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Abstract We propose a novel scheme for remote preparation of an arbitrary n-qubit
state with the aid of an appropriate local 2" x 2" unitary operation and n maximally
entangled two-qubit states. The analytical expression of local unitary operation, which
is constructed in the form of iterative process, is presented for the preparation of n-
qubit state in detail. We obtain the total successful probabilities of the scheme in the
general and special cases, respectively. The feasibility of our scheme in preparing
remotely multi-qubit states is explicitly demonstrated by theoretical studies and con-
crete examples, and our results show that the novel proposal could enlarge the applied
range of remote state preparation.

Keywords Quantum information - Remote state preparation - Successful probability -
Arbitrary multi-qubit states

1 Introduction

Remote state preparation (RSP), originally proposed by Lo [1], is the communication
process that transmits quantum states from a sender to a remote receiver using a
prior shared entanglement and some classical information. Compared with the usual
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teleportation [2-9], the sender in RSP knows completely the transmitted state to be
prepared by the receiver, while in the teleportation neither the sender nor the receiver
has knowledge of the transmitted state.

For the sake of that the RSP could be applied to quantum information, the RSP
has acquired lots of attention recently [10-25]. Pati [26] demonstrated that the RSP
is more economical than quantum teleportation and requires only one classical bit
for special states chosen from equatorial or polar great circles on a Bloch sphere,
but for general states, the RSP requires as much classical communication cost as
quantum teleportation does. Dai et al. [27] presented a scheme for probabilistic remote
preparation of an entangled two-qubit state with three parties from a sender to either of
two receivers via one partially entangled state. Wei et al. [28] explored how to realize
the RSP when the information of the partially entangled state is only available for
the sender. Meantime, some RSP schemes have been implemented experimentally via
nuclear magnetic resonance [29] and spontaneous parametric down-conversion [30].
Nevertheless, there are also many important and open subjects to be taken into account
for the RSP. One of them is the preparation of an arbitrary multi-qubit states in the
general and special cases.

The purpose of this paper is to give a new scheme to prepare an arbitrary n-qubit
state by using of an appropriate local 2" x 2" unitary operation, of which the solution
procedure is presented in the form of iterative process. Quantum channel is composed
of n maximally entangled two-qubit states, which can be obtained experimentally with
photons, electrons and so on [31-36]. The total successful probability of the RSP is
considered as one of the most important parameters; we calculated the successful prob-
abilities in the general and particular case, respectively. It is noting that the successful
probability for a general n-qubit state is only equal to 27" via maximally entangled
two-qubit states. Moreover, when the relative phase parameters of transmitted states
are all zero, the successful probability would be improved to 2! =", twice as much as
the probability for general states. Besides, the successful probability would be equal to
1/2 when the amplitudes of prepared states are V27" The feasibility of the proposed
scheme is proved by theoretical studies and concrete examples. With our proposal,
one can prepare two-qubit states and three-qubit states in the general and particular
cases, respectively. Our results show that the novel proposal could enlarge the applied
range of remote state preparation.

The rest of this paper are organized as follows: In Sect. 2, a novel scheme for remote
preparation of an arbitrary n-qubit state is presented via an appropriate local 2" x 2"
unitary operation, of which the solution process is given in detail. The total successful
probability of the scheme is obtained, and it is equal to 27". In Sect.3, we discuss
how to realize the RSP of special states. If the factors of transmitted states are all real
number, the successful probability is twice as much as the probability in the general
case, and equals to 2'~". Moreover, the successful probability would be improved
to 1/2 when the amplitude of transmitted states equal to /27", In Sect. 4, concrete
realization processes for preparing remotely two-qubit and three-qubit states in the
general and special cases are illustrated to demonstrate explicitly the feasibility of our
scheme. The paper concludes with Sect. 5.
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2 RSP of general n-qubit states

Suppose that the sender Alice wants to help the receiver Bob remotely prepare the
follow quantum state

) =c¢1]0...00) +¢c2[0...01) 4+ -+ con_q|1...10) + con|1...11)
=le1. 2. ... cop, e - [IM)]F (1)
where the real number ¢ and complex ones ¢z, ¢3, . . ., con satisfy Zfll |ci |2 = 1,and

UMY =T111) - [Ton-1), [To)]=1]0...00) --- |1...10), |1...11)]. If and only
if the original state is not entangled, it could be presented as [{/)1 @ [¥ )2 ® - - - Q |V ),
here [); (i = 1,2...n) is the state of particle i. The unentangled states would
be transmitted through the n-time processes of preparing an arbitrary single-qubit
state [26]. Quantum channel is composed of # maximally entangled two-qubit states
below

1
W) jk = E(|00> 1 j=1,3,....2n =1 k=j+1. 2)

Without loss of generality, particle j belongs to the sender Alice, while particle k is
hold by the receiver Bob. Alice need to construct a special 2" x 2" unitary operation
U[®,'] to realize the RSP. Actually, U[®)!] (m = 1,2, ..., n) takes the form of the
following 2™ x 2™ matrix

<C:§+2 _C2+1> m=1

Cd+1 Cd+2

Hl’l J—

ulep] = ( UL} _ 1l =0 U[@fr’l—l]'dm‘1> 7
m_ .

~ ~-1
nGuie)_la,=0 —ng UIO)_1ld,=1

here

O, = (n; m; Cca41, Ca42, ..., Caqam; dy .. .dody) 4
d=2""1"d,+2" % dy_1+---+2d> 5)
m—1
S lcaril? ldp=t
M =0 = ;H (6)
Zi:l |Cd+i|2 |dm:()
nd = L1 - 1 ldu=0 )

It should be emphasized that the binary number d,---dd; has initial state
dy =dy—1 = --- =d; =0, and this number would be changed with the development
of the iterative process, given by Eq. (3). Note that U[®,'] can be presented as
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c —c} ch —c3

1 c2 Cc3 Cc4
nyes —njct _(’72) 1C4 (’72)7103
nyci 77(2)62 -3 —(m~!

ngz ’7% &) _HZFZ 7712 i —1_[ 3’71 (’72 C4 [Ti- 3’% (’72) ‘e
Hi:z n; €1 Hi:z n 2 — Hl:?, 77, (772) - 1_L:3 77, (7]2)

C;n _C;n_l
C2n 1 C2n
— 1 2"—4y—1
(772 ) an (772 2n)4 an 1
1 —4\—1
(n Y ey —(ny ") can

®)

o . :
n on i n on i
(Hi:Z -n; ) o — (Hi: - ) Gy
1 i\ —1
2n 21 on_pi
(H =2 ) €2n—1 ( i ) €
In order to fulfill the RSP, Alice carries out the n-qubit projective measurement

on her particles (1,3...2n — 1) in a set of mutually orthonormal basis vectors
{IxX1), |A2), ..., |A2n)}, which are given by

T = (A1), 1A2) ... o)1t = ULeM 110" )

Meanwhile, the joint state of the whole system, formed by » maximally entangled
states, can be rewritten as

V)12 @ [¥)34 -+ W) 2n—-1)2n
2n

n on
1
= (E) : E [Ai)13.20—1 - E U*[©,10, DIT})24..20 (10)
iz

j=1

The parameter U*[®,'](i, j) presents the element in the i-th row and j-th column of
the complex conjugate of the matrix U[®)]. After performing the measurement given
by Eq. (9), Alice informs Bob of her measurement results via classical channel. If
particles of Alice is |A1) with the probability of 277, particles (2, 4 ...2n) would be

c2|I) — 1| I12) +ca|I3) — 3| Ty) + - - -+ con|Ton—1) — conq|Ion) (11)

Hence, Bob performs o, - o, on particle 2n, and then Bob’s particles would be
on the original state, given by Eq. (1). From Eq. (10), one can find that if Alice
obtains the result |A;) (kK = 2,3...2"), particles (2,4...2n) will collapse into
Z?nzl U*[©; 13, ))ITj)24..2n. Because of that Bob has no information of this param-
eters ¢ and nff, given by Eq. (8), Bob’s particles can not be unitarily converted into
the original state from |Ag).
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From the above discussions, one can find that the RSP could be realized successfully
when the state of Alice’s particles is |11) with the probability of 27". The results are
in agreement with the probabilities of Refs. [12,13,27,28] when quantum channel is
a maximally entangled state.

3 RSP of special rn-qubit states

In this sequel, the successful probability of the preparation for special n-qubit states,
inwhiche; =¢f (i =2,...,2" or ;| = V27", would be calculated based on the
analyses in Sect. 2.

For the states shown as Eq. (10), it can be found that if Alice’s measurement outcome
is [A2) and ¢; are all real, i.e., |c;| = c, particles (2,4, ..., 2n) should be prepared
remotely to

cill) + 5| D) + - 4 5| Don) = ci| 1) + cal 1) + -+ + e[ Do)

The above state is just equal to the original multi-qubit state without any unitary
operations. Because of that |A1) and |12) are both advisable for the RSP when ¢; = ¢,
the successful probability of RSP would be twice as much as the one of the general
case, and equals 2' 7",

On the other hands, if || = V277, the parameters given by Eq. (6) would always
be n¢, = 1, and the unitary transformation U[@!"] could be reduced to

¢ —e i S —ch
Cl cy C3 Cq4 - Con_q Con
k * k k *
C2 —C1 —C4 C3 A _CZ” C2n_1
1 _ C1 C) —C3 —C4 --- —Con_q —C)n
VIO, 1 va =
-1
5 —cy—¢c; ¢ - (D" (D',
c1 e —cz —ca - (=D Loy (=) lep

From Eq. (10), one can find that
A2—1)13-20-1 — U*[@Z]I|cj‘=¢2-ﬁ(2l — 1, DIT})24.2n (12)

Furthermore, for [ € {Z* | 2 — 1 < 2"}, the elements in the (2] — 1)-th row of
u*erl| lear1|=v/2 would belong to {c;}. Hence, the RSP could be realized success-

fully when the measurement result of Alice’s particles belongs to {|A;—1)} with the
probability of 1/2.
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4 Examples of RSP

To illustrate the above scheme explicitly, we will demonstrate how to prepare two-
qubit states and three-qubit states, which are elementary and important resources for

quantum information.

4.1 Two-qubit states

Suppose that one wants to prepare the follow two-qubit state
[¥) = c1100) + ¢2[01) + ¢3]10) + c4|11)
From Eq. (6), one can find that U [@22] can be expressed as

;5 —c ch —c3

62 = c1 c C3 C4
2T 770* 77201 —9)" *(n)
77261 772 2 _(7’2) C3 _(772)

Quantum channel is composed of two maximally entangled states below

2 2
[¥)i2 = %_(IOO) +I)2 (¥ = %_(IOO) +[11))34

The whole particles can be rewritten as

4

1
)2 ® W) =7 §(|xi>13|¢,~>24>

where
A1) = ¢5]00) — ¢1]01) 4+ c3[10) — c3|11)
[A2) = ¢1]00) + c2]01) + ¢3]10) +C4|11)
-1
x3) = n3¢3100) — nde1|01) — (13)~ C4|10)-+ 09~ I
) =

ha) = 31100} + n3e201) — (0D~ e3]10) + (1D ' eal )
1) = 2100) — ¢1101) + ¢4]10) — e3]11)

|®2) = ¢1]00) + c§|01) + c}kIIO) —I—CZ|11)

|®B3) = n2c2100) — nc1]01) — (0D cal10) + 1D ' esl11)
|4) = n9¢1]00) + n3c3101) — () ' c5110) — (n) e 111)

1 = (el + e /il + el
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After the two-qubit projective measurements {|A;) | i = 1,2, 3,4} on the qubit pair
(1, 3), the sender Alice informs the receiver Bob of her measurement results via
classical channel. As we see, if the measurement result is |11), the particles of Bob
would be |®) in Eq. (21). Hence, by performing o, - o, on particles 4, Bob can
reconstruct the original state on particles (2, 4). Note that the successful probability
of RSP is 1/4.

Furthermore, if ¢; (j = 2, 3, 4) are real numbers, and Alice’s measurement out-
come is |Ap), particles (2,4) would be on the original state, shown as Eq. (1). The
RSP can be realized successfully for the measurement results {|11), |*2)}, and then
the whole probability would be improved to 1/2. By the way, when |c;| = 1/2 (j =
1,2, ..., n), the parameter ng is equal to 1, and |®P3)24 shown as Eq. (23) would be
rewritten as

|®3)24 = (€2/00) — c1]01) — ¢4]10) + ¢3]11))24
Hence, Bob can reconstruct the original state on particles (2, 4) by performing o, on

particle 2 and o, - o, on particle 4, respectively. Note that the successful probability
of RSP in this case is 1/2.

4.2 Three-qubit states
Suppose that the receiver Bob wants to prepare the follow three-qubit state

T
V) = [c1, c2, ¢3, ¢4, c5, c6, 7, cg8][I17)]

where [|I")] = [|000), |001), |010), |O11), |100), |101), |110), |111)]. Note that
U [@);’] can be described by

a —Cq c —c3 e

cl ¢ c3 c4 cs
ncs  —nder —m 7'k M~ 'ex njc;
UEL) —n3c1 N3¢y —N3C3 —(13)7 g
nyci n3ca n3c3 njes =~ Les
nindes —ninder —n3m) ey @Dy — D n3ck

ninder  n9ndcr —nSmD ez — 0@ e — D nes

—c3 cg —c;

c6 7 cs

—n3ct — 7§ 3~k
mes =) 7ler =)y 26)

aP~"es —'e "¢

—mD7lee —D7rer = Les

D~ nicz D~ — D)~k

— D e )7 ler In3) " les
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Quantum channel is composed of three maximally entangled states below

V2 . :
9 je = =00} + 1)y j=1,3,5 k=j+1.

Thus, the whole particles could be rewritten as

1

8
V)12 ® |¥)34 ® |W)s6 = (12} 1351P;i)246)
7 2 sl
where
|)“1> = [C;a —C1, CIa - C>3k7 C>6k7 - C;ka C;a - C'}k] : [lF)]T

%) = [c1, 2, 3, ca, C5, Coy €7, cg]- [|T)]T
|A3)

(183, —nder, —@d'e, od~'ex,
—n3cg, mei —@d'eh o]0

A4) = [n361, — e, =3 ez, () ea,

— nes. wcs, — D~ er, ) ~es| (1M
i2s) = [n3es. —nSer, nfet. —nles.

— a7 oD — @ aD 7| T
lA6) = [77(3)01, —n3ca, mies, —n3ea,

— e, =)o — @D Ner, — D eg| (DT

a7) = [nddes, —ndnder, —nbod~'ch mdd e,

— @ 3k, D03k, m¥nd s = §nd~'es |-t

he) = [ndnder, — mindea, — 30" es, 0P eu,
D ndes. — D ndes, m§nd) ' er, GriHes |- IO

T
|®1) =[c2, —c1, c4, —c3, 6, —c5, cg, —c7]-[|17)]
|®2) = [c1, ¢35, b, ¢}, ek e, of g Ut

|®3) ==[n862, —nder, — ) tes, 3)7es,

—1ee, mes, — D) es, ) er |- 0N
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(@4) = [mer, —nes. - oD7'ex )7l

—3ci, ndcg, — D', 7] (40)
®s) = [n§ea, = nfer, nes, —nfes,

— s, @D es, — @D es, @D e |0 (41
(@) = [n§er, —nles, nfes, — el

— DTG — @G — oD, — e TG it @)
®7) = [mnde2, —nnder, —n§d)~"ew, 0D es,

— ) des, ) ndes, D Mes. — D er |-

43)

®s) = [§nder, —n§ndes, —n§nd e, o' es,

oD 7"des, — ks mh e adnd e ] ImIT @)

g = e + lea)/(ler 2 + leal?) (45)
B = (el + les)/(lesP? + legl?) (46)
1 = S sle /(S el 47

For arbitrary three-qubit states, when the measurement result is |A1)35, Bob can
construct the original state from |®1)24¢ by performing oy - o, on particle 6. The
successful probability of RSP in the general case is 1/8.

Furthermore, we would like to point out that one can convert | ®»)24¢ to the original
state whenc; (j = 2, 3, ..., 8) arereal numbers. The RSP can be realized successfully
for the measurement results {|A1), |[A2)}, and then the successful probability would be
improved to 1/4. Others, if |¢;| = %@ (G =12,...,8),1ie, 77(2) = n% = 17(3) =1,
Bob can reconstruct |®y) (k = 1,3,5,7) to the original state on particles (2, 4, 6).
The total successful probability of RSP is 1/2. For example, if the measurement result
is [A7)135,

T
|q>7> =[C25 —C1, —C4, C3, —C6, C5, C8, _67].[|F>]

the original state can be reconstructed from |®7) on particles (2, 4, 6) by performing
o, on particle (2, 4) and o, - o, on particle 6, respectively.

Actually, the real-parameter states (¢; = c;‘, i =2,...,2") and the equatorial
states (|c;] = +/27") have some special properties that make them interesting for

quantum information processing [37—40]. Since they contain less information com-
pared to general states, it should be easier to prepare special states than arbitrary states.
Jiang and Dong [37] presented a two-phase general protocol for deterministic remote
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preparation of the real-parameter states. Moreover, Li and Ghose [38] presented a
scheme for optimal joint RSP of n-qubit equatorial states with the 100% success prob-
ability. It is noting that one can use the similar procedures of these two proposals
to perform the RSP of special states in a deterministic manner, even though these
proposals are not available for preparing general states, which could be realized by
using of our scheme. Hence, the method in this paper and the former two proposals
complement each other.

5 Discussions and conclusions

In summary, we put forward an efficient scheme to prepare an arbitrary n-qubit state
with the aid of n maximally entangled two-qubit states and appropriate local 2" x 2"
unitary operation, which is described by the form of iterative process. The total suc-
cessful probabilities of the RSP in the general and particular cases are calculated,
respectively. The feasibility of this proposal is proved by theoretical studies and con-
crete examples. In contrast to the preceding schemes [10-25], our method has the
following advantages. First, this scheme can in principle be applied to prepare any
arbitrary multi-qubit states including the real-parameter states and the equatorial states
in a reliable way. Second, quantum channel for our proposal is composed of n maxi-
mally two-qubit entangled states. The creation for entangled two-qubit states has been
widely discussed and realized; it is relatively easier for us to obtain this resource.
Third, this method can be generalized to the controlled RSP scheme by substituting
the GHZ state for one of maximally two-qubit entangled states. In this case, only
one qubit would be added to decide whether the RSP is successful or not. Forth, our
method can be simply changed to the RSP protocol with n remote receivers when
particles (2,4, ..., 2n) belong to each receiver, respectively. Thus, the original state
could be prepared in the particles of separate receivers. This makes our iterative pro-
tocol promising for wide applications. From the point of the potential applications of
the RSP, we believe that our scheme will play an important role in expanding the field
of quantum information processing.
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