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Abstract This study investigates unitary equivalent classes of one-dimensional quan-
tum walks. We prove that one-dimensional quantum walks are unitary equivalent to
quantum walks of Ambainis type and that translation-invariant one-dimensional quan-
tum walks are Szegedy walks. We also present a necessary and sufficient condition
for a one-dimensional quantum walk to be a Szegedy walk.
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1 Introduction

This study investigates unitary equivalent classes of one-dimensional quantum walks.
A quantum walk is defined by a pair (U, {H, }yev ), where V is acountable set, {H }yev
is a family of separable Hilbert spaces, and U is a unitary operatoron H = @, ., H,
[17]. For a given quantum walk (U, {Hy}yev), we can define a digraph G = (V, D)
[7,8,17]. In this paper, we consider primarily one-dimensional quantum walks, which
have been the subject of many studies [1-6,10-14,16-18,20].

Itis important to clarify when we think of two quantum walks as being the same. We
consider unitary equivalence of quantum walks in the sense of [17]. If two quantum
walks are unitary equivalent, then their digraphs and dimensions of their Hilbert spaces
are the same. Furthermore, the probability distributions of the quantum walks are also
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the same. Consequently, we can think of unitary equivalent quantum walks as being
the same.

Unitary equivalent classes of simple quantum walks have been shown to be para-
meterized by a single parameter [5]. We extend this result and show that every
translation-invariant one-dimensional quantum walk is unitary equivalent to a sim-
ple quantum walk. Moreover, we prove that every one-dimensional quantum walk is
unitary equivalent to one of Ambainis type.

The Szegedy walk, whose original form was introduced in [19], is one of the
well-investigated quantum walks (see also [9,15-17]). We prove that every translation-
invariant one-dimensional quantum walk is a Szegedy walk and present a necessary
and sufficient condition for a one-dimensional quantum walk to be a Szegedy walk.

Relation between Szegedy walks and staggered quantum walks was considered
in [15]. The evolution operator of a staggered quantum walk is the product of two
(or more) self-adjoint unitary operators. On the other hand, the evolution operator
of a quantum walk considered in this paper is just a unitary operator. Therefore, the
approach used in this paper is different from that used in [15].

The remainder of this paper is organized as follows. We introduce some notations
for quantum walks in Sect. 2. In Sect. 3, we describe the unitary equivalence of
quantum walks. In Sect. 4, we reveal the form of standard quantum walks. In Sect. 5,
we prove that every one-dimensional quantum walk is unitary equivalent to one of
Ambainis type. In Sect. 6, we clarify when a one-dimensional quantum walk becomes
a Szegedy walk and show that every translation-invariant one-dimensional quantum
walk is a Szegedy walk.

2 Preliminaries

Let us recall the definition of quantum walks in the sense of [16,17].

Definition 1 Let V be a countable set, {H,},cv a family of separable Hilbert spaces,
and U a unitary on H = @, .y Ho. A quantum walk is a pair (U, {H,}vev), and we
write (U, {Hy}vev) € «7:QW~

A (pure) quantum state is represented by a unit vector in a Hilbert space. For A € R,
quantum states £ and e**£ in 7 are identified. Hence, quantum walks (U, {Hy}vey)
and (e U, {H,}vev) are also identified.

Let (U, {Hy}vev) be a quantum walk. P, € B(H) is a projection onto H,, and
U,y € B(H) is an operator defined by U,, = P,U P, for all u, v € V. An operator
U, is also considered as an operator in B(H,, H,), and we use the same notation if
there is no confusion.

Given a quantum walk (U, {Hy}vev) € Fow, we can construct a digraph G =
(V, D). For vertices u, v € V, the number of directed edges from v to u is denoted by
card(u, v); i.e.,

card(u, v) = card{e € D : t(e) = u, o(e) = v},

where o(e) and ¢ (e) are the origin and the terminus of the directed edge e, respectively,
and card indicates the cardinal number of a set.
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Definition 2 Foraquantum walk (U, {Hy}yev) € Fow, define the number of directed
edges from v to u by

card(u, v) = rankU,,.

Then, a digraph (V, D) is called a digraph of the quantum walk (U, {H,}vev).

Next, we define a translation-invariant quantum walk. Translation-invariant one-
dimensional quantum walks are well known. Here, we extend the notion of translation-
invariant quantum walk to arbitrary digraphs.

Definition 3 A bijection y on V is called an automorphism on a digraph (V, D) if
card(u, v) = card(y (u), y (v))
forall u, v € V. A quantum walk (U, {H,},ev) is called translation invariant for y if
Hy =Hyw and U = Uyuyw)

forallu,v e V.
A digraph G = (V, D) is called symmetric if card(u, v) = card(v, u) for any
u,v € V. A digraph G = (V, D) is called locally finite if card{e € D : o(e) = v}

and card{e € D : t(e) = v} are finite for any v € V.
Now, we introduce three classes of quantum walks.

Definition 4 A quantum walk (U, {Hy}yev) € Fow is called standard if the digraph
is locally finite and symmetric, and satisfies

card{e € D : o(e) = v} = dimH,
forallv e V.
Note that a symmetric digraph satisfies
card{e € D : o(e) = v} =card{e € D : t(e) = v}.

Definition 5 A quantum walk is called one-dimensional if dimH,, = 2, and the
digraph of the quantum walk satisfies V = Z and

D={n,n+1),n+1,n):ne}

with card(n,n + 1) = card(n + 1,n) = 1 for all n € Z, i.e., the digraph has no
multiple edges.

We can canonically define an automorphism y on the digraph of a one-dimensional
quantum walk, i.e., y(n) =n+ 1 forn € Z.

@ Springer



3602 H. Ohno

Definition 6 [16,17,19] A standard quantum walk (U, {H,},cv) is called a Szegedy
walk if there exist a self-adjoint unitary operator S on H, a real number A € R, and
unit vectors ¢, € H, such that e*SU has the form

cz@cv,

veV

where Cyy, = 2|¢y){(¢y| — I, on 'H,. Here, the unitary operators S and C are called
shift and coin operators, respectively.

Since a self-adjoint unitary operator S satisfies S*> = I, a Szegedy walk is repre-
sented as

U =e*sC.

In the case of one-dimensional quantum walks, the operator C, is a traceless self-
adjoint unitary operator.
Finally, we recall the probability distribution of a quantum walk.

Definition 7 Let (U, {Hy}vev) € Fow, and let Wy be an initial state in . The

probability ,u;y %(v) of finding the quantum walker at time ¢ € Z4 and at vertex v is
defined by

0 (v) = || P, U Wol|.

3 Unitary equivalence of quantum walks
In this section, we consider the unitary equivalence of quantum walks.

Definition 8 (U], {H,(,P}U,evl) € Fow and (Uz, {H§§>}U2€V2) € Fow are unitary
equivalent, written (U7, {H,(Jll)}vlevl) >~ (U, {'Hg)}vzevz), if there exist a unitary W
from B, ey, Ho, to D,,cy, Hy, and a bijection ¢ from V; to V2 such that

WHvl = H¢(v1) and WU1 W* = Uz.

We would like to regard unitary equivalent quantum walks as being the same. The
next proposition says that unitary equivalent quantum walks have the same digraphs.

Proposition 1 Ler (U, {H,(,P}vlevl) and (U, {H,(é)},,zevz) be quantum walks, and
let Gi = (V1,Dy1) and Gy, = (Vp, Dy) be their digraphs. If quantum walks
Uy, {Hﬂ)}vlevl) and (Uj, {'Hfg)}vzevz) are unitary equivalent by a unitary W, the
digraphs G1 = (V1, D1) and Go = (Va, D7) are isomorphic; that is, there exists a
bijection ¢ from Vi to Vy such that

card(u, v) = card(¢ (1), ¢ (v)).
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Proof From the definition of unitary equivalence, there exists a bijection ¢ from V|
to V2. A unitary W maps H,, to Heg v, with the result that W P,y W* = Py y,). Since
card(u, v) = rank P, U, P, foru, v € Vi,
card(u, v) = rank P, U1 P, = rankW P, U P,W* = rank Py ) U2 Py )
= card(¢ (u), ¢ (v)).

Hence, we obtain the proposition. O

1 2 . .

When (U1, {Hgl)}ulevl) € Fow and (U, {Hl(,z)}vzevz) € Fow are unitary equiva-

lent, we can identify V, with V| using the bijection ¢, and write V = Vj. Similarly, D

and D, and H,(,l) and H;)z() p) Can be identified, and we write D = Dj and H, = 1()1).
Here, the unitary W can be decomposed as

W:@Wv,

veV

where W, = P,W P,.
The following corollary is an immediate consequence of Proposition 1.

Corollary 1 Let quantum walks (Uy, {Hy}vev) and (Ua, {Hy}vev) be unitary equiv-
alent. If (U1, {Hy}vev) is standard or one-dimensional, then so is (U, {Hy}vev).

Unitary equivalence also preserves the properties of a Szegedy walk.

Proposition 2 Let quantum walks (U1, {Hy}vey) and (Ua, {Hy}vey) be unitary
equivalent by a unitary W. If (Uy, {Hylvev) is a Szegedy walk, then so is
(U2, {HU}UEV)'

Proof By the assumption, there exist a self-adjoint unitary S on M, a real number
A € R, and unit vectors ¢, € H, such that e* SU| has the form

c=@cv,

veV

where C, = 2|¢y){¢y| — I74,. Then, WSW* is also a self-adjoint unitary on H.
Moreover,

M WSWH U, = " WSU W™ = W D C,W* = D 2(We ) (Wep| — Iy,

veV veV
from which it follows that (U, {Hy}vev) is a Szegedy walk. O

In general, a quantum walk that is unitary equivalent to a translation-invariant quan-
tum walk is not translation invariant. However, if we add a condition, then translation
invariance is also preserved.
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Proposition 3 Let (U, {H,},c7) be a translation-invariant one-dimensional quantum
walk such that H,, = Hu+1 for all n € Z, and let W be a unitary on 'H that has the
form

WZ@Wn,

nez

where W, is a unitary on 'H,, and W,, = Wy for all n € 7Z. The quantum walk
(WUW*, {Hy},ez) is a translation-invariant one-dimensional quantum walk.

Proof 1t is sufficient to prove that WUW* is translation invariant; i.e., P, WUW* P,,
= Py (n) WUW*P,,(y. Since U is translation invariant,
P,WUW* Py, = W, P,UP, W) = WUy, W, = y(,,)Uy(,,)y(m)W;‘(m)
= Wy PyayUPymy Wy iy = Pyay WUW* Py .

Hence, WUW™ is translation invariant. O

Finally, we consider the probability distribution of a quantum walk. This does not
change under unitary equivalence.

Proposition 4 Let quantum walks (U1, {Hy}vey) and (Ua, {Hy}vey) be unitary

equivalent by a unitary W, let &y and W O in 'H be an initial state of (U1, {Hy}vev)

and (Ua, {Hy}vev), respectively, and letu,(l)’(I>0 and uﬁ”'“’% be the probability distri-

butions of the quantum walks (U1, {Hy}vev) and (Ua, {Hy}vev), respectively. Then,
1), 2),
P w) = pP V)
forallt €e Zy andv e V.
Proof By the definition,

w0y = || P, (WU WY W |2 = |WP,ULd > = || U Do)

1),®
= "),

Therefore, we obtain the proposition. O

One of the primary topics of study in connection with quantum walks is the prob-
ability distributions of quantum walks, by virtue of which we can think of unitary
equivalent quantum walks as being the same. When we consider other properties of
quantum walks, additional properties, such as Proposition 3, must be considered.

4 Standard quantum walk
This study investigates one-dimensional quantum walks and Szegedy walks. Since

both kinds of quantum walk are standard, we clarify the form of a standard quantum
walk.
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Theorem 1 Let (U, {(Hylvev) € Fow be a standard quantum walk. There exist
orthonormal bases {§c}ecp and {Ce}eep of H with &, € Hyey and & € Ho(e), Such
that

U= lE)Cl-

eeD

Moreover, Uy, has the form

Un= D &)l

e:t(e)=u,o(e)=v
foranyu,veV.

Proof Since rankU,, = card{e € V : t(e) = u,0(e) = v}, we can set {&, : t(e) =
u,o(e) =v,e € D} C H, = H;() as an orthonormal basis of ranU,,, forallu, v € V,
where ranU,,, is the range of U,,. Then, {§, : o(e¢) = v, e € D} is an orthonormal
system of . An operator U P, is a partial isometry with an initial projection P,. The
range of this operator is contained in &, ., ranU,, = span{&, : o(e) = v, e € D},
that is,

ranU P, C span{&, : o(e) = v, e € D}. (D

From the definition of a standard quantum walk, dim H, = card{e € D : o(e) = v}.
Since the rank of the range projection of U P, is equal to the rank of the initial projection
Py, rankU P, = card{e € D : o(e) = v}. Considering the dimensions of the subspaces
in (1),

ranUP, = span{&, : o(e) = v, e € D}.

Moreover, the range projection UP, U™ leaves span{&, : o(e) = v, ¢ € D} unchanged.
Therefore, U P,U*&, = &, foralle € D witho(e) = v, and this implies that P,U*&, =
U*&,, with the result that U*§, € Hy = Ho(e)-

Let¢, = U*&,.Since {&, : o(e) = v, e € D}isanorthonormal system, {¢, : o(e) =
v, e € D} is an orthonormal basis of H,. Hence, {¢, : ¢ € D} is an orthonormal basis
of ‘H. Since U is unitary and U¢, = &, {&, : e € D} is also an orthonormal basis of
‘H, and

U= lE)Cl-

eeD

By the definition of U,,,, the equation

Unw= D &)l

e:t(e)=u,o(e)=v

also holds. O
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Corollary 2 For a standard quantum walk (U, {Hy}vev) € Fow, there exist a self-
adjoint unitary operator S on 'H and a unitary operator T,, on H,(v € V) such that
U = ST, whereT =@,y T.

Proof Since the digraph of a standard quantum walk is symmetric, there exists a
bijection on D, denoted by e — ¢, for which ¢ (e) = o(e), o(e) = t(e), and e = e.
By Theorem 1, U can be written as

U= l&)Cl-

eeD

Define S by S&, = £;.S is a self-adjoint unitary; hence, S*> = I. Then,

SU = lEa)el =D D I&)&l.

eeD veV o(e)=v

The operator
T, = > [&)(&l
o(e)=v

satisfies the assertion. O

Now, to clarify the explicit form of a shift operator S of a Szegedy walk, we present
the next lemma.

Lemma 1 Let (U, {Hy}vev) be a Szegedy walk with a shift operator S and a coin
operator C, such that U = ¢*SC for some ) € R. Then,

S(ranU,,) = ranU,,

foranyu,v eV.

Proof By Theorem 1, we can assume that there exist orthonormal bases {&.}.cp and
{Zeleep of H with &, € Hy() and £, € Hy(e), such that

U= lE)Cl-

eeD

Then, ranU,, = span{&, : t(e¢) = u, o(e) = v, e € D}. Since the coin operator C is
written as a direct sum of C,,

&, =SU¢ = eikcé‘e eHy = Ho(e)

for all e € D with t(e) = u and o(e) = v. This implies that S(ranU,,) C H,.
Furthermore, by the form of U, H, is decomposed as

Hy = @ ranU,,,.

weV
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Here,

ranU,, = Sz(ranU,w) C SHy = @ S(ranUyy).

weV

Since S(ranU,y) C H, and ranU,, C H,,ranU,, C S(ranU,,). Considering the
inversion formula,

S(ranU,,) = ranU,,

forallu,v e V. O
Using this lemma, we have the next theorem.

Theorem 2 Let (U, {Hv}vev) be a Szegedy walk with a shift operator S and a coin
operator C, such that U = ¢*SC for some A € R. There exist orthonormal bases
{éc)eep and {Se}eep of H with &, € Hi(ey and e € Ho(ey such that

U= )| and S=> [&) (&l

eeD eeD

Proof By Theorem 1, we can assume that there exist orthonormal bases {&.}.cp and
{Ce}eep of H with &, € H; () and £, € Hy(e) such that

U= l&)Cl-

eeD

By Lemma 1, S(ranU,,) = ranU,,,. Moreover, in the proof of Theorem 1, the choice
of an orthonormal basis of ranU,, is arbitrary. Therefore, for an orthonormal basis
{é, : t(e) = u,0(e) = v,e € D} of ranU,,, we can redefine &; = S&,. Then,
{§; : t(e) = u,0(e) = v, e € D} is an orthonormal basis of ranU,,,. Consequently,
we can obtain orthonormal bases {&.}.cp and {.}eep of H with & € H;() and
Ce € Hoy(e) such that

U= lE) | and §=|&) (.

eeD eeD

This completes the proof. O

5 One-dimensional quantum walk

In this section, we consider a one-dimensional quantum walk (U, {H,},c7). With-
out loss of generality, we can assume that 7, = C?2 for all n € Z. Here,
D = {(n,n+1),(n+ 1,n) : n € Z}. By Theorem 1, there exist orthonormal
bases {&x n+1, Ent1.ntnez and {Sn nt1, Snt1ntnez Of H with &, i1, Cnv1.0 € Hy and
Ent+1.ns Cnn+1 € Hp41 such that
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U= (nnt)Cuntrl + Enp 1)t inl)

nez

= > (len—1.0)(Gntnl + [Ent 1) nrrnl) -

neZ

There is a substantial literature on one-dimensional quantum walks, which fall
into fqur principal types. The first type is represepted as follows. Let {e}, e5} be a
canonical orthonormal basis of H,, = C2. We consider el as |n)|i). We take &, 1, =

n—1 n+1 ~ i = 7
er Entin = € and §p—1,0 = ane’f + bnega Cntln = Cne’f + dne;~ Then,

1y = = b
Ureton = 1)) + Bt = = D | ]

_ - 0 0
Upsin = |€§+1)(Cn€§' +dn€§| =[n+1)nl& |: d i| .
Cn n

A quantum walk of this type is said to be of Ambainis type [2,3]. A set of all quantum
walks of this type is denoted by C;. Note that

is unitary.
The second type is represented by taking &,_1, = ane?_l + cneg_l, Entln

= b,,e'lH'l + dneg"’l, and §,—1,, = €, {ny1,n = €3, such that

_ _ 0
Un—1n = lane) ™" + cnés ‘><e’f|=|n—1><n|®[‘c’” 0]
n

0 b
Untin = lbael ™! +dues ™) (e} = In+ 1)(n] @ [O d”} .
n

A quantum walk of this type is said to be of Gudder type [6]. A set of all quantum
walks of this type is denoted by C.

Similarly, the third type is represented by taking &,—1, = eg_l, Entln = eﬁ'“,
and &, 1,n = Cpe} +dnel), Sny1,n = ane + bye;, such that

1y, = 0 0
Un-tn = le§ ™"V Gnel +dnes| = In = 1) (n] @ [c p ]
n n

- = b
Untin = 1€} ) @nel + Bach] = n + 1) (n] @ [‘3’ (;’} :

A set of all quantum walks of this type is denoted by C3. The fourth type is represented
by taking &,—1, = bne7_1 + dngz_lv Entin = anellﬁ_] + Cn€§+1, and &0 =

€y, Cny1,n = €}, such that
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_ _ 0 b
Un—in = by "+ dpey Ve = In— 1)(n| @ "
0 d,
a 0
Unvin = |ane7+l + Cnngr])(er“ =|n+1){nl® [C: 0:| .

A set of all quantum walks of this type is denoted by Cj.
Summarizing, we have four types of one-dimensional quantum walks:

a b 0 O
(D) Up-ta=1In = Din|® |7 0”] Un+1,n=ln+1><"|®[c,, d,,]’

a 0 0 b
Q) Uisin=In—1)(nl® cZ 01| , Upin=In+1){n® [O de| ,

0 0 a b
3) Uisin=In—1)nl® o dn]’ Unsin =In+1)(n|® [61 6’]

0 b o 0
4) Unfl,n=|n_1)(n|®_0 dﬂ’ Un+l‘n=|i’l+1><n|®|:cz 0]

These four types of one-dimensional quantum walks are also represented as follows:

M U= (1} Weural + 15 ) Gurral)

nez

@) U=> (En-1a)€}] + lEnr1n)e3]) .

ne’

3 U= (5™ Gl + 1€ Ens1al)

nez
@ U= (1] + En1n)lel]) -

nez

Theorem 3 Let (U, {H,},c7z) be a one-dimensional quantum walk. For each
k = 1,2,3,4, there exists a one-dimensional quantum walk in Cy that is unitary
equivalent to (U, {Hn}nez)-

Proof By Theorem 1, U can be written as

U=> (I&-1n) 1l + Enr1n)Cnsrnl) -

nez
where {&, 141, Ent+1.n}nez and {$n.n+1, Cnt1.n}nez are orthonormal bases of H with
Sn,rrHv §71+1,n € Hn and $n+1,nv é‘n,nJrl € Hn+1'

First, we prove that (U, {H,},cz) is unitary equivalent to a quantum walk in Cj.
Let

W, = |e’11><$n,n+1| + |eg)(€n,n—l|
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for all n € Z. It is easily seen that W, is a unitary on H,,, with the result that W =
D,.cz Wy is a unitary on H that satisfies WH,, = H,. Moreover, from a direct
calculation,

WUW* = W(z (|%_n—l,n)(§n—l,n| + |§n+l,n>(§n+l,n|)) w*

nez

= > (el Wl + 15 (W1l

nez

Since W = @nez W, is unitary, {(W&,—1.n, W10} is an orthonormal basis of
‘H,,. Hence, (WU W*, {H,},cz) is in C;, and we obtain that (U, {H,,},<7z) is unitary
equivalent to a quantum walk in Cj.

Second, we prove that (U, {H,,},7) is unitary equivalent to a quantum walk in C,.
Let

Wy = 1ef)(Gn—1.n] + 1€3) (Ent1,n]

for all n € Z. It is easily seen that W), is a unitary on H,,, with the result that W =
D,.c7 Wy is a unitary on H. Moreover, from a direct calculation, we have

WUW* = W(Z (|$n—1,n>(§n—1,n| + |$n+1,n)(§n+l,n|)) W*

neZ

D (IWEw 1) (el + IWens1n)(e3]) -
nez

Since W = @nez W, is unitary, {W&, ,—1, W&, ,+1} is an orthonormal basis of
‘H,,. Hence, (WU W*, {H,},ez) is in Ca, and we obtain that (U, {H,,},<z) is unitary
equivalent to a quantum walk in C;.

The proofs of the remaining parts are similar to these. O

As a corollary of the theorem, we have the following.

Corollary 3 Let (U, {Hp},cz) be a translation-invariant one-dimensional quantum
walk. For each k = 1,2, 3,4, there exists a translation-invariant one-dimensional
quantum walk in Cy that is unitary equivalent to (U, {H, },e7)-

Proof By Theorem 1, U can be written as

U= (I&-12)Gn1nl + Ent1n)Cusinl)

neZ

where {&, 141, §n+1.n}nez and {$n.n+1, Cnt1,n}nez are orthonormal bases of H with
Ennt1s Cnv1n € Hypand &,41 0, Cnon+1 € Hy41. Moreover, by translation invariance,
we can assume that

é,,:n,n+1 = En—l,n» En—H,n = En,n—la Cnontl = Cn—1n and Cntin = Cnon—1
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for all n € Z. Therefore, in the proof of Theorem 3, W,, = W, for all n € Z. Then,
the assertion of the corollary follows from Proposition 3. O
6 One-dimensional Szegedy walk

In this section, we consider a necessary and sufficient condition for a one-dimensional
quantum walk to be a Szegedy walk. Let (U, {H,,},,ez) be a one-dimensional quantum

walk. Considering the unitary equivalence, we can assume H,, = C? foralln € Z
without loss of generality. By Theorem 3, we can assume that U is represented as

U= (1ef Y utl + 1) Gl

neZ

where {{,—1.n, {n+1.n} is an orthonormal basis of H,,. Here,

3 b

Up—1n = |e? l>(§n—1,n| =In—-1ne® |:6z)n 61:| ’
0 O

Unt1n = |eg+]><§n+l,n| =ln+DHinl® |:C d :| ’
n n

where the matrix

is unitary for all n € Z. .
If this is a Szegedy walk, there exists a shift operator S such that e*SU is a

direct sum of traceless self-adjoint unitary operators for some A € R. By Lemma 1,

S(ranUy, p+1) = ranUp41 . Moreover, ranUy 41, = (Ceg+1 and ranUy 41 = Cef.

Therefore, Se’f = elfn egH for some 6, € R. Consequently, S has the form

s=> (eie" 2 1) (€| + e |e’f)<eg+1|) . )
nez

Then, SU is described as

SU— @ e—i9n Cn e—i9n dn
- 7 elenfl ay elenfl bn .
ne

Let ¢, = e'#nr, and b, = e'"r, with r, > 0 and 1, v, € R. Then,
) (=0 A+ 1) i(—0,+1) g
*sU =P [e " ; ] : 3)

7 ei(en—] +)-)an ei(en—] +)~.+Un)rn
ne
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When r,, # 0, the 2 x 2 matrices on the right-hand side are traceless self-adjoint
unitary if and only if

-0, +A+u,=0 (modm), —6,+u,=6,_1+v,+m (mod2m). (4)

Indeed, assume that the 2 x 2 matrices on the right-hand side of (3) are traceless
self-adjoint unitary. Then, the diagonal entries are real, and the sum of them is zero.
Therefore,

—Op+r+pw,=6,1+A+v,=0 (modm),
and
—Op+ A+, =6, 1 +A+v,+7 (mod2m).

These equations imply (4). Conversely, assume (4). Then, the matrices in (3) are
traceless, and their diagonal entries are real. Since SU is unitary by the definitions of
S and U, the matrices in (3) are also unitary. It is easy to see that a 2 x 2 traceless
unitary matrix with real and nonzero diagonal entries is self-adjoint.

In the case r, = 0, |a,| = |d,| = 1, because SU is unitary. Let a, = ¢! and
d, = el™ for some on, Ty € R. Then, (3) is represented as

ei(_en +A+1,) ]

e"SU = @ |:ei(9n1+)»+on) 0
nez

Therefore, the 2 x 2 matrices on the right-hand side are traceless self-adjoint unitary
if and only if
Op_1+r+0,=60,—A—1, (mod2m). 5)

Hence, 6, and A satisfy conditions (4) and (5).

Conversely, if there exist 6, and X satisfying these conditions, the quantum walk
(U, {H,}ne7) is a Szegedy walk. Indeed, define a shift operator S by (2). Then, it is
easily seen that e SU is a direct sum of traceless self-adjoint unitary operators.

Therefore, (U, {H,},e7) is a Szegedy walk if and only if the above simultaneous
equations for A and 6, have a solution.

Now, we have the next theorem.

Theorem 4 Let (U, {H,},.c7) be a one-dimensional quantum walk given by

_ elons, ey
Un-tn = 1§ (@1l = In = 1><n|®[ S ]

1in n elfn Sn

u 0 0
Untrn = 165) Gntrnl = In+1)(n ® [e } , ©)
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where 1y, s, > 0 and w,, vy, on, T, € R, and let €% (8, € R) be the determinant of

i, iy,
e s, e"ry
U, = [ .

etny,  eng,
U, {Hu}nez) is a Szegedy walk if and only if the simultaneous equations
0, —0p—1 — 21 =6, (mod2m) @)

foralln € Z and
0, —A=u, (modm) whenr, #0 (8)

with respect to A and {6, },c7, have a solution.
Proof The determinant of U, is calculated as

eldn — ei((fn‘l’fn)s’% _ ei(lhz‘i‘vn)rr%'
Since s2 +r2 = l and [e¥| = 1,

dp=on+71 (fs, #20) and 6, =u,+v,+m (@(fr, £#0)
modulo 2. Hence, equation (5) is calculated as
6, —60,_1—2A=0,+ 1, =6, (mod2m).
On the other hand, the first equation in (4) is equivalent to
=20, + 27 4+ 2u, =0 (mod2m),
with the result that
—0, + y =6, — 2% — wu,, (mod2m).
Therefore, the second equation in (4) is calculated as
Op— 61 =22 =y, +v,+m1 =38, (mod2m).

Equation (8) is equivalent to the first equation in (4). Consequently, the simultaneous
equations (4) and (5) have a solution if and only if the simultaneous equations (7) and
(8) have a solution. O

Another necessary and sufficient condition for a one-dimensional quantum walk to
be a Szegedy walk is easier to check in some cases.
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Corollary 4 Let {ni}ken C Z be numbers indexed by A C Z that satisfy ry, # 0
with ny < ngy1. Suppose that A # @ and 0 € A. A one-dimensional quantum walk
U, {Hu}uez) given by (6) is a Szegedy walk if and only if there exists n € R such that

ni—1
gy + Ve + D S =n(x —me1) (modm)
n=nj_1+1

forallk € Awithk —1 e A.

Proof First, we assume that the simultaneous equations (7) and (8) have a solution
{%, 6n}. By (7)

ni—1 ng—1
O = Oy = D Ont —00) =200m — i)+ D S
n=nj_| n=nj_|
np—1
= 2001 = m—1) + o v+ D S (modm). (9)
n=ng_1+1

Since 6, and 6,, , satisfy (8),

nip—1
Mg = Mgy = 2000 = M) + oy + v+ D 8, (mod ),
n=nj_1+1
with the result that
np—1
My +ome+ DL 8= =210 —ng_1) (modm).
n=ng_1+1

On the other hand, assume that there exists € R such that
ng—1
Py + v+ D S =n(u —ni_1) (modm) (10)

n=nj_1+1

forallk € A withk —1 € A.Set A = —n/2,6,, = tn, + A, and

6 — On—1 + 2% + 8 (n > ng)
" Opt1 — 27 — Spy1 (n < ng)’

inductively. Then, A and 6, satisfy (7). Moreover, if 8,, , with ny_; > ng satisfies
(8), then 6,, also satisfies (8). Indeed, by (9) and (10),
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nig—1

an = an_] +2A(ng —ng—1) + Mny + Vg + Z Sn

n=nj_1+1
=Opp_y + Mny — Mng_y = A+ iy, (mod ).

Similarly, if 6,, with ny < ng satisfies (8), then 6,, | also satisfies (8). Indeed, by (9)
and (10),

ng—1
Ong_y = On, — 20(ng — Nk—1) — Mn, — Vny — Z On
n=nj_1+1
= enk — Mny + Mn_y = A+ Mny_y (mOd 7T)
This completes the proof. O

As a special case of Corollary 4, we have the next corollary.

Corollary 5 A one-dimensional quantum walk (U, {Hp},c7) given by (6) withr, # 0
foralln € Z is a Szegedy walk if and only if there exists n € R such that

Mn—1 + vy =n (modm).

When r,, = 0 for all n € Z, a one-dimensional quantum walk is a Szegedy walk.

Corollary 6 A one-dimensional quantumwalk (U, {H,},c7) given by (6) withr, = 0
foralln € Z is a Szegedy walk.

Proof Set . =0,60y) =0, and

g |01 +8 (=)
" Opnt1 —Spy1 (n < —1)°
inductively. This is a solution of simultaneous equations (7). O

Using these corollaries, we prove that every translation-invariant one-dimensional
quantum walk is a Szegedy walk.

Corollary 7 A translation-invariant one-dimensional quantum walk is a Szegedy
walk.

Proof If r, = 0 for all n € Z, then it is a Szegedy walk by Corollary 6. If r,, # 0
for all n € Z, then u,—1 + v, is a constant, because the quantum walk is translation
invariant. Therefore, it is a Szegedy walk by Corollary 5. O

Now, we consider some known models of one-dimensional quantum walks.

Corollary 8 A one-dimensional quantum walk (U, {H,},c7) with 2 coins [4,10], i.e.,

Elv+l"+

Un—l,n =n—-1nl® I:a(;_ 0 ] (n>0),
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Un+1,n = |n + 1><I’l| b
Un—l,n = |n - 1><l’l| b2

Urin=n+1){nl®

0 0

-eiﬂ7r7 d] (n < 0)7

where ry,r— > 0, is a Szegedy walk if and only if

Mg = -

v =v_ (mod 7).

(11)

Proof By Corollary 5, (U, {Hn},ez) is a Szegedy walk if and only if there exists

n € R such that

Uy +ve=p_+vy=pu_+v_=n (modm).

This condition is equivalent to

Mg = -

vy =v_ (mod ).

Using Corollary 5, we have following two corollaries.

Corollary 9 The following quantum walk, considered in [12],

Up—in = n—1){nl ®

is a Szegedy walk.

:| , Un+1,n =|n+1)

Corollary 10 The following quantum walk, considered in [13,14],

Ui—in=In-1)(nl®

] s Upipn=In+1){n|l®

is a Szegedy walk if and only if there exists n € R such that

—wp—1 +w, =1 (mod 7).

1
ml@ﬁ

1

V2

0
_e_iwn

0
ooy 1

Using Theorem 4, we can prove that a quantum walk of the Shikano—Katsura model

[18] is a Szegedy walk.

Corollary 11 A quantum walk of the Shikano—Katsura model, i.e.,

Upicin=In—-1H{nl® [

@ Springer
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0 0
Untin = In+1){n| ® [sin(2rrom) cos(2nom)i|

is a Szegedy walk for any a € R.

Proof By the definition of U, §,, is 0, and p,, is O or  foralln € Z. SetA = 0,6, =0
for all n € Z. This is a solution of (7) and (8). O
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