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Abstract

In this paper, we aim to obtain quantum error correcting codes from codes over a non-
local ring Ry = Fy + alFy. We first define a Gray map ¢ from Ry to IE'%" preserving
the Hermitian orthogonality in R to both the Euclidean and trace-symplectic orthog-
onality in IF(ZI” We characterize the structure of cyclic codes and their duals over R,
and derive the condition of existence for cyclic codes containing their duals over R,.
By making use of the Gray map ¢, we obtain two classes of g-ary quantum codes. We
also determine the structure of additive cyclic codes over R ,> and give a condition for
these codes to be self-orthogonal with respect to Hermitian inner product. By defining
and making use of a new map §, we construct a family of p-ary quantum codes.

Keywords Quantum codes - Cyclic codes - Gray map

1 Introduction

Quantum error correcting codes(QECC) are useful tool in quantum computation and
communication to detect and correct the quantum errors while quantum information is
transferred via quantum channel. While it is initially supposed that there is no way to
quantum computation and communication due to the difficulties such as decoherence
destroying the information of qubits having a superposition, encoding one qubit to
nine qubits, the first quantum code called Shor code [16] encourages the researchers
in overcoming this problem and deriving a systematic construction for QECC. In [3]
and [17], respectively, Shor et al. and Steane, as independence of each other, discover a
systematic way to construct QECC which are called CSS code. It is no longer enough
to consider two classical linear codes over G F (2) which are nested for constructing
binary QECC. Gottesman [6] comes up with an outstanding notion that aims to detect
and correct the quantum errors for QECC by considering their stabilizer groups that
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are subgroups of Pauli matrices group on binary qubits. In [4], it is shown that it is
equivalent finding additive codes over G F (4) which are self-orthogonal with respect
to certain trace inner product to finding binary stabilizer QECC. By redefining the
Pauli matrices on qubits over higher alphabets, the results given in [4] are generalized
to stabilizer QECC over IF; in [2,10]. In [10], the finding stabilizer codes of length
n over [, is transformed into at first the finding additive codes of length 2n over [,
which are self-orthogonal with respect to trace-alternating form and then the finding
additive codes of length n over I > which are self-orthogonal with respect to trace-
symplectic form. It is also shown that for a linear code over F 2, its dual with respect
to trace-alternating form is equal to its dual with respect to Hermitian inner product,
whence paves the way for many further researches, some of which are [1,5,9,18].
Next, Kai et al. [9] consider the quantum codes constructed via the Hermitian dual
containing negacyclic codes which are a class of constacyclic codes. The study [5] also
provides the construction of quantum codes via a certain class of constacyclic codes
containing Hermitian duals. In this study, instead of the classical linear codes over
[F,2 including their Hermitian duals, we consider the linear codes over Iy containing
their Euclidean and trace-symplectic duals as the Gray images of certain codes over a
nonlocal ring R, (will be defined later).

This paper includes six sections organized as follows: Section 2 gives to the readers
some basic definitions and notations which they need in next sections. Section 3
introduces a Gray map ¢ : Ry — Ffl” which preserves both Euclidean and trace-

symplectic orthogonality in ]Fg”. Section 4 studies the cyclic codes and their Hermitian
duals (defined in Sect. 2). It also illustrates some quantum codes obtained from cyclic
codes over Rs of length 9 and 11. Section 5 aims to find a condition for additive cyclic
codesover R;,q = p?, to contain their Hermitian duals. Introducing a map § : RZZ —

IF‘I‘,” preserving the orthogonality, it also gives some quantum code examples obtained
from additive cyclic codes over Rs of length 11. Section 6 concludes the paper.

2 Preliminaries

Let IF; be a finite field having ¢ elements, where ¢ is a prime power. A code of length
n over [, is a nonempty subset of ]FZ. A subspace of F; is a linear code of length
n over [F, and so a linear code has a dimension k. The Hamming weight wy (x) of

a vector x = (xg, X1, ..., X,—1) is the number of nonzero coordinates of the vector
x. The Hamming distance dy (x, y) between two vectors x = (Xo, X1, ..., Xp—1)
and y = (o, Y1,---,Yn—1) is the Hamming weight of the vector x — y. For

u= (1B Bn), v=_(v1v2--vu) € R}, consider x, + iy, with [x;| + [y;]
minimum. Then, the Mannheim distance between these word u and v is defined as

dy (. v) =Y (x| + yD).
t=1

An element of a code is called codeword. The (minimum) Hamming distance dy (C) of
acode C is defined as the minimum Hamming distance between two distinct codewords
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in the code C. Also, the Mannheim distance dj; (C) of a code C can be defined in
the similar way. [n, k, d], and [n, k, djy], codes refer to linear codes of length n over
F, and R, having dimension k£ and Hamming distance ¢ and Mannheim distance
dy, respectively. Recall that the Euclidean inner product (x, y) of two vectors x =
(X0, X15 -+ - Xp—1) and Y = (Y0, Y1, - -+ Ya—1) i (X, ¥) = 3=y x;yi. The set C+ =
{y e Fj : {x,y) =0, Vx € C} is called the Euclidean dual of the code C.

Define C¢" = C4®C4 ---QC4, where C? is g-dimensional complex vector space.
An ((n, M, d)) ¢ quantum code is defined as a subspace with M generators of (CZ such
that it can detect d — 1 errors but not some d errors. If specially M = ¢*, such a
quantum code is denoted by [[#, k, d]],. The following two theorems show that there
is a strong relation between codes over F, and quantum error correcting codes.

Theorem 1 ([10] CSS Code Construction) Suppose that C and C are two [n, k, d]q
and [n, ki, dl]q codes, respectively, such that Ciy < C. Then, there exists a
Mn,k—ky,d Ny quantum error correcting code, where

d’ = min {wH (x):x € (C—CHU (clL - Cl)} > min {d, dﬁ} (1

and d ll =dy(C ]J‘). If, particularly, the code C contains its Euclidean dual, then there
exists a [[n, 2k — n, d’]]q quantum error correcting code, where

d’ = minfwy(x) :x € C —C*+} > d. )

Define the trace tr : F; — Fp, tr (x) =x +xP +--- + xP""" where q=p".
The trace-symplectic inner product of two vectors (x, y) and (x’, y’) of IE%” is given
in [10] as follows:

(o) () = (6 y) = () 3)

The set C-s = {y e IE‘?I” 2 (x,y)s =0, Vx € C} is called the trace-symplectic

dual of the code C. Recall that the symplectic weight of a vector (x, y) in IE%" is
ws (x,y) =n—|{i : x; =0 and y; =0}|.

Theorem 2 [10] Suppose that C is an additive code over F, of length 2n such that
IC| = ¢" %, C € C* and wy (Clx — C) = d. Then, there exists a [[n, k,d]l,
quantum error correcting code.

Theorem 2 says that it is necessary to find an additive code over [, containing its
trace-symplectic dual to construct a quantum code.

For an [[n, k, d]]q quantum code, the relation n + 2 > k + 2d, called quantum
Singleton bound, is an analog to the Singleton bound for classical linear codes over
finite fields [11,15]. An [[n, k, d]]; quantum code is called a quantum MDS(QMDS)
code if it holds the Singleton bound for quantum codes.

Let p be a prime such that p = a® + b? for some positive integers a and b and let
I, be a finite field having g elements, where ¢ is a positive power of p. We denote R,
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tobe R; = F, + alF,, where @ = a + bi. Then, R, is a nonlocal commutative ring
with identity and its nontrivial ideals are («) and («*), where a* = a — bi. It is easily
seen that R, = () @ (o*) and |(«)| = [{«*)| = ¢. Thus, since (&) = {ka : k € F,}
and (¢*) = {ka* : k € F,}, every element r of the ring R, is written uniquely as

ko —i—kz()l* @)

for some k1, ky € IFy.

A code C of length n over R, is a nonempty subset of R;‘. A linear code C of
length n over R, is a submodule of R;-module R;’. Any linear code over R, is a
permutation-equivalent to a code having the following generator matrix:

Iy, o*By oA aAl +a*By oAz + a*Bs
G(k1+k2+k3)><n =10 alkz 0 aAy 0 s (5)
0 0 Ol*lk3 0 o* By

where Ij; is a k; x k; identity matrix and the matrices A; and B; are over IF,;. Note
that for a code C with the generator matrix G (k,+k,+k3)xn» the size |C| of C is equal

to q2k1+k2+k3'
For an element r = x + ya in R, r* = x + ya™. Let x = (xg, X1, ..., X;,—1) and
vy = (o, Y1, ..., Yn—1) be two vectors in R;’. Define Hermitian inner product (x, y),

of the vectors x and y as (x, y);, := xoy5 + x1y{ + -+ x4—1y,_,. Hermitian dual
C# of a code C over R, of length n is the set

CH={yeR}:(x.y),=0 VxeC} (6)

Note that C* is also linear if C is linear, and |C||C1"| = |Rg|. A code C is called
Hermitian self-orthogonal code if C C CcLn,

3 A gray map from R}} to 2"
We define the Gray map ¢ : R;’ — ]Fé" as

(p(r()vrl? ""r}’l—l) = (—)’01% D) _yn—lbs X0 +y0a’ cees Xn—1 +)’n—la), (7)

where r; = x; + y;a foralli € {0, 1,...,n —1}.

The Lee weight wy, (r) of anelementr € R, is wy (¢ (r)). The Lee weight wy, (x)
of avectorx = (xo, X1, ...,X;—1) € R:; iswy (x) = ;’;01 wr (x;). The Lee distance
dy (x, y) between two vectors x and y in R;’ is defined tobe dy, (x,y) = wr (x — y).

The following theorem is direct.

Theorem 3 The Gray map ¢ is an Fy-linear and distance-preserving map from
(R, dp) to (F2", dpy).
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For two elements r; = x1 + yja and 12 = x2 + y2a of the ring R,, suppose that
r1Lpro. This implies that

x1x2 + (x1y2 +x2y1)a =0 (@)
and
oyt —x1y2) b =0 )
We have the following theorem:

Theorem 4 Let C be a code of length n over Ry. If C contains its Hermitian dual,
Y (C) contains its dual with respect to both usual inner product and trace-symplectic
inner product.

Proof 1t is sufficient to prove only for n = 1. Assume that r; 1 ;,r,. See that

(¥ (1), ¥ (r2)) = y1y2b* + (x1y2 + x2y1) @ + x152 + y1y20°
= (x1y2 +x2y1) a + x1x3.

Equation 8 implies that (¢ (r1), ¥ (r2)) = 0. For the second,

(¥ (r), ¥ () = tr (= (x1 + y1a) y20 + (x2 + y20) y1b)
=tr ((x2y1 —x1)2) b) .

By Equation 9, tr ((x2y1 — x1y2) b) = 0 and so proof is completed. O
Combining Theorems 1, 3 and 4, we give:

Corollary 1 If C is a linear code over R, having the generator matrix G (¢, +-ky+k3)xn
and containing its Hermitian dual, then there exists an [[2n,2(2k1 + ko + k3 — n),
d > di |, quantum error correcting code, where dy, is the minimum Lee distance of
the code C.

It is worth to note that for a vector x € R;’, wg (x) = w;s (p (x)) and so the
(minimum) Hamming weight of the nonzero codewords in a code C over R, is equal
to the minimum symplectic weight of the nonzero codewords in ¢ (C). We also have
the following from Theorems 1 and 4.

Corollary 2 IfC is alinear code over R, having the generator matrix G (i kyiks) xn and
containing its Hermitian dual, then there exists a [[n, 2k +ky + k3 —n,d > dyll,
quantum error correcting code, where dy is the minimum Hamming distance of the
code C.

4 Quantum codes from cyclic codes over Rgq

A linear code C over F,(resp. R,) is called cyclic if its right cyclic shift of every
codeword is also a codeword. Recall that there is a one-to-one correspondence between
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cyclic codes of length n over IF; and the ideals of the quotient ring 53 [—XI]) . Since every
Fylx]

ideal of - 1 is principal, C = (g (x)) for some monic polynomial g (x) € 1)
where g (x) is called generator polynomial of C and divides x” — 1. Similar to the

. . . . R
case over I, a cyclic code over R, of length 7 is an ideal in (x,‘,’[_xl]> . Hence, we need

to investigate the ideal structure of (x,‘{ x1]>

Equation 4 implies that for every vector x € Ry, there exits uniquely vectors
X1, X2 € IE‘Z such that x = ax| + a™x;. This leads to a characterization of linear and
cyclic codes of length n over R,.

Theorem 5 A linear code C over Ry of length n is of the form C = aCy @ a*C,
where Cy and Cy are linear codes over B of length n. If the code C is a cyclic code,
then Cy and C; are cyclic codes over IF,.

We now are ready to give exact characterization for cyclic codes over R;.

Theorem 6 Every cyclic code C over Ry of length n has the form C = (ag (x)
+a*gs (x)) for some polynomials g| (x) and g (x) in x" 1 which divide x"

Moreover; |C| = g~ Y7 deg gi(x),

Proof By Theorem 5, C = aC; + a*C, for some cyclic codes C; = (g1 (x))
and C, = (g2 (x)) of length n, where g; (x) divides x” — 1 for i = 1, 2. Then,
C = (ag1 (x),a*gr (x)). Set J = (ag) (x) +a*gr (x)). Clearly, / < C. For
reverse inclusion, see that «®> = 2ac and (¢*)> = 2aca*. This implies that
a (eg (x) +a*gy (x) = a’g) (x) = 2aag) (x) € J anda* (ag (x) +a*gr (x)) =
(a*)2g2 (x) = 2aa™gy (x) € J. Hence, ag) (x) and a* gy (x) are included in J and
J = C. The size of C is clear. O

To construct quantum error correcting codes via cyclic codes over R,, we need
the condition that cyclic codes over R, contain their Hermitian dual. We begin to
determine the structure of Hermitian dual code of a cyclic code over R,. Note that

h(x) = % is called check polynomial of a cyclic code C = (g (x)) over F, of
length n and h® (x) = x92hOp(x~1),

Theorem 7 Suppose C = aCy @ a*C» is a cyclic code over R, of length n. Then,
chth = ((xh§ (x) + a*hf(x)), where hy (x) and hy(x) are check polynomials of C
and C», respectively.

Proof Set J = (ah®(x) +a*hR(x)). Let C; = (g; (x)) fori = 1,2. Since C =
(agy (x) + a* gy (x)), the definition of Hermitian inner product forces that proving
the following equality is necessary.

(g1 (x) +a*gr (x)) (aha (x) + ¥y (x))"
= (g1 (x) + g2 (1)) (ahy (x) + ™Ry (x))

= o1 () I () + @ (g1 (x) ha (X) + g2 (X)) by () + (%) g2 (¥) ha (x) =0

Hence, (ahy (x) + o*hy ()% = ah® (x) + «*hR (x) € CY4 and J € C. Since
[JIICl = |R"|. J = C*h. O
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Note that x" — 1 has no multiple roots over I, if (n, g) = 1. Then, there exists
an n'" root B of unity in some field extension of F,. This fact enables to describe a
cyclic code of length n and generator polynomial g (x) with respect to its defining
set Z=1{i:g()=0,i€{0,1,...,n—1}}. Denote Z~! = {—imod n: i e Z)}.
Recall that the defining set of g® (x) is Z~! if the defining set of g (x) is Z. In the
following theorem, equivalent conditions for a cyclic code over R, to contain its
Hermitian dual are derived.

Theorem 8 Let (n,q) = 1. Let C; be a cyclic code of length n and generator poly-
nomial g; (x) over Fy and let Z; be defining set of C; for i = 1,2. Suppose that
C = aC| + a*Cy. The following are equivalent:

1. ctncc,

2. Cy CCy,

3. Cf CCy

4. x" —1=0(mod g1 (x) g& (x)),
5 x"—-1=0 (mod gf (x) g2 (x)),
6. Z1NZ;' =9,

7. 27Nz =0

Proof 1t is easy to see that the conditions (2), (3), (4), (5), (6) and (7) are equivalent
from definitions and so it is enough to prove (1)< (4). Since C = aCy + o*Cy,
Theorem 7 implies that Ccln = ozCzL @ a*C;. So, if C+* C C, then C2L C C; and
Ci- € Cy. Thus, g1 (x)| A% (x) and g (x)| kR (x). Say 1% (x) = g1 (x) f (x). Since

gV hE (x) = — (" = 1), we get gX (x) g1 (%) f (x) = — (x" — D).
For the other side, if x” — 1 = 0 mod (gl(x)gg(x)), then g§ (x)| h1 (x) and so
g2 (x)] hf (x). This means that Cf- C C, and C;- C C1, which completes the proof.
O

The following is immediate from Theorem 8.

Corollary 3 Ler C be a cyclic code over F containing its dual and let C' = aC @a*C.
Then, C' is a cyclic code over Ry containing its Hermitian dual.

Corollary 1 is rearranged for cyclic codes containing its Hermitian dual as follows:

Corollary4 Let C = aCy @ o*Cy = (g1 (x) + a* g2 (x)) be a cyclic code over R,
of length n and (n, q) = 1. If one of the conditions given in Theorem 8 is satisfied,
then there exists a [2n, 2(n — 21'2:1 deg(gi(x))), d > dr |, quantum error correcting
code, where dy, is the minimum Lee weight of the cyclic code C and g; (x) is generator
polynomial of C;.

Furthermore, Corollary 2 is rearranged for cyclic codes containing its Hermitian dual
as follows:

Corollary 5 Let C = aCi ®a*Cy = {agy (x) + a* g2 (x)) be a cyclic code over Ry of
length n and (n, q) = 1. If one of the conditions given in Theorem 8 is satisfied, then
there exists a [n,n — Ziz:l deg(gi(x)),d = dyly quantum error correcting code,
where dy is the minimum Hamming weight of the cyclic code C and g; (x) is generator
polynomial of C;.
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Table 1 All nontrivial cyclic
codes over R5 of length 9
containing its Hermitian dual
and QECCI1 and QECC2
obtained by Corollaries 4 and 5
(respectively) in Example 1

g1 (x) g2 (x) Gray image QECC1 QECC2

f2 NE] (18, 10,4]s (18,2, 45 9,1, = 2]
12 S (18,11,4]s5 (18,4, 415 9,2, =215
12 13 [18,9,4]s5 18,0, 4]l 19,0, > 2]5
3 12 [18, 10, 4]5 18,2, 4115 9, 1, > 2]
3 S [18,15,2]5 18,12, 2]s 9. 6, > 215
3 112 [18,9,4]s5 18,0, 41l 19,0, > 2]5
1213 S [18,9,4]s 18,0, 41l 9,0, > 2]5
h 12 [18,11,4]s 18,4, 4115 9,2, > 2]5
il 3 [18,15,2]5 18,12, 2]s 9. 6, > 215
h f2f3 [18,9,4]s 18,0, 41l 9,0, > 2]5
fih2 3 [18,9,4]s (18,0, 41l 9,0, > 2]5
f1/3 12 (18,9, 4]s (18,0, 415 19,0, > 2]I5
1 f1 [18,17,2]5 [[18, 16, 2]]; 19,8, > 1]];
1 i [18,12,2]5 [[18,6,2]5 9,3, > 115
1 3 [18, 16, 2]5 [[18, 14, 2]l5 19,7, > 115
1 f1/2 [18,11,2]5 (18,4, 215 9,2, > 1115
1 fif3 [18,15,2]5 118,12, 2]5 9, 6,> 1]]5
1 213 [18,10,2]5 (18,2, 2]I5 [9,1,> 1115
f 1 [18,17,2]5 [[18, 16, 2]]; 19, 8, > 1]];
f 1 [18,12,2]5 [[18,6,2]l5 9,3,> 1]]5
f3 1 [18, 16, 2]5 [[18, 14, 2]5 9,7, > 115
fif2 1 (18, 11,2]5 ([18,4,2]s 19,2, > 115
1 1 [18,15,2]5 [[18, 12, 2]5 9,6, > 1]]5
/3 1 [18, 10,2]5 [18,2,2]s 9,1, > 1]I5

Example 1 Let x° — 1 = f| f»f3 over Fs, where f| = x +4, fo = 1 + x> 4+ x
and f3 = 1 + x + x2. All nontrivial cyclic codes over Rs of length 9 containing its
Hermitian dual and quantum error correcting codes(QECC) obtained by Corollaries 4
and 5 are represented in Table 1.

Example2 Letx!'' —1 = fi f> f3 over Fs, where fi = x+4, f»> = 44+x+x2+4x3 +
2x* + x5 and fa=4+3x+ x2 +4x3 + 4x* + x°. All nontrivial cyclic codes over Rs
of length 11 containing its Hermitian dual and quantum error correcting codes(QECC)

obtained by Corollaries 4 and 5 are represented in Table 2.

Remark 1 The quantum codes having the parameters marked with “*” in Tables 1

and 2 are QMDS codes.
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Table 2 All nontrivial cyclic codes over Rs of length 11 containing its Hermitian dual and QECC1 and
QECC?2 obtained by Corollaries 4 and 5 (respectively) in Example 2

g1 (x) g2 (x) Gray image QECC1 QECC2

/3 f [22, 12, 5]5 22,2, 515 [11, 1, = 5]
f3 fi [22, 16, 4]5 122, 10, 4]I5 11,5, > 2]l5
/3 /3 (22,11, 6]5 22,0, 6115 [[11,0,> 575
i) 2 [22,12,5]5 122, 2, 5]5 11,1, > 515
b2 f [22, 16, 4]5 122, 10, 4]]5 [11,5,>2]l5
12 fih [22, 11, 6]5 22,0, 6115 [11,0,> 55
213 h [22, 11,415 22,0, 415 [11,0,> 25
f 3 [22, 16, 415 22, 10, 4115 [11,5,>2]s
f f2 [22, 16, 415 22, 10, 4115 [11,5,>2]s
f nf (22,11, 4]5 22,0, 4]l5 [11,0,=2]5
f1/3 3 [22, 11, 6]5 22,0, 6]I5 [[11,0,> 575
fih 12 (22,11, 6]5 22,0, 6115 [[11,0,> 575
1 f [22,21,2]5 122, 20, 2]]; 11,10, > 1]];-‘
1 fr [22,17,2]5 122, 12, 2]I5 11,6, > 115
1 f3 [22,17,2]5 122, 12, 2]I5 11,6, > 115
1 fifr [22, 16, 2]5 122, 10, 2]]5 11,5, > 115
1 A [22, 16, 2]5 122, 10, 2]]5 11,5, > 1]5
1 hha [22,12,2]5 22,2, 2]5 [11,1,> 1]5
N 1 [22,21,2]5 22, 20, 2]];< 11,10, > l]]g<
b2 1 [22,17,2]5 22, 12, 2]]5 11,6, > 115
f3 1 [22,17,2]5 22, 12, 2]]5 11,6, > 115
f1fa 1 [22, 16, 2]5 122, 10, 2]]5 11,5, > 115
VAL 1 [22, 16, 2]5 22, 10, 2]I5 11,5, > 115
f3 1 [22,12,2]5 22,2, 2]l5 [11, 1, = 15

5 Quantum codes from additive cyclic codes over Rq

This section is devoted to obtaining quantum error correcting codes via additive cyclic
codes over R, for g = p?. An additive cyclic code C over R, means that C is closed
under addition and cyclic shift of a codeword in C is again a codeword in C. In

other words, an additive cyclic code of length n over R, is an additive subgroup in

the quotient group <f,‘f[_xl]> which is closed under multiplication by x. Making use of

technique used in Theorem 14 in [4], we first characterize the structure of additive
cyclic codes over R, for g = p? and then study self-orthogonality condition for these
codes which are needed to construct quantum error correcting codes.

Lemmal Let ¢ = p® be for a prime p and the set {1, w} be a polynomial
basis of Fy over . An additive cyclic code over Iy of length n is of the form
(g (@) +wp (x), wa (x)) for some polynomials g (x), p (x),a(x) € Fj[x]. Fur-
thermore, g (x) and a (x) divide x" — 1 (mod p) and |C| = p*—degg(x)—degax),
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Proof Consider the map ¢ : F, — ]F mapping an element a 4+ bw to a and

extend it to the map u : 53—[_xl]> — x" 1 , Y cixt =3 ¢ (¢;) x'. Then, u is an

onto I, [x]-module homomorphism. If C 1s an additive cyclic code over I, then

the image of C under u is an ideal in % and so has a generator g (x) divid-

Fplx]

ing x" — 1 (mod p). Define the set J = {a (x) € =y -

immediate that J is an ideal in % and so Kerp = (a(x)) for some polyno-

mial a (x)| x" — 1 (mod p). Since C is generated by the polynomials a (x) and some
inverse of g (x), C = (g (x) + wp (x) , wa (x)) for some polynomial p (x) € F,, [x].
The remaining is clear. O

wa (x) € Keru}. It is

The following theorem characterizes the structure of additive cyclic codes over
R 2. The proof is similar to the proofs of Theorems 6 and 7, so we omit it here.

Theorem 9 An additive cyclic code C over R 2 of length n is of the form C = aC &
a*C for some additive cyclic codes C| and C; of length n over F. Hence,

C = (g1 () +wpi (x)). awar (x),a* (g2 (x) + wps (), @ way (x)), (10)
where g; (x),a; (x)|x" — 1 (mod p).

Next theorem investigates the duals of additive cyclic codes over R > and gives a
condition for additive cyclic codes which are Hermitian self-orthogonal.

Theorem 10 Let C = aC @ o*Cy be an additive cyclic code over R of length n.

Then, C+h = och‘ (&) oc*ClL. Moreover, C is Hermitian self-orthogonal with respect
to Hermitian dual if and only if C; C Cj-.

Proof SetJ = aCy @ a*Cit. Itis easy to check that J € C. Since |J||C| = IR,

J = C1. The second part is immediate. O

Letting C; = (g; (x) + wp; (x), wa; (x)) fori € {1, 2} be an additive cyclic code
over Isz, we seek the circumstance for C; C C2L.

Lemma2 C; C CzL if and only if the following hold:
+bpy (x) p2 (x"71) = 0 (mod x" — 1),

n—

g1 (x) g (x"71h)
1) p2 (") + p1 (0) g2 (x" 1) = 0 (mod x" — 1),
g1 () ax (x” l) =0 (mod x" — 1),
pi (x)ay (x"~1) = 0 (mod x" — 1),
aj (x) g (x" 1) = 0 (mod x" — 1),
a; (x) p2 (x” 1) = 0 (mod x" — 1),
a; (x)az (x"~') = 0 (mod x" — 1),

Nk v =

where b is a nonresidue mod p.

Proof Note that x> — b is an irreducible polynomial over F, if b is a nonresidue
mod p. So we can assume that w?> = b. See that the inner product of the vectors
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corresponding to the polynomials g (x) + wpi (x) and x/ (g2 (x) + wps (x)) for

j€{0,1,...,n— 1} are the coefficient of x/ in the polynomial (g (x) + wp(x))x/
(g2(x™ 1) + wpr(x™~1)). This factimplies that 1 and 2 hold. The proofs of the remain-
ing are similar. O

By considering the images of additive cyclic codes over R > under the Gray map
¢ , one fails to get p-ary quantum error correcting codes since ¢ carries elements of
R > to vectors in IF?JQ. We therefore need a new map to obtain p-ary quantum error

correcting codes by using Theorem 2. Let {1, w} be a polynomial basis of I > over
[F). Note that every element x € [F> can be written uniquely as x = x| + wx for

some x1, x2 € IF),. Define the map O’Isz — IF“[‘7 as
o (x +ya) = (y2, y1 + y2, %2 + y2, x1 +x2 + y1 + ¥2) (11)

and extend it to the map 8:R", — F*" as
P 4

(ro, ..., rn—1)
— (50,2, 0,1 + Y0,2, - - - s Yn—1,2, Yn—1,1 + ¥0,2, X0,2 + Y0,2, X0,1 + X0,2
+Y0,1 +Y0,25 -5 Xn—12 + Yn—1,2, Xn—1,1 + Xn—12 + Yu—1,1 + Yn-1,2),

where r; = x;1 + x;2 + (yi,1 + yi,2)w for some x; 1, X; 2, yi,1yi,2 € Fp. Before
stating that the §-images of two vectors over R > which are perpendicular to each
other with respect to Hermitian inner product are so with respect to trace-symplectic
inner product, we note that if 71 L7, for two elements r{ = x + ya and r» = u + v
in R, by Eq. 9, we further get

yiuz + y2uy — (x1v2 + x201) =0 (12)

and
yiuy — x1v1 + w? (yauz — xov2) = 0. (13)

In this case, we also observe that

(8 (r1), 0 (r2))y = tr (x1v2 + x2v1 — (y1u2 + y2u1))
+tr (xqvp — yiuq + 2 (xov2 — you3))

and Eq. 12 implies that

(8(r1), 8 (r))y =tr (xivy — yrur + 2 (xov2 — y2u2)) . (14)
Then, (& (r1), 8 (r2)), vanishes by Eq. 13 if w? = 2 (mod p). This is possible only
when 2 is a nonresidue mod p, otherwise the polynomial x> — 2 is reducible over F »

and so the set {1, w} does not form a basis for ¥ p2 over F,. We hence have:
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Table 3 Some nontrivial additive cyclic codes over Rp5 of length 11 which are Hermitian self-orthogonal
and some QECC over F5 of length 22 obtained by Corollary 6 in Example 3

g1 (x) p1 (x) aj (x) 82 (x) p2 (x) ay (x) QECC

0 0 fif2 ¥p) f N fs 122, 10, 25
0 0 fif2 2 f fif2 122, 6, 2115
0 0 fif2 2 ff3 0 22, 16, 115
fiha 0 0 f2f3 0 1 (22,10, 1715
fif2 0 0 0 0 /3 22, 16, 115
fih 1 0 0 0 0 22,17, 115
f f1/2 h 1213 /3 0 122, 6,2]ls
f N fif2 /3 0 NSz 22,5, 2115
f 1 fif2 0 0 0 22,7, s

Theorem 11 Let p be an odd prime which can be written a® + b* for some a, b € 7.
and p = 3or5(mod 8). Suppose that {1, w} is a polynomial basis of F > over Fp,
where w? = 2. If C is an additive code over R > containing its Hermitian dual, then
8 (C) is a linear code over ¥, containing its trace-symplectic dual.

Proof Since p = 3or5 (mod 8), 2 is a nonresidue mod p and so the polynomial
x2 — 2 is irreducible over F p- By the above observation and Eq. 13, proof is over. O

Theorems 2 and 11 together imply:

Corollary 6 Let p be an odd prime which can be written a®> + b* for some a,b € 7.
and p = 3or5(mod 8). Suppose that {1, w} is a polynomial basis of F > over Fp,
where w2 = 2. Let C = aC; ® a*C) be a cyclic code over sz of length n, where
fori =1,2,C; = (gi (x) +wp; (x),a; (x)). If the conditions given in Lemma 2 are
satisfied, then there exists a [[2n, 2n — k, d]|, quantum error correcting code, where
k= Ziz:] deg g; + dega; and d is the minimum symplectic weight in §(C)™ —8 (C).

Example3 Letx!' —1 = fi > f3 over Fs, where fi = x+4, f» = 44+x+x2+4x3 +
2x* 4+ x3 and f3 = 4+ 3x +x2 +4x3 +4x* 4+ x7. Table 3 illustrates what we discuss
in this section by giving some examples of quantum error correcting codes over Fj
obtained by Hermitian self-orthogonal additive cyclic codes over Ros of length 11.

Example 4 Let g =29, = 5+ 2i and x>! — 1 = f; f> f3 f4. With help of MAGMA
and under the conditions of Theorem 8, some nontrivial quantum code parameters of
length 31 over Ryg are given in Table 4.

Example 5 Letq = 13, « = 3+ 2i. Satisfying the conditions given in Corollary 4 and
using the software programme Mathematica, we obtain a [[8, 0, 4]];3 quantum code
from a classical code C over R;3. Also, this classical code C is an extremal self-dual
code over Ri3. The generator matrix G of the classical code C is
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Table 4 Some nontrivial quantum codes over Ryg of length 31 which are Hermitian self-orthogonal and
some QECC over Fyg of length 62 obtained by Theorem 8 in Example 4

81(x) g2(x) QECC1 QECC2
f1f2 f3 [[62, 20, > 8]]29 [[31, 10, 8]l542
nrf fa [[62,2, > 81129 [[31, 1, 811542
~f3 f1/a [[62, 0, > 9129 [[31,0, 91542

Table5 Using the software programme Mathematica and the method given in this paper, some new quantum
codes with respect to the Mannheim metric over R3 of length 5, 6, 8 are given

The generator matrix G QECC
G=(1 0 9% 6a 9+1la) [[5, 3, 10]]3+2
1 0 9a 6 9+ lla
G=|5 1 5410 1la 1249« [[5, 1, 15]]342i
120 8+3a 1 1l 5
0 3+ 6 346a 54100 4+ 6«
1 6+ 120 T+« 20 1+ 3a
9 + Sa 9+ 5a 1 Sa 9 12 + 9« [[6, 4, 12]]342i
12+11a 54+ 10a¢ 2+ 4a 1 Ta 74+ 1l
9+ 5a 9+ Sa 12a 1 3+ 4a
0 9+ Sa 2a 2« 12 + S5«
1 10+ 70 3a 10 12 + 3«
(9+5a 9+50 1 8¢ 9o 1249« (16, 2, 151521
241l 54100 2+4a 1 Ta T+ 1o
o 12« 2440 9+ 1l
8 +3a 1« 8« 7+ 5a [[6,0, 15]]3+2i
4+8a 54+ 10 12« 9+ 1l
12+llot 8a 200 12 8+ 70 10450 34 12a
12a 54+ 10 1l 2 4 6o 149% 248« 6+ T (8. 0. 24] ]34
1 8+3x 1148« 2 l4a 124 6a o S
I+« 1 I1+40 943c¢ 7+ 100 8+ 6«
I 124 1la 8« 20 12 8+ 7a 104+ 5a 3 + 12¢
G = 12a 1 5410 1l 14+6a 14+9%24+8x 64+ 7«x
| 5a 9« 1 8 +3c 11 4+ 8x 2 114+a 12+ 6a
a 1 1M4+a 1 11 4+40 9+ 3a 7+ 10a 8 + 6

Using the Gray image of this code, we obtain a quantum code with the parameters
[[16, 0, > 6]] over [F13 (Table 5). The generator matrix of the Gray image of the code
Cis

o 4 10 9 0 12 3 2 1 6 11 6 12 3 12 0
2 0 6 4 1 8 100 12 101 9 7 6 2 0 1
38 0 7 10 0 11 1 2 1 1 4 9 2 1 4
G — m o 1 0 5 7 6 1 3 1 1 1 10 5 11 O
127 2 7 1 101 0 0 4 10 9 0 12 3 2
3 124 6 7 11 0 12 2 0 6 4 1 8 10 12
1m 12 12 9 4 11 12 9 3 8 0 7 10 0 11 1
0 12 12 12 3 8 2 O 11 0 11 0 5 7 6 1
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Using the software programme MAGMA, it can easily be checked that this [16, 8, 6]
classical linear code is an extremal self-dual code over F3.

For the benefit of readers, some of these programs can be found in [7,8].

6 Quantum logical gates and quantum teleportation in quantum
channel over R,

In this section, we define quantum logical gates based on Pauli spin matrices, for
example Hadamard gate, for quantum codes given in Sects. 4 and 5 for ¢ = p. Using
these gates, we encode qubits in quantum channel over R),.

6.1 Quantum logical gates and basis vectors over R,

We can consider a quantum system with p-dimensional state space. For the basis
vectors, bra-ket notations are used in general. For p-ary quantum state space, the basis
vectors are denoted by

O =
— O
(el )

pxl1 0 px1 1 px1

To define the basis for g-ary quantum state space, we need tensor product. The tensor
product ® is usual tensor product, namely |a;) ® |a2) ® - - - ®la,) = |ayaz - - - ap). Let
u = (ai,...,ay) be avector in a vector space. Thereafter, |u) denotes |ujus - - - uy).

Let the set P = {I, X, Z, Y} denote the well-known Pauli spin matrices. Here, for
example, X is known quantum NOT gate that it can flip a quantum bit (shortly qubit).
More information can be found in ([13], pp.13-20).

Definition 1 [10,14] Let the set P, = {I, X4, Z4, Y,} be the Pauli spin matrices for
p-ary quantum state space. The quantum NOT gate X and quantum gate Z were given
by

(Xi)s.s = Ot (s (mod pyys  (Zi)g, = & (mod Plg

respectively. Here, &5 ; denotes the Kronecker delta functionand 0 < s,¢ < p — 1.
The Hadamard gate is defined as

1 p— —
Hp = — (as,t)’ Ast =€(S D@=1) (mod p), 1 <s,t<p.

VP

These gates act on the quantum state |a;) as

X, lar) = la +a (mod p)), Zy lar) = 779 ay) | ¥, = X, Zq,
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where £ = ¢27!/P_ Lastly, the Hadamard gate for g-ary quantum state space was
constructed by

1

Vi :
m times
For example, let p = 5. Then,
1 1 1 1 1
N R A
H — 11
1 &+ & g ¢

Note that H, H| ; =H ; H, = I,, where H ; denotes the conjugate transpose of H),
and I, denotes the identity matrix in p dimensions. In light of the above facts, we now
define basis vectors and quantum logical gates for a p-ary quantum state space over
R,.

P

Definition2 Let r = r; 4+ rpa be an element of R, and let X, X;,, Z,, and Z,,
denote the quantum gates given in Definition 1. We define quantum gates X /r and Z;
over R as

Xr :Xrl ®Xr27 Zr :Zrl ®Zr2’
respectively. Also, we define Hadamard gate H;, for R, as
H,=H,® H).

Example6 Let o« = 2 + i, that is, p = 5. There are 25 quantum X/, gates and 25
quantum Z; gates for Rs = 5 4+ alF's. Using the above method, we now give some
of them:

0s Is 0s 0s Os
0s 0s Is 0s Os

X/l =X1®Xo=|0s 0s 05 Is Os ,
0s 0s 0s 0s Is
Is 05 05 05 O5 25525
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where 05 denotes 5 x 5 zero matrix and

X

—_ O O OO

SO OO~

S oo~ O

SO = OO

O = O OO

5x5

Note 1 =1+ O.«, thatis, r; = 1,r, =0, and Xy = Is.
Another quantum NOT gate X, for Rs is

X1
0s
0s
0s
0s

0s
X
0s
0s
0s

0s
0s
X

0s
0s
£21s
0s
0s

0s
0s
0s
X1
0s

S O oOuvr O
e
&}

0s
0s
0s
315
0s

The Hadamard gate H 1/7 acts on the state |0) as

H, 10) = [0) + [1) + [2) + I3) + [4) + |at)

+ 2a) 4+ [Ba) + [4o) + [1 + o) + 24+ a) + 3+ )

+ 4+ a) + |1+ 2a) + 2+ 2a) + |3+ 2a) + 4+ 2a) + |1 + 3a)
+ 24 30) + 134 3a) + 14 4 3a) + |1 +4a) + |2+ 4a) + |3 + 4a)

+ 4 +4a) .

The number of basis vector for quantum codes defined over Rj is 25, namely

10}, 11),12),13), 14),
o), [1+a), 2+a),13+a),[4+a),
114+ 2a), 124 2a),...,[4+4a).
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Using the above NOT gates X ; and X, ;, we define some of these basis vectors as

25x1

0
1) = X, 10) = | 1(21zh component) ,
0

25x1

0
[2) = X/1 [1) = | 1 (16th component) ,
0

25x1

0
) = X, [0) = | 1(5th component) ,
0

25x1
1+a) =X, 8 (X,10).

It is clear that we obtain all basis vectors, using the above method since |r| + rya) =
X, ® (x;w |0)) and |rma) =X, @ X, ® - ® X, 0).

ry times

6.2 Quantum encoding
There are infinitely many p x p matrices, and thus infinitely many single qubit gates.

However, it turns out that the properties of the complete set can be understood from
the properties of a much smaller set. It is possible to build up an arbitrary single
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qubit gate using a finite set of quantum gates. More generally, an arbitrary quantum
computation on any number of qubits can be generated by a finite set of gates that
is said to be universal for quantum computation. To obtain such a universal set, we
first can construct some quantum gates involving multiple qubits. We already define
single qubit gates in Definition 2. To obtain such a universal set, we need quantum
controlled-NOT, shortly CNOT, gate which is a multiple qubits gate.

Definition 3 ([13], pp. 177-193, 484-488) The prototypical multi-qubit quantum logic
gate is the controlled-NOT gate. This gate has two input qubits, known as the control
qubit and the target qubit, respectively. The CNOT acts on qubits in two-dimensional
quantum state space as:

CNOT|00) = |[00), CNOT |01) = [01),
CNOT [10) = |11), CNOT |11) = |10).

Definition4 Let r| 4 roa be an element of R,. Then, we define CNOT for p-
dimensional quantum state space over R, as follows:

CNOTy yrya Ir1 +1r2a 11 +1r20t) = |11 + r200) .

Here, CN OT;, 4« is a matrix with type p4 X p4. Note CN OTy4rsq |13 + raa 0) =
|r3 + raa0) for ri + rpo # r3 + rac.

For example, CN OT; |10) = |11), CNOT |20) = |22), CN OT, |20) = |aa).

Example 7 Using these quantum gates and taking @« = 241, let us encode the quantum
state

[¥) = ao|0) +ay 1) + a2 12) + a3 [3) + a4 |4) + as |a)
+ag |2a) + a7 |3a) +ag |4a) +ag |1 +a) + - - - + axq |4 + da)

to

‘1//>=ao o.-.o>+a1|1...1>+a2|2..-2>+a3 3---3)

+asld---4)tasloa--a)+---+anuld+4da-- -4+ 4a).

A circuit performing this encoding is illustrated in Fig. 2. Circuit symbols of quantum
gates are given in Fig. 1.
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CNOTH,ZG{—) controlled-NOT | X — NOT gate

1
H'—{H} HadamardGate | Z — Phase gate

Fig. 1 Quantum gates and circuit symbols

[1)

[ws)
)

2

10 O-@—¢9

o= [

Fig.2 Encoding circuit for the three-qubit bit flip code. The data to be encoded enters the circuit on the top
line

In Fig. 2, [Y1) , [¥2), [¥3), [¥24) are

Y1) =aop|0---0)+a; [110---0)+a2(220---0)+a3(330---0
—— ~——— ——— ——
26 24 24 24

+a4]440---0) +as|aa0---0)+ - +au|4+4ad+420---0
—— —— ——

24 24 24

[Y2) =ap|0---0)+a;y (1110---0)4+a»|2220---0) 4+ a3|3330---0
—— ——— —— ———
26 23 23 23

+a4|4440---0) +as | 0---0 )+ ---
~—— ~——
23 23
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+an4 4+4(¥4+4(¥4+40€0'~~0>,
——
23
[¥3) = ao 0-~0>+a1 11110---0>+a2 22220--~0>
26 22 22

+a3 33330-~~0>+a4 44440...()>
— ~——
22 22

+as aaotot()~~0>+~-+a24 4+4a4+4a4+4a4+4a0~~0>,
—— ——
22 22
[Y4) = ag O'~0>+a1 1- 10>+a2 2. 20>+a; 3. 3O>+a4 4. 40>
26 25 25 25 25

+as a~~'a0>+~~~+az4 4—|—4a~~~4+4ot0>.
——
25

25

[Yr2s5) = ‘1//,> is given above. Using these quantum logical gates and basis vectors, one
can encode codes given in Tables 1, 2 and 3 in previous section.

7 Conclusion

Since there is a transformation between quantum error correction codes over the finite
field F; and additive codes over IF;, which are self-orthogonal with respect to certain
inner products [10], we consider these additive codes as the Gray images of cyclic
codes over R, containing their Hermitian duals and Hermitian self-orthogonal additive
cyclic codes over R 2, respectively. The structures of cyclic codes and their duals over
R, are determined, and the condition for cyclic codes to contain their duals is given.
Considering the images of these cyclic codes under the Gray map ¢, we obtain two
classes of g-ary quantum error correcting codes. We also tabulate all nontrivial cyclic
codes over Rs of length 9 and 11 which contain their Hermitian duals and quantum
codes obtained by Gray images of these codes. Note that we can tabulate all nontrivial
cyclic codes over R, of some length n. But as the length n increases, the table occupies
more space in the paper. Also, for ¢ = p?, the structure of additive cyclic codes over
R, is studied and the circumstances of these codes to be self-orthogonal with respect
to Hermitian inner product are given. Introducing the map §, we obtain a class of p-ary
quantum error correcting codes of length 2n from the additive cyclic codes over R 2
of length n. We furthermore give some examples of additive cyclic codes over Ry5 of
length 11 and quantum codes over 5 of length 22 obtained by the help of §-images
of these codes.
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