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Abstract Monogamy relations characterize the distributions of entanglement in mul-
tipartite systems. We investigate monogamy relations related to the concurrence C and
the entanglement of formation E. We present new entanglement monogamy relations
satisfied by the a-th power of concurrence for all « > 2, and the «-th power of the
entanglement of formation for all @ > /2. These monogamy relations are shown to
be tighter than the existing ones.
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1 Introduction

Quantum entanglement [1-8] is an essential feature of quantum mechanics. As one of
the fundamental differences between quantum entanglement and classical correlations,
a key property of entanglement is that a quantum system entangled with one of other
subsystems limits its entanglement with the remaining ones. The monogamy relations
give rise to the distribution of entanglement in the multipartite setting. Monogamy is
also an essential feature allowing for security in quantum key distribution [9].

For a tripartite system A, B and C, the usual monogamy of an entanglement measure
& implies that [10] the entanglement between A and BC satisfies E41pc > Eap+Eac.
Such monogamy relations are not always satisfied by all entanglement measures for
all quantum states. It has been shown that the squared concurrence C? [11,12] and
the squared entanglement of formation E? [13] satisfy the monogamy relations for
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multi-qubit states. It is further proved that [14] C% and E“ satisfy the monogamy
inequalities for « > 2 and o > V2, respectively.

In this paper, we show that the monogamy inequalities obtained so far can be made
tighter. We establish entanglement monogamy relations for the «-th power of the
concurrence C and the entanglement of formation E which are tighter than those in
[14], which give rise to finer characterizations of the entanglement distributions among
the multipartite qubit states.

2 Tighter monogamy relation of concurrence

We first consider the monogamy inequalities related to concurrence. Let Hy denote a
discrete finite dimensional complex vector space associated with a quantum subsystem
X . For a bipartite pure state |y) 4 p in vector space H4 ® Hp, the concurrence is given

by [15-17]
C(1¥)ap) = /2[1 = Tr(p3)]. (D

where p4 is the reduced density matrix by tracing over the subsystem B, ps =
Trp(|Y)ap{(¥|). The concurrence for a bipartite mixed state p4p is defined by the
convex roof extension

C = min C(Yi ),
(PAB) {piWIZpl (¥i))

where the minimum is taken over all possible decompositions of pap = ; pi i) (il
with p; > 0 and Zi pi =land |Y;) € Hy @ Hp.

Foran N-qubit purestate |Y) ap,..By_, € HA®Hp, ®---®@Hp,, ,,the concurrence
C(V)AIB,...By_;) Of the state |y)aB,..By_,» Viewed as a bipartite state under the
partitions A and By, Ba, ..., By_1, satisfies the Coffman—Kundu—Wootters (CKW)
inequality [11,12],

2 2 2 2
CAB1. By By = Caipy T Capp, T+ Cappy s @)
where Cap;, = C(pap;) is the concurrence of pap, = Trp,. B, Bi\i..By_,
() aBy..By_1 (WD, CaBy,By...By_1 = C(¥)aiB,...By_)- It is further proved that

for @ > 2, one has [14],
CZ|31,32...,3N_1 z C%IB] + CZ{\Bz +oot CX\BN—I' &)

In fact, as the characterization of the entanglement distribution among the sub-
systems, the monogamy inequalities satisfied by the concurrence can be refined and
becomes tighter. Before finding tighter monogamy relations of concurrence, we first
introduce a Lemma.

Lemmal Forany2®2® 212 jmixed state p € Hy® Hp ® Hc, if Cap = Cyc,
we have
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o

e @)

Chisc = Cap +
forall o > 2.

Proof For arbitrary 2 ® 2 ® 2"~ tripartite state pspc, one has [11,18], CilBC >
C%p +C3.. I Cap > Cac, we have

g Cic\’
Chipc = (Cip+Cic)? =Cop (1 + CTAC)
AB

o o CE&C : o o
>2Cup |1+ 5 =5 =Cyp+ 5Cc:
2 2
where the second inequality is due to the inequality (1 +¢)* > 1 4+ xt > 1 4 xt* for
x>1,0<t<1. ]

In the Lemma, without loss of generality, we have assumed that C4p > C4c, since
the subsystems A and B are equivalent. Moreover, in the proof of the Lemma we have
assumed Cyp > 0. If Cyp = 0and Cyp > Cac, then Cypp = Cac = 0. The lower
bound is trivially zero. For multipartite qubit systems, we have the following Theorem.

Theorem 1 For any 2 ® 2 ® -+ ® 2 mixed state p € Hy ® Hp, ® --- ® Hp,_,,
if Cap, = CAlBiyy..By_ Jori = 1,2,....m, and Cap; < Cajp;,,..By_, for j =
m+1,... N=-2,V1<m<N-—-3 N >4, we have

o o
>
CA|B]Bz...BN_] = CA\Bl

o oa\m—1
+Chpy to (‘) AlB

2 2
o\ m+1
+ (E) (CngnH»l +eo Tt CXIBN72)
a\m
+(3) i ®

forall o > 2.

Proof By using the inequality (4) repeatedly, one gets

(0%
CaiBiBy.By ., = Cap, + EC%BZ...B,\,,I
o o o o 2 o
= Cyp + ECA|BZ + (5) CAlBs.. By,
o o o o m_l o
z -z Cpy +5Ca + 0 (5) CaiB,

o
+ <E) CilBthr].“BN_r

(6)
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As CABj < CA|BJ.+1.,.BN71 forj=m+41,..., N —2,by (4) we get

e >2ce e
AlBp1--BN-1 = o~ AlBu+1 A|Bm+42...Bn-1

o
2 E(CZ{|Bm+l +"’+C§\BN,2) +C%\BN_|' (7)

Combining (6) and (7), we have Theorem 1. O

Asfora > 2, («/2)" > 1forall 1 <m < N — 3, comparing with the monogamy
relation (3), our formula (5) in Theorem 1 gives a tighter monogamy relation with
larger lower bounds. In Theorem 1 we have assumed that some Ca; > Ca|B,.,...By_,
and some CABj < CA\B,-+1-.-BN71 forthe2®2®---®2 mixed state p € Hy ® Hp, ®
-+ ® Hpy_,.Ifall Cap; > Cap;,,..By_, fori =1,2,..., N — 2, then we have the
following conclusion:

Theorem 2 If Cap, > CaiB;y,..By_, Joralli =1,2,..., N — 2, then we have

o o o o o N-2 o
Caisi.syy = Capy +5Ca + 0 F (5) Calgy1- ®)

Example 1 Let us consider the three-qubit state |1/) which can be written in the gen-
eralized Schmidt decomposition form [19,20],

[¥) = 40]000) + A1€'?[100) + A2[101) 4 A3]110) + Ag|111), )

where A; >0, i =0,...,4 and Z?:o Xl.z = 1. From the definition of concurrence,
we have Cqjpc = 2ho\/A3 + A3+ 13, Cap = 2hoha, and Cajc = 2Agh3. Set
M=M=A=r=r= é One gets C§ 3¢ = (zsﬁ)a, Cop+Coc= 2(2)%,
C‘;‘HB + %CXIC = (1 + %) (%)"‘. The “residual” entanglement from our result is given
by y1 = C§jpe — CSip — 4C% ¢ = B)* — (1+ %) (D)* and the “residual”
entanglement from (3) is given by y, = Cf{lBC — C‘}‘lB - C%IC = (Z*TE’)“ — 2(%)"‘.

One can see that our result is better than that in [14] for o > 2, see Fig. 1.

We can also derive a tighter upper bound of Cgl BiB,.. fora < 0.

By-1
Theorem 3 Forany2®2® --- ® 2 mixed state p € Hy ® Hp, ® - - - ® Hp,,_, with
Cap, #0,i=1,2,..., N — 1, we have

Clisis. iy < M (Chig, + Cllp, + -+ Cl, ) (10)

forall o < 0, where M= ﬁ
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Fig.1 yisthe “residual” entanglement as a function of «: solid (red) line y; from our result, dashed (blue)
line yp from the result in [14] (Color figure online)

Proof Similar to the proof of Theorem 1, for arbitrary tripartite state we have

2 2 ¢
Chigp, = (Cap, +Cyp,)?

Cip (11)
:ngl (1—}—61/24 2 < iB]’
B

R

where the first inequality is due to ¢ < 0 and the second inequality is due to (1 +
Cip
C;‘Bz )2 < 1. On the other hand, we have

AB

2 2 ¢
Chigg, = (Cap, +Cyp,)?

2 \? (12)
= C%,, (1 + CQ‘BI) < C%p,

AB)

From (11) and (12) we obtain
o 1 o o
CaigiB, < E(CABI + Cyp,)- (13)
By using the inequality (13) repeatedly, one gets
cs ! CS g +C4
A|B1By..By_1 = > \"aiB A|By...By_1

1, 1\ ., 1\ .
< ECA‘BI + E CA|Bz + E CA\B3...BN,1 (14)
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Fig. 2 y is the “residual” entanglement as a function of a: red line (solid line) from our Theorem 2; blue
line (dashed line) from the result in [14] (Color figure online)

1, NG
< <5Cas t\35) Cap t

1 N-2 1 N-2
+<§> C?'§|BN2+<§) ChiBy_-

By cyclically permuting the sub-indices By, Ba, ..., By—1 in (14) we can get a set of
inequalities. Summing up these inequalities we have (10). O
As the factor M = ﬁ is less than one, the inequality (10) is tighter than the
one in [14]. This factor M depends on the number of partite N. Namely, for larger
multipartite systems, the inequality (10) gets even tighter than the one in [14].
Example 2 Let us consider again the three-qubit state (9). In this case, wehave N = 3
and M = 1/2. Taking the same parameters used in Example 1, we have Cg“ Bc =
(zf)“ CA|B +C% Alc = 2( )<, M(C AlB —l—CAlC) = ( )¢. Comparing the function of
23 _ —
= Clipc— MCA\B _MCA\C = (T)a _(§)a withyy = C g =Ch1p—Cljc =

(Z*Tf)“ — 2(3)“, one can see that our result is better than the one from [14], see
Fig.2.

Remark In (10) we have assumed that all Cqp;,i = 1,2,..., N — 1, are nonzero.
In fact, if one of them is zero, the inequality still holds if one removes this term from
the inequality. Namely, if Cap, = 0, then one has CilBl By By ICA|B. R
1\i—1 1\N=3 .
() Chis, + (3 ) Chig, T+ (3 ) CX|BN , 1 (E) CX|B - Similar
to the analysis in proving Theorem 2, one gets CA|31 BBy < N1 (CA|31 et

g\B,-,l + CXIB,-H -+ CAlB ), fora < 0.
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3 Tighter monogamy inequality for EoF

The entanglement of formation (EoF) [21,22] is a well defined important measure of
entanglement for bipartite systems. Let H4 and Hp be m- and n-dimensional (m < n)
vector spaces, respectively. The EoF of a pure state |y) € H4 ® Hp is defined by

E([y)) = S(pa), (15)

where ps = Trp(|y)(¥|) and S(po) = —Tr(plog, p). For a bipartite mixed state
paB € Hy ® Hp, the entanglement of formation is given by

E(pag) = min 3 piE([Yi) (16)

with the minimum taking over all possible decompositions of p4 g in a mixture of pure
states pag = )_; pil¥i)(il, where p; > Oand 3, p; = 1.

Denote f(x) = H (@), where H(x) = —xlogy(x) — (1 — x)log, (1 — x).
From (15) and (16), one has E(|{/)) = f (C*(|¥))) for 2 ® m (m > 2) pure state
[Y¥),and E(p) = f (Cz(,o)) for two-qubit mixed state p [23]. It is obvious that f(x)
is a monotonically increasing function for 0 < x < 1. f(x) satisfies the following
relations:

202490 = 200 + Y200, (17)

where f*/i(x2 +y) =[f(x?2+ yz)]‘/i.
It has been show that the entanglement of formation does not satisfy the inequality
Exp + Eac < Eapc [24]. In [25], the authors showed that EoF is a monotonic

function Ez(CfﬂBl By By ) > EZ(Z:lN:_I1 C/%Bi ). Itis further proved that for N —qubit
systems, one has [14]

Eil& By..By_ i = E%|Bl + E%le +ot E%‘BN—I (18)

for o > /2, where E A|B; By...By_; 18 the entanglement of formation of p in bipartite
partition A|B1By...By_1,and Eap,,i = 1,2,..., N — 1, is the entanglement of
formation of the mixed states pap, = TrpB,..B;_,B:,...By_; (0)- In fact, generally
we can prove the following results.

Theorem 4 For any N-qubit mixed state p € Hy ® Hp, ® --- @ Hpy_,, if Cap, >
CAlBiyy..ByJori = 1,2, ... .m,and Cap; < Ca|;yy..By_Jorj =m+1,..., N—
2,V1 <m <N —3, N >4, the entanglement of formation E(p) satisfies

—1
EX By By, = Edp, T1ER g, - +1" Ep,

N E g, T+ ES )

+t’"E‘;§|BN71, (19)

foro > ﬁ where t = a/\/i
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Proof For o > ﬁ, we have
Fe ) = (202 40)
> (126 + 200) 20)
> (126 +i(r20h)
= fUO) + 1407,
where the first inequality is due to the inequality (17), and the second inequality is
obtained from a similar consideration in the proof of the second inequality in (4).

Letp = Zi pilYi)(Yil € Hy® Hp, ® - - - ® Hp,, —1 be the optimal decomposition
of E4|B,B,...By_; (p) for the N-qubit mixed state p, we have

EA|BBy...By_, (P)

= ZpiEA|B|Bzu.BN,1(|1/fi))

= Zpif (CfuBle...BN,l(Wi)))
= (Z Picimlgz...BNl(wi)))

l 2
zf |:ZpiCAlBle...BN_1(|Wi)):|

> f (CfuBle...BN—l(p))’

where the first inequality is due to that f (x) is a convex function. The second inequality
is due to the Cauchy—Schwarz inequality: (3, x?)% Q- yiz)% > 3 xiyi, withx; =
/DPi and y; = /piCa|B, B,...By_, (1¥i)). Due to the definition of concurrence and that
f(x) is amonotonically increasing function, we obtain the third inequality. Therefore,
we have

E%|3132..‘BN_1('0)

> fU(Chp, + Chp, +- -+ Chp )

> fU(Chp) + £ (Cp,) -+ 1" F(CE p,)
(£ )+ Chiny )
+ 1" fUC gy )

= Ep, +1ES 5, +1"ES 5,

N E g, o By ) T Edigy

m+1
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Fig. 3 y is the residual entanglement as a function of «: red (solid) line from our results; blue (dashed)
line from the result in [14] (Color figure online)

where we have used the monogamy inequality in (2) for N —qubit states p to obtain the
first inequality. By using (20) and the similar consideration in the proof of Theorem 1,
we get the second inequality. Since for any 2 ® 2 quantum state pap;, E(pap;) =
F[C?(pap,)]. one gets the last equality. O

As the factor t = «/ V2 s greater or equal to one for o > V2, (19) is obviously
tighter than (18). Moreover, similar to the concurrence, for the case that C4p, >
CA|B;,y..By_ foralli = 1,2, ..., N —2, we have a simple tighter monogamy relation
for entanglement of formation:

Theorem S If Cap, > CaB;yy..By_ Joralli =1,2,..., N — 2, we have

i+1-

o

EZ|BIBZ»--BN—1 = EX|BI + ﬁEfXIBz +--
o \ V2 21
(%)
fora > V2.
Example 3 Let us consider the W state, |W) = %(HOO) + |010) 4 |001)). We have

Exp = Eac =0.55, Eplpc =0.92. Let y; = EZlBC — E%lB — \%Ezlc denote the
residual entanglement from our formula (21), and y, = E‘j{lBC — EX‘B — E‘j{lc the

residual entanglement from formula (18). It is easily verified that our results are better
than the one in [14] for o > \/E see Fig. 3.

4 Conclusion

Entanglement monogamy is a fundamental property of multipartite entangled states.
We have investigated the monogamy relations related to the concurrence and EoF, and
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presented tighter entanglement monogamy relations of C* and E* foro > 2 and o >
/2, respectively. Monogamy relations characterize the distributions of entanglement
in multipartite systems. Tighter monogamy relations imply finer characterizations
of the entanglement distribution. Our approach may be also used to study further
the monogamy properties related to other quantum entanglement measures such as
negativity and quantum correlations such as quantum discord.
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