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Abstract In this paper, we provide two methods of constructing quantum codes from
linear codes over finite chain rings. The first one is derived from the Calderbank—
Shor-Steane (CSS) construction applied to self-dual codes over finite chain rings. The
second construction is derived from the CSS construction applied to Gray images of
the linear codes over finite chain ring IF 2 + ulF 2. The good parameters of quantum
codes from cyclic codes over finite chain rings are obtained.
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1 Introduction

Quantum codes were introduced to protect quantum information from decoherence and
quantum noise. A main obstacle to complete quantum communication is decoherence
of quantum bits caused by inevitable interaction with environments. Quantum codes
provide an efficient way to overcome decoherence. After the works of Shor [1] and
Steane [2], the theory of quantum codes has been progressed rapidly. Calderbank et
al. [3] provided a systematic mathematical scheme to construct quantum codes from
classical Hermitian dual-containing codes over [Fy4.

Some researches constructed quantum codes by using linear codes over finite rings.
In [4], Qian et al. gave a new method to obtain self-orthogonal codes over ;. Based
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on these results, a lot of quantum codes are obtained from cyclic codes over [Fy + ulf,,
where u? = 0. Tang et al. [5] extend the results in [4] over Fom +ulfom + - - -+ ukFom,
where u? = 0, m is a positive integer. In [6], Ashraf and Mohammad constructed
quantum codes from cyclic codes over F3 4 vF3, where v> = v. Following this line,
we consider that quantum codes are derived from finite chain ring .

Hereafter, p is a prime. The purpose of this paper is to consider liner codes over finite
chain rings to obtain good quantum codes. In Sect. 2, we review some concepts and
properties about quantum codes over finite fields. In Sect. 3, we first give the necessary
background materials on finite chain rings. Then a construction for quantum codes
from self-dual codes over finite chain rings is given. In the final section, for special
finite chain ring R = I ,on + ulF ,,on, we define a new Gray map @ from R" to Fiﬁm,

Gray weights of elements of R”, Gray distance dg(C) and Hermitian dual C+# with
respect to Gray weight and the Hermitian inner product in the linear code C over
R. We prove that (C Liy = ®(C)LH and give a method to derive Hermitian dual-
containing codes over I 2. as Gray images of linear codes over F ,0n + ulF 2n. The
parameters of quantum codes are obtained from cyclic codes over R.

2 Review of symmetric quantum codes

In this section, we recall some basic concepts and results of symmetric quantum codes,
necessary for the development of this work. For more details, we refer to [7,8].

Let IF, be the finite field with g = p>™, where p is a prime number and m > 1 is an
integer. Let V,, be the Hilbert space V,, = C¢ "=(C9®---®CY.Let| x) be the vectors
of an orthonormal basis of C4 n, where the labels x are elements of F,. Then V,, has
the following orthonormal basis {|c) = |c1c2...cp) = |c1) R lc2) ® - R lcy) : ¢ =
(c1,¢2,...,¢cp) € IFZ}.

Consider a, b € F,, the unitary linear operators X (a) and Z(b) in C? are defined by
X(a)|x) = |x + a) and Z(b)|x) = w'"®¥|x), respectively, where w = exp(27i/p)
is a primitive p-th root of unity and tr is the trace map from F, to IF,,.

Leta = (ay,...,a,) € F", we write X(a) = X(a;) ® --- ® X(a,) and Z(a) =
Z(a1) ® --- @ Z(ay) for the tensor products of n error operators. The set E, =
{X(@)Z((®):a,be IE‘Z} is an error basis on the complex vector space C4" and we set
G, ={w°X(@)Z():a,bel] cecl,}is the error group associated with E,,.

Definition 2.1 A g-ary quantum code of length n is a subspace Q of V,, with dimension
K > 1. A quantum code Q of dimension K > 2 is called symmetric quantum code
(SQC) with parameters ((n, K, d))4 or [[n, k, d]],,where k = loqu if Q detectd —1
quantum digits of errors for d > 1. Namely, if for every orthogonal pair |u), |v) in Q
with < u|v >= 0andevery e € G, with Wy (e) < d — 1, |u) and e|v) are orthogonal,
i.e.,< ulelv >= 0. Such a quantum code is called pure if < u|e|v >= 0 for any |u)
and |v) in Q and any e € G, with 1 < Wgp(e) < d — 1. A quantum code Q with
K = 11is always pure.

Let us recall the SQC construction:

@ Springer



Quantum codes from linear codes over finite chain rings Page 3 of 15 240

Theorem 2.2 [8, Lemma 20] Let C; be a classical linear code with parameters
[n, ki, d;]; and Cl-l C Ci4( moa 2)(i = 1,2). Then there exists an SQC Q with param-
eters [[n, ki +ky —n, > d]l4 that is pure to min{dy, d>}, where d = min{wi(c) : ¢ €
(C1\C3) U (C2\C)).

Corollary 2.3 If C be a classical linear [n, k, d], code containing its dual C Lcoc,
then there exists an SQC Q with parameters [[n, 2k — n, > d]], that is pure to d.

To see that an SQC is good in terms of its parameters, we have to introduce the
quantum Singleton bound ( See [7]).

Theorem 2.4 Let C be an SQC with parameters [[n, k, d]],. Thenk < n —2d + 2.

If an SQC Q with parameters [[n, k, d]], attains the quantum Singleton bound
k < n — 2d + 2, then it is called an SQC maximum distance separable (SQCMDS)
code.

Definition 2.5 An SQC Q with parameters [[n, k, d]], is called a near quantum max-
imum distance separable (SQCNMDS) code if it satisfies 2d > n — k.

Corollary 2.6 Let C be an [n, k,d], classical code containing its dual, C Lcc
Then

1. k> [%1.
2. If Cis an MDS code, then there exists an [[n, 2k — n, d]]; SOCMDS code.

Proof 1. Since C is a k-dimensional subspace of F”, Clisa (n — k)-dimensional
subspace of IFZ It follows that n — k < k by CL C C. Therefore, k > f%'|.

2. If C is an [n, k, d], classical MDS codes containing its dual, CL+ c C, then
Corollary 2.3 implies the existence of a quantum [[n, 2k — n, > d]]; code Q.
Theorem 2.4 shows that the minimum distance of Q is < n%%ﬂ =n—k+1,
so Qisan [[n, 2k — n, d]]; SQCMDS code.

Corollary 2.7 Let C be an [n, k, d], classical code containing its dual, C L ccCcand
d > n — k. Then there exists an [[n, 2k — n, > d]]l; SOCNMDS code.

Proof If C is an [n, k, d], classical codes containing its dual, i.e., CL c C, then
Corollary 2.3 implies the existence of a quantum [[n, 2k — n, d]],; code O, where
dy > d.So Qisan|[[n, 2k —n, > d]]; SQCNMDS code.

3 SQC from linear codes over finite chain rings

Constructions of quantum codes are exhaustively investigated in the literature. As
mentioned in Sect. 1, some authors have exhibited families of optimal codes. However,
many of these techniques are based on the construction of classical codes over finite
fields.

In this section, we use self-dual codes over finite chain rings to construct SQC.
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We begin with some definitions and properties about finite chain rings (see [9,10]).
Let R be a finite commutative ring with identity. A nonempty subset C € R" is called
alinear code of length n over R if itis an R-submodule of R”. Throughout this section,
all codes are assumed to be linear.

A commutative ring is called a chain ring if the lattice of all its ideals is a chain. It
is well known that if R is a finite chain ring, then R is a principal ideal ring and has a
unique maximal ideal (y) = Ry = {ry |r € R}. Its chain of ideals is

R=0YD o hHow)=1(o.

The integer ¢ is called the nilpotency index of y. Note that the quotient R/(y) is a
finite field IF,, where g is a power of a prime p. There is a natural homomorphism
from R onto Fy, = R/(y), i.e.,

":R—F;=R/{y), r—=>r+(y)=r, foranyr € R.

We need the following lemma (see [10]).

Lemma 3.1 Let R be a finite chain ring with maximal ideal (y). Let V C R be a set
of representatives for the equivalence classes of R under congruence modulo y. Then
1. For any v € R there exist unique vy, ..., vi—1 € V such that v = Zf;(l) vyl

2. |[VI=I|R/y| = |Fyl.

The natural homomorphism from R onto F;, = R/(y) can be extended naturally
to a projection from R" onto [Fy. For an element ¢ € R", let ¢ be its image under this
projection. Given r € R and ¢ € R", we denote by rc the usual multiplication of a
vector by a scalar. Let C be a code of length n over R. We define C = {E |ce C} and
(C:r)={e e R"|re e C},wherer is an element of R.

Definition 3.2 To any code C over R, we associate the tower of codes
C=(C:y)c(Cipc---c(C:y'™h

over R and its projection to F,
C=(C:yHc(Cipc--c(C:yh.

The following definitions and results can be found in [10].

Definition 3.3 Let C be a linear code over R. A generator matrix G for C is said to
be in standard form if after a suitable permutation of the coordinates,

Iy Aot Aoz Aosz - Agi-1 Ao, Ao
0 vl vAi2 YA13 -+ YALi-1 YAl YA
G=|0 0 y*h y*Ars---y*Az1 yPAz, :

00 0 0 -yplp  y 1A, y' A
3.1)
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We associate with G the matrix

A= . (3.2)
Ay

For a code C, we define the rank of C, denoted by rank(C), to be the minimum
number of generators of C and the free rank of C, denoted by free rank(C), to be the
maximum of the ranks of free R-submodules of C. Codes where the rank is equal to
the free rank are called free codes.

Let C be alinear code over R. We denote by k(C) the number of rows of a generating
matrix G in standard form for C, and fori =0, 1,...,7 — 1 we denote by k; (C) the
number of rows of G that are divisible by 3 but not by y/*!.

Clearly, rankC = k(C) = Y'Z8 ki (C).

The Hamming weight Wy (x) of a codeword x is the number of nonzero components
in x. The Hamming distance dy (X, y) between two codewords x and y is the Hamming
weight of the codeword x — y. The minimum Hamming distance dy of C is defined
as min{dy(x, y)|x,y € C,x #y}.

It is well known (see [11]) that for codes C of length n over any alphabet of size m

du(C) =< n —log, (IC]) + 1.

Codes meeting this bound are called maximum distance separable (MDS) codes.
Further if C is linear, then

dy(C) <n —rank(C) + 1.

Codes meeting this bound are called maximum distance with respect to rank (MDR)
codes.

Lemma 3.4 Let C be a linear code over R with a generator matrix G in standard
form and let A be as in (3.2).

1. ForO0<i <t—1,(C:y!) has generator matrix
Ao

A;

and dim(C : y?) = ko(C) + - - - + k; (C).

2. Fr0 <i <t—1, (Clt:yh) = (C:yf_l_")L. We have k(C+) = n —
ko(C), ko(Ct) = n — k(C) and ki (C+) = k—; (C), fori =1, ...t — L.

3. dy(C) = dy(CL - 1),

4. If C is an MDR code over R, then (CL : y'=1) is an MDS code over Fy = R/(y).

We have an important observation that proves to be rather useful to construct SQC.
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Lemma 3.5 Let C be a self-dual code of length n over finite chain ring R. Then

—1 —
(C . yt—l—l) C (C : 7/z+1)’

where 0 <i <t—1,0<j<t—1—1i.Inparticular,

1
(Ciy=h < (C:yh.

Proof For1 <i <t—1, 0<j <t—1—1i,by Definition 3.2 and Lemma 3.4, we
have

(C:VH*") = (CL:yl)=(C:yl) C(C:yit).

1
In case i = 0, obviously, (C : y'=1)" C (C: y!~1).

Theorem 3.6 Let C be a self-dual code of length n and minimum distance dy(C)
over finite chain ring R with a generator matrix G in standard form. Then

1. There exists a quantum code with parameters [[n, 2k(C) —n, > du(C)]l,. In par-
ticular, if C is an MDR code, then there exists an SQCMDS code with parameters
[[n, 2k(C) — n, dg(C)]l,-

2. There exists a quantum code with parameters [[n,l + 2s — n, > di]l,, where
dy = min{dy(C : y'=171),dy(C : y*i)}, s = ko(C) + ki (C) + - -+ + ki (O),
l=kiy1(CO)+- - +kiyj(C)and0<i<t—-1,0<j<t—-1-1i

Proof By Lemma 3.4 (1), We know that dim(C : y’~!) = k(C). Thus, there exists
1
a [n, k(C), du(C)lq code with (C : y'=1)" € (C : y'~1). According Corollary 2.3,
the part (1) is proved.
—_

For (2), by Lemma 3.4 (2), dim(C : y'~1=) = ko(C) +k1(C)+---+k;(C), and
dim(C : yi*/) = ko(C) + k1 (C) + -+ + ki (C) + - - - + ki1 j (C). Using Theorem 2.2
and Lemma 3.5, there exists a quantum code with parameters [[n, [ +2s —n, > di]],,
which is the required result.

In the rest of this section, we aim to obtain good quantum codes by cyclic codes
over a finite chain ring R with maximal ideal m = R y, where y is a generator of m
with nilpotency index 2.

The following result is well known (see [12]).

Theorem 3.7 Let C be a cyclic code of length n over finite chain ring R with char-
acteristic p®, where (p,n) = 1. Then

= (f()hx), yf(x)g(x)), where f(x)g(x)h(x) = x" — 1.
2. C+ = (g"(0)h*(x), yg*(x) f*(x)), where g*(x) = xdegg(x)g(%), ie, g*(x) is
the reciprocal of g(x). _
3. C=(fh)and (C:y)={(f).
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Theorem 3.8 Let C be a cyclic code of length n over finite chain ring R with charac-
teristic p?, where (p,n) = 1. If C = (f(x)h(x), yf(x)g(x)) with f(x)g(x)h(x) =
x™ — 1, then C is self-dual if and only if g(x) = €f*(x) and h(x) = eh*(x), where €
and ¢ are units.
Proof The sufficiency is obvious since C+ = (g*(x)h* (x), y g*(x) f*(x)).

Now, if C is self-dual, by Theorem 3.7 (2) we know that ( f (x)h(x), yf(x)g(x)) =
(g*(x)h*(x), yg*(x) f*(x)). But these generators are the unique generators of this
form. Hence,

F@R(x) = g"(x)h*(x).
and
FOOR()g(x) = g*(D)h*(x)g(x) = —g" ()™ (x) f*(x) =x" — 1.
Since f*(x) and g*(x)h* (x) are coprime, f*(x) | g(x). Similarly, since
SR f5(x) = g*()h™(x) f*(x) = — f(x)g(x)h(x).

and g(x) and f(x)h(x) are coprime, g(x) | f*(x). That means that g(x) = €f*(x).
Now, f(x)h(x) = g*(x)h*(x) = €f (x)h*(x) where h*(x) and f (x) are coprime. This
implies that 4(x) | A*(x). Similarly, since f*(x)h*(x) = g(x)h(x) = ef*(x)h(x)
where h*(x) and f*(x) are coprime, h*(x) | h(x). Therefore, h(x) = eh*(x).

Now combining Theorems 3.6, 3.7 and 3.8, the following result is obtained.

Theorem 3.9 Let C = (f (x)h(x), yf (x)g(x)) be a cyclic self-dual code of length n
over finite chain ring R with characteristic p®, where (p,n) = land f(x)g(x)h(x) =
x" — 1. Then

1. There exists a quantum code with parameters [[n, n —2deg f (x), > du(C : y) 1l4.

2. There exists a quantum code with parameters [[n,n — 2deg f (x) — degh(x), >
du(C :y) 1y

Example 1 We list some quantum codes which can be constructed starting from self-
dual cyclic codes over F, + ulF, in Table 1. Compared the parameters of quantum
codes available in (Refs.[13]), we find that our obtained quantum codes have good
parameters and parts of them are new.

Example 2 Taking some special values of p, we obtain the following new good quan-
tum codes by non-trivial cyclic self-dual codes over the chain ring Z ;> in Table 2.

Remark 3.10 By Theorem 3.9, we obtain some new quantum codes with good param-
eters in Tables 1 and 2, which are compared to known quantum codes in [13]. Note
that in Refs. [4-6], the authors all constructed quantum codes with even length from
finite ring, we propose a new way to construct quantum codes with odd length from
finite ring. Moreover, by Theorem 3.9, the algorithm of finding new quantum codes is
more effective than proposed in Refs.[4-6].
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Table 1 Quantum codes
comparison

Table 2 Quantum codes
comparison

New quantum codes

Quantum codes from [13]

[(7, 1, = 3112 (SQCNMDS)
(15,7, > 3]l

[[21,9,> 3]]»

[[31,21, > 5]], (SQCNMDS)

(17, 1,21
[(15,7, 3112
Not

[[31, 21, 3]]»

New quantum codes

Quantum codes from [13]

[[13,7,= 3113
([11,1,= 5113

([19, 1, = 7115
([31,25, = 3]]5
[[6.4,2]]7 (SQCMDS)
[[37,19, = 6]l

(13,7, 3113
[[11, 1, 4]13
[[19, 1, 5115
[[31,25,3]]5
Not

(37, 1, 71z

4 SQC from cyclic codes over chain rings F 2n + ulF ,2m

Throughout this section, p denotes a prime number and F 2. denotes the finite field
with p?™ elements for a positive integer m. We always assume that n is a positive
integer.

The ring R = F,on + ulF 2n consists of all p>™-ary polynomials of degree 0

and 1 in an indeterminate u, and it is closed under p*"-ary polynomial addition and

F oom .
multiplication modulo u?. Thus, R = ”legu] = {a + ubla,b € Fm} is a local

ring with maximal ideal ulF 2. Therefore, it is a chain ring. The ring R has precisely

p¥™(p*™ — 1) units, which are of the forms o + uf and y, where «, f and y are
nonzero elements of the field I on.

Let a/—i—% := 3 4 ub, where @ = a”" and b = b”" . The Hermitian inner product
over szm + ulF p2m is defined as follows:

n
[, ylu =Y x5
i=1

where X,y € R", x = (x1,...,x;) andy = (y1, ..., ¥»). The Hermitian dual code
C1# of C is defined by

CJ-Hz{xeR"Hx,y]H:O forall y € C}.

It is evident that C1# is linear. We say that a code C is Hermitian dual-containing
code if C1# c C and C # R" and Hermitian self-dual if C+# = C.
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It is easy to prove that
|Cl-]CH = R|". .1

The following lemma can be found in [14].

Lemma 4.1 [14, Corollary 4.2] Assume the notations given above. Then there exist
o € R such that «®> = —1 if and only if p>" = 1 (mod 4).

Remark 4.2 Since o € R, there exist s,¢t € F pm such that « = s + ut. Hence,
computing in R, we have a? = 52+ 2stu = —1, which implies that s2=—1,2st=0.
If p=2,thentakes =1 € ]szm,t = 0 we have o2 = —1;if p # 2, then t = 0 since
2st = 0. Therefore,x = s € F P

From now on, we always assume that p” = 1 (mod 4), then pzm = 1 (mod 4). So
there exist a € szm such that «®> = —1 in R.

We first give the definition of the Gray map on R". The Gray map ®; : R — ]FiZm

is given by ®1(a 4 bu) = (ab, a + b), where > = —1. This map can be extended to
R™ in a natural way:

D : R" — F%,
(a1 +uby,...,a, +ub,) —> (aby,a1 +by,...,ab,, a, + by).

Next, we define a Gray weight for codes over R as follows.

Definition 4.3 The Gray weight over R is a weight function on R defined as:

0 ifa=0,b=0,
_J1 ifa#0, b=0,
W@ +bu) =\ ey 20 a4 b =0 (mod p),
2 ifb#0,a+ b #0 (mod p).
Define the Gray weight of a codeword ¢ = (cy, ..., ¢;) € R" to be the rational sum of

the Gray weight of its components is, wg(c) = Z:’: 1 wg(c;). Forany ¢, ¢ € R", the
Gray distance dg is given by dg(c1, €¢2) = wg(c] — ¢2). The minimum Gray distance
of C is the smallest nonzero Gray distance between all pairs of distinct codewords
of C. The minimum Gray weight of C is the smallest nonzero Gray weight among
all codewords of C. If C is linear, then the minimum Gray distance is same as the
minimum Gray weight.

The following proposition is easily checked.

Proposition 4.4 The Gray map ® is a distance-preserving map from (R", Gray
distance) fo (]Fi’ém, Hamming distance), and it is also F o -linear.

Corollary 4.5 If C is a linear code over R of length n, size (p*™)* and minimum
Gray weight dg, then ®(C) is a linear code over ]FPZm with parameters [2n, k, dg].
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The Hermitian inner product over I 2 is defined as follows:
n m
[a,bly =a-b=) ab!
i=1

where a, b € FZZ’"’ a={(y,...,ay),b= (by,...,b,) and - is the usual Euclidean

inner product.
An important connection that we want to investigate is the relation between the
Hermitian dual and the Gray image of a code. We have the following theorem.

Theorem 4.6 Let C be a linear code over R of length n. Then ®(C1H) = & (C)*H.

Proof To prove the theorem, we first show ®(C+#) C ®(C)1#, i.e.,
X, ¥lg =0 = [®x), D(y)]y =0 forallx,y € R". “4.2)

To this extent, let us assume that x = (a; 4+ uby,...,a, +ub,) andy = (c1 +
udy, ..., cp + udy), where a;, b, ¢i, d; € F on. Then by

n n
(X, ylu =Y aici + ) _(bi& + aidi)u,

i=1 i=1

we see that [x, y]z = 0 if and only if

n
> aici =0, 4.3)
i=1
and
n
Z(b,-a + a;d;) = 0. 4.4

i=1

Note that p”* = 1 (mod 4) we can assume that p™ = 4k + 1 for some k € N;
hence, p™ + 1 = 4k + 2 = 2(2k 4+ 1). According to a? = —1, we have

ap’71+l — ((X2)2k+l — _1 (45)
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Now, since ®(x) = (aby,a; + by, ..., aby,, a, + by) and ®(y) = (ad;, c1 +
di,...,ady, ¢y +dy), we get

[0®). W), = Y " bidi + Y (ai + bi)(ci + dy)

i=1 i=1

n n
= Zoz”'"“b@ + ) (ad +aid; + bii + bid;)

i=1 i=1
n n n
= Z (otp g 1) bidi + Zaia + Z (biCi + aid;)
i=1 i=1 i=1
by (4.3-4.5) which finishes the of (4.2), i.e.,

O(CtH)y Cc d(C)HH. (4.6)

In light of Corollary 4.5, ®(C) is a linear code of length 2n of size |C| over I on.
So, by Corollary 4.5, we know that

2m)2n 2m)2n

(p _(p

o)t = =
PO = 500 = el

Since R is a finite chain ring, i.e., Frobenius ring, we have
|CHH |- |Cl = |R|" = (p*™)*".
Hence, this implies that
|D(CH)| = |D(C)H]. .7

Combining (4.6) with (4.7), we get the desired equality.
The following corollary is an immediate result to this:

Corollary 4.7 1. If C is a Hermitian self-dual code of length n over R, then ®(C)
is a Hermitian self-dual code of length 2n over F jom;

2. If C is a Hermitian dual-containing code of length n over R, then ®(C) is a
Hermitian dual-containing code of length 2n over I ;.

In the following, we always assume that n is a positive integer and (n, p) = 1. Let
Ry =2 x’f,[f ]1> . We denote by u the natural surjective ring morphism from R to I 2,
which can be extended naturally to a surjective ring morphism from R[x] to I 2 [x].

For a polynomial f(x) of degree k in R[x], its reciprocal polynomial x* f (x 1) is
denoted by f*(x). Note that the roots of f*(x) are the reciprocal of the corresponding
roots of f(x).Set f(x) =ap+ajx+---+ agx*, we define

—

fx) =ao+aix +--- +ax*.
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The following result is easy to obtain, we omit the proof.

Lemma 4.8 Let f(x) = (tg+uso) + (t1 +us)x +- -+ (ty_1 +us,—1)x" "' € R[x]
and n be a primitive nth root of unity in some extension ring of R. If n° is a root of
f(x), there f*(x) has n=P"S as a root.

Let i be an integer such that 0 < i < n — 1, and let / be the smallest posi-
tive integer such that i (p*")! = i (mod n). Then C; = {i, ip®™, ..., i(p>™)\ 1} is
the p>” —cyclotomic coset module 7 containing i. A cyclotomic coset C; is called
symmetric if n — p™i € C; and asymmetric otherwise. Let I; and I, be sets of
symmetric and asymmetric coset representatives modulo 7, respectively. Since p is

coprime with n, the irreducible factors of x" — 1 in I ,2n [x] can be described by the

p¥" —cyclotomic cosets. Suppose that ¢ be a primitive nth root of unity over some

extension field of F 2. Then ¢ is also a primitive nth root of unity over some exten-
sion ring of R. Let m j(x) be the minimal polynomial of ¢ J with respect to P
Then m;(x) = Micc,(x — ¢'), and m*(x) = Miec_,,(x — ¢') by Lemma 4.8.
Therefore, polynomial x” — 1 factors are uniquely into monic irreducible polyno-
mial in szm [x]lasx" —1 =T jep;m;(x)[1jcp,m;(x)m_pm;(x). By Hensel's lemma
(See [10, Theorem 4.1.1]), x* — (1 + u) has a unique decomposition as a prod-
uct ITjey Mj(x)Ijep, Mj(x)M_pm j (x) of pairwise coprime monic basic irreducible
polynomials in R[x] with u(M;(x)) = m(x) foreach j € I; U I,.
The following two lemmas can be found in [15].

Lemma 4.9 (15, Theorem 3.4] Let x" — (1 +u) = Ijcqun,M;j(x) be the unique
factorization of x" — (1 + u) into a product of monic basic irreducible pairwise
coprime polynomials in R[x]. If C is a cyclic code of length n over R, then C =

<nje,lu,2Mff (x)), where < k; < 2. Inthiscase, | C |= (p*™)>ichun@=ki) deg M;.

Lemma 4.10 [15, Lemma 4.2] Let C = (I'Ijehu[szj (x)) be a cyclic code of
length n over R, where the polynomials M ;(x) are the pairwise coprime monic basic
irreducible factors of x" — (1 4+u) in R[x] and 0 < k; <2 foreach j € Iy U I,. Then

—2—k; S de .
CH = (Mjepun M) () and | € |= (p2myZinon s s My,

Theorem 4.11 Let C be a cyclic code of length n over R. If
k.
€ = (Mjen M} (O jer, M} (OM 0 (),

-p"J

then C+H C Cifandonlyifkj =0orkj=1for je lyandij+1; <2 forj € I.

Proof According to Lemma 4.10, we have
= (Mjen ;Y OMjenM; " M2 ().

Comparing with C = (ITje7, M}’ (1)1 ,2Mj.f (M (), it follows that C1#
Cifandonlyifk; =0ork; =1forj e lyandi; +1; <2for j € . |
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From now on, we always assume that n = sp’ — 1. Obviously, (7, p) = 1. In
this case, we give a method to decompose x” — (1 4 u) into monic basic irreducible
polynomials in R(x). Let g;(x), g2(x), ..., g-(x) be monic basic irreducible polyno-
mials in R[x] such that x” — 1 = g1(x)g2(x) ... gr(x). Note that (1 + u)” = 1 and
(1 +u)? = 1.Let fi(x) = (1 + u)?~9%8 8 g;((1 + u)x) for | < i < r. Then the
polynomial x"” — (1 4 u) factor is uniquely into monic basic irreducible polynomials
in R[x] as f1(x) fa(x)... fr(x).

For a code C of length n over R, their torsion and residue codes are codes over

F P defined as follows.

Tor(C) = [a €F",, | ua c} . Res(C) = {a €F', |3 eF,, tatube c} .

It is easy to prove that |C| = |Res(C)||Tor(C)].

Theorem 4.12 Let C = (Il ¢, ij (x)) be a cyclic code of length n over R where

x"— (1 +u) = I'IjellMj(x)Hjelej(x)M,pmj(x), 0< kj <2andl =1, U .

Then

1. Res(C) = (Hjel[u(Mj(x))]‘Sf), where §; = kj ifk; = 10r0, and §; = 1if
k.,' = 2,’

2. Tor(C) = (jer[(uM;(x))]"), where nj = 0ifk; = 10r0, and n; = 1if
kj=2.

Proof According to the definition of Res(C), we have Res(C) = (ng[(;LMj(x))]kf).
Note that if f(x) is a monic irreducible divisor of x” — 1 in F pn and g(x) =

x;(;)], then (f(x), g(x)) = 1. So there exist a(x),b(x) € Fm[x] such that

F am
a(x) f () + b(x)g(x) = 1in F o [x]. Computing in 22 we get

a(x) f2(x) = (1 = b(x)g(x) f(x) = f(x) = b(x) f(x)g(x) = f(x)
—b(xX)(x" = 1) = f(x).
Consequently, (fz(x)) = (f(x)). This proves the (1).
For (2), since ullje;[(WM;(x)] = ulljer[M;(x)]V = —Tje/[M;(x)]1 ! e

C, we have (ITj¢/[(uM;(x))]") C Tor(C). By Lemma 4.9 and |C| = |Res(C)||Tor
(C)], we imply

(M jer[(uMj(x)]™) |=] Tor(C)|.

Thus, Tor(C) = (I1je/[(Mj(x))]").

Theorem 4.13 Let C be a cyclic code of length n over R, and let d| and d be the
minimum Hamming distances of the Res(C) and Tor(C), respectively. Then dg(C) =
min{dy, 2d;}.

Proof For any nonzero codeword ¢ = a(x) + ub(x) € C, if a(x) # 0, then a(x) €
Res(C). Thus, wg(c) > d;. Otherwise, ¢ = ub(x) € uTor(C); hence, wg(c) > 2d>.
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So dg(C) > min{d;, 2d,}. On the other hand, since uTor(C) is contained in C, we
can obtain dg (C) < 2d,. Obviously, Res(C) C C;hence, d; > dg(C). It follows that
min{d;, 2d>} > dg(C). This proves the expected result.

Combining Corollary 2.3, 4.5, 4.7 and Theorem 4.13, we have the following result.

Theorem 4.14 Let C be a Hermitian dual-containing cyclic code over R of length n
size (p*™)K, and let dy and d> be the minimum Hamming distances of the Res(C)
and Tor(C).Then there exists a quantum code with parameters [[2n,2k — 2n, >

mln{dl s 2d2}]]pm .
Example 3 Consider cyclic codes of length 25 over Fy32 + ulF;32. In 52 + ulFq52,

X% — (1 +u) = Mo(X) M) (x) Ma(x) Ms(x) M1o(x),
where

Mo(x) =x — (1 —u),

Mi(X) = x'+ w01 + 8u)x® + (1 + 3u),
Mar(X) = x'0 +w (1 + 8u)x® + (1 + 3u),
Ms(X) = x? + w1 — w)x + (1 — 2u),
Miog(X) = x>+ w*(1 —wx + (1 = 2u).

Let C = (Mo(x)M;(X)?>M;o(X)?). By Theorem 4.11, C+# < C. Using Theo-
rem 4.13, we find that the Gray distance of C is equal to 4. By Theorem 4.14, a
[[50, 42, > 4]]13 quantum code may be obtained from Gray image of this code. This
code is a SQCNMDS code.

Example 4 Consider cyclic codes of length 8 over F3s + ulF34. In F34 4 ulF34,
x® — (14 u) = Mo(X) M (x) Ma (x) M3 (x) Ma (x) M5 (X) Mg (X) M7 (X),

where

My(x) = x — (1 —u),

Mi(x)=x+1—uww',
Mr(X) = x + (1 —uwyw®,
M3(X) = x + w1 —u),
My(X)=x— (1 —u),

Ms(X) = x + w1 —u),
Me(X) = x + w1 —u),
M7(X) = x + w1 — u).

Let C = (My(x)M; (X)z). By Theorem 4.11 , cti c C. Using Theorem 4.13,
we find that the Gray distance of C is equal to 3. By Theorem 4.14, a [[16, 10, >
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3]lo quantum code may be obtained from Gray image of this code. This code is a
SQCNMDS code.

5 Conclusion

We give two methods to construct quantum codes from cyclic codes over finite chain
rings. Furthermore, the results show that cyclic codes over finite chain rings are also
a good resource of constructing quantum codes. We believe that more good quantum
codes can be obtained from cyclic codes over finite chain rings. In the future work,
we will use the computer algebra system MAGMA to find more new good quantum
codes.
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