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Abstract The entanglement-assisted formalism generalizes the standard stabilizer
formalism, which can transform arbitrary classical linear codes into entanglement-
assisted quantum error-correcting codes (EAQECCs) by using pre-shared entangle-
ment between the sender and the receiver. In this work, we construct six classes
of g-ary entanglement-assisted quantum MDS (EAQMDS) codes based on classical
negacyclic MDS codes by exploiting two or more pre-shared maximally entangled
states. We show that two of these six classes g-ary EAQMDS have minimum distance
more larger than g + 1. Most of these g-ary EAQMDS codes are new in the sense that
their parameters are not covered by the codes available in the literature.

Keywords Entanglement-assisted quantum error-correcting codes (EAQECCsS) -
MBDS codes - Negacyclic codes - Cyclotomic

1 Introduction

Quantum error-correcting codes (QECCs) were introduced to protect quantum infor-
mation from decoherence during quantum computations [1]. The stabilizer formalism
allows standard quantum codes to be constructed from dual-containing (or self-
orthogonal) classical codes [2]. However, the dual-containing condition forms a
barrier in the development of quantum coding theory. Recently, a breakthrough is the
entanglement-assisted (EA) stabilizer formalism proposed by Brun et al. in Ref. [3].
They prove that if shared entanglement is available between the sender and receiver,
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non-dual-containing classical quaternary codes can be used to construct EAQECCs,
this leads to a more general framework for construction of quantum codes [4-6].
Currently, many works have focused on the construction of binary EAQECCs based
on classical binary or quaternary linear codes, see [7-14]. Just as in the classical
error-correcting codes and QECCs, EAQECCs over higher alphabets have many wide
applications, such as constructing easily decodable binary EAQECCs. However, little
attention has been paid to non-binary EAQECCs, let alone EA-quantum MDS codes
which can achieve entanglement-assisted quantum singleton bound?.

Let g be a prime power. A g-ary [[n, k, d; c]] EAQECC that encodes k information
qubits into n channel qubits with the help of ¢ pairs of maximally entangled Bell states
(ebits) can correct up to Ld%lj errors, where d is the minimum distance of the code. If
¢ = 0, then it is called a g-ary standard [[n, k, d]] quantum code Q. We denote a ¢-ary
[[n, k, d; c]] EAQECC by [[n, k, d; c]ly, and g-ary [[n, k, d]] QECC by [[n, k, d]],.

As in classical coding theory, one of the central tasks in quantum coding theory is
to construct good quantum codes and EA-quantum codes.

Theory 1.1 [3](EA-Quantum Singleton Bound) An [[n, k, d; c]]; EAQECC satisfies
n+c—k>2d-1),

where 0 <c <n—1.

A EAQECC achieving this bound is called a EA-quantum maximum-distance-
separable (EAQMDS) code. If ¢ = 0, then this bound is quantum singleton bound, and
a code achieving the bound is called quantum maximum-distance-separable (QMDS)
code. Just as in the classical linear codes, QMDS codes and EAQMDS codes form an
important family of quantum codes. Constructing QMDS codes and EAQMDS codes
had become a central topic for quantum error correction codes in rent years. Many
classes of QMDS codes have been constructed by different methods, in particular
the constructions obtained from constacyclic codes or negacyclic codes containing
their Hermitian dual over qu [15-23]. According to the MDS conjecture in [24], the
maximum-distance-separable (MDS) code cannot exceed g>+1. Many QMDS codes
with lengths between ¢ + 1 and g2 + 1 have been constructed [16-23,25]. However,
the problem of constructing QMDS codes with length n larger than g 4 1 is much
more difficult.

It seems that there is a barrier for constructing more QMDS codes with distance
larger than ¢ + 1. For larger distance than ¢ + 1 of code length n < ¢ + 1, one need
to construct a EAQMSD code.

The following Proposition is one of the most frequently used construction methods.

Proposition 1.2 [3,5] If C = [n, k,d] > is a classical code over F,» and H is its
parity check matrix , then CLh EA stabilizes an [[n,2k — n + ¢, d; clly EAQECC,
where ¢ =rank(H H") is the number of maximally entangled states required and H'
is the conjugate matrix of H over F .
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Until now, little attention has been paid to g-ary EA-quantum MDS codes. In [26],
Fan et al. proposed several constructions of g-ary EAQMDS codes with minimum
distance greater than ¢ + 1 based on classical MDS codes.

In this paper, we propose a concept of decomposition of the defining set of nega-
cyclic codes. Recently, Chen et al. [30] proposed a same concept at the very same
moment. Based on the concept, they construct some EA-quantum MDS codes which
are all different with the codes in this paper. More precisely, based on concept of
decomposition of the defining set of negacyclic codes, we construct several classes of
EA-quantum MDS codes as follows:

(1) Let g be an odd prime power of the form g tm + 1, a be even, or a be

odd and ¢ be even, then there exists a g-ary [[q 1:1 ,d; 0]] EA-

at’

quantum MDS codes, where 2 < d < (“t + )m + 1; there exists a g-ary
(= 1 -t _1 —2d 44, d; 2]]- EA-quantum MDS codes, where (4 + 1)m +2 <

at
d < (%’ + 2)m 4+ 1; and there exists a g-ary [[qza;l, qzajl —2d + 6,d; 4]]-

EA-quantum MDS codes, where (4 +2)m +2 < d < (% +3)m + 1.
(2) Let g be an odd prime power of the form ¢ = 30m + 11, then there exists a g-ary

[[qzal, g1 1]- EA- quantum MDS codes, where 8m +4 < d <

11m + 5; and there exists a g-ary [[q30 , ‘1_*1 — 2d + 6, d; 4]]- EA-quantum
MDS codes, where 11m +6 <d < 14m + 7
(3) Letg be an odd prime power of the form g = 30m + 19, then there exists a g-ary

[[q361, Vil —2d +4,d; 2]]- EA- quantum MDS codes, where 8m + 6 < d <

11m +7; there exists a g-ary [[qgal, L1 oy + 6, d; 4]]- EA- quantum MDS

codes, where 11m + 8 <d < 13m + §; and there exists a g-ary [[T’ % -

2d + 8, d; 6]]- EA-quantum MDS codes, where 13m +9 < d < 16m + 10.
(4) Let g be an odd prime power of the form g = 12m + 5, then there exists a g-ary

[[qlgl, Loy +4,d; 2]]- EA- quantum MDS codes, where 5m +3 < d <

Tm+3; and there exists a g-ary [[q12 , L 71 —2d+6, d; 4]]- EA-quantum MDS
codes, where 7Tm +4 < d < 8m + 3.
(5) Let g be an odd prime power of the form g = 10m + 3. (a) If m = 2¢ + 1 is odd,

then there exists a q-[[1=— +1 44— H — 2d + 6,d; 4]]- EA-quantum MDS codes,
where 4m 4+ 3 < d < 6m+11soddand6m+4 < d < 10m+41seven
(b) If m = 2t is even, then there exists a q-ary [[u 5= —2d+3,d; 1]

EA-quantum MDS codes, where 2 < d < 8m + 1 is even there exists a g-ary

¢+l g+l .
[[T = - 2d + 6, d; 4]]-EA-quantum MDS codes, where 4m + 3 < d <

6m+1is odd and there exists a g-ary [[q H 25+1 —2d+17,d; 5]]-EA-quantum
MDS codes, where 8m +4 <d < 12m + 4 is even.

(6) Let g be an odd prime power of the form ¢ = 10m + 7. (QIf m = 2t 4+ 1
is odd, then there exists a q-[[1z— e i +1 — 2d + 6, d; 4]]- EA-quantum MDS
codes, where 8m +7 < d < 14m+11 is odd; and6m+6 <d < 10m+ 8 is
even.(b) If m = 2t is even, then there exists a g- [[u M —2d +3,d; 1]]-
EA-quantum MDS codes, where 2 < d < 8m + 6 is even there exists a g-
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2?41 ¢*+1 .
([*5—, = — 2d + 6, d; 4]]- EA-quantum MDS codes, where 8m 4+ 7 < d <

14m + 11 is odd; and there exists a q-[[quH, # —2d+717,d; 5]]- EA-quantum
MDS codes, where 8m + 8 < d < 12m + 8 is even.

The first class of EAQMDS codes has minimum distance upper limit greater than
% + 1 by consuming a few ebits. EAQMDS codes in (2)—(4) have minimum distance
upper limit closed to % + 1. EAQMDS codes in (5) and (6) have minimum distance
upper limit more greater than g + 1. Briefly, most of these EAQMDS codes are new in
the sense that their parameters are not covered by the codes available in the literature.

This paper is organized as follows. In Sect. 2, we introduce some basic notations
and definitions of classical negacyclic codes and EAQECC:s. In Sect. 3, we give some
new classes of EA-quantum MDS codes. The conclusion is given in Sect. 4.

2 Preliminaries

In this section, we review some basic results on negacyclic codes, BCH codes, decom-
position of defining sets of codes and EAQECC: for the purpose of this paper. Details
on BCH codes and negacyclic codes can be found in standard textbook on coding
theory [27], and for EAQECC: please see Refs. [3-9].

Let p be a prime number and g a power of p,i.e.,q = p' forsomel > 0. F» denotes
the finite field with ¢ elements. For any a € F2, the conjugation of « is denoted
by o = «a?. Given two vectors X = (X1, X2, ...,x,) andy = (¥1, 2, ..., Yn) € F;z,
their Hermitian inner product is defined as

Y =) Xiyi =Xy + X2y 4 + T
For a linear code C over F, 7 of length n, the Hermitian dual code C L1 is defined as
Cth={xe F|(x, y)n = 0,Vy € C}

If C € C*#, then C is called a Hermitian dual-containing code, and C is called a
Hermitian self-orthogonal code.

We now recall some results about classical negacyclic codes. For any vector
(co,c1y...,cn1) € F;z, if a q2-ary linear code C of length n is invariant under
the permeation of qu, ie.,

)"(607 Clv MR Cnfl) = ()\Cnfl, C(), MR C}’l72)1

where A is a nonzero element of F 7% then C is a constacyclic code. If » = 1, then C
is called a cyclic code , and if . = —1, then C is called a negacyclic code.

For a negacyclic code C, each codeword ¢ = (cg, ¢1,...,Ccp—1) is customarily
represented in its polynomial form: c¢(x) = co + c1x + - - - + ¢cy—1x,—1, and the code
C is in turn identified with the set of all polynomial representations of its codewords.
The proper context for studying negacyclic codes is the residue class ring R, =
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Fy[x]/(x" 4+ 1). xc(x) corresponds to a negacyclic shift of c¢(x) in the ring R,,. As
we all know, a linear code C of length n over F. is negacyclic if and only if C is
an ideal of the quotient ring R,, = Fy[x]/(x" + 1). It follows that C is generated by
monic factors of (x” + 1), 1i.e.,C = (f(x)) and f(x)|(x" 4+ 1). The f(x) is called the
generator polynomial of C,.

Let ged(n, ¢) = 1 and m be the multiplicative order of g2 modulo 2n. Let B € Fyom
be a primitive 2n-th root of unity. Then, & be a primitive 2n-th root of unity such that
£=p%¢ F,2n. Hence, X+ 1= ]_[;’Z_O1 (x — B2+, Let Z5, denote the set of odd
integers from 1 to 2n, i.e., Zo, = {1,3,...,2n — 1}. For each i € Zj,, let s be
an integer with 0 < s < 2n, the qz-cyclotomic coset modulo 2z that contains s is
defined by the set Cs = {s, sqz, sqz'z, R sqz(k’l)} (mod 2n), where k is the smallest
positive integer such that xg?* = x (mod 2n).

The defining set of a negacyclic code C =< g(x) > of length n is the set T =
{i € Z,|B" is aroot of g(x)}. We can see that the defining set T is a union of some
qz-cyclotomic cosets module 2n and dim(C) =n — |T|.

Lemma 2.1 [18] Let C be a q*-ary negacyclic code of length n with defining set T.
Then, C contains its Hermitian dual code if and only if T (\T~9 = @, where T~
denotes the set Z=1 = {—qz(mod 2n)|z € T}.

Let C be a negacyclic code with a defining set T = | J Cy. Denoting T-9 = {2n —

ses

gs|s € T}, then we can deduce that the defining set of Ct# is T+ = Z,\T 9, see
Ref. [16].

Since there is a striking similarity between cyclic codes and negacyclic code, we
give a correspondence defining of skew-symmetric and skew-asymmetric as follows.

A cyclotomic coset Cy is skew-symmetric if 2n — gs mod 2n € Cs, and otherwise
is skew-asymmetric. Skew-asymmetric cosets Cs and C2, 45 come in pair, and we use
(Cs, C2—4s) to denote such a pair.

Thus, one has the following lemma.

Lemma 2.2 [28] If C is a negacyclic code of length n over F > with defining set T,
then C*" C C if and only if one of the following holds:

() TNT9=@, whereT"1={2n—gqs|seT}
(2) Ifi, j,k € T, then C; is a skew-asymmetric coset and (C;, Cy) is not a skew-
asymmetric cosets pair.

Using above-mentioned Lemma 2.2, one can get that CLn C C can be described
by the relationship of its cyclotomic coset C. Firstly, we introduce a fundamental
definition.

Definition 2.3 [12] Let C be a negacyclic code of length n with defining set 7. Denote
Tes =TNT9and Tyqy =T \ Tys, where T4 = 2n —gx|x € T} T = T3 U Tyqs
is called decomposition of the defining set of C.

To determine Ty and Ty,5, we give the following lemma to characterize them.

Lemma 2.4 [12] Let C be a negacyclic code of length n over F» with defining set T,
T = T3 U Tsos be decomposition of T.
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(1) Ifi, j € Ty, then C; is skew-asymmetric coset, and C; and C; cannot form a
skew-asymmetric cosets pair.

(2) Ifl € Ty, then either C; is a skew-symmetric coset, or C; is a skew-asymmetric
coset and there is a p € T such that C; and C), form a skew-asymmetric cosets
pair.

To determine T and Ty, we give the following lemma to characterize them.
Lemma 2.5 [12,18,29] Let gcd(q,n) = 1, ordz,(g*) =m, 0 <x,y,z <n — L.
(1) Cy is skew-symmetric if and only if there is at < |’ | such that x = xq* Y (mod

2n).
(2) IfCy # C, (Cy, C;) form a skew-asymmetric pair ifand only if thereisat < |75 |
such that y = zg*> ! (mod n) or z = yg**1(mod 2n).

Using decomposition of the defining set 7' of a negacyclic code C, one can give a
decomposition of C* as follow.

Lemma 2.6 [12] Let C be a negacyclic code with defining set T, T = T3 U Ty, be
decomposition of T. Denote the negacyclic codes with defining set Ty, and Tgs be Cg
and Cg, respectively. Then, C# C Cgr, CEN Cé" = {0}, C# CCg, CRNCg =C and
Cp' +Cph =,

Lemma 2.7 [12] Let T be a defining set of a negacyclic code C, T = Ty U Ty, be
decomposition of T. Using C as EA stabilizer; the optimal number of needed ebits
isc=| T |.

Proof According to Definition 2.3, we denote the defining sets of negacyclic codes
Cy and C; into Tyg and Ty, respectively. The parity check matrix of C; and C; is H;

and H,, respectively. Let H = H ) be the parity check matrix of C. Then,

H,

)
ppt_ (HH HH,
HH  HyH) )

Since H is the parity check matrix of C; with defining set of Ty, H2H2T = 0.
Because of Cllh C (), Hy H; =0and H, HIT = 0. Therefore,

t
HH' 0
HHT = 71 )

According to Refs. [3-5], one obtains that ¢ = rank(HH") = rank(H, Hi). Since
H, is the parity check matrix of C, with defining set of Ty, H; is a full-rank matrix.
Hence, ¢ = rank(HH,) = | Ty]. O

Lemma 2.8 Let C be an [n, k,d],2 negacyclic code with defining set T, and the
decomposition of T be T = Tg5 U Tgqs. Then, Clh EA stabilizes an qg-ary [[n,n —
21T | + |Tssl, d = 65 | Ty |11 EAQECC.
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Proof The dimension of C is k = n — |T|. From Proposition 1 and Lemma 2.6,
we know C1 EA stabilizes an EAQECC with parameters [[n,2k —n + ¢, d; c]] =
[[n,n =2|T| + |Tssl, d; | Tss 1]

If C is a negacyclic BCH code BC H (n, §), denote its defining set T as T = T (),
the decomposition of 7 as T'(8) = Ts(8) U T45(8). According to Lemma 2.7, CLn
EA stabilizes an EAQECC with parameters [[n, k¢, d; c]] = [[n,n — 2|T(§)| +
|Ts5(8)|, d = §; | Tss|]]. In the following two sections, we will discuss how to determine
[T5s (&)1, [T (8)]. o

3 New EA-quantum MDS codes

2
3.1 New EA-quantum MDS codes of length n = 4 a;l

In this subsection, we construct some classes of g-ary EA-quantum MDS codes of

7>-1
at

even number, or a be an odd number and ¢ be a even number. Since 2n|q2 — 1, then
for each odd x in the range 1 < x < 2n, the qz—cyclotomic coset C,, modulo 2n is
Cy =x.

length n = , where ¢ be an odd prime power of the form ¢ = atrm + 1, a be a

Lemma 3.1 Let g be an odd prime power of the form q = atm+1, a be a even number,
2

or a be an odd number and t be a even number, n = qa;l. If C is a g*-ary negacyclic

code of length n with defining set T = U;:O Ciy2j, where 0 < s < (“—2t + Dm — 1,

then C+" C C.

Proof For0 <s < (“7’ + 1)m — 1, it is sufficient to prove TN (—¢7T) = . According
to Lemma 2.2 and Definition 2.3, one obtains that C++ C (C if and only if there is
no skew-symmetric cyclotomic coset and any two cyclotomic cosets do not form a
skew-asymmetric pair in the defining set 7. Suppose there exist integers 0 < x <
y < (at +2)m — 1 such that C; = —¢C,, thatis x = —gy mod 2xn. In other words
x + gy =0mod 2n. Since ¢ = atm + 1, 2n =2m(q + 1).

Ifl <x <y<2m—1,then0 < x+qy < 2m—1)(g+1) <2m(g+1)—(g+1) <
2n, a contradiction.

Similarly, we have for 1 <i < %, if[ar +2 -2 —Dlm+1 <x <y
(at +2 —2i)ym — 1, then (i — 1)2n < [(at —2)(m + D](g + 1) < x + qy
[(at +2 —2i)ym — 1](g + 1) <2im(q + 1) — (¢ + 1) < i2n, a contradiction.

Hence, for0 <s < (%t + 1)m — 1, there are no skew-symmetric cyclotomic cosets
and skew-asymmetric cosets pairs in defining set T = Uj‘:() Ci42;. It means that

T,y = @. Ct" C C holds. o

=
=

Theory 3.2 Let g be an odd prime power of the form g = atm + 1, a be even, or a
2 2 2
be odd and t be even, n = qa;l . Then, there exists a g-ary [[qa;] , qajl —2d+2,d]]

quantum MDS codes, where 2 < d < (“7’ + 1)m + 1.

Proof Consider the negacyclic codes over F,2 of length n = qza—;l with defining set

T = Ji_oCiy2i, where 0 < s < (%t + 1)m — 1 for g be an odd prime power of

@ Springer



69 Page 8 of 23 L.Luetal

the form ¢ = atm + 1, a be even, or a be odd and ¢ be even. By Lemma 3.1, there
is C1" C C. Since every g>-cyclotomic coset C has exactly one element and x must
be odd number, we can obtain that 7' consists of s + 1 integers {1, 3, ..., 1+ 2s}. It
implies that C has minimum distance at least s 4 2. Hence, C is a ¢>-ary negacyclic
code with parameters [, n — (s + 1), > s+ 2]. Combining the Hermitian construction

with quantum singleton bound, we can obtain a quantum MDS code with parameters
2-]

([t—. qi;l —2d +2,d]], where2 < d < (% + 1)m + 1, g be an odd prime power
of the form ¢ = atm + 1, a be even, or a be odd and ¢ be even. O

Example 1 Leta = 3,t = 2. Then, ¢ = 19, n = 60 applying Theory 3.2 produces
quantum MDS codes with parameters [[60, 58, 2]]19, [[60, 56, 3]]19, [[60, 54, 4]]19,
[[60, 52, 51119,[[60, 50, 61119,  [[60, 48, 71119,  [[60, 46, 81119,  [[60, 44, 9119,
[[60, 42, 10]]19, [[60, 40, 11]]19, [[60, 38, 12]]19, [[60, 36, 13]]19.

Lemma 3.3 Let g be an odd prime power of the form q = atm + 1, a be a even

g>—1

number, or a be an odd number and t be a even number, n = -

(1) Forl <i =3, (Ci4@i+2iym» C1+@2im—2)) forms a skew-asymmetric pair.

(it)

0, if2<8<(4+Dbm+1;
ITs(®) =12, f(F+Dm+2<8<(%+2)m+1;
4, & +2m+2<8< (4 +3m+1.
Proof (i) Forq = atm + 1, thenn = qza;l =m(@+1).2n—q(+ 2im—-2)) =
2m(g+1)—[2mi(g+1) —2mi —q] = 1 + (at + 2i)m mod 2m (g + 1) . Hence,
for1 <i <3, (Ci4@i+2iyms C1+@im—2)) forms a skew-asymmetric pair.
(i) According to Lemma 3.1, for2 < § < (“7’ + 1)m + 1 in the defining set T (§) =
%26 C1y2)» we have Ty (8) = 4.

O

For (4 +1)m+2 <8 < (% +2)m + 1, according to Lemma 2.3 and Lemma 2.4,
one determine the set Ty and 7,5 by decomposition of the defining set 7. In Ty,
there is no skew-symmetric cyclotomic coset and any two cyclotomic cosets do not
form a skew-asymmetric pair; and in T,, there are skew-symmetric cyclotomic cosets
or there exist skew-asymmetric pairs. Suppose there exist integers y € [(at + 2)m +
3, (at+4)ym — 1]and x € [0, (at +2)m — 1]U [(at +2)m + 3, (at +4)m — 1] such
that x = —gy mod 2n. We find a contradiction as follows.

If (ar +2)m +1<x <y < (at +4m — 1, then (% + 1)2n < (4 + D2m(q +
D+3(g+1) =[@t+2)m+3l(g+1) <x+yq < [(at+dHhm—1l(g+1) = (4 +
2)2m(g+1)—(g+1) < (4 +2)2n, thatmeans that(% +1)2n < x+yq < (4+2)2n,
a contradiction. And if (at +2)ym+3 <y < (at+4)ym—1,0<y < (at+2)m —1,
then (“7’ + 1D2n < (%’ + D2m(g + 1) + 2atm 4+ 2m + 3 = [(at +2)m + 3]qg <
x+yqg < (at+2)ym—1+[(at +4m—1lg = (4 +2)2n—q < (4 +2)2n,a
contradiction.

Similarly, for (4 +2)m +2 < § < (% + 3)m + 1, suppose there exist integers
y € [(at +4)m + 3, (at + 6)m — 1] and x € [0, (at + 2)m — 1] U [(at + 2)m +
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3, (at +4m — 11U [(at + 4)m + 3, (at + 6)m — 1] such that x = —gy mod 2n.

Using the same methods, we can deduce that (4 +2)2n < x +qy < (4 +3)2n,a

contradiction.

Theory 3.4 Let g be an odd prime power of the form q = atm + 1, a be even, or a be
2 2 2

odd and t be even, n = % Then, there exists a g-ary [[4 —1 gl —2d+4,d; 2]]-

at ’ at

EA-quantum MDS codes, where (%’ +1)m+2<d < (a—zt +2)m+1; and there exists a

2_1 2_1
g-ary [[T—, — —2d +6, d: 4]]- EA-quantum MDS codes, where (% +2)m+2 <
d<(2{3m51.

Proof Consider the negacyclic codes over F,2 of length n = qza—:] with defining set
T = Ji_gCiy2i, where 0 < s < (%t + 3)m — 1 for g be an odd prime power of
the form ¢ = atm + 1, a be even, or a be odd and ¢ be even. By Lemma 3.3, there
isc =T =2if (F+Dm <s < (4 +2)ym—1andc = |T)| = 4if
(4 +2)ym <s < (% +3)m — 1. Since every g*-cyclotomic coset C, has exactly
one element and x must be odd number, we can obtain that 7T consists of s + 1
integers {1,3,...,1 4+ 2s}. It implies that C has minimum distance at least s + 2.
Hence, C is a ¢>-ary negacyclic code with parameters [n,n — (s 4+ 1), > s + 2].
Combining Lemma 2.8 with EA-quantum singleton bound, we can obtain a quantum

MDS code with parameters [, =1 — 2444, d; 2]], where (% + 1)m+2 < d <

at ’ at
(% 2m+ 1 [T 21246, d: 41), where (4 +2)m+2 < d < (%+3)m+1,
for g be an odd prime power of the form g = atm + 1, a be even, or a be odd and ¢
be even. O

Example 2 Leta = 3,t = 2. Then, g = 19, n = 60 applying Theory 3.4 produces:

(1) new 2 — ebits EA-quantum MDS codes with parameters [[60, 36, 14; 2]];9,
[[60, 34, 15; 21119, [[60, 32, 16; 2]]19.

(2) new 4-ebits EA-quantum MDS codes with parameters [[60, 32, 17; 4]]19, [[60, 30,
18; 41119, [[60, 28, 19; 4]]19.

2
3.2 New EA-quantum MDS codes of length n = %
In this subsection, we construct some classes of g-ary EA-quantum MDS codes of

_ -1
— 2518

length n , where g be an odd prime power, 2s1|(g — 1), s2|(¢ + 1) and s3 is an

2
odd integer. Let n = g 5 ;21 ,r = 2. Since 2n|q2 — 1, then for each odd x in the range
1 < x < 2n, the qz—cyclotomic coset Cy modulo 2n is C, = x.

. _ g1
Lemma 3.5 Let g be an odd prime power of the form g = 30m + 11, n = *55—.

O (Cr2a0m+3) Cre2men), (Cie2(13m+4), Cry2@m+a))  and  (Cryo(16m+5)
Ci12(11m+3)) form skew-asymmetric pairs.

(ii)
0, if2<6<8m+3;

ITes(8)| =12, ifSm+4<86<1lm+5;
4, fllm+6<45<14m+7.
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Proof (i) Let ¢ = 30m + 11 and 2n = 295~ _1 = 2(3m + 1)(10m + 4). Since
[14+20Gm+1)]lg = (10m +4 —1)(30m + 10+ )=5-2(10m+4)3m+1) —
[1+2(10m +3)], =[1 4+2(5m + 1)lg = 1 4+ 2(10m + 3) mod 2n.

Since [1 +2(8m +4)]lg = (10m +4 4+ 6m 4 1)(30m 4+ 10+ 1) = 8 - 2(10m +
H@Bm+ 1) —[1+2(13m +4)], —(16m +5)g = 1 + 2(13m + 4) mod 2n.
Since [14+2(11m+3)lg = 20m +8+2m —7)(30m +10+1) = 11-2(10m +
HBm+ 1) —[1+2(16m +5)], —22m + T)g = 1 + 2(16m + 5) mod 2n.

(i1) According to Lemma 17 in Ref. 22, if the defining set T = Ulj:2m 11 Ci42j,
where 2m + 1 <1 < 10m + 2, then Ty (§) = P for2 < § < 8m + 3.

LetT) = U}O";mil Ci42;. If the defining set T = UljzlomJr4 Ci42j U T, where
10m +4 <1 < 13m + 3, then 8m +4 < § < 11m + 5 holds.
Letlo = [14+22m+1), 14+2(10m+2)], I} = [14+2(10m+4), 1 +2(13m+3)]
and Io = [1+2(13m + 5), 1 + 2(16m + 4)].

O

According to Lemmas 2.4 and 2.1 in [12], one needs to testify that for x,y €
Ip U 11 U I, there x 4+ yq # 0 mod 2n holds.

For 8m 4+ 4 < § < 11m + 5, suppose there exist integers y € I1, x € Ip U I, such
that x = —qy mod 2n. We find a contradiction in the following.

We divided I into three parts such as [1 +2(10m +4), 14+2(10m+4)+2(m —1)]U
[1+2(10m +4) +2m,1 +2(10m +4) +4(m — D] U [1 +2(10m + 4) 4+ 4m —
2,142(13m 4+ 3)].

Ifx,ye[14+2(10m+4), 1 +2(10m +4) +2(m — 1)], then 10(2n) < 10(2n) +
70m 428 = 20m +19)(30m +12) < y(g+1) < (22m+7)(30m + 12) < 11(2n);
if x,y € [14+2(00m + 4) +2m,1 + 2(10m + 4) + 4(m — 1)], then 11(2n) <
22m +9)(B0m + 12) < y(g+ 1) < (24m + 5)(30m + 12) < 12(2n); and if
x,y €[14+2(10m+4)+4m —2,1+2(13m 4+ 3)], then 12(2n) < 24m +7)(30m +
12) < y(g+ 1) < 26m + 7)(30m 4 12) = 13(2n) — 50m — 20 < 13(2n), a
contradiction.

Similarly, for 11m + 6 < § < 14m + 7, suppose there exist integers y € Iy,
x € Ip U I U I, such that x = —¢gy mod 2n. Using the same method, one also finds
a contradiction.

. 21
Theory 3.6 Let g be an odd prime power of the form g = 30m + 11, n = qT.

There exists a g-ary [[ 2361 , qial 2d + 4, d; 2]]- EA- quantum MDS codes, where

8m +4 < d < 1lm + 5; and there exists a g-ary [[q301,q —1 24 +6,d;4])-

EA-quantum MDS codes, where 11m +6 <d < 14m + 7.

Proof Consider the negacyclic codes over F,2 of length n = 30 L with defining set
T = Uf:2m+l C142i, where 2m + 1 < s < 16m + 4 for g be an odd prime power of
the form g = 30m + 11, m is integer number. By Lemma 3.5, there is ¢ = |T5(5)| = 2
if10m+3<s<13m+3andc = |T(5)| =4if 13m +4 < s < 16m + 4. Since
every ¢2-cyclotomic coset C, has exactly one element and x must be odd number, we
can obtain that 7' consists of s 4 1 integers {1 +2(2m +1), 1 +22m +2), ..., 1 +2s}.
It implies that C has minimum distance at least s — (2m + 1) + 1. Hence, C is a ¢>-ary
negacyclic code with parameters [n,n — (s — 2m + 1)+ 1), > s — 2m + 1) + 2].
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Combining Lemma 2.8 with EA-quantum singleton bound, we can obtain a quantum
2 2
MDS code with parameters [[%55", 550 — 2d + 4, d; 211, where 8m + 4 < d <

m +5; [[55), Gl — 24 + 6, d; 411, where 11m +6 < d < 14m +7, for g be an

odd prime power of the form ¢ = 30m + 11. O

Example 3 Let g = 43, applying Theory 3.6 produces:

(1) new 2-ebits EA-quantum MDS codes with parameters [[56, 36, 12; 2]]43,[[56, 34,
13; 21143, [[56, 32, 14; 2]143, [[56, 30, 15; 2]l43, [[56, 28, 16; 2]]43.
(2) new 4-ebits EA-quantum MDS codes with parameters [[56, 28, 17; 4]143, [[56, 26,
18; 41143, [[56, 24, 19; 4]143, [[56, 22, 20; 4]]43, [[56, 20, 21; 4]]43.
Lemma 3.7 Let g be an odd prime power of the form g = 30m + 19, n = ‘123—61.
(i) (Ci1209m+5)> C142(6m+3)), (Cr202m+7)> Cre2Gm+1)s (Cr2014m+8)»
Cii2(11m+6)) and (Ci142(16m+10)s C1428m+4)) form skew-asymmetric pairs.

(it)

if2<86<8m+5;
if8m+6<§<l1lm+7,
ifllm+8 <§ < 13m +8;
if13m+9 <§ < 16m + 10.

|Tss| =

(SN Sl S )

Proof (i) Let ¢ = 30m + 19 and 2n = 2% = 2(Bm + 1)(10m + 6). Since
[IT+2(6m+3)]g=12m+8—1)B0m+18+1) =6-2(10m +6)(3m +2) —
[14+20m +5)], —[1 +2(6m +3)]g =1 4+ 2(9m + 5) mod 2n.

Since [1 +23m + 1)lg = (6m +4)(30m + 18+ 1) =3 -2(3m + 2)(10m +
6) —[14+2(12m + 7], —[1 +2@Bm + 1)]g = [1 + 2(12m + 7)] mod 2n.
Since [1 +2(11m +6)]g = Qlm +14+m — 1)(30m 4+ 18+ 1) = 12-2(3m +
2)(10m +6) — [1 +2(14m +8)], —[1 +2(11m +6)]q = [1 +2(14m + 8)] mod
2n.

Since [1 +2@8m +4)lg = (15m + 14 +m — 1)(30m + 18+ 1) = 12-2(3m +
2)(10m + 6) — [1 +2(17m + 10)], —[1 + 2(17m + 10)]g = [1 + 2(8m + 4)]
mod 2n.

(i) According to Lemma 17 in Ref. [22], if the defining set T = UIj=m+l Cii2j,
wherem +1 <[ <9m + 4, then T3, (§) =@ for2 <5 < 8m + 5.

Letlp =[14+2(m+1),1420m+4)], I =[1+209m +6), 1 +2(12m + 6)],
I =[142(12m+38), 1+2(14m+7)],and I3 = [14+2(14m+9), 1 +2(17m+9)].
O

According to Lemmas 2.4 and 2.1 in [12], one needs to testify that for x,y €
Io U 11 U I U I3, there x + yg # 0 mod 2n holds.

Let T} = U}():"fnfl Ci42j. If the defining set T = Ul]-=9m+5 Ci42j U Th, where
Om+5<I1=<12m+ 6,then8m + 6 < 3§ < 11m + 7 holds.

For 8m + 6 < § < 11m + 7, suppose there exist integers y € I, x € Ip U Iy, such
that x = —qy mod 2n. We find a contradiction in the following.
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We divided I; into three parts such as [1 +2(9m +6), 1 +2(10m +4) +2(m —1)]U
[14+2(10m +4) +2m,1 +2(10m +4) +4m — DJU[1 +2(10m + 4) + 4m —
2,14 2(13m + 3)].

Ifx,ye[1+2(10m+4),1 +2(10m +4) +2(m — 1)], then 10(2n) < 10(2n) +
70m +28 = 20m +19)30m +12) < y(g+1) < 22m+7)(30m 4+ 12) < 11(2n);
if x,y € [1 +2(10m +4) + 2m, 1 4+ 2(10m 4+ 4) + 4(m — 1)], then 11(2n) <
22m +9)(B0m + 12) < y(g+ 1) < (24m + 5)(30m + 12) < 12(2n); and if
x,y €[14+42(10m+4)+4m —2,1+2(13m +3)], then 12(2n) < 24m +7)(30m +
12) < y(g+ 1) < Q6m + 7)(30m + 12) = 13(2n) — 50m — 20 < 13(2n), a
contradiction.

Similarly, for § € [8m +6, 11lm+7]U[11m+8, 13m+8]U[13m +9, 16m + 10],
using the same method, the lemma holds.

Theory 3.8 Let g be an odd prime power of the form q = 30m + 19, n = qé—al.

There exists a g-ary [[4361, Lol oy +4,d;2]]- EA quantum MDS codes, where

8m+6 <d <1lm+7; there exists a g-ary [[T’ 55— — 2d + 6,d; 4]]- EA-
quantum MDS codes, where 11lm + 8 < d < 13m + 8 and there exists a g-ary

[[q351, £l gy + 8,d; 6]]- EA-quantum MDS codes, where 13m +9 < d <
16m + 10

Proof Consider the negacyclic codes over F,2 of length n = 30 L with defining set
T = U§=m+l Ci42i, wherem +1 < s < 16m + 9 for ¢ be an odd prime power of the
form g = 30m + 19, m is integer number. By Lemma 3.7, there is ¢ = |T55(8)| = 2
ifIm+5<s <12m+6,c =|TG) =4if12m+7 < s < 14m + 7, and
c = |T(8)] = 6if 14m +8 < s < 17m + 9. Since every g>-cyclotomic coset C, has
exactly one element and x must be odd number, we can obtain that 7" consists of s + 1
integers {1 +2(m 4+ 1), 1+ 2(m + 2), ..., 1 + 2s}. It implies that C has minimum
distance at least s — (m + 1) + 1. Hence, C is a ¢>-ary negacyclic code with parameters
[n,n—(—@m+1)4+1),>s — (m+ 1) 4+ 2]. Combining Lemma 2.8 with EA-
quantum singleton bound, we can obtain a EA-quantum MDS code with parameters

[[9361’;1—2d+4 d;2]], where 8m +6 <d < 1lm + 7, [[Q361’ -1 —2d

6,d; 41148, where 1lm+8 < d < 13m+8;and[[q3—51, "— 2d+8,d; 6]]q,where
13m+9 <d < 16m + 10, for g be an odd prime power ofthe form g = 30m +19.0

Example 4 Let g = 49, applying Theory 3.8 produces:

(1) 2-ebits EA-quantum MDS codes with parameters [[80, 56, 14; 2]]49, [[80, 54,
15; 21149, [[80, 52, 16; 2]l49, [[80, 50, 17; 2]]49.

(2) 4-ebits EA-quantum MDS codes with parameters [[80, 48, 19; 4]]49, [[80, 46,
20; 41149, [[80, 44, 21; 4]]49.

(3) 6-ebits EA-quantum MDS codes with parameters [[80, 44, 22; 6]]49, [[80, 42,
23; 6]l49, [[80, 40, 24; 6]149, [[80, 38, 25; 6]l49, [[80, 36, 26; 6]]49.

q*—1

Lemma 3.9 Let g be an odd prime power of the form g = 12m + 5, n = “55—.

@) (Cre2m+2)s Cre26m+1)s (C14209m+3)» Crrom) and (C112(10m+3)» C142@8m+2))
form skew-asymmetric pairs.
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(ii) 0, f2<8§<5m+2;
|Tss|l =32, if5m+3<8<Tm+3;
4, ifTm+4<68<8m+3.

Proof (i) Letq = 12m+5and2n = 2‘]23—61 =402m+1)(Bm~+1).Since [1+2(5m+
D]lg = 10m+5-2)(12m+4+4+1) =5-4C2m+1)Bm+1) = [1+2(Tm +2)],
—[14+2(Tm+2)]g =1+ 2(5m+ 1) mod 2n.

Since (bm + 1)g = (bm +3—-2)(12m+4+1) =3-42m+1)Bm+1) —[1+
209m 4+ 3)], —[1 +2(9m + 3)]g = 6m + 1 mod 2n.

Since (bm + 1)g = (bm +3 -2)(12m+4+1) =3-4C2m+1)Bm+1) —[1+
209m +3)], —[1 +2(9m + 3)]g = 6m + 1 mod 2n.

Since [1 +2(8m +2)]g = (16m +8 —=3)(12m +4+4+1) =8-4Q2m + 1)(3m +
D —[14+2010m 4+ 3)], —[1 + 2(10m + 3)]g = 1 4+ 2(8m + 2) mod 2n.

(i) According to Lemma 17 in Ref. 22, if the defining set T = U1j=2m 11 Ciy2j,
where 2m + 1 <1 <7m + 2, then Ty () =@ for2 <8 < 5m + 2.
Letlp=[14+2m+ 1), 14+2(Tm+ D], [ =[1+2(Tm+3),1 +209m + 2)]
and b =[14+20m +4),14+2(10m + 2)].

O

According to Lemmas 2.4 and 2.1 in [12], one needs to testify that for x,y €
Ip U I1 U I, there x 4+ yqg # 0 mod 2n holds.

Let Ty = UZ";;%A Ci42j. If the defining set T = Ulj=7m+3 Ci+2j U Ty, where
Tm +3<I1<9m+3,then5m + 3 <8 < 7m + 3 holds.

For 5m + 3 < § < 7m + 3, suppose there exist integers y € I1, x € Ip U Iy, such
that x = —qy mod 2n. We find a contradiction in the following.

We divided /; into two parts such as [1 +2(7m +3), 1 +2(8m +2)JU[1 +2(8m +
3), 1 4+209m + 2)].

Ifx,y e [l +2(Tm + 3),1+42(8m + 2)], then 72n) < 7(2n) + 28m + 14 =
(1dm +7)(12m +6) < y(g + 1) < (16m + 5)(12m 4+ 6) = 8 Bm + 1)(8m + 4) —
@4m +2) < 8@2n); and if x,y € [1 +28m + 3), 1 4+ 2(9m + 2)], then 8 2n) <
(16m +7)(12m +6) < y(g + 1) < (18m + 5)(12m + 6) < 9(2n), a contradiction.

Ifx e lp,y € [1 +2(7Tm+ 3),1 +28m + 2)], since 72n) + 14m + 7 =
(14m +7)(12m +5) < yg < (16m + 5)(12m +5) = 7(2n) + 24m? — 3, then
2n — yg > x mod 2n;

and if x € Ip, y € [1 +2(8m + 3), 1 + 2(9m + 2)], since 8(2n) + 4m + 3 =
(16m + 7)(12m + 5) < yqg < (18m + 5)(12m + 5) = 9(2n) — 30m? — 11, then
2n — yg > x mod 2n, a contradiction.

Similarly, for § € [7m + 4, 8m + 3], using the same method, the lemma holds.

. 2_1
Theory 3.10 Let g be an odd prime power of the form g = 12m + 5, n = qT.

There exists a g-ary [[421—;1, ‘121—;1 —2d + 4, d; 2]]- EA-quantum MDS codes, where

Sm+3 < d < Tm + 3; and there exists a g-ary [[qzl—gl, % —2d + 6,d; 4]]-
EA-quantum MDS codes, where Tm +4 <d < 8m + 3.

Proof Consider the negacyclic codes over F2 of length n = qzl—;l with defining set

T = UJj—oms1 Ci42i, where 2m + 1 < s < 10m + 2 for ¢ be an odd prime power of
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the form g = 12m+5, m is integer number. By Lemma 3.9, there is ¢ = |T(5)| = 2if
Tm+2 <s <9m+2andc = |T(§)| =4ifIm+3 < s < 10m+2. Since every qz-
cyclotomic coset Cy has exactly one element and x must be odd number, we can obtain
that 7 consists of s + 1 integers {1 +2(2m+1), 1 +2(2m+2), - - - , 1 +2s}. [timplies
that C has minimum distance at least s — (2m + 1) + 1. Hence, C is a ¢>-ary negacyclic
code with parameters [n,n — (s — 2m + 1) + 1), > s — (2m + 1) + 2]. Combining
Lemma 2.8 with EA-quantum singleton bound, we can obtain a quantum MDS code

with parameters [[qzl—;l, ’121—;1 —2d +4,d;2]],, where 5m +3 < d < 7m + 3; and

[[qzl—gl, "21—51 —2d +6,d; 4]],, where Tm + 4 < d < 8m + 3; for g be an odd prime
power of the form ¢ = 12m + 5. O

Example 5 Let g = 29, applying Theory 3.10 produces:

(1) 2-ebits EA-quantum MDS codes with parameters [[70, 48, 13; 2]]29, [[70, 46,
14; 2]129, [[70, 44, 15; 2]]29, [[70, 42, 16; 2]]29, [[70, 40, 17; 2]]29.

(2) 4-ebits EA-quantum MDS codes with parameters [[70, 40, 18; 4]]»9, [[70, 38,
19; 4]129.

3.3 New EA-quantum MDS codes of length n = ‘125—"'1

In this section, let ¢ be an odd prime power of the g = 10m +3 org = 10m +7, where
m is a positive integer. Let n = #, r =2andn € Fy be a primitive rth root of
unity. Since 5 and 2 are two factors of g + 1 and 2n|g* — 1, then for each odd x in the
range | < x <n,the qz-cyclotomic coset C, modulo 2n is Cy = {x, n —x}. Then, we
discuss negacyclic codes of length n over F,2 to construct EA-quantum MDS codes.

Lemma 3.11 Let g be an odd prime power of the form g = 10m 4+ 3, n = 425“,

_n
S_Z'

(1) If1 <x < 12m + 3, then (Ci44m, C112m) and (C1y26m+1), C142@m+1)) form
skew-asymmetric pairs, respectively;

\Ts(8)] = 0, if3<s<4dm+1, foréisodd,
58 T4, ifdm+3<8<12m+3, fordisodd.

(2) If m =2t + lisodd and s < x < s+ 10m + 4, then (Cs+6m+2, Cs+2m),
(Cs+10m+4, Cs+10m+2) form skew-asymmetric pairs, respectively;

T, (8)] = 0, if2<s6<6bm+2, fordiseven;
58 T4, ifem+4<8<10m+4, fordiseven.

If m = 2t is even, and s < x < s + 12m + 4, then C; is skew-symmetric, and

(Cs+8m+25 Cs+am+2)s (Cst12m+4, Cstam) form skew-asymmetric pairs, respec-
tively;

—_

, If2<8§<8m+42, foréiseven,

|Tss(8)] = { , f8m+4<8<12m+4, fordiseven.

91
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Proof Let g = 10m + 3. Since 2n = 40m> + 24m + 4.

(1) (i) Let 1 < x < 12m + 2. Since (4m + 1)g = 40m> + 24m +3 — 2m + 1),
(Ci+4m, C142m) form skew-asymmetric pairs. Since (12m + 3)g = 120m? + 66m +
9 =4n+2n — (6m + 3) = 2n — (6m + 3) mod 2n, (Ci42(6m+1)> C1423m—+1)) form
skew-asymmetric pairs.

(ii) (a) If the defining set T = Ulj=1 Ci42j, where 1 <1 < 2m — 1, we testify that
Tss(8) =@ for2 <8 <4m+ 1. According to Lemmas 2.4 and 2.1 in [12], one needs
to testify that for x, y € [1,4m — 1], there x + yq # 0 mod 2n holds.

Ifx,ye[l,4m — 11,1 < y(g + 1) < (4m — 1)(g + 1) = 40m> + 6m — 4 < 2n.
Hence, if the defining set T = U[j=1 Ciy2j,where 1 <1 <2m — 1, the Tyx(8) =¥
for2 <§ <6m+ 2.

(b)Let Iy =[1,4m — 1], I} = [4m + 3, 12m + 1].

According to Lemmas 2.4 and 2.1 in [12], one needs to testify that forx, y € IhUI,
there x 4+ yg # 0 mod 2n holds.

Let Tp = U{=4m71 Ci42j, and the defining set T = UZ]-:M Ci42j U To, where
2m <[ < 6m.

For 4m 4+ 3 < § < 12m + 3, suppose there exist integers y € I, x € Ip U Iy, such
that x = —qy mod 2n. We find a contradiction in the following.

We divided /; into four parts such as [4m + 3, 6m + 11U [6m 4 3, 8m + 11U [8m +
3,10m + 11U [10m + 3, 12m + 1].

Ifx,y € [4m + 3, 6m + 1], then (2n) < 40m? +24m + 4+ 22m + 8 = (4m +
NG+ <ylg+1) < O6m+1)(g+1) =60m*>+34m + 4 < 2(2n);ifx,y €
[6m—+3,8m+1],2(2n) < (6bm+3)(g+1) <y(@+1) < 8m+1)(g+1) < 4(2n);if
x,y €[8m+3,10m+1],42n) < 8m+3)(g+1) <y@+1) <Bm+1)(g+1) <
6(2n);if x,y € [10m + 3,12m 4+ 1], 6(2n) < (10m +3)(g +1) < y(g+ 1) <
(12m 4+ 1)(g + 1) < 8(2n), a contradiction.

Ifx elp,ye[4m+3,6m+1],since2n <2n+18m +5 = (4m +3)g < yq <
(6m + 1)g = 2(2n) — 20m? — 20m — 3, then 2n — yg > x mod 2n, a contradiction.
Similarly, if x € Iy, y € [8m +3,10m + 1] and x € Iy, y € [10m + 3, 12m + 1],
using the same method, one can deduce a contradiction.

Q) OIfm=2t+1,s <x <s+10m+4, (s +6m+2)qg = (5 +6m+2)q =
Smn +4n + 5 +2m. Since m = 2t + 1, (s + 6m + 2)q = %n+2m mod 2n.
—(s +6m +2)g = 5 + 2m mod 2n.

Since (s +10m+4)g = (% +10m+4)q = Smn+6n+ %n+ 10m+2, —(s+10m+
g = %n+10m+2 mod 2n. Hence, (Cs6m+2, Cs2m)s (Cs10m+4, Csy10m+2) form
skew-asymmetric pairs, respectively;

If the defining set T = Ulj=1 Cj,wheres <[ < s+6m, we testify that Ty, (§) = ¢
for 2 < § < 6m + 2. According to Lemma 2.4 and Lemma 2.1 in [12], one needs to
testify that for x, y € [s, s + 6m], there x + yq %% 0 mod 2n holds.

Ifx,yels,s+6ml,1<y(g+1) < @mn—1)(g+1)=40m* +6m —4 < 2n.
Hence, if the defining set 7 = Ulj=1 Ciyoj,where 1 <1 <2m — 1, the Tyx(8) =¥
for2 <§ <6m+ 2.

Letlp =[s,s +6m], I} =[s +6m+4, s+ 10m + 4].

According to Lemmas 2.4 and 2.1 in [12], one needs to testify that forx, y € IpU1,
there x + yg % 0 mod 2n holds.
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Let Ty = U;Zo Cy42j, and the defining set 7 = Ulj=3m+2 Cs42; U To, where
3m+4<l<5m+2.

For 6m 4+ 4 < § < 10m + 4, suppose there exist integers y € Iy, x € Ip U Iy, such
that x = —qy mod 2n. We find a contradiction in the following.

We divided /; into four parts such as [4m + 3, 6m 4+ 1]U[6m 43, 8m + 1]U [8m +
3,10m + 1] U [10m + 3, 12m + 1].

Ifx,y € [4m + 3, 6m + 1], then (2n) < 40m? + 24m + 4+ 22m + 8 = (4m +
NG+ <ylg+1) < O6m+1)(g+1) =60m*>+34m + 4 < 2(2n);ifx,y €
[6m+3,8m+1],2(2n) < (bm+3)(g+1) < y(g+1) < Bm+1)(g+1) < 4(2n);if
x,y €[8m+3,10m+11,42n) < 8m+3)(g+1) <y(@+1) <Bm+1)(g+1) <
6(2n);if x,y € [10m + 3,12m + 1], 6(2n) < (10m +3)(g +1) < y(g+ 1) <
(12m 4+ 1)(¢ + 1) < 8(2n), a contradiction.

(i1) For m = 2t iseven, since 2n—sq = 2n—(5mn+n+’%) = s mod 2n, Cy is skew-
symmetric. 2n — (s +8m+2)q = s+4m+2mod 2n and 2n— (s +12m+4)qg = s+4m
mod 2n. A

If the defining set T = U{:l Cs42j, where 1 <[ < 4m, we testify that T (5) =
{Cs} for 2 < § < 8m + 2. Since Cy is skew-symmetric, according to Lemma 2.4
and Lemma 2.1 in [12], one needs to testify that for x, y € [s + 2, s 4+ 8m], there
x + yg # 0 mod 2n holds.

Ifx,yels+2,s+8m],5mn+2n+20m+8=(6+2)(@g+1)<yl@g+1) <
@4m —1)(g+1) =5mn+2n+4n — 16m — 8. For x, y € [s + 2, s + 8m], there
is no skew-symmetric cyclotomic coset and any two cyclotomic cosets are not skew-
asymmetric cosets. Hence, if the defining set T = U{:l Csy2j, where 1 <1 < 4m,
the Ty5(8) = {C;} for2 < § < 8m + 2.

Let Ty = U2_4m Cy12j, and the defining set T = U4m+2 Cs42; U To, where
4m +2 <1 < 6m + 1. We testify that for x, y € T, there is no skew-symmetric
cyclotomic coset and any two cyclotomic cosets are not skew-asymmetric cosets.

Letlp =[s+2,s+8m], I =[s +8m+4,s+ 12m + 2]. According to Lemmas
2.4 and 2.1 in [12], one needs to testify that for x, y € Iy U Iy, there x + yq # 0
mod 2n holds. Using the same above-mentioned method, one can easily testify that
the lemma holds. O

Theory 3.12 Let g be an odd prime power of the form g = 10m + 3.

(1) If m = 2t + 1 is odd, then there exists a g- [[q 21 gl +] — 2d + 6,d; 4]]- EA-
quantum MDS codes, where 4m +3 < d < 6m + 1 be odd and bm +4 < d <
10m + 4 be even.

(2) If m = 2t is even, then there exists a q-ary [[q i 25+1 —2d + 3,d; 1]]-EA-
quantum MDS codes, where 2 < d < 8m + 1 be even; there exists a g-ary
[[‘125—"’l qz—H —2d +6.,d, 4]]-EA-quantum MDS codes, where 4m +3 < d <

>+ g2+

6m+1 be odd and there exists a g-ary [[— I=——-2d+7, d; 5]]-EA-quantum
MDS codes, where 8m +4 < d < 12m + 4 be even
Proof (a) Consider the negacyclic codes over F» of length n = quH with defining

set T = (Jj_y Ci42i, where 0 < s < 6m for ¢ be an odd prime power of the
form g = 10m + 3. If m is odd, by Lemma 3.11 (i), there is ¢ = |T(8)] = 4
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if 2m < s < 6m. Since every g>-cyclotomic coset Cy = {x,n — x} and x
must be odd number, we can obtain that 7' consists of 2s 4 1 integers {n — (1 +
2s),...,n—1,1,3, ..., 14+ 2s}. It implies that C has minimum distance at least
2s+2.Hence,Cisa qz-ary negacyclic code with parameters [n, n—2(s+1)+1, >
25 4-2]. Combining Lemma 2.8 with EA- quantum singleton bound, we can obtain
a EA-quantum MDS code with parameters [[{=— +1 Ll +1 —2d+6,d; 4]],, where
dm +3 < d < 6m + 1 be odd. If m is even, usmg the same method, one can
2 2
obtain that [[q5_+1’ qs—'H —2d +6,d; 4]y, where 4m +3 < d < 6m + 1 be odd.

(b) Consider the negacyclic codes over F,2 of length n = +1 with defining set

= Uf:o Cs42i, where 0 < k < Sm+1,s = '5’ for g be an odd prime
power of the form ¢ = 10m 4 3. If m is odd, by Lemma 3.11 (ii), there is
c = |Ty()| =4if3m+1 < s < 5m + 1. Since every q2-cyclot0mic coset
C, = {x,n — x} and x must be odd number, we can obtain that 7 consists
of 2k + 1 integers {n — (s 4+ 2k),...,n —s,s,5 +2,...,s + 2k}. It implies
that C has minimum distance at least 2k + 2. Hence, C is a ¢>-ary negacyclic
code with parameters [n,n — 2(s + 1) + 1, > 2s + 2]. Combining Lemma 2.8
with EA-quantum singleton bound, we can obtain a EA-quantum MDS code with
parameters [[q +1 25+1 —2d+6,d;4]];,6m +4 <d < 10m + 4 be even.
If m is even, by Lemma 3.11 (i), there is ¢ = |T435(8)| = 1if 1 < k < 4m
and ¢ = |T(8)] = Sifdm + 1 < k < 6m + 1. Since every qz-cyclotomic
coset Cy = {x,n — x} and x must be odd number, we can obtain that 7" consists
of 2k + 1 integers {n — (s + 2k),...,n —s,s,s + 2,...,s + 2k}. It implies
that C has minimum distance at least 2k + 2. Hence, C is a g2-ary negacyclic
code with parameters [n,n — 2(s + 1) + 1, > 2s + 2]. Combining Lemma 2.8
with EA-quantum singleton bound, we can obtain a EA-quantum MDS code with
parameters [[q25+] ] H —2d 4 6,d; 1]],, where 2 < d < 8m + 1 be even; and

2+1 ¢%41
[[T’ = - 2d + 7, d; 5]]4 codes, where 8m +4 < d < 12m + 4 be even.

]

Example 6 Let m = 1, g = 13, applying Theory 3.12 (1) produces 4-ebits EA-
quantum MDS codes with parameters [[34, 26, 7; 4]]13 for d odd; and [[34, 20, 10;
4113, [[34, 16, 12; 41113, [[34, 12, 14; 4]],3 for d even.

Example 7 Let m = 2, g = 23, applying Theory 3.12 (2) produces 1-ebits
EA-quantum MDS codes with parameters [[106, 105, 2; 1]]»3, [[106, 101, 4; 1]]»3,
[[106, 97, 6; 11123, [[106, 93, 8; 11123, [[106, 89, 10; 11103, [[106, 85, 12; 1]]23, [[106,
81, 14; 11123, [[106, 77, 16; 1]]23 for d even; 4-ebits EA-quantum MDS codes
with parameters [[106, 90, 11; 4]]23, [[106, 86, 13;4]]23 for d odd; and 5-ebits
EA-quantum MDS codes with parameters [[106, 73, 20; 5]]»3, [[106, 69, 22; 5]]»3,
[[106, 65, 24; 51123, [[106, 61, 26; 5113, [[106, 57, 28; 5]]»3 for d even.

Lemma 3.13 Letqg = 10m +7,n = q25+1, s =

SE
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(1) If 1 < x < 14m + 9, then (Csmys, Com+5), (Cram+11, C12m+7) form skew-
asymmetric pairs, respectively.

Ty (8)] = 0, if3<6§<8m+5, foréisodd,
59 T4, f8m+T7<8<1dm+ 11, foréisodd.

(2) Ifm =2t + 1isodd ands < x < s+ 10m + 8, then (Cstem+4, Cs+2m+2),
(Cs+10m=+8, Cs+10m-+6) form skew-asymmetric pairs;

T, (8)] = 0, if2<ds6<6m+4, fordiseven;
§8 14, ifem+6<86<10m+8, fordiseven.

If m = 2t is evenand s < x < s + 12m + 8, then C; is skew-symmetric, and
(Cs+8m+65 Cs+am+2), (Cs+12m+8> Cs+am+4) form skew-asymmetric pairs;

T, (8)] = 1,if2 <5 <8m+6, for § is even;
58 |5 if8m+8<8<12m+38, fordiseven.

Proof Let ¢ = 10m + 7. Since 2n = 40m? + 56m + 20.

(1) Let 1 < x < 14m + 10. Since (8m + 5)g = 40m?* + 56m + 20 — (6m + 5),

(C8m+5, Com+s) form skew-asymmetric pairs.

Since (8m + 5)q = 40m? 4 56m + 20 — (6m + 5), (C8m+s5, Cem+s) form skew-

asymmetric pairs.

(a) If the defining set T = Ulj:1 Ciy2j, where 1 <[ < 4m + 1, we testify that

Tss(8) = W for3 <6 < 8m + 5. According to Lemmas 2.4 and 2.1 in [12],
one needs to testify that for x, y € [1, 8m + 3], there x + yqg # 0 mod 2n
holds.
We divided [1, 8m + 3] into [1,4m + 1] U [4m + 3,8m + 3]. If x,y €
[Ldm + 1], 1l < y(@+ 1) <dm+ 1@+ 1) = 40m? 4+ 42m + 8 < 2n;
ifx,ye[4m+3,8m+3],2n <4m?> +62m+24 = (4m+1)(g +1) <
y(g+ 1) < (8m + 3)(g + 1) = 80m> + 94m + 24 < 4n. Hence, if the
defining set T = (J_; Ci12;, where I <1 < 4m + 1, the Ty(8) = 1 for
3<38<8m+5.

(b) LetIp =[1,8m + 3], I; = [8m + 7, 14m + 9].

According to Lemmas 2.4 and 2.1 in [12], one needs to testify that for x, y €
Ip U Iy, there x + yg # 0 mod 2n holds.

Let Ty = Uj’ﬁr] Ci42j, and the defining set T = Ulj=4m+3 Ci+2j U To,
where 4m +3 <[ <7m + 4.

For 8m +7 < § < 14m + 11, suppose there existintegers y € I1, x € IpU I,
such that x = —qy mod 2n. We find a contradiction in the following.

We divided [ into four parts such as [8m +7, 12m +7]U[12m +9, 14m +9].
Ifx, y € [8m+7, 12m+7],2-2n < 80m2+134m+56 = Bm~+7)(10m+8) <
yig + 1) < (12m + 7)(10m + 8) = 120m?* + 166m + 56 < 3 - 2n; if
x,y €[12m+9,14m +9],3 - 2n < 120m> + 186m + 72 = (12m + 9)(q +
D <ylg+1) < (14m +9)(g + 1) = 140m? + 202m + 72 < 4 - 2n.
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Hence, if the defining set T = Ulj=1 Ciy2j, where 1 <1 < 7m + 4, besides
(Cs+8m+6, Cs+am+2), there is no skew-symmetric cyclotomic coset and any
two cyclotomic cosets are not skew-asymmetric cosets in 7.

(2) Form = 2tiseven,since2n—sq = 2n—(5Smn+3n+7%5) = s mod 2n, Cy is skew-
symmetric. 2n — (s +8m +6)g = s +4m+2mod 2n and 2n — (s + 12m +8)qg =
s 4+ 4m + 4 mod 2n.

(a) Let Ty = U4m+3 Ci42j, and the defining set T = Ulj:4m+5 Ci42; U To,
Where4m+3 <l <7Tm+4.

If the defining set T = Ty, we testify that 755 (§) = {Cs} for2 <§ < 8m + 6
and § is even. Since C; is skew-symmetric cyclotomic coset, and according
to Lemma 2.4 and Lemma 2.1 in [12], one needs to testify that for x,y €
[s +2,s + 8m + 4], there x + yg #% 0 mod 2n holds.
We divided [s + 2, s 4+ 8m + 4] into three parts such as [s + 2, s +3m + 2] U
[s+3m+4,s+Tm+4]U[s +Tm+6,s + 8m + 4].
Ifx,yels+2,s+3m+2],5t+2)-2n < Sm+4)n+20m + 16 =
(s+2)(10m +8) <y(g+1) <(s+3m+2)(10m +8) < (5¢t 4+ 3) - 2n; if
x,y € [s+3m+4, s+Tm+4], (5t+3)-2n < (s+3m+4)(g+1) < y(g+1) <
(s+Tm+4)(g+1) < (St+4)-2n.Ifx, y € [s+Tm+6, s+8m+4], (5¢+5)-
2n < (s+Tm+6)(g+1) <y(lg+1) <(s+8m+4)(g+1) < (5t+5)-2n.
Hence, if the defining set T = Ul Cs42j, where 1 <[ < 4m + 2, besides
Cj, there is no skew-symmetric cyclotomlc coset and any two cyclotomic
cosets are not skew-asymmetric cosets in the defining set 7.

(b) Wedivided [s + 8m + 8, s + 12m + 6] into two parts such as [s +8m + 8, s +
1lm+6]U[s + 11m + 8,s + 12m + 6].
Ifx,ye[s+8m+8,s+11lm+6],(5t+4)-2n < Sm+8)n+32m+24 =
(s+8m+8)(10m+8) < y(g+1) < (s+11m+6)(10m+8) = (Sm+8)n+
30m2 +36m+8 < (5t+8)-2n+2n;ifx,y € [s+ 11m+8, s + 12m + 6],
(5:+9)-2n < (s+1Im+8)(g+1) < y(g+1) < (s +12m+6)(g +1) <
Bt +9)-2n + 2n.

Hence, using the same method, one can obtain that if the defining set 7 =

Ulj=s Cs42j, where 1 < [ < 6m + 3, besides Cs and (Cyy8m+6. Csam+2)s

there is no skew-symmetric cyclotomic coset and any two cyclotomic cosets are

not skew-asymmetric cosets in the defining set 7'.

Theory 3.14 Let g be an odd prime power of the form g = 10m + 7.
2 2

Ifm = 2t+1is odd, then there exists a q-[[q5—+1, qS—H —2d+6, d; 4]1- EA-quantum
MDS codes, where 8m +7 < d < 14m + 11 be odd; and 6m +6 < d < 10m + 8 be
even.

Ifm = 2t is even, then there exists a q-[[L=— H, £l —2d + 3, d; 1]]- EA-quantum
MDS codes, where 2 < d < 8m + 6 be even; there exists a q-[[1<— 'H ki +l —2d +
6,d; 4]]- EA- quantum MDS codes, where 8m +7 < d < 14m + 11 be odd and there
exists a q- [[q—+1 = - 2d + 7, d; 511- EA-quantum MDS codes, where 8m + 8 <
d<12m+8 be even
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Proof (a) Consider the negacyclic codes over F2 of length n = ‘725—+1 with defining
set T = Uf:o Ci42i, where 0 < s < 7m + 4 for g be an odd prime power
of the form ¢ = 10m 4 7. By Lemma 3.13 (i), there is ¢ = |Ts(8)| = 4 if
4dm + 2 < s < Tm + 4. Since every qz-cyclotomic coset C, = {x,n — x}
and x must be odd number, we can obtain that 7' consists of 2s + 1 integers
{(n—(1+42s),...,n—1,1,3, ..., 142s}. Itimplies that C has minimum distance at
least 25+2. Hence, C is a g %-ary negacyclic code with parameters [1, n—2(s+1)+
1, > 25 + 2]. Combining Lemma 2.8 with EA-quantum singleton bound, we can

obtain a EA-quantum MDS code with parameters [[qZTH, ’125—+1 —2d+6,d; 4]y,
8m +7<d < 14m + 11 be odd.

(b) If m is odd, consider the negacyclic codes over F> of length n = @ with
defining set T = Uf.‘:() Cs12i,where 0 < k < 5m+4,s = 7 for g be an odd prime
power of the form ¢ = 10m + 7. By Lemma 3.11 (ii), there is ¢ = |Ts5(8)| = 4
if 3m +2 < s < 5m + 4. Since every qz-cyclotomic coset Cy = {x,n — x}
and x must be odd number, we can obtain that 7" consists of 2k + 1 integers
{n—(s+2k),....,.n—s,s,5s4+2,...,5 + 2k}. It implies that C has minimum
distance at least 2k + 2. Hence, C is a ¢%-ary negacyclic code with parameters
[n,n—2(s+1)+1, > 25+2]. Combining Lemma 2.8 with EA-quantum singleton
bound, we can obtain a EA-quantum MDS code with parameters [[qzs—ﬂ, ‘IZS—H —
2d +6,d;4]ly,6m 4+ 6 <d < 10m + 8 be even.

If m is even, consider the negacyclic codes over F2 of length n = qT with
defining set T = Uf:o Cyyi, where 0 <k <6m+3,s = % for ¢ be an odd prime
power of the form ¢ = 10m + 7. By Lemma 3.11 (ii), there is ¢ = |T(8)] = 1
ifl <k <4d4m+2andc = |T(5)] = Sifdm +3 < k < 6m + 3. Since every
qz-cyclotomic coset Cy = {x,n — x} and x must be odd number, we can obtain that
T consists of 2k + 1 integers {n — (s +2k), ..., n—s,s,5s+2, ..., 5+ 2k}. Itimplies
that C has minimum distance at least 2k 4 2. Hence, C is a ¢*-ary negacyclic code
with parameters [n,n — 2(s + 1) + 1, > 2s 4 2]. Combining Lemma 2.8 with EA-
quantum singleton bound, we can obtain a EA-quantum MDS code with parameters
([1=— H 2 H —2d +6,d:;1]]4,2 < d < 8m + 6 be even; and [[1<— H a2 H —2d +
7, d 5]] codes where 8m + 8 < d < 12m + 8 be even. O

Example 8 Let m = 1, g = 17, applying Theory 3.14 (1) produces 4-ebits
EA-quantum MDS codes with parameters [[58, 34, 15; 4]117, [[58, 30, 17; 41117,
[[58, 26, 19; 41117, [[58, 22, 21; 41117, [[58, 18, 23; 41117, [[58, 14, 25; 41117 for d odd;
and [[58, 40, 12; 4]]17, [[58, 36, 14; 4]117, [[58, 32, 16; 4]]17, [[58, 28, 18; 4]]17 ford
even.

Example 9 Let m = 2, q = 27, applying Theory 3.14 (2) produces 1-ebits
EA-quantum MDS codes with parameters [[146, 145, 2; 1]]»7, [[146, 141, 4; 1]]27,
[[146, 137, 6; 11127, [[146, 133, 8; 1]]27, [[146, 129, 10; 1]]27, [[146, 125, 12; 1]]27,
[[146, 121, 14; 1]]27,[[146, 117, 16; 11127, [[146, 113, 18; 11127, [[146, 109, 20; 11]27,
[[146, 105, 22; 1]]7 for d even; 4-ebits EA-quantum MDS codes with parameters
[[146, 106, 23; 41127, [[146, 102, 25; 4]]o7, [[146, 98, 27; 4]]»7, [[146, 94, 29; 4]1]»7,
[[146,90, 31; 41127, [[146,86,33; 41127, [[146,82,35;4]]27, [[146,78,37; 41127,
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[[146, 74, 39; 4]]27 for d odd; and 5-ebits EA-quantum MDS codes with parameters
[[146, 105, 24; 51127, [[146, 101, 26; 51127, [[146, 97, 28; 51127, [[146, 93, 30; 51127,
[[146, 89, 32; 5]]27 for d even.

4 Discussion and Conclusion

In this paper, we have constructed six families of entanglement-assisted quantum MDS
(EAQMDS) codes based on classical negacyclic MDS codes. Two of these six classes
g-ary EAQMDS have minimum distance more larger than ¢ + 1. Most of these g-ary
EAQMDS codes are new in the sense that their parameters are not covered by the codes
available in the literature. In Table 1, we list the EA-quantum MDS codes constructed
in this paper. The results show that using entanglement, EAQMDS codes have a larger

Table 1 New EA-Quantum MDS codes

Class q Code Distance
2 2
1 g=atm+1, N € —2d 42,401 2<d<(%+Dm+1
a even,
2 2
or 2 7 —2d+4.d;:2 (L +Dm+2<d< (% +2m+1

a odd, 1 even,

WE 22— 2d 1 6.d:4) (G +m+2<d< (4 +3)m+1
2 g =30m+11 [[%’%—Mﬂkd:ﬂ] Sm+4<d<llm+5
[[(12)3751’(123781—24”6%;4]] lm+6<d<l4m+7
3 g=3m+10 [G7 G5l —2d+4.d:2]  Sm46=d<llm+7
2

2
[Tt Tgt —2d +6.d:4]]  1lm+8<d<13m+8
2 2
[Tt G5t —2d +8,d;6]1  13m+9 <d < 16m+ 10
2

2
4 g=12m+5  [L5h L5 —2d+4,d:2]]  Sm+3<d<Tm+3
i W .
45, 5t —2d +6,d;4]]  Tm+4<d<8m+3
2 2
5 g=10m+3, [ T 2446,d:4]]  4m+3<d<6m+lisodd
m odd 6m+6 <d < 10m + 8 is even.
2 2
m even [[qTJrl,qS—Jrl —2d+3,d;1]] 2<d <8m+1iseven

2 2
[[Q;]’q;1_2d+6’d;4ﬂ 4m +3 <d <6m+ 1isodd

2 2
[[‘15"'1,‘1+1—2d+7,d;5]] 8m +4 <d < 12m +4iseven

2 2
6 g =10m+7, G, 4 —2d +6,d:411  8m+7<d < 14m + 11 is odd
m odd 6m +6 <d < 10m + 8 is even
2 2
m even 5, 4 —2a+3,d;11] 2<d <8m+6iseven

2 2
M, S —2d 4 6,d;41]  8m+7<d < 14m+ 11is odd

2 2
MG, 4 24 47,4511 8m+8<d < 12m+8iseven
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minimum distance than QMDS codes. We look forward to seeing that some special
types of [[n, k, d; c]] EAQMDS codes that better perform than [[n + ¢, k, d]] QMDS
codes even if these [[n, k, d; c]] EAQMDS codes are equivalent to those [[n+c, k, d]]
QMDS codes.
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