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Abstract Recently, entanglement-assisted quantum codes have been constructed
from cyclic codes by some scholars. However, how to determine the number of shared
pairs required to construct entanglement-assisted quantum codes is not an easy work.
In this paper, we propose a decomposition of the defining set of negacyclic codes.
Based on this method, four families of entanglement-assisted quantum codes con-
structed in this paper satisfy the entanglement-assisted quantum Singleton bound,
where the minimum distance satisfies ¢ + 1 < d < % Furthermore, we construct
two families of entanglement-assisted quantum codes with maximal entanglement.

Keywords Entanglement-assisted quantum codes - Negacyclic codes - Maximum
distance separable (MDS) codes

1 Introduction

Construction of good quantum error-correcting codes (quantum codes for short) is an
important subject for quantum information and quantum computing [1-7]. The theory
of entanglement-assisted quantum codes is an important discovery in the area of quan-
tum error-correction. Brun et al. proposed a entanglement-assisted stabilizer formalism
in [8]. They showed that if the sender and the receiver shared a certain amount of pre-
existing entanglement, some entanglement-assisted quantum codes can be constructed
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without dual-containing classical quaternary codes. An entanglement-assisted quan-
tum code can be denoted as [[n, k, d; c]],, which encodes k information qubits into n
channel qubits with the help of ¢ pairs of maximally entangled states and corrects up to
Ld%lj errors, where d is the minimum distance of the code [9]. If n — k = ¢, the code
is called an entanglement-assisted quantum code with maximal entanglement. In the
scheme of entanglement-assisted quantum stabilizer code, it is assumed that halves of
maximally entangled states of the receiver are perfect. Many scholars have constructed
some entanglement-assisted quantum codes with good parameters in [8,10-18]. Li
et al. [19] proposed the concept about a decomposition of the defining set of BCH
cyclic codes, and they used this method to construct some entanglement-assisted
quantum codes having good parameters. Lii and Li [20]constructed some families of
entanglement-assisted quantum codes by using primitive quaternary BCH codes. Qian
and Zhang [21] constructed some families of entanglement-assisted quantum codes by
using arbitrary binary linear codes and showed the existence of asymptotically good
entanglement-assisted quantum codes. Brun et al. [8] proposed the entanglement-
assisted Singleton bound for entanglement-assisted quantum codes, which can be
called entanglement-assisted quantum maximum distance separable (MDS) codes. A
construction of entanglement-assisted quantum MDS codes with a small number of
preshared entangled states was provided by Fan et al. [22]. Guenda et al. introduced
the hull of classical codes and constructed some families of entanglement-assisted
quantum MDS codes in [23]. In [24],ifd < (n +2)/2,thenk <n+c—2d + 2
for an [[n, k, d; c]], entanglement-assisted quantum code. The result holds for any
d whenever entanglement-assisted quantum codes are degenerate or nondegenerate.
The authors assumed that d < (n 4 2)/2 in [25] is reasonable for quantum codes
because of the no-cloning theorem [26]. However, Grassl proposed a construction
of entanglement-assisted stabilizer codes whose distance satisfies d > (n + 2)/2 in
[27]. In fact, entanglement can increase the error-correcting ability of quantum codes.
These codes that Grassl found are constructed in a quite different way, by transform-
ing the quantum teleportation protocol into an entanglement-assisted quantum code.
Lai and Ashikhmin [24] utilized the linear programming bound to provide a refined
entanglement-assisted quantum Singleton bound for general case.

In recent years, negacyclic codes have been applied to construct quantum MDS
codes. Kai et al. [28] constructed two families of quantum MDS codes by using
the negacyclic codes. Kai et al. [29] extended the result in [28] and obtained two
families of quantum codes with good parameters and a family of quantum MDS
codes. La Guardia [30] used the negacyclic codes to construct two families of quantum
MDS-convolutional codes. In [31], the negacyclic codes were applied to construct two
families of asymmetric quantum MDS codes. In [32], we used the negacyclic codes in
[29] to construct some families of quantum convolutional codes. In [33], some families
of asymmetric quantum codes and quantum convolutional codes were constructed and
they satisfied the quantum Singleton bound. In general, the parameters of quantum
codes constructed from negacyclic codes are more general and better compared with
the ones constructed from classical cyclic codes.

In this work, we mainly focus on discussing the constructions of entanglement-
assisted quantum codes with distance ¢ + 1 < d < (n 4 2)/2. We first define a
decomposition of the defining set of negacyclic codes, which is convenient for us to
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obtain the number of shared pairs required, and then we use ¢2-cyclotomic cosets
of the defining set of negacyclic codes to construct entanglement-assisted quantum
MDS codes with d < (n + 2)/2, the minimum distance of these ones is greater
than ¢ + 1. Moreover, we use the method of decomposition of the defining set to
construct another two families of entanglement-assisted quantum codes with maximal
entanglement. Although these two families of entanglement-assisted quantum codes
do not satisfy the entanglement-assisted quantum Singleton bound, it will give us some
help in understanding the construction of entanglement-assisted quantum codes.

In this paper, we obtain four families of entanglement-assisted quantum MDS codes
as follows:

(1) [g>+1,¢> +5—2g —41,q + 21 + 1; 4], where 2 < r < 451, g is an odd
prime power with g > 5 and ¢ = 1 mod 4.

) [[‘1—“ CHL _2g — 41 +5,q + 21 + 15 5]]y, where 2 < 1 < 451, ¢ is an odd
prime power with g > 7.

3) [[A(g+1),A(g+1)=21—-2t—qg +5, %—i—t—i—k; 4]1,, where g is an odd prime
power withg > 7, A is anodddivisorofq—lwithk > 3and ’”3 <t< ‘171 +A.

@) [2r (g + 1),2A(g + 1) —4r =2t — g + 5, q Lyt + 2 4]]q, where q is an
odd prime power with g > > 13, = 1 mod 4, )\. is an odd divisor of ¢ — 1 with
)r>3andqu <t<4= L oa.

We also obtain two families of maximal-entanglement entanglement-assisted quantum

codes as follows:

(1) [[5-= +] 4 2“ —5,d > 3;5]],, where ¢ is an odd prime power with g > 3.

Q) [lq> + 1,¢%> —3,d > 3; 4]],, where g is an odd prime power with ¢ > 5 and
g = 1 mod 4.

The main organization of this paper is as follows. In Sect. 2, we present some defini-
tions and basic results of negacyclic codes. In Sect. 3, we state some basic concepts and
results of entanglement-assisted quantum codes. In Sect. 4, we construct four families
of entanglement-assisted quantum MDS codes and two families of entanglement-
assisted quantum codes with maximal entanglement by using a decomposition of the
defining set of negacyclic codes.

2 Review of negacyclic codes

In this section, we recall some basic results about negacyclic codes in [28,29,33-38].
Throughout this paper, let F,2> be the finite field with g* elements, where ¢ is a

power of p and p is an odd prime number. Let a4 = (af,af,...,a!_|) denote the
conjugation of the vector a = (ag, ay, ..., a,—1). Foru = (up, uy,...,uy—1),v =
(vo, v1, ..., Uy—1) € F", the Hermitian inner product can be defined as

q

(w,v)p = ugvo +ulvi +---+ul v,y

If C is a k-dimensional subspace of F q” , then C is said to be an [n, k]-linear code.
The number of nonzero components of ¢ € C is said to be the weight wt(c) of the
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codeword c. The minimum nonzero weight d of all codewords in C is said to be the
minimum weight of C. A linear code C of length n over F is said to be negacyclic if
for any codeword (co, ci, ..., cy—1) € C we have that (—c,—1, co, ¢1, ..., cn—2) € C.
We can see that xc(x) corresponds to a negacyclic shift of ¢(x) in the quotient ring
qu [x]/(x"+1), where c(x) = co+cr1x+---+ cn_1x"~1. Then, a qz-ary negacyclic
code C of length n is an ideal of F2[x]/(x" + 1) and C can be generated by a monic
polynomial g(x) of x" + 1.

Let ged(n,q) = 1. Then, x" 4+ 1 does not have multiple roots. Let m be the
multiplicative order of g2 modulo 2. Assume that « is a primitive 2n-th root of unity
in F;}m and p =a’ € F, 42 Then, B is a primitive n-th root of unity. Hence,

X+l = 1'[;‘:_01 (x — aﬁi) =1, (x - a2i+1> :

The ¢>-cyclotomic coset module 21 containing i is defined by C;,

C; = {i, iqz, iq4, e iqz(m"_l)} ,

where m; is the smallest positive integer such that ig>"™ =i mod 2n.

For a g?-ary linear code C of length n, the Hermitian dual code of C can be defined
asCth = {u e Fan | (u,v), = 0 forall v e C}. We can see that a ¢g>-ary linear code
C of length n is called Hermitian self-orthogonal if C € C#. Let 0, be the set of all
odd integers from 1 to 2n. The defining set of a negacyclic code C = (g(x)) of length
nistheset Z = {i € Oy, | &' is aroot of g(x)}. Let C be an [n, k] negacyclic code
over F,> with defining set Z. Then, the Hermitian dual C14 is also negacyclic and has
defining set Z1 = {z € 05| — gz(mod 2n) ¢ Z}.

Proposition 1 [28,29] (The BCH bound for negacyclic codes) Let C be a g>-ary
negacyclic code of length n. If the generator polynomial g(x) of C has the elements
{a1+2i | 0 < i <d — 2} as the roots where « is a primitive 2n-th root of unity, then
the minimum distance of C is at least d.

3 Review of entanglement-assisted quantum codes

Now, let us recall some basic notions and results of entanglement-assisted quantum
codes in [11,23].
Let H be an (n — k) x n parity check matrix of C over F,2. Then, Cth has an

n x (n — k) generator matrix H', where H' is the conjugate transpose matrix of H
over Fo.
The following proposition is about the Singleton bound of classical linear codes.

Proposition 2 [39] (Singleton bound) If an [n, k, d] linear code C over F, exists,
then

k<n-—d+1.
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Ifk =n—d+ 1, then C is called an MDS code.

Now, we recall some results of entanglement-assisted quantum codes in [8, 19,20,
27].

Theorem 1 [19,20] If C is a classical code and H is its parity check matrix over F, %
then there exist entanglement-assisted codes with parameters [[n, 2k —n +c, d; c]y,
where ¢ = rank(H H™).

Proposition 3 [8,27] Assume that C is an entanglement-assisted quantum code with
parameters [[n, k, d; c]ly, ifd < (n+2)/2, then C satisfies the entanglement-assisted
Singleton bound n +c —k > 2(d — 1). If C satisfies the equalityn +c —k = 2(d — 1)
ford < (n+2)/2, then it is called an entanglement-assisted quantum MDS code.

4 Constructions of entanglement-assisted quantum MDS codes

In [19,20], the authors gave a definition for decomposition of the defining set of cyclic
codes. Here, we define a decomposition of the defining set of negacyclic codes.

Definition 1 Let C be a negacyclic code of length n with defining set Z. Assume
that Z; = Z N (—gZ) and Z, = Z\Z;, where —qZ = {n — gx|x € Z}. Then,
Z = Z1 U Z, is called a decomposition of the defining set of C.

Lemma 1 Let C be a negacyclic code with length n over F2, where ged(n, g) = 1.
Suppose that Z is the defining set of the negacyclic code C and Z = Z{ U Zy is a
decomposition of Z. Then, the number of entangled states required is c = |Z1].

Proof From Definition 1, we can assume that the defining sets of negacyclic codes C;
and C; are Z| and Z», respectively. The parity check matrix of C; and C, are H| and
H,, respectively. Let H be the parity check matrix of C. Therefore,

H,
n=(1m)

i T
HEHT — Hi HIT H HzT '
H)H| HH,

and

From the definition of negacyclic codes and Definition 1, we have Hj HZJr =0,
HiH) =0 (because of C;" C C3), and HyH{ = 0. Then,

H{H' 0
HHT = "™ )

We can see that ¢ = rank(H H') = rank (H; Hl"'). Since H| is a full rank matrix, then
we have ¢ = rank(H;) = |Z1].
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Lemma2 [28] Letn = g> + 1, s = n/2, and ¢ = 1 (mod 4). Then, we have the
following properties:

(1) The q2-cyclotomic cosets modulo 2n containing some integers from I to 2n are
Cs ={s}, C3s = {3s},and Cs_o; = {s — 2i,s +2i} for1 <i <s—1,

(2) IfCisaq?-arynegacyclic code of length n with defining set 7 = U?:OCS_zi,where
0<8<(q—1)/2, thenCH CC.

Theorem 2 Let n = > + 1 and s = n/2, where q is an odd prime power with

g > 5and g = 1(mod 4). If C is a g*-ary negacyclic code of length n with defining
q—1

set 7 = Ui220+tC s—2i, then there exist entanglement-assisted quantum codes with

parameters [[q2 +1, q2 +5—2qg —4t,q +2t + 1;4]]y, where2 <t < %

Proof From Lemma 2, we can assume that the defining set of negacyclic code C is

g=1
Z = U,-:zo +tCs_gi, then C is a negacyclic code with parameters [q2 +1, q2 +1—g—
2t,q + 2t + 1] o from Propositions 1 and 2. Therefore, we have the following result.

Z1=2n(-q2)

g1 a1y
(e (i)
= z
+
+

From Lemma 2, we have

q-L q-1
(Ul’_z() Cs—2i> N—q <Ul’_20 Cs—2i> =0.

In order to get the result of equation (x), we have to show that

‘%'th %
U~ Cs—2i | N =g | U; 2y Cs—2i | = Cs—g-1,

=7

1 Gy
Ui:()cs72i N—q Ul.:q+lCS*2i = Cy—g+1,
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and

N
_C
I N‘L
~\1+
D
's
N———"
D
|
L)
e
_C
I N“
IR
+ +
O
b
N——"
1
=

as follows.
Firstly, we show that

"2 +1 q—]
Ui:Tl-HCY —2i N —q l ()CS—Zi ZC‘Y—q—l-

It is easy to show that —gCy_,_1 = Cy_441. Therefore, we have

In fact,

g-1
Cs—g-1N—¢q (Ui=20 Cs—2i> = Cs—g-1

from Lemma 2 and

—1

q-1 q-1
If (U._ij;Cs_Zi> N —gq (U 2,Cy_ zl> #@Pfor2 <t < ;1, ie.,

o
(U§=2CS2<i+,,2_|)> N—q (U,ﬁo Cs—2i> # 0

for 2 < 5 % then there exist two integers [ and j ,where 2 < [ < % and

0<j<%- suchthats—2(l+ = —q(s —2j)q* mod 2n for some k € {0, 1}.
We can seek a contradiction as follows.
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(i) Whenk =0, wehaves—Z(l—i— ) = —q(s—2j) mod 2n. Since —q(s —2j) =

(i)

—s 4+ 2jg mod 2n, it follows that s —2(1+ q21) = —s + 2¢j mod 2n, i.e.,

s =1+ 1—I—qunodn Ifo < j < qTand2§l§ qT, then we have
2

#<l+ +61]<q21+q_1+qq73=q_2qz< s, which is in

contradiction with s = %. If j = 21 nd?2 <1 < q%, then we have

=1+ % + q% mod n, it is equivalent to 1 = [ mod n, which is in
contradiction with 2 <[ < %.
Whenk:1,s—2(1+%)z—(s—2j)q —s +2jqg*+ 1) —2jg =
—s—2jgmod 2n,i.e., s+ jq =+ 95" mod n. We have "+3 <+l <g-1
from assumption, while s < s + jg < s + qu = M
contradiction.

< n. This yields a

From the above discussions, we can see

for2 <1 <45,

Ly ‘JT*I
<U1=21+1C5 21) N 61( i=0 C5—2i> = Cs—q—l

1

Secondly, we show that

1 15ty
U;ZgCs—2i | N —q Ui—@ Cs—2i | = Cs—g+1-
=72

Since

o1y, g1
—-q ((Ui_zq.H Cs—2i | N—q U,':2() Cs—2i =—qCs—g—1 = Cs—g+1,
=7

it follows that
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for2 <t < ;1 , then there exist integers / and j, where 2 < [, j < %, such that

s —2(+ qgl =—q@s—2(j + qzl))qZk mod 2n for some k € {0, 1}. We can seek
a contradiction as follows.

(i) Whenk =0,s —2( + %) = —q(s —2(j + %)) mod 2n. Since —q(s —
2 + 451) = —s +2¢(j + 951) mod 2n, it follows that s — 2(/ + 451) =

—s +29( + —) mod 2n, e, s = [ + 5 + g(j + %) mod n. Hence,
=1l+4+gqj+ qT mod 7, which is equivalent to 1 = [ 4+ ¢j mod n. This
congruence is in contradiction with 2 +2¢g < l+qj < ;l—i—q -t = qu_l <n.

(i) Whenk_l §— 2(l+q ! ——q (s—2(]+ ))mod2n Slnce q 3s—20+
== 1)) = —s+2¢(¢? +D(+5 by — 2q(j+557) = —s =29+ 15 L) mod 2n,

it follows that s +¢q (j + q—l) = l + u mod n. The congruence is equlvalent to

3q , which is in contradiction with

(j—1g =Imodn.Sinceq < (j—1)g <
g—1
2 <1 < %L it follows that (u qul Cy_ 2,> n q< qffcs 2,> — ¢. From
2
Lemma 1, we have ¢ = 4. From Theorem 1, there exist entanglement-assisted

quantum codes with parameters [[¢> + 1, q2 +5—2g —4t,q + 2t + 1;4]],,
where 2 <t < qT_l.

Lemma 3 [28] Let n = qZTH, where q is an odd prime power. If C is a q>-ary
negacyclic code of length n with defining set Z = Uf:1C2,-_1, where Cri—1 = {2i —
1,1 —2iYand 1 <6 < %51, then C1r C C.

Now, we use Lemma 4 to express Lemma 3 and show it for complementary.

2
Lemmad4 Letn = qTH s = n and r = 2. Then, we have the following properties:

(1) The g*-cyclotomic cosets modulo 2n containing some integers from I to 2n are
Cs = (s} and Cy—zj = {s = 2j, 5 + 2]} for 1 < j < *51;

(2) IfCisaq?-arynegacyclic code of length n with defining set Z = U?Ile_zj,where
1<6 <% thenctr CC.

Proof (1) It is easy to see that C; = {s}. Now we only need to show that C;_»; =
{s —2j,s+2j}for 1 < j <5 Since (s — 2j)g% = s> = 2j(¢> + 1) +2j =
s -+ 2j mod 2n, it follows that Cs_s; = {s — 2j,5 +2j} for 1 < j < *51. Now we
show that C;_5; are disjoint. If there exist two integers / and j, 1 <[ # j < %
such that C;_»; = Cy_, then we have s — 2] = (s — 2j)g%* =5 — 2j¢** mod 2n
for k € {0,1}.When k =0,s — 2] = s — 2j mod 2n, i.e., 2l = 2j mod 2n, which
is in contradiction with [ # j. When k = 1, we have 0 = [ + j mod n. Since
2 <14 j < s — 1, which is in contradiction with 0 = [ + j mod n. Therefore,
Csoj={s—2j,s+2j}forl <j< % are disjoint.

(2) We only need to show that Z79 N Z = @. If we have Z79 N Z # ¢, then there
existtwointegers/and j, 1 <1, j < ’12;1 such that s — 21 = —(s —2)¢**! mod 2n
for some k € {0, 1}. Since —sg = s mod 2n and —sg> = s mod 2n, it follows that
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s —21 = —(s — 2j)g**! mod 2n, which is equivalent to 0 = [ + jg>**! mod n. We
seek a contradiction by considering the following cases.

(i) Fork =0, wehave I +¢ <[+ jq < 551 + 5lg = €21 < n, which is in
contradiction with 0 =/ + jg mod n.
(ii) For k = 1, we have 0 = [ + jg> mod n. Since j¢°> = j(¢°> +q — q) =
jq(@*> 4+ 1) —qj = —qj mod n, it follows that 0 = [ — jg mod n. In fact,
2
1<I< % and g < jq < 45, which is in contradiction with the congruence
0 = — jq mod n. Therefore, we have C+ C C.

2
Theorem 3 Let n = %, where q is an odd prime power with q > 7. If C is

g—1
. . . =+t
a g*-ary negacyclic code of length n with defining set Z = U2y Cs—aifor2 <
t < %, then there exist entanglement-assisted quantum codes with parameters

2 2
[543 —2g — 41 +5,q + 21 + 1; 511, where 2 < 1 < 451,

q=1
Proof From Lemma 4, let the defining set of negacyclic code Cbe Z = U, 2 e §—2i-
2 2
We can see that C is a negacyclic code with parameters [% 4 2+ L q—2t,q+

2t + 1]42 from Propositions 1 and 2. Then, we have the following result.

=CyUCy—g-1UCs—gy1. ()

From Lemma 4, we have

q-1 q-1
<U,’_21 Cs—2i> N—q <Uj_21 Cs—Zi) =0.

Since —gCs = C; and

=1 =1
(Uizzo Cs2i) N—q <Ui=20 Cs2i>
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it follows that

[/ g1

(Ui2q+l Cs2i> N—q (Uizz() Cs2i> = Cs—¢-1,
-2
q-1 a1y,

(U,'zzocs—%) N—q (U.=2q+ Cs— 21) = Cy—g+1

and

as follows.
Firstly, we show that

&y 21
Ul;qﬂ Cs2i | N—q U 2o Csi | = Csqul-
-2

From —qCy_441 = Cy_y—1 and —qCy = C;, we have

Ly 21
Ui_L+3 Cs—2i | N—q Ui:O Cy_0i
=72

In fact,
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a1 a1
for2 <t < L 1f <u,:2qf3’cs_2,‘> N—q (ui:zocx_z,) #£@for2 <t <%l e,

|
<U§=2CX_2(i+f121)> n C]( i=0 Cs—2i> # 0

for 2<t< ;1 , then there exist integers / and j, where 2 <[ < ;1 and0 < j <

2 , such thats —2(+ % 1) =—q(s— 2])q2k mod 2n for some k € {0, 1}. We can
seek a contradiction as follows

(i) When k = 0, we have s — 2(/ + %5%) = —¢(s — 2) mod 2n. Since —q(s —
=5+ 2jq mod 2n, we have 5 — 2( + el =5+ ij mod 2n, ie.,
0=1+ L~ +qjmodnlf0<]< and2<l<—,thenwehave
qTSI+—+q1<q2]+ +qq3=q_2‘12<nwhichisin
contradiction with 0 =1 + q L4 qj mod nIf2<l< —1 and j = %5, then
we have 0 =1 + q2 +q— mod n that is equal to 0 = l — 1 mod n, Wthh is

in contradiction with 1 <[/ —1 < %3
(ii) When k = 1, we have s — 2( + "2 Y=—(5—-2))¢>=—s+2jqg@*>+1)—
2jg = —s — 2jqg mod 2n, ie., jg =1+ q21 mod n. When j = 0, we have
0=/+ ‘12;1 mod n, which is in contradiction with qTH <[+ % < q—1.When

_ . — 2_ . .. ..
1<j 53%, we h]ave g <jqg< q% = 454 < n, which is in contradiction
. q+ qf
with 5= <1+ 45— <g — L
From the above discussions, we can see that the result follows.
Secondly, we show that

q—1 ;IJrl
<U,'=2()Cx—2i> Nn—q ( _2 +1 Cs—21) Cs— —q+1-
=7

g1 a1
It (u.zijfcs_z,- N—q (U2 1C 2,> £pfor2 <1< 93l e,
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for2 <t < ;1 , then there exist integers / and j, where 2 < [, j < %, such that

s —2(+ qgl =—q@s—2(j + qzl))qZk mod 2n for some k € {0, 1}. We can seek
a contradiction as follows.

(i) Whenk =0, s —2( + £ ) = —q(s —2(j + —)) mod 2n. Since —q(s
2(7 + —)) = —s+ 2q(] + —) mod 2n, it follows that s — 2(I + 4— ) =
—s +2¢(j + 5 mod 2n, ie, 0 = [+ 51 4+ g(j + 41 mod . Hence,
0=1+gqgj+ [’22—_1 mod n, which is equivalent to 1 = [ 4+ gj mod n. This

congruence is in contradiction With2+2q < l+qj < ;1 +q et = ‘1sz1 < n.
(ii)) Whenk = 1,s— 2(l+ )— —q (S—Z(]+ ))mod2n Smce q 3s—20+
1) = —s+24(q° +1)(J+ ) =290+ 45) = —s—2¢(j + 45+) mod 2n,

it follows that g (j + %) = l + 21 mod n. The congruence is equ1valent to

(j—Dg=Imodn.Sinceq < (j —1)g < qz+3q < n, which is in contradiction

g-1
with2 <[ < — , then we have <U ijfCS_zl') N—q (U_ ijltcs_2i> = 0.

2 2

From Lemma 1, we have ¢ = 5. From Theorem 1, there exist entanglement-assisted
2
quantum codes with parameters [[” +1 2+1 —2q —4t+5,q + 2t +1; 5]],, where
1

25’57-

Lemma 5 [36] Let n = A(q + 1), where q is an odd prime power, A is an odd divisor
of g — 1. Then, we have the following properties:

(1) The g*-cyclotomic cosets modulo 2n containing some integers from 1 to 2n are
Coic1 ={2i — 1} for1 <i <n;

(2) If C is a g*-ary negacyclic code with length 2n and the defining set is Z =
US_, Cai1, where Coi—y = {2i — 1) for 1 <8 < 951 4 jthen C11 C C.

Theorem 4 Let n = A(q + 1), where q is an odd prime power with ¢ > 1, A is an

odd divisor of q — 1 Wlth A > 3. IfC is a g*-ary negacyclic code of length n with

defining set Z = U, - T HHCgi_l. Then there exist entanglement-assisted quantum
1

codes wzthparameters [[A(g+D,A(g+1)—2A—2t—qg+5, % + A +1t; 4]l for

Proof From Lemma 5, let the defining set of negacyclic code C be Z =

q=1
U2 HHCzi,l, C is a negacyclic code with parameters [A(g + 1), A(g+ 1) — (qT_l +

A4+1), qTH +A+1] ! from Propositions 1 and 2. Then, we have the following result.
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!I*I q—1
=+t 7 HAH L
U Ul.zT "Coi1) N —q(U =;HC21—1>>
= C2(%+k) UCuy_1 U C (qT+)»)—l U Coiirg)-1- (% % %)

From Lemma 5, we have (U 2 szl) N —q (Ul_1 Czll) = (). In order to

get the result of equation (k * %), we have to show that

and

as follows.
Firstly, we show that

5 Lot ’1
Ui:%Hsz—l N—q C21—1 Cz(%l“)_l U Coptg)-1-

Since —qu(%H)fl = (Cy—1 and —qu(% = C2(j4¢)—1 from Lemma 5,

+2)—1
we have
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&l
= (g 1o (457 e))

qfl

U <<UA+Z+31 C211) N—q ( C211>>
=5+
=
<C2(,\+q) 1N 61( .21 C21—1>>

htt oy

<<U _HqHCzi—l) —q < C21—1))

U
=C, (q+1H) Y Captg)-1-

In fact,

Atq—1 Ll .
<Ui:q§3+AC21—1> N—q ( (21 C2i—1> =0

and
Gt e L
Ui:k+q+1C2i—l N—q C21—l =0

for 2 <t < % + A. It can be divided into two parts to discuss as follows.

q—l
(i) Since (Ukjgfl C2,~_1> N —q < l_l C2,_1) = () can be expressed by

rkg—1 13242
(Ui_;lzﬂﬂczzl) N—q < C211>]

Atg—1
[U ,,q+z+ Coi—1 N C2(q+x)—1] = .
- 2

From Lemma 5, we can see that U ‘M Czl-_l N Ca(g+1)—1 = ¥. Now, we have to
2

show <Uj‘+g+gl C2,1) —q ( C211> =0.If
=7+

Atg—1 =
(Uiif%gﬂczi—l) N—gq < C21—1> # 0.

93 4—3
This case is equivalent to (Ui:zl C2("“+A+i)—l> N —q < i1 Cz,_l) # (. Then
there exist integers [ and j, where 1 <[/ < ;3 and 1 < j < ;3 + A, such that
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2("“+A+l)—1——q(2j—1)mod2n If1<l<"_ and1<]<’1 + A,
thenwehaveZ(q +Ar4+D)—1=—¢@2j—1)mod2n,ie.,l+1+qgj=0modn.
Letg—1=2\e w1th some integer €. Then, 1 < j < (¢4 1)A — 1, j can be expressed
by the form j = uX + v, where 0 < u < eand 1 < v < A — 1. Therefore, we have
l+)»+q(u)»+v)=l+k(qu+u)+qv—ku+k—l~|—qv—ku+k—0modn.
Since 1 +q —eA+i <l+qu—rut+ir < 2 +qh—D+r= i@+ -4 <n,
which is in contradiction with / +qv—Au+A_Om0dn

. =L =iy
(ii) Since <Ui:2AIquC2i_1) N —q <Ul.:21Jr Cz,-_1> = J can be expressed by

Fatt L D)
(U _ZHqHCzil) N—gq ( U2, C2i1>

+ A+t 124
<U —2x+q+1C2i—1) —4 < izt Cai-1U Cz(‘ig‘ﬂ)l)

Fhtt 2342
[(UleqHCzi—l)ﬂ 6]( U2y C2i—1>]

+A+t
[(U —2A+q+1C2i*1 N C2(q+k)1} =0.
A q=3 A _ )
If (Ul ZAiqﬁCQ,-_l) N—q <Ui=21+ C21—1) = () for % <t< % + A, ie.,

' q+l 3
(Ui Co(itg+1)— 1> N—gq <U, 21 C2i—1> #0

forl <t — % < A — 1. Then there exist integers / and j, where | </ < A — 1
and 1 < j < 73 + A,such that 2(/ +qg + A) — 1 = —¢g(2j — 1) mod 2n, i.e.,
O—l—i—cy—i—q + A mod n.

Let ¢ — 1 = 2Ae with some integer €. Then, 1 < j < (¢ + )A — 1. j can be
expressed by the form j = ul 4+ v, where 0 <u <eand 1 < v <A — 1. Therefore,
Wehavel+)\+q(uk+v)+% :l+k(qu+u)+qv—)\u+)»+% =
l+qv—Xu+A+qT_l =0modn. If 0 <u <eand1 < v < A —1, then
l+g—er+ri+ G <l+qu—tu+r+ 5 <2 10— D+r+ 450 =
Mg+ 1) —2 < n, which is in contradiction with / + gv — Au +A++% = O mod n.

Secondly, we show that

= Lot
( 2 Czl 1)0—6]( quzrl Coio 1> CZ)ﬁlUCZ(qZ;l_H\)_l.

) Akt 2
Since (U _qu Czl 1) —q( C2i—1> = CZ("T“H)—l U Co049)-15

2
=l o=l
it follows that —g (Ui=2+ +tC2,-_1> N ( 2 C2, 1) = —qu(Lerl_’_)L)_l U

—4Ca+q)-1 = C23-1 U Gy
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) Fhtt e
Finally, we show that <U 2 Coi— 1) —-q (U :24+1 C2i—1> = for % =

=934 i= 4
g—1
t< L4
b A
If(U ijl o Czl 1>ﬂ—q ( j i_l +AC2,-1) # @for# <t< qT+A which
= =+
is equivalent to (Ui:lcz("T’l+A+i) 1) ( 2(q i 1) # (. Then there

exist integerslandj where q+3 <l,j< =L 4 ), such that2(q l—i—)le) —1
—qQEF + a4+ ) -1 mod 2n, ie., 2t _1+q1 mod n. Since (¢ + 1)42
l4+qj < (q+1)(q2 + A1), wehave2q+2 <l+4+gqgj—n < L which is in

contradiction with q+1 =i + ¢gj mod n. Therefore, the result follows.

FromLemmall, we have ¢ = 4. From Theorem 1, there exist entanglement-assisted
quantum codes with parameters [[A(g+1), A(g+1) =21 —2¢t —g+5, qTH +A+t; 4]y
for 432 < ¢ < 421 45

I/\

Lemma 6 [36] Letn = 2)(q + 1), where q is an odd prime power with ¢ = 1 mod 4,
A is an odd divisor of ¢ — 1.

(1) The g*-cyclotomic cosets modulo 2n containing some integers from 1 to 2n are
Caici = [2i = D for 1 <i <n;

(2) If C is q*-ary negacyclic code with length 2n and the defining set is Z =
U?:1C2,~_1, where Cri—1 = {2i — 1} for1 <8 < % + 2, then C+n C C.

We can obtain a similar result by using the method of Theorem 4 in the following
theorem.

Theorem 5 Letn = 2A(q+1), whereq > 13 isan odd prime powerwithq = 1 mod 4,
A > 3 is an odd divisor of ¢ — 1. If C is a q*-ary negacyclic code of length n with

q—1
+2h+t . .
defining set Z = U, - 2 Cai_1. Then there exist entanglement-assisted quantum

codes wzthparameters [2A(g+1).2A(g + 1) — 4% =2t —q +5, L1 + 20+ 1: 4],
for% <t< %+2Awithq = 1 mod 4.

Remark 1 From Proposition 3, we can see that these entanglement-assisted quantum
codes constructed from Theorems 2, 3, 4 and 5 are quantum MDS codes. There are
some entanglement-assisted quantum MDS codes with different lengths are listed in
Tables 1, 2, 3, and 4. The distance of these quantum MDS codes is greater than g + 1.
The readers can also construct some other families of entanglement-assisted quantum
MDS codes by using Lemma 1 to obtain entangled states.

In the above part of this section, we have discussed four families of entanglement-
assisted quantum MDS codes constructed from negacyclic codes. In the following part
of this section, we will find that there exist entanglement-assisted quantum codes with
maximal entanglement.
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Table 1 Sample parameters of

entanglement-assisted quantum n [g? +1,¢% +5—2q —dt,q +2t + 1;4]l4
%lzzrggfl;s constructed from 5 26 [126, 12, 10; 4115
9 82 [182, 60, 14; 4119
9 82 [[82, 56, 16; 4]]9
9 82 [[82, 52, 18; 4]]9
13 170 [[170, 140, 18; 4]113
13 170 [[170, 136, 20; 41113
13 170 [[170, 132, 22; 4]];3
13 170 [[170, 128, 24; 41113
13 170 [[170, 124, 26; 41113
17 290 [[290, 252, 22; 41117
17 290 [[290, 248, 24; 41117
17 290 [[290, 244, 26; 41117
17 290 [[290, 240, 28; 4]117
17 290 (1290, 236, 30; 4]117
17 290 (1290, 232, 32; 4]117
17 290 [[290, 228, 34; 41117

Table 2 Sample parameters of optimal entanglement-assisted quantum MDS codes constructed from The-
orem 3

q n [[#,‘1224172q74t+5,q+21+1;5]:|
q
9 41 [[41,20, 14; 5]1]o
9 41 [[41, 16, 16; 5]]9
9 41 [[41, 12, 18; 5]]9
11 61 [[61, 36, 16; 51111
11 61 [[61, 32, 18; 51111
11 61 [[61, 28, 20; 5]111
11 61 [[61,24,22; 5]]11
13 85 [[85, 56, 18; 51113
13 85 [[85, 52, 20; 51113
13 85 [[85, 48, 22; 51113
13 85 [[85,44,24; 51113
13 85 [[85, 40, 26; 51113
17 145 [[145, 108, 22; 51117
17 145 [[145, 104, 24; 51117
17 145 [[145, 100, 26; 51117
17 145 [[145, 96, 28; 51117
17 145 [[145, 92, 30; 51117
17 145 [[145, 88, 32; 51117
17 145 [[145, 84, 34; 51117
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Table 3 Sample parameters of entanglement-assisted quantum MDS codes constructed from Theorem 4

g A (Mg + 1. g+ 1) =20 =2t —q +5, 95 40+ 147,
7 3 [[24, 6, 12; 411

7 3 [[24, 4, 13; 4]}
1 5 (160, 30, 18; 4111
1 5 (160, 28, 19; 4]
11 5 ([60, 26, 20; 4]
11 5 160, 24, 21: 4111
13 3 [[42, 12, 18; 41113
13 3 [[42, 10, 19; 41113
19 3 [[60, 18, 24; 4110
19 3 [[60, 16, 25; 41119

Table 4 Sample parameters of entanglement-assisted quantum MDS codes constructed from Theorem 5

q A [20(g + 1), 24(g + 1) =42 =2t —g +5, 931 4 20 4 15411,
13 3 ([84, 48, 21; 41113
13 3 (84, 46, 22: 41113
13 3 (84, 44, 23; 41113
13 3 [[84,42,24; 4]]13
13 3 (84, 40, 25; 41113
25 3 [[156, 96, 33; 411ps
25 3 (1156, 94, 34; 4115
25 3 (156, 92, 35; 4115
25 3 [[156, 90, 36; 4115
25 3 [[156, 88, 37; 411»s

Theorem 6 Let n = g> + 1 and s = n/2, where ¢ > 5 is an odd prime power
with ¢ = 1(mod 4). If C is a g*-ary negacyclic code of length n with defining set
Z = Cs_441UCs_y_1, then there exist maximal-entanglement entanglement-assisted
quantum codes with parameters [[¢> + 1, ¢> — 3,d > 3; 4114

Proof Let the defining set of negacyclic code C be Z = Cy_411 U Cy—y—1. From
Lemma 2, we can see that C is a negacyclic code with parameters [q2 +1,9°—-3,d >
3]qz. Since ZN—qZ = Cy_y41UCy_y_1, it follows that ¢ = 4 from Lemma 1. From
Theorem 1, there exist maximal-entanglement entanglement-assisted quantum codes
with parameters [[q2 +1, q2 —3,d > 3;4]],.

Theorem 7 Letn = qu'H and s = n, where q is an odd prime power with q > 3. IfC
is a g*-ary negacyclic code of length n with defining set Z = Cs—gr1UCs_41 UG,
then there exist maximal-entanglement entanglement-assisted quantum codes with

2 2
parameters [[% % —5,d > 3; 5]] .
q
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Proof Let the defining set of negacyclic code C be Z = Cy_441 U Cy_y—1 U
Cs. From Lemma 4, we can see that C is a negacyclic code with parameters

2
[ 5 —5.d 23] . Since Z N =qZ = Cy—qi1 U Cygm1 U Ciit follows
q
that ¢ = 5 from Lemma 1. From Theorem 1, there exist maximal—entanglement

entanglement-assisted quantum codes with parameters [[" 2+ Lo+l +1 —5,d>3; 5]]

Remark 2 In Theorems 6 and 7, it is not easy for us to obtain maximal-entanglement
entanglement-assisted quantum MDS codes under Hermitian construction, because
we have to ensure not only that the elements of ¢>-ary cyclotomic cosets of Z N —gZ
are continuous, but also that Z N —gZ = Z. In the future work, we will optimize the
algebraic structure of g2-ary cyclotomic cosets to harmonize the conflict.

5 Summary

In this paper, four families of entanglement-assisted quantum codes that satisfy the
entanglement-assisted quantum Singleton bound with ¢ + 1 < d < (n + 2)/2
are constructed. Moreover, we also construct two families of maximal-entanglement
entanglement-assisted quantum codes. These quantum codes constructed in this paper
are different from the ones in the literature. In [22], the authors constructed some
families of entanglement-assisted quantum codes as follows:

(D) [[q2 +1, q2 —2d +4, d; 1]],, where g is a prime power, 2 < d < 2q is an even
integer.

(12*] q271 X . . q+1
) [[T’ - 2d + 4, d; 2]],4, where g is an odd prime power, S+ 2<d<
3 1

1121 thiszpaper, we can transform the parameters of Theorems 2,3,4, and 5 into the
following forms.
() [g>+1,¢*>+7—2d,d; 4]),, where ¢ + 5 < d < 2q, q is an odd prime power

Withq > 5andq = 1 mod 4.

(i1) [[u *5— —2d+7,d;5]ly, where ¢ +5 < d < 2g and ¢ is an odd prime
power w1th q>"1.

(iii) [[A(g + 1), A(g +1) —2d + 6,d; 4]],, where g is a prime power withg > 7, A
is an odd divisorof ¢ — 1 withA > 3andg +2+ X <d < q + 2.

(iv) [[2A(g+1),2A(g+1)—2d+6, d; 4]],, where g is a prime power withg > 13,2
isan odd divisorof g — 1 withA > 3,g = 1mod4 andg+2+21 < d < g+4A.

The performance of an entanglement-assisted quantum code can be measured by

net rate (—) Brun et al. [8] showed that it was possible to obtain catalytic codes

when the net rate of an entanglement-assisted quantum code was positive. Qian and

Zhang [21] used net rate to study the performance of entanglement-assisted quantum

codes constructed from linear binary codes. Here, we compare [[¢% + 1,¢> + 7 —

2d, d; 4]]4 with [[q2 +1, q2 —2d+4,d; 1]], of [22] by using net rate, we can find that

entanglement-assisted quantum codes from Theorem 2 have greater distance. When

A= q21 or A = 41 we can obtain [[1— T_l — 2d + 6,d; 4]]; and compare
it with [[u, —_1 —2d +4,d;2]]; of [22] by using net rate, which implies that
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entanglement-assisted quantum MDS codes constructed from Theorems 4 and 5 have
better distance. We can also search for entangled states ¢ by using Lemma 1 to obtain
more entanglement-assisted quantum MDS codes. The more entangled states ¢ can
increase the error-correcting ability of quantum codes.

In addition, we also construct two families of entanglement-assisted quantum codes
with maximal entanglement as follows.

@) [[(127“, qZTH —35,d > 3;5]],, where ¢ is an odd prime power with g > 3.
(i) [[¢*> +1,¢%> —3,d > 3;41],, where g is an odd prime power with ¢ > 5 and
g = 1 mod 4.

From Lemma 1, in order to obtain maximal-entanglement entanglement-assisted quan-
tum codes, the defining set of Z should satisfy ZN—g Z = Z; however, it is a necessary
condition. If we want to obtain maximal-entanglement entanglement-assisted quan-
tum MDS codes, we have to ensure the defining set Z of negacyclic codes can generate
an MDS code however, it is difficult for us to acquire the defining set Z in this manner.

In the future work, we will use other negacyclic codes even constacyclic codes
to construct some other entanglement-assisted quantum MDS codes with minimum
distance greater than ¢ + 1. Moreover, how to construct maximal-entanglement
entanglement-assisted MDS codes from negacyclic codes or other methods is also
an interesting topic.
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