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Abstract Entanglement monogamy is a fundamental property of multipartite entan-
gled states. We investigate the monogamy relations for multiqubit generalized W-class
states. Analytical monogamy inequalities are obtained for the concurrence of assis-
tance, the entanglement of formation, and the entanglement of assistance.

1 Introduction

Quantum entanglement [ 1-6] is an essential feature of quantum mechanics that distin-
guishes the quantum from the classical world. It is one of the fundamental differences
between quantum entanglement and classical correlations that a quantum system
entangled with one of the other systems limits its entanglement with the remain-
ing others. This restriction of entanglement shareability among multiparty systems
is known as the monogamy of entanglement. The monogamy relations give rise to
the structures of entanglement in the multipartite setting. For a tripartite system A, B,
and C, the monogamy of an entanglement measure & implies that the entanglement
between A and BC satisfies eojpc > €ap + €ac-

InRef. [7,8], the monogamy of entanglement for multiqubit W -class states has been
investigated, and the monogamy relations for tangle and the squared concurrence have
been proved. In this paper, we show the general monogamy relations for the x-power
of concurrence of assistance, the entanglement of formation, and the entanglement of
assistance for generalized multiqubit W-class states.
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2 Monogamy of concurrence of assistance

For a bipartite pure state |1/) op in vector space H4 ® Hp, the concurrence is given
by [9-11]

C(I¥)ap) = /2[1 —Tr(p3)]. (1

where p4 is reduced density matrix by tracing over the subsystem B, psq =
Trp(|¥) ag(¥]). The concurrence is extended to mixed states p = Y p;|V;) (¥,
pi =0, pi = 1, by the convex roof construction,

Clpan) = min > piC (i), 2

where the minimum is taken over all possible pure-state decompositions of p4p.
For a tripartite state |v)apc, the concurrence of assistance (CoA) is defined by

2] Ca (1¥)450) = Ca (pan) = max 37 piC (Y1), 3)

for all possible ensemble realizations of pap = Trc(|¥)apc(¥]) = D ; pilvi)as
(Yil. When pap = |¥) ap(¥| is a pure state, then one has C(|y)ap) = Ca(paB)-

For an N-qubit state [V)ap,..By_; € Ha ® Hp, ® ... ® Hp,_,, the concurrence
C(V) A|B,...By_,) Of the state [) aB,...By_,» viewed as a bipartite with partitions A
and B1 B> ... By_1, satisfies the following inequality [13]

CX|B|32..‘BN7] = CXB] + CiBz +oot CZBN,1 ’ (4)
and 5

CA\Ble.A.BN 1 CABl + CA32 +eeet CABN 1° (5)
where « > 2, B < 0, Cap, = C(pap;) is the concurrence of psp, =
Trp,. B Bis1..By_1(P)s CaBBy..By_; = C(1¥)AB,...By_;)- Due to the monogamy

of concurrence, the generalized monogamy relation based on the concurrence of assis-
tance has been proved in Ref. [14],

N—1
(|W>A|B. By_y) < c? (0as;) (6)

i=1

In the following, we study the monogamy property of the concurrence of assistance
for the n-qubit generalized W-class states [{) € Ha, @ Ha, ® - - - @ Hy,, defined by

[¥) =al000...) +b1]01...0) 4 -+ b,|00...1), 7
with [a|? + 30 |bi]? =1
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Lemma 1 For n-qubit generalized W-class states (7), we have
C(IOAlA,') = Ca (pA]Ai)? (8)

where pa A, = Tray. A;y Apyy.a, (W) (D).

Proof It is direct to verify that [7], pa,a; = 1X) a4, (x| + 1Y) 4,4, (¥], where

|x>A1Ai = a|OO>A1Al‘ +b1|10>A1Ai +bi|01>A1A,‘v

M aia = [ 1bk[2100), 4,
ki

From the Hughston—Jozsa—Wootters theorem Ref. [7], for any pure-state decomposi-

tion of pa,a; = D1 Pn) A A (Pnl, one has |fn)a,a; = untlx)aa; + un2ly)aa;
for some » x r unitary matrices uy, and uj» for each . Consider the normalized state

|¢~h>A|A,- = |Pn)aa;//Pr With pp = |{¢n|$n)|. One has the concurrence of each
two-qubit pure |¢;) 4, 4,

~ 4
C (16w, ) = = lunil 1o PIbi .
Ph

Then for the two-qubit state p4, 4,, we have
- 2 5
> o€ (I8 aia,) = 3 pa—luniPlballbil = 21b1 1.
A A Ph

Thus, we obtain

Cloaa) = min > pC (Idn)ara,)
Pu:\Pn)aya;

max ZPhC(|<f;h>A1A,-)
Phsldn)aya;

Ca (IOA]Ai) .

O

Specifically, in Ref. [8], the same result C(04,4;) = Ca(p4,4,;) has been proved
for the generalized W-class states (7) with a = 0.

Theorem 1 For the n-qubit generalized W-class states | ) € Hy, @ Hy, ®---Q@ Hy,,,
the concurrence of assistance satisfies

C, (pA||Aj1...Ajm71) > ’"i:l C, (PA]Ajl.) ; )

i=1
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where x > 2 and PAAj, .. A is the m-qubit, 2 < m < n, reduced density matrix of

V).

Jm—1

Proof For the n-qubit generalized W-class state |{), according to the definitions of
C(p) and Cy4(p), one has Co(pa(aj,..a;, ) = C(PAj|A;,..a;, _)- Whenx =2, we
have

Jml

C (PA1|A“ Ajn 1) = ¢ ('OAI‘A/'l---Ajm—l)

m—1

> Z c* (PAJA_,,.)
i=1

m—1

= Z CL); ('OAlAfi> :

i=1

Here, we have used in the first inequality the relation a® > b* fora > b > 0 and
x > 0. The second inequality is due to the monogamy of concurrence (4). The last
inequality is due to the Lemma 1. O

Theorem 2 For the n-qubit generalized W-class state |) € Ha, @ Ha, ® -+ -® Hy,
with C(pAlAjl_) #0forl <i <m— 1, we have

m—1
Ca <,0A1|Aj1 A, ,) < ZCEY (PAlAji)» (10)
i=l

where y < 0and PALA}, A, is the m-qubit reduced density matrix as in Theorem 1.

Proof For y <0, we have

C (pAllAJI /m l) S C (pAl‘A/l Jm l)

m—1

< Z ¢’ ('OAIA.ii)
i=1
m—1

= Z C(i’ (pAlAj,> .
i=1

We have used in the first inequality the relation a* < b* fora > b > Oand x < 0. The
seconder inequality is due to the monogamy of concurrence (5). The last inequality is
due to Lemma 1.

According to (9) and (10), we can also obtain the lower bounds of C, (04, |4 Je A ).

Asan example, consider the 5-qubit generalized W-class states (7) witha = by = \/LT() ,
by = f b3 5,b4—f We have
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Fig. 1 Solid line is the lower bound of Cy (04 |4, A5) dashed line is the lower bound of Cq (044,45 44)
as functions of x > 2, and dotted line is the upper bound of Cq (04 A,45) and Ca(PA 1Ay A3 A4)

2 0 1y 2\
Ca (Pay1A245) = /5 (ﬁ) + < E)

and

Ca (pA1ar4304) = % ! (ﬁ) + < %) + < %)

with x > 2. The optimal lower bounds can be obtained by varying the parameter
x, see Fig. 1, where for comparison the upper bounds are also presented by using

the formula C,(pap) < /2(1 —Tr(p2)) [15], namely Co(pa,445) < :%§ and

Ca(pAy1424544) = J%' From Fig. 1, one gets that the optimal lower bounds of
Ca(pAy1424;5) and Cy (04 1A, 4544) are 0.249 and 0.471, respectively, attained at x = 2.

(]
3 Monogamy of entanglement of formation
The entanglement of formation of a pure state [{v) € H4 @ Hp is defined by
E(1¥) = S(pa), (11)

where pg = Trp(|¥)(¥|) and S(p) = Tr(p log, p). For a bipartite mixed state psp €
H4 ® Hp, the entanglement of formation is given by

E (pap) = {pm%ZpiEuwi», (12)
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with the infimum taking over all possible decompositions of p4p in a mixture of pure

states pap = Y_; pil¥i)(¥il, where p; > 0and )~ p; = 1.
It has been shown that the entanglement of formation does not satisfy the inequality
Easp + Eac < Eapc [16]. Rather it satisfies [13],

EXpBy. By, = Edp, T Edp, + + Edp, (13)

where o > ﬁ
The corresponding entanglement of assistance (EoA) [17] is defined in terms of the
entropy of entanglement [18] for a tripartite pure state |V)Apc,

Eq (IY)aBc) = Ea (paB) = {pma};s)}ZpiE (i), (14)

which is maximized over all possible decompositions of pap = Trc(|¥)apc) =
> pili)(yil, with p; > 0 and ), p; = 1. For any N-qubit pure state |y) €
Hy ® Hp, ® --- ® Hp,_,, it has been shown that the entanglement of assistance

satisfies [13],
N-1

E (h[,)A\Ble‘..BN,]) =< Z Ea (PAB,-) . (15)

i=1

In fact, generally we can prove the following results for the n-qubit generalized W-
class states about the entanglement of formation and the entanglement of assistance.

Theorem 3 Forthe n-qubit generalized W-class states |\f) € Hy, @ Hp, ® - Q@ Hyp,,,
we have

E (1Y) aar.a,) < D E (paya;) (16)
i=2

where pa,a;, 2 < i < n is the 2-qubit reduced density matrix of [\).

Proof For the n-qubit generalized W-class states |{), we have
E (W) = £ (€ (1W)aaa,))

iy (Z e <pA1A,.)>

i=2

-

£ (€ (paiar))

i=2

s |l

E('OAlAi)’
2
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where for simplify, we have denoted f(x) = h (H— Vzl_x> with i(x) = —x log, (x) —
(1 —x)log, (1 —x). We have used in the first and last equalities that the entanglement
of formation obeys the relation E(p) = f(CZ(,o)) for a bipartite 2 ® D, D > 2,
quantum state p [19]. The second inequality is due to the fact that C 2(|¢> AL A,) =
Y, CZ(pAlAl.). The inequality is due to the fact f(x + y) < f(x) + f(¥). O

As for the entanglement of assistance, we have the following conclusion.

Theorem 4 For the n-qubit generalized W-class states | ) € Hyy, @ Hy, ®---Q@ Hp,,,
we have

m—1

E (/OAl\Ajl...A‘,ﬂm71> =< Z Eq (,OA.Aj,.> , a7

i=1

where pa, 1Aj .. A is the m-qubit reduced density matrix of |{¥), 2 < m < n.

-/m—l

Proof From the Lemma 2 of Ref. [7], one has PAY|Aj, . A), of |y) is a mixture of a
generalized W class state and vacuum. Then, we have

E (pA1|Ajl..‘Ajm71) ZPhE (|1// A]‘A Jm 1)

= Xh:ph Z E(’OZIA./,-)

m—1

¥ [Z onE (/OZIA_,-I-)]

i=1

IA

Z th qu (WJ ALA;, (Wj|>

i=1

= ZZPWJ (W’J ALA;, (‘ﬁj|>-

i=1 hj

We obtain the first inequality by noting that W)]}h A A is a generalized W class
1 Im—1

state or vacuum [7]. When |1/f)’/'§1 \A; A is a generalized W class state, then we
J1 T m—1

—1 .

have E(““ZHA,-I...AM,I) < Z;"_] E(,offlIA ); When |¢>Z]‘A | Isavacuum,
then we have E(|1ﬂ)}/§”mjl LA )=0< Zl | E(pA A ). The second inequality is
due to the definition of the entanglement of formation (12) for mixed quantum states.
Since Zhj prg; = 1and Zhj phqj|1/fj)£‘hAji (¥ | is a pure decomposition of PALA), >
we have (17). O
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4 Conclusions and remarks

Entanglement monogamy is a fundamental property of multipartite entangled states.
We have shown the monogamy for the x-power of concurrence of assistance
Ca(pa;ia i /.m_l) of the m-qubit reduced density matrices, 2 < m < n, for the
n-qubit generalized W-class states. The monogamy relations for the entanglement of
formation and the entanglement of assistance the monogamy relation for the n-qubit
generalized W-class states have been also investigated. These relations give rise to
the restrictions of entanglement distribution among the qubits in generalized W-class
states.
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