermitian hulls and then obtain three new classes of g-ary EAQEC
codes and EAQEC MDS codes with these constructed MDS codes as follows:

(1) Letg be aprime power. Ifg+1 <n <2(g—1)andn—g < k < | 5], then there
exist[[n, k—I, n—k+1; n—k—I]]; EAQEC codes and [[n, n—k—[, k+1; k—I]],
EAQEC MDS codes, where 1| <[ <k +4gq —n.

(2) Letg = p™ > 3 be a prime power and e be a positive integer with e|m. Assume
that N = tp® withl <t < pandl <z < 27'" — 1 and 7 is an integer such
that 1 <n < N.If1 <k < LN;T‘I;IJ and n + k > N + 1, then there exist
[[n,k—Il,n—k+1;n—k—1]], EAQEC codes and [[n,n —k —1, k+1; k—I]],
EAQEC MDS codes, where 1| </ <n—N+k—1.

(3) Letg = p™ > 3 be a prime power and n' = ml be some divisor of g% — 1 with
llg + 1 and gcd(n/, g — 1) = m. Assume that N = tn’ with 1 <t < qm;l and n is
anintegersuchthatl <n < N.If 1 <k < L%J andn+k > N + 1, then there
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exist[[n, k—I, n—k+1; n—k—I]]l, EAQECcodes and [[n, n —k—[, k+1; k—I]],
EAQEC MDS codes, where 1 <l <n—N+k—1.

Note that the above EAQEC codes are new in the sense that their parameters are
different from all previously known ones. Moreover, the three classes of EAQEC codes
and EAQEC MDS codes have more flexible parameters not only on shared pairs but
also on lengths.

The manuscript is organized as follows: In Sect. 2, we review some basic notations
and results on Hermitian hull, GRS codes and EAQEC codes. Section 3 constructs
three new classes of EAQEC codes and EAQEC MDS codes with more flexible shared
pairs and lengths by using GRS codes. Section 4 summarizes this paper.

2 Preliminaries

In this section, some basic notations and results on Hermitian hull, generalized
Reed-Solomon codes and entanglement-assisted quantum error-correcting codes are
reviewed, which will be frequently used later.

Letg be a prime power and F, > be the finite field with g elements. Forany o € F, 7%
we denote as & the conjugation of .. Let A = (a;; )k x, be some k x n matrix, where

ajj € qu. We denote the conjugation of the matrix A = (a;j)kxn by A= @i )k xn

and the conjugate transpose of A over F,2 by At =7"

2.1 Hermitian hull

Any k-dimensional vector subspace of F”, with minimum Hamming distance d is
said to be an [n, k, d] P linear code C. Moreover, C is called a maximum distance
separable (MDS) code, if its parameters attain the Singleton bound, i.e.,k = n—d +1.
The Euclidean dual code of C is defined as

Cf={xeF:(xyp=0YyeC)

where (X, y)g = Y _r_, X;yi is the Buclidean inner product of x and y. The Euclidean
hull of C is defined as C N C£, which was first proposed in [33]. Obviously, the
Euclidean hull of a linear code C is also a linear code.

Similarly, the Hermitian dual code of C is defined as

CH={xeFl: (xy)n=0.YyeC),

where(X, y) g = > i Xi yiq is the Hermitian product of x and y. The Hermitian hull
of a linear code C over qu is C N C+H | denoted by Hull, (C). It is obvious that
Hully(C) is also a linear code over F .
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2.2 Generalized Reed-Solomon codes

Let Folxle = {f(x) € Fplxlldeg(f(x)) < k—1},a = (a1, 02,..., ) € F;z
and v = (v1,v2,...,U,) € (F;z)", where a1, @, ..., 0y € Fgpo are distinct,
v, U2, ...,U, € F* may not be distinct and k < n < qz. Then, the GRS code
over F associated with a and v can be defined as:

GRSk(a,v) = {(vi f(aD), vaf(e2), ..., vpflan)) : f(x) € Fpalxlk}.

The GRS code GRSy (a, v) above is an [n, k, n — k + 1] linear MDS code over qu.
The generator matrix G of GRSi(a, v) is given as follows:

0 0 0
v vy e Ul
vla% Uza% - Unoz}l
G =
k—1 k—1 k—1
vl L, st Uy,

Itis well known that the Euclidean dual of G R S (a, v) is also a GRS code and can be
denotedas GRS, (a, v )forsomev = (v}, v,,...,v,) € (Fq*z)" (see[34]). Denote
the all-one vector of length n by 1=(1, 1, .. ., 1), then we have that GRSk (a, I)LE =
GRS, _i(a,u), where u = (uy, us, ..., u,) withu; = ]_[lsjsn,j#i (o — Olj)_l for
all 1 <i < n (see [35]). Recently, Luo and Cao [31] proposed that G RSk (a, V)J‘ =
GRS,,_r(a,w), where w = (w1, w2, ..., w,) with w; = vi_lui forany 1 <i < n.
Notice that CL# = fLE for any linear code C. For the Hermitian dual of G R Sk (a, v),
we have the following lemma.

Lemma 2.1 Let the notations be defined as above. Then, the Hermitian dual

of GRSk(a,v) is GRS,_r(a,w), where W = (o1,02,...,0,) With w; =
Ui_l ngjfn’j#i (ai—aj)_lforalll < i < n.Inparticular, we have G R Sy (a, DA =
GRS, _r(@a,u), whereu = (uy, uy, ..., u,) with u; = ngjgn,j;éi(ai — oej)’] for

alll <i <n.

Proof Let o be the mapping o («) = @ for any « € F,2. From [36], o is an automor-
phism of qu. Then, we have

GRSi(a,v) = {(V1f (@), Vi f (@), ... W f(@)) : f(x) € Fplxlk}
= {1 f @), Vif @), ...,V f @) : f(x) € Fplxl)
= GRS, V).

Therefore, the Hermitian dual of GRSk (a, v) is

GRSy (a, ) = GRS @, V)'F = GRS,_; (@, W),
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where W = (@1, 2, ..., w,) Withw; = v, ]_[1<]<” o — Otj)’1 foralll <i <
n.

[m|

The following lemma provides a sufficient and necessary condition of ¢ &
GRSi(a,v) N GRS(a, v)= and will be used frequently for determining the Her-
mitian hull of a GRS code.

Lemma 2.2 Suppose that G RSk (a, v) is the GRS code associated with a and v defined
as above. For any codeword ¢ = (v f (1), va f(@2), ..., v, f(an)) € GRSk (a, V),
¢ € GRS(a, V)™ if and only if there exists a polynomial g(x) with deg(g(x)) <
n —k — 1 such that

@I f ), v f@), . vl flan)
= (wig@), 02g(@), ..., ung«xn»
= (@18 (a1), g U (@), . .., W g U (@n)),

where g/q(oti) = g(o;) and u; = H1</<n /7&[(05, — forall 1<i<n.

Proof From Lemma 2.1, we have

), vt f@), . vl flan) = @rg@), g @), . . g @),

where deg(g(x)) <n—k —land u; = Hlfjfn,j;éi(ai — aj)_l foralll <i <n.

According to the definition of o, there exists a polynomial g/(x) =o! (g(x)) such
that

@1g(@1). W28 (@). - .., ng(@n)) = (18 ! (1), W28 1 (c2), ... Ting U (tn)).
This completes the proof. O

Note that deg(g,(x)) = deg(g(x)) < n — k — 1 and the existence of g(x) depends
on the existence of g (x).

2.3 Entanglement-assisted quantum error-correcting codes

In the following, we recall some basic notations and results of entanglement-assisted
quantum error-correcting codes. EAQEC codes are a generalization of standard sta-
bilizer quantum codes that can be constructed via arbitrary classical linear codes (not
necessarily dual-containing). A ¢ —ary EAQEC code can be denoted as [[n, k, d; c]]y,
which encodes k information qubits into n channel qubits with the help of ¢ pairs of
maximally entangled states and corrects up to |_ J errors, where d is the minimum
distance of the code. For an [[n, k, d; c]], EAQEC code, the performance is deter-
mined by its rate k/n and net rate (k — c¢)/n. Brun et al. [14] proved that one can
obtain catalytic codes if the net rate is positive. The parameters n, k, d and ¢ of an
EAQEC code have many constraints; one of the most important bounds on EAQEC
codes is the EA-quantum Singleton bound as follows.
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Lemma 2.3 [9,16] For any EAQEC code [[n, k, d; c]ly, ifd < % its parameters
must satisfy

n+c—k=>2d-1),
where 0 <c <n—1.

An EAQEC code [[n, k, d; c]]4 is called an EAQEC MDS code if its parameters
achieve the EA-quantum Singleton bound. In recent years, more and more EAQEC
codes have been constructed by using classical linear code over finite fields. One of
the most frequently used constructions is given as below.

Theorem 2.4 [11,14] Let H be the parity check matrix of an [n, k, d] classical linear
code over qu. Then, there exists an EAQEC code with parameters [[n,2k — n +

c,d;clly, where ¢ = rank(HH T) is the required number of maximally entangled
states and H' is the conjugate transpose of H over Fp.

Let C be an [n, k] classical linear code with parity check matrix H. Guendaetal. [18]
proved that rank(HH") = n — k — dim(Hully (C)) = n — k — dim(Hully (C*+1)),
which establishes the relation between the value of rank(H H') and the dimension
of the Hermitian hull of C. Based on the fact, Guenda et al. provided the following
construction, by considering linear code C and its dual code.

Lemma 2.5 [18] Let C be an [n,k, d]qz classical linear code and C+ be its
Euclidean dual code with parameters [n,n — k, dl]qz. Then there exist [[n,k —
dim(Hull,(C)), d; n—k—dim(Hull,(C))]ly and[[n, n—k—dim(Hull,(C)), dtk—
dim(Hull,(C))]l, EAQEC codes. Furthermore, if C is MDS, then one of the two
EAQEC codes must be MDS.

3 Constructions of EAQEC MDS codes from GRS codes

In this section, by considering generalized Reed—Solomon codes over F 2, we first

construct three classes of g2-ary MDS codes and calculate the dimension of their
Hermitian hulls. Let @ be a primitive element of F2. It is easy to know that F, ; =

(w7t is a cyclic subgroup of the multiplicative group F;z. This shows that 7 +! € F,

for any @ € F2, and there must exist some element @ € F, 2> such that = a9t for
any B € Fy.

Theorem 3.1 Let g be a prime power. If g +1 <n <2(q—1)andn—q < k < | 5],
then there exists a qz-ary [n, k] MDS code with l-dimensional Hermitian hull, where
1<l<k+gq—n.

Proof If s is even and n — s < ¢, we let al,a‘{,...,a%,az € Fp\ F, and
2
Bs+1, ..., Bn € Fy. Note that (o + ) € F, forany a € F,2. For any B € Fy and

a € Fp\Fy,wehave (B—a)(B—af) = 2 —(a+a®)p+ai™! € F = (09). Let
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uj = ]_[SJr]SjS”,j;ﬁi(,Bi _,Bj)il 'Hlfjs%(ﬁi —Olj)il(ﬁi —Olj)71 fors+1<i <n.
Itis clear that u; € Fq*, ie.,u; € Fq* = (w911}, Then there exists a element v; € Fp
suchthatvqul =u;foranys+1 <i <n Whenl <i <s,weletuy; = ((x# —

,51) 11‘[1<j< HHH CT j)*l(a,-ﬂ —a)~! [os1=jzn (@i — —Bj)~" foroddi
andu; = (a‘,;—a, l_[1<j<s HEl(ozq —aj)” 1(oz —aq) IHSHS]-S"((X’;—/S‘/)_Ifor
even i. Take a = (al,ai],...,a%,a%,ﬂsﬂ,...,,Bn) and v = (b1, ba, ..., by, Usy1,

., Uy), Where b; for odd i satisfies b?“ # u;uit+ and b; = 1 for even i. Then, we
have

GRSk(as V) = {(blf(al)9 f(ail)v ey bs—lf(a%)v f(aq%)s
Us1 [ (Bs+1)s -« un f(Bn)) © f(x) € Fpelxli}.

Foranye = (b1 f (1), f(af). .., bs—1f(as), f(aié), Us1 S (Bs+1)s -, un f(Bn)) €
GRSi(a,v) NGRS(a, v)= it follows from Lemma 2.2 that there exists gx) €

qu[x]n_k such that
G f e, f@]) . b F ) f @) vl B T (B
= @ig(e), wg(@), ... ws—18(e)), Usg(ery), wysig(Bsn), -, Wag(Bu)) (1)

_ — N _ 1
= (ig(e]) maglen). ... w18 (@), g ley), v g (Born). - vl T g(Ba)).
Hence, we have f(B8;) = g(B;) forany s + 1 <i < n and

bIY fla) = maigg(ed),
)
fla!) =uzig(e),

forany 1 <i < %.Notethatdeg(f(x)) <k—1<n—k—1anddeg(g(x)) <n—k—1.
Sincen —k — 1 <n — s, we have f(x) = g(x) forany x € qu. Then (2) becomes

by glai) = mimig (),
3
glal) = uzig(ey),
Combine (3) and the definition of b;, we have g(v;) = g(oﬂ) = 0 for

any 1 < i < 3. Thus, we can obtain f(x) = g) = h(x)]_[ (=
o) (x — aiq), where deg(h(x)) < k — 1 — s. In addition, if s is odd and
n—s < g, we take a = (al,a?,...,a%,a{f ss Bs+1>---,Pn) and v =

.. 1 _
(b1, by, ..., bs—1,bsvs, V541, ..., Vy), Where b; for odd i satisfies b?+ # Uilli1]
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s—1
and b; = 1 for even i. Similarly, we can obtain f(x) = g(x) = xh(x) ]_[ii1 (x —
o)(x — a?), where deg(h(x)) < k — 1 — s. These demonstrate the results. O

Let g = p"™ and e beapositive integer such that e|m. Notice that > can be regarded

asa T -dimensional vector space over Fe. For any integer z with 1 < z < 27’” —1,let

A be an z-dimensional vector subspace over F,e of F,2. We denote the elements of F/,e

bya; =0,az,...,ap. Forl <t < peandlfjft,wedenoteAj ={x+oan:
x € A}, where n € Fyp2 \ Fpe is some fixed element. Let N = 7p*® be an integer
withl <t <pfandl <z < 27’" — 1. Assume that UleAi = {a1,a2,...,ay} and

U, = ngjsN,j;éi(O‘i —Otj)’1 forany 1 <i < N.Ifo; € A forsome 1l <h <t,it
follows from Lemma 5 in [32] that

1—t

=[] «"||[[n-5 [T @—ap

a#£0eA BeA 1<j<t,j#h

Moreover, let § = (HayéOeA oz)(l—[ﬁeA(n — B!, we have §U; € Fpe C F, as
ai,az,...,q; € Fpe. By using GRS codes, we construct the following MDS codes
of length n over F> and determine their Hermitian hulls.

Theorem 3.2 Let g = p™ > 3 be a prime power and e be a positive integer with e|m.
Let N = tp® be an integer, where 1 <t < p®and1 < z < 27’" — 1. Assume that n
is an integer such that 1 <n < N. Forany 1 < k < |_N+q Jandn+k > N + 1,
then there exists a q*-ary [n, k] MDS code with | -dimenstonal Hermitian hull for any
I1<l<n—-N+k-1

Proof Let the notations be defined as above. Take a = (aq, a2, ..., o). Since 1 <
t <p®<qgand N =tp°“, wehave | <k < LN+q L) < pez = |A| It follows from
n+k>N+1that N—n<k—1< p?—1 <|A| Then for any 1 <i < n, we
have

uj = l_[ (i —aj)”!

l<j<n,j#i
N
—1
= [] @-ep™) J] @—ep
1<j<N,j#i j=n+1
N
=U [] @—-ap
j=n+l1
Since 8U; € Fy, there exist vy, v2,..., U, € qu such that uq+1 8U; for any
1 < i < n. Furthermore, we take v = (bul, buy, ..., bug, Us+1,...,Uy) With I <

s Sn+k—N—1,whereb"*! 2 landv; € F, withvl.qH = U, forall1 <i <n.
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We consider the following ¢2-ary GRS code of length n,

GRSi(a,v) = {(bui f(a1), ..., bus f(ds), Us41 [ (ts41)s
csunflam) s f(x) € Fplxl}

For any ¢ = (buy f(a1), ..., bug f(as), Ust1 f(@s41), ..., U flan)) € GRSk (a, V)
NGRS(a, v)1 1 Tt follows from Lemma 2.2 that

GV fan), o b OIT e, v Far)s e vl Flan)
= (uig(e)), ... usgad). usrig(ay, ). ... wng(enl)) 4)
= @g (@), .. 158 1), T 18 I (s 1)s - o s T8 V()

where g/(x) € qu[x],,_k. For any s + 1 < i < n, it follows from the last n — s

coordinates of (4) that v,.qJrl flai) =g (), ie.,

U fl ) =uig @)= U [] (—ap|e@.
n+l<j<N

This shows that § f9(x) = (Hn+l§j§N(X — ozj))g/ (x) has at least n — s distinct roots.
It is clear that deg((]_[HlSjsN(x — oej))g/(x)) <N—-n+n—-k—1<N-—-k-—1.
Besides, it is easy to know that deg(6 f9(x)) < gk — 1) < N —k — 1, due to

1<k< LN;iI_IJ.Itfollowsfroml§s§n+k—N—lthatN—k—1<n—s.

Therefore, we have § f7(x) = (]_[n+1§j§N (x —ozj))g/(x) forany x € F,2. According

to the first s coordinates of (4), we have that 571! U;]'H flo) = u_ig/q (aj), i.e.,

bITSU; o) =uig () = (U [] (i — o)) | 8/ e) = 8U; f9(@).
n+l1<j<N

forany 1 <i <s.As b;’“ # 1 forany 1 <i < s, we can obtain f(o;) = O for
any 1 <i < s. Moreover, it follows from § f9(x) = (Hn+1§jsN(x — ozj))g/(x) that
f(aj) = O0forany n +1 < i < N. Then we have that f(x) = h(x)(]_[le(x —
a1 (x — @), where deg(h(x)) < n— N +k—1—s. Put g (x) =
SFI Tl — o)™ = 8h1 () ([T= (7 — @) (L, 4, (x — @)?™") and
g(0) = 87D (T2 (7 —a)) ([T, (x —ef)?™h). Forany g(x), g (x) € Fplx]
of the forms above, there is a f(x) = A(x)(J]/_;(x — ozi))(]_[fvzn+1(x — «;)) such
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that
1 1 1 1
@Ol o), BT fa), v flee), ol flan)
= (uig(e). ... usglad), ugiglal, . ... ung(a)))
=(u1g q(al): co, UsE q(as), Us+18 q(as+l)v s Ung q(an))y

which implies that

(bUf((Xl), ) bvsf(aS)v U‘Y+1f(as+1)v ey Unf(an))
€ GRSy(a,v) N GRSk (a, v)*.

Therefore, dim(Hull(GRSi(a, v, 00))) = n—N+k—s,wherel <s <n+k—N—1.
This completes the proof. O

Letn be some divisor of g>—1.Denote n; = n— andny = gcd(n,, q+
ged(n', g + 1)
—1 q+1

1). Then ged(ny,g + 1) = land nylg — 1. Let G = (@ n/ yand D = (w ™ ). It
is obvious that G and D are the multiplicative subgroups of F *2 of order |G| = n

and |D| = na(q — 1), respectively. Due to q+1 |q ——, we have G as a subgroup of D.

Then there are By, ..., B4-1 € D such that D ﬂ]G UpgGuU...U ,B(q 1 G Let
”l

1<tr< % and N =1tn .Forconvenience, we denote U§:15i = {al,az, ..., 0N}
and U; = l—[lsjs,\,’j#i(a,’ - aj)’l forany 1 <i < N.If o; € B;G for some
1 <5 <t,it follows from Lemma 7 of [32] that

U=an ' ] @B -8

0<h<t—1,hss

and eU; = n'~'g;7" [o<h<i—1nesBS — By )y le Fy, where ¢ = ai_l. Further-
more, we construct the following MDS codes and determine their Hermitian hulls.
Theorem 3.3 Let g = p’" > 3 be a prime power and n = niny be some divisor of

q> — 1 withn| = d(n—q—f—l) and ny = gcd(n q + 1). Suppose that N = tn’ with
1<t< q L and n is an integer such that 1 < n < N. Forany 1 < k < LN+qJ
andn + k > N + 1, then there exists a q -ary [n, k] MDS code with [- dlmenszonal
Hermitian hull forany 1 <l <n— N +k — 1.

Proof With the notations above, we take a = («y, a2, ..., «;). Then we have
-1
wi= [] (-
I<j<n,j#i
N
=Ui 1_[ (@i —aj),
j=n+1
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for any 1 < i < n. Since eU; € F}, there must exist vy, v2, ..., v, € qu such
that vl.q—H = eU;forany 1 < i < n.Letb € Fq*2 and p4t! # 1. Take v =
(buy, buy, ..., bug, Us11, ..., Uy), Where 1 <5 <n+k — N — 1. Then we obtain

the following ¢%-ary GRS code of length n associated with a and v,

GRSi(a,v) = {(bui f(a1), ..., bus f(ats), Us41 [ (ts41)s
Sunflan)) @ f(x) € Falxli).

For any ¢ = (buy f(a1), ..., bug f(as), Usp1 f(@st1), ..., Uun flan)) € GRSk (a, V)
NGRS(a, v). According to Lemma 2.2, we have

GO @), b flag) v Flsrn), ol )
= (uig(a}). ... usg(ad), usyigled, ). ... Hng(ay)) Q)
= g 1@1),s - T8 (), g 18 4 (st1)s - - - T8 (),

where g/(x) € qu[x],,_k. For any s + 1 < i < n, it follows from the last n — s
coordinates of (6) that v ™" f () = w7g' 4 (), i.e.,

N
o Ui f1(e) = uig (@) = | U ] (@ —ep) | g @)

j=n+1

Then the polynomial f9(x) = x(]_[;v:n+l (x —aj))g/(x) has atleast n—s distinct roots.
Itlsclearthatdeg(x(]_[] nﬂ(x—aj))g/(x)) < N—n+l+n—k—1 < N—k.Sincel <
k < L%J,deg(fq(x)) <qg(k—1) <N —k.Itfollowsfroml <s <n+k—N-—1
that N — k < n — s. Therefore, we have f9(x) = x(]_[j-v:nﬂ(x - aj))g,(x) for any

x € F,2. From the first s coordinates of (6), we have that patl ul.q’Jrl flo) = u_ig,q (o),
ie.,

N
b1 U 1 0) = uig (@) = [ U [ (i —ep) | 8 (@),
j=n+1

< i < 5. Then b9+ f9(a;) = (10,4 (i — @))g (@) = f9(a;)
forany 1 < i < s. As qu # 1 forany 1 < i < s, we obtain f(«;) = O for
any 1 <i < s. In addition, it follows from f9(x) = x(]_[ 1 (x — Otj))g (x) that
f@O) =0and f(oy) = O0foranyn+1 <i < N. Thus we have that f(x) =
xh(x)([ [ (x — a,))(]—[lznﬂ(x a;)), where deg(h(x)) <n— N +k —2 —s.Put
g0 =x"" I, & — )™t = x0T W) ([Tio 01 — @) ([T, 4y O —
@)% and g(x) = x7'hGDITL (17 — e ([0 (x — o)1), For any

forany 1 < i

IA
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Table 1 Sample parameters of

EAQEC codes from k / [[n, ki, dy; c1llq [[n, k2, d2; c21lq
Theorem 34 forq =9 and 3 1 [[11,2,9; 71lo [111,7, 4; 21lo
' 4 1 [[11, 3, 8; 6]y [[11,6,5; 319
4 2 [[11,2, 8; 5119 [[11,5, 5;2]]9
5 1 [[11,4,7; 5119 [[11,5, 6; 4]]9
5 2 [[11,3,7; 4]l9 [[11, 4, 6; 3]]9
5 3 [[11,2,7;3]l9 [[11, 3, 6; 2]]9
4 1 [[12,3,9; 7119 [[12,7, 5; 3119
5 1 [[12, 4, 8; 6]l9 [[12, 6, 6; 4]l9
5 2 [[12, 3, 8; 5119 [[12,5, 6; 3119
6 1 [[12,5,7;5]l9 [[12,5,7; 5]l9
6 2 [[12,4,7; 4]lo [[12,4,7; 4]l9
6 3 [[12, 3, 7; 3119 [[12, 3, 7; 3119

lLLkf=k—Il,di=n—k+1,cy=n—k—1L
2kp=n—k—-1l,dy=k+1,co=k—1

g(x), g (x) € F,2[x] of the forms above, there exists a f(x) = xh(x)(J]—;(x —
ai))(l—[zN:n+l(x — o)) such that

1 1 1 1
Gl e, BT Fa), o Fasn, - ol Flan)
= (ige]), ... usg(ad), wsyiglel ), ... ing(ayl))
= (u_1g q(al)» ey M_sg q(as)s Usg+18 q((x‘v—i-l), .o ,Wg q((xn))a

which implies that

(bUf((Xl), ceey bvsf(aS)ﬂ US+1f(aS+1)v ceey Unf(an))
€ GRSk(a,v) N GRSk (a, v)* .

Therefore, dim(Hull(GRSg(a,v,00))) = n — N+ k —1 — s, where 1 < s <
n 4+ k — N — 1. This completes the proof. O

In Theorems 3.1, 3.2 and 3.3, we constructed three classes of MDS codes by using
GRS codes and completely determined their Hermitian hulls. Based on the results and
Lemma 2.5, three classes of g-ary EAQEC codes and EAQEC MDS codes can be
easily obtained as follows.

Theorem 3.4 Let g be a prime power. If ¢ +1 < n < 2(q — 1) and n — q <
k < L%J, then there exist [[n,k —I,n — k + 1;n — k — l]l; EAQEC codes and
[[n,n—k—1,k+1;k—1]lg EAQEC MDS codes, where 1 <1 <k +q — n.

Example 1 Let g = 9 and n = 11, 12 in Theorem 3.4. Then we can obtain some new
EAQEC codes and EAQEC MDS codes, whose parameters are listed in Table 1.
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Theorem 3.5 Let g = p™ > 3 be a prime power and e be a positive integer with e|m.

Assume that N = tp*“ with 1 <t < p®and1 < 7 < 27’” — 1 and n is an integer

such that 1 <n < N. If1 <k < L%J and n +k > N + 1, then there exist
[ln,k—1l,n—k+1;n—k—I]ly EAQEC codes and [[n,n —k — 1,k + 1; k —I]],

EAQEC MDS codes, where 1 <l <n— N +k — 1.

Example2 Let p = 3, m = 2 and ¢ = 2 in Theorem 3.5, then z = 1. Take N = 54
and n = 53, then we can obtain some new EAQEC codes and EAQEC MDS codes,
whose parameters are listed in Table 2.

Theorem 3.6 Let g = p™ > 3 be a prime power and n = nina be some divisor of
_n_
gcd(n/,q+l)
1<t < % and n is an integer such that 1 < n < N.If1 < k < L%J and
n+k > N+ 1, thenthere exist [[n,k —1,n —k + 1, n —k —1]]; EAQEC codes and
[[n,n—k—1,k+1;k—1]l;y EAQEC MDS codes, where1 <l <n— N +k— 1.

g% — 1 withn, = and ny = gcd(n/, q + 1). Suppose that N = tn’ with

Example3 Let p = 5 and m = 2 in Theorem 3.6. Take N = m =278 = 156
and n = 155, then we can obtain some new EAQEC codes and EAQEC MDS codes,
whose parameters are listed in Table 3.

Remark 1 (1) In [30,31], the authors constructed some EAQEC (MDS) codes of
lengths n < g and all EAQEC MDS codes of lengths ¢ + 1. In [32], all g-ary
EAQEC MDS codes of lengths n < g are completely determined. So, we mainly
consider the construction of EAQEC codes of lengthn > g + 1.

(2) Let ¢ > 3 be a prime power. From Theorem 3.1, we know that Theorem 3.4
holds even for n = g + 1, i.e., we have EAQEC codes with parameters [[g +
Lk—1l,g—k+2q—k—1+1]]; and EAQEC MDS codes with parameters
g+1,g—k—1+1k+1k—1g wherel <k < | jand1 <l <k—1.
However, the EAQEC codes have been constructed in [30]. We do not consider the
case with n = g + 1 in Theorem 3.4. Now, all the EAQEC codes in Theorem 3.4
are new in the sense that our parameters are not covered by the codes available in
the literature.

(3) Notice that the required number of maximally entangled states and lengths of the
EAQEC codes constructed by us can take various values. Comparing the param-
eters with all known ones in the literature, one can find that our EAQEC codes
in Theorems 3.5 and 3.6 are new. Some examples are given in Tables 1, 2 and 3,
which can be obtained by Theorems 3.4, 3.5 and 3.6, respectively. The parameters
of our EAQEC codes are flexible not only on ¢ but also on 7.

4 Conclusions
In this paper, we first constructed three classes of MDS codes by considering GRS

codes and determined their Hermitian hulls. Based on the constructed MDS codes,
we obtained three new classes of g-ary EAQEC codes and EAQEC MDS codes,
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Table2 Sample parameters of
EAQEC codes from

Theorem 3.5 for p =9, N = 54
andn =53

Table 3 Sample parameters of
EAQEC codes from

Theorem 3.6 for g = 25,

N =156 and n = 155

k ) [[n, k1, dy; crllq [[n, k2, d2; c21lq
3 1 [[53, 2, 51; 49]]9 [[53, 49, 4; 2]]9
4 1 [[53, 3, 50; 48]]9 [[53, 48, 5; 3119
4 2 [[53,2,50; 47119 [[53,47,5; 2119
5 1 [[53,4,49; 47119 [[53, 47, 6; 4119
5 2 [[53, 3, 49; 46]19 [[53, 46, 6; 3119
5 3 [[53, 2, 49; 45]]9 [[53, 45, 6; 2]]9
6 1 [[53, 5, 48; 46]]9 [[53, 46, 7; 5119
6 2 [[53, 4, 48; 45]]9 [[53,45,7; 4119
6 3 [[53, 3, 48; 44]]9 [[53, 44, 7; 3119
6 4 [[53, 2, 48; 43]]9 [[53,43,7; 2]l

—_

ki=k—-l,di=n—k+1l,ci=n—k—1.
ky=n—k—-1l,dy=k+1,cp=k—1

NS}

k l [[n, k1, dy; e1llq ([, ko, do; c2]lq

3 1 [[155,2, 153; 151115 [[155, 151, 4; 2]15
4 1 [[155, 3, 152; 150]]»5 [[155, 150, 5; 31125
4 2 [[155,2, 152; 149]]5 [[155, 149, 5; 2]1»5
5 1 [[155, 4, 151; 1491155 [[155, 149, 6; 4]1»5
5 2 [[155, 3, 151; 1481155 [[155, 148, 6; 31155
5 3 [[155,2, 151; 1471155 [[155, 147, 6; 2]1»5
6 1 [[155,5, 150; 148]]»5 [[155, 148, 7; 5115
6 2 [[155, 4, 150; 1471]»5 [[155,147,7; 4115
6 3 [[155, 3, 150; 146]]»5 [[155, 146, 7; 3115
6 4 [[155,2, 150; 145]]»5 [[155, 145, 7; 2]]»5

lLky=k—=1l,dj=n—k+1l,ci=n—k—1.
2.kp=n—k—1l,do =k+1,cp=k—1

whose maximally entangled states are closely related to the Hermitian hull and are
flexible. Also, the three new classes of EAQEC codes and EAQEC MDS codes have
more flexible lengths. Comparing with the parameters of all known EAQEC codes,
all EAQEC codes obtained in this paper are new. The Hermitian hull of a linear code
is a worthwhile problem for further study. It would be interesting to construct more
EAQEC MDS codes by determining the Hermitian hulls of linear codes.
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