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Abstract The construction of quantum MDS codes has been studied by many authors.
We refer to the table in page 1482 of (IEEE Trans Inf Theory 61(3):1474-1484,2015)
for known constructions. However, there have been constructed only a few g-ary
quantum MDS [[n, n —2d + 2, d]], codes with minimum distances d > % for sparse

2
lengthsn > g+ 1. Inthe casen = ‘I’n;l where m|q + 1 or m|g — 1 there are complete
2
results. In the case n = qm—_l while m|g? — 1 is neither a factor of ¢ — 1 nor g + 1, no

g-ary quantum MDS code with d > % has been constructed. In this paper we propose

a direct approach to construct Hermitian self-orthogonal codes over F 2. Then we give

some new g-ary quantum codes in this case. Moreover many new g-ary quantum MDS
2_ . .

codes with lengths of the form w and minimum distances d > % are presented.
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1 Introduction

Quantum error-correcting codes are important for quantum information processing
and quantum computation. The construction of quantum error-correcting codes has
been an active field of quantum information theory since the publication of [15,19,20].
It is known for any pure quantum [[n, k, d]], code the parameters satisfy the quantum
singleton bound k < n — 2d + 2. The g-ary quantum codes reaching this bound are
called quantum MDS codes [2,14,15]. Many constructions of g-ary quantum MDS
codes have been proposed based on the Hermitian self-orthogonal codes over F 2.

The Hermitian inner product over FZZ is defined as follows. < u, v >,= u; v’f +

<o+ upv!, whereu = (uy, ..., up) and v = (vy,...,v,) are vectors in F”,. The
following result gives a construction of g-ary quantum MDS codes from Hermitian
self-orthogonal MDS codes over F

Theorem 1.1 ([2])IfCisaln,k,n—k+ l]qz MDS code overqu which is orthogonal
under the Hermitian inner product. Then we have a q-ary quantum MDS [[n,n —
2k, k + 1]], code.

There have been published many papers on the construction of quantum MDS
codes [1,2,4-17]. They were constructed from generalized Reed—Solomon codes [8—
10], cyclic or constacyclic codes [3,7,11,12]. However, it seems that for many lengths
g +1 < n < g% — 1 whether there is a g-ary quantum MDS code with length n
and minimum distance d > % is still an un-solved problem. For only very few sparse
lengths such g-ary quantum MDS codes with d > % have been constructed [3,7—
12,21]. In the case of length n = % where m is an integer satisfying m|g + 1 or
m|q — 1 the following results have been proved ([3,13,21], or see lines 13, 14 and 20
in the table of page 1482 of [3]).

1. For odd prime powers ¢ = 2°s + 1 where s is odd, an odd factor A|s of s and
f <e—1,aquantum MDS [[2/ (g + 1), 2/ A(g + 1) — 2d + 2, d]], code with
minimum distance d for each integer d in the range 2 < d < % + 2/ was
constructed ([3] Theorem 4.11).

2. Inthe case m|q+ 1 and m odd there is a g-ary quantum MDS code with length %
and minimum distance d for each integer d in the range 2 < d < qH +4- q“ —1.In

the case m|q + 1 and m even there is a g-ary quantum MDS code Wlth length qzm_,]
and minimum distance d for each integer d in the range 2 < d < % + qmil —1
('see [3,21]).

2
However, in the case n = 4

—_1 where m|g? — 1 is neither a factor of ¢ — 1 nor
q + 1, no g-ary quantum MDS code with length ! and minimum distance d > 5
has been constructed. Though in this case each cyclotomlc set has only one element,
the technique in [3,8,12,13] is not sufficient to get the desirable g-ary quantum MDS
codes. In this paper some new g-ary quantum MDS codes in this case with minimum
distance d > % are constructed. We use a direct approach of constructing Hermitian
self-orthogonal MDS codes over F>. Many new g-ary quantum MDS codes for the

length n = w(q ) and d > % for some integers w and u are also presented.
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We need the following lemmas in this paper.

Lemma 1.1 [f0 is a primitive element of the multiplicative group FZz and suppose m

2
¢=1 2_
is a factor of g* — 1, then Ej:"’l 07" = 0 except the case that t is divisible by =1

m

Proof Forany 1 <t < q%l —1,06™" generates a subgroup G of the group Z/(qznz1 )Z
21

generated by 6. The order of the group G is —a > 1. Since G # {1}, for
ged(t, =)

m

2 2
=1 . g1 .
any non-unit element 6", "G = G. Thus 0"'%, ", 0" = ¥, " 6™ Ttis clear

0™ =£ 1 when ¢ is not divisible by q2m_—1- The conclusion follows directly. O

Lemma 1.2 Suppose vy, ..., v, are n nonzero elements in the multiplicative group
F; Ifg = (g1, ..., 8&n) wWherel = 1, ... k, are k linear independent rows in ng

satisfying that E?:] ngjllg?.lz = 0 for any two indices Iy and [, in the set {1, ..., k}

(here | = Iy is possible). Then we have a Hermitian self-orthogonal [n, k]qz code
generated by these k rows.

Proof We can set v; = (v})‘”‘l for j = 1,...,n. Thus the equivalent code
(v}, ..., v,)C is a Hermitian self-orthogonal code, where C is a g*-ary code gen-
erated by these k rows g1, ..., 8.

The main idea to construct Hermitian self-orthogonal codes in this paper is as
follows. It is well known that from Lemma 1.1 we can prove that the dual of a Reed—
Solomon code (evaluation vectors of all polynomials with degrees less than k at a
subset S of F2) is another Reed—Solomon code (evaluation vectors of all polyno-
mials with degrees less than |S| — & at this subset S of F,2) (see [18]). Hence we
only need to guarantee the condition of Lemma 1.1 is satisfied so that Hermitian self-
orthogonal MDS codes can be constructed. There are g-th powers in the Hermitian
inner product X7 u ,-v?. For the purpose to enlarge dimensions of constructed Her-
mitian self-orthogonal MDS codes, we need some number theoretical conditions on
the lengths to guarantee that the exponential sums in the Hermitian inner products are
zero. Then g-ary quantum MDS codes with minimum distances bigger than % can be
constructed. O

2 New quantum MDS codes I
2.1 Construction 1

2
Let m be a factor of g2 — 1. For any fixed positive integer w we define a length qT_l
linear error code over qu as follows.

Cy = {O™ F(O™), 07" F(OO™), ..., 00" F(OI™), ...,

qul

BU—Im eIy f(1)) s f e F 2 [x], deg(f) < w — 1)

@ Springer
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2 2
It is clear that C,, is a MDS [qT_l, w, qm—_l —w + 1] code over F 2. Actually this

code is equivalent to a evaluation code at the elements 6", oI 0( = m 1.
Hence it is equivalent to a Reed—Solomon code.

The Hermitian inner product of any two codewords (corresponding to two polyno-
g2-1

mials f and g) is ¥, 6/"*/4™ fg49(6/™). Thus we only need to check

2 2
DG 9(q+1)m19/m(t1+tzq) DM gjm(q+1+t1+t2q) =0,

where 0 < 11,0 <w — 1.

Theorem 2.1 If m = 2k + 1 is an odd positive factor of ¢ + 1 and w < 2’%_11((] -1,
then for all non-negative integers t| and ty satisfying0 < t;,tp < w—1,g+1+11+0q

2
is not divisible by %;]. Hence the code C,, is Hermitian self-orthogonal.

2ot
Proof Tt is clear that if X, gima+l+h+4) — ( for all 1, and 1, satisfying 0 <
t1,tp < w — 1, the code is Hermitian self-orthogonal. Hence from Lemma 1.1 it is

sufficient to prove that if w < %(g —1D,qg+ 141t +tg,wheret; < w,tr < w,

is not divisible by % Sinceq + 141 +0g <(g+ D0 +w—1) < (k+ 1)42,,1—_1,
if ¢ + 1+ 1] + fq is divisible by qz—“, the quotient ‘”Hg# < k. On the other

hand ’lin;l = %q - q“ . Thatis, =—— =g — T y0d q because ﬂ is an integer.
Therefore, if g + 1 + t; + f2q is d1v151ble by ZT, then residue of ¢ + 1 + 11 4 f2q
module ¢ is in the range [kmil(q +1) — 1 q 1]. It is obvious that the residue of
qg+tqg+1+tymodulegisl+t <w < 2k+1 (q —1). Since k“ =2 (g +1)is a positive
integer and kmil(q -1 = kmil(q +1)— L k;’n'l g+, the conclusion follows

m

directly. O

Corollary 2.1 Ifm = 2k + 1 is an odd factor of q + 1, for each positive integer d in

the range 2<d< szk—t_ll(q — 1) + 1], there exists a q-ary quantum MDS code with

‘]

length

Suppose g is a prime power and g + 1 = Ar where r is an odd integer, then for each
integer d in therange 2 < d < ‘12;1 + %, alength A(g — 1) g-ary quantum MDS code
with the minimum distance d was constructed in [3,12,13,21]. Its construction was
based on constacyclic codes over F 2. However, this kind of quantum g -ary MDS codes

is a direct consequence from the constructed quantum MDS codes in Corollary 2.1.
2 2_ .
We can extend the construction 1 to [‘17m—1 + 1, w+1, qm—] — w + 1] Hermitian

self-orthogonal code over F > with the following generator matrix.
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1 +m 1
Table1l [[£17=1 tmol g’tm—1
2d.d + 11, quamum MDS Quantum MDS code qg,m,d
codes (133, 15, 101117 17,9,9
[[73,51, 12]]19 19,5, 11
[[57,27, 16]l29 29,15, 15
[[73, 35, 201137 37,19, 19
(181,41, 21714 41,21, 20
[[169, 125, 231143 43,11,22
[[105, 53, 271153 53, 27,26
GRS 1 1
" 2
=1 —2)m 2
0 om 9< " oM =1

, (#—2);‘;41
0o o ...0 1

(57 2)wm
0 6vm...0 1

Therefore, the following result which can be thought as a generalization of Theorem
4.4 of [11] is proved.

Theorem 2.2 For each odd number m = 2k + 1 satisfying m|q + 1, we have a

[[qz'FmL_l, qz-',-m—m—l —2d, d + 1], quantum MDS code for each integer d in the range

2<d < [5Eh@—D+1].

In the case g + 1 is divisible by 3 we have a length q— +1= q ary quantum

MDS code with minimum distance d for each integer d in the range 2<d< 2(q3+ D

This recovers the 2nd conclusion of Theorem 4.4 of [10]. Moreover if 5|g + 1, then we
2 2

have a length qs—_l +1= ‘15—+4 g-ary quantum MDS code with the minimum distance

d for each integer d in the range 2 < d < @. We list some new quantum MDS
codes from Theorem 2.2 in Table 1.

2.2 Construction 2

We need the following two lemmas in construction 2. The main idea of the construction
2 is the consideration of the sum of two identities as in Lemma 1.1 with respect to two
subsets. Then we have new identities that some exponential sums at a new subset are
zero. This leads to some new Hermitian self-orthogonal codes with different lengths.

Lemma 2.1 Suppose q is an even prime power2". Let 6 € F 2 be a primitive element
which generate the multiplicative group FZ2. If my and m» are factors of g*> — 1
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satisfying gcd(m1, my) = 1. We set m3 = % and my = q;_;l' Let M be the set
of all indices j satisfying 1 < j < m3 — 1 and j is not divisible by m>, and My be
the set of all indices j satisfying 1 < j < ma4 — 1 and j is not divisible by m1. Then
Tjem, 0™ + Zjem, 0™ = 0fort = 1,...,min{ms, ma} — 1.

Proof From Lemma 1.1 and the fact —1 = 1 in the finite field Fyr we get the

conclusion. Here we should note that in the two equalities 726" = 0 and
"M 921 = 0. The common part is X"'5 @172/ where _ g O
j=1 =U. p j=1 ’ M5 = imy

qZ q2_1
Here M| = m3 — T and |My| = my — T

Similarly we have the following Lemma 2.2. Suppose ¢ is an even prime power
2" Letf e F,> be a primitive element which generate the multiplicative group FZZ.

Consider my, ..., my factors ofq — 1 satisfying gcd(my, , my,) = 1 for any s1 # s2.
2_

We set m| = %, ceml = —1 . Set M, the subgroup of the multiplicative group

FZZ generated by 6™«. Let My, ,, be the intersection of My, ..., M, for distinct

indices s1, ..., s inthe set {1, ..., s}. The set M is defined as the set of elements in

M; U --- U M; by deleting these elements in the set My, where [ is even. The
elements in My, s where [’ is odd are remained.

Lemma 2.2 ZjeMli'gm]tj + EjeMzﬁMejmzt 4ot EjeMmMﬁjmzt =0fort =
1,....min{my, ... .,m} — 1.

If g be an even prime power 2" my =2k + 1 < my = 2ky + 1 are odd factors

of g + 1 satisfying gcd(m1, my) = 1. Set m3 = 'an;l, my = qL], M = m3 +

1 ma

mg — 21("[’1m21) We construct a length M linear code Cyy over F 2> as follows. Cy =
{(xf(x)xem : 0 <deg(f) < w — 1}, where w < 2]‘,(2;11 (g — 1). This is equivalent to

a evaluation code (a Reed—Solomon code) at all elements of the set M. Thus this is a
[M,w, M —w + 1] MDS code over qu

We need to check the exponential sum X ;cp,0/m1@HH0+00 4 5,
gim2(g+1+01+104) for the purpose to get the Hermitian self-orthogonal codes.

Theorem 2.3 Let m, my, m3, ma, M and w be positive integers as above. If for all
non-negative integers t| and ty satisfying 0 < t;,tp <w —1, g + 1+t + trq cannot
be divisible by mz and may, then the code Cw is Hermitian self-orthogonal. When
w < 2kk2;1 (g — 1), the above condition is satisfied.

Proof The conclusion follows from the proof of Theorem 2.1 and the fact w <
min{5ith (g — 1), 325 (g — D). u

Corollary 2.2 Suppose that q is an even prime power 2", m| = 2k| + 1 and m> =
2ky + 1 are odd positive integers satisfying gcd(my,mo) = 1,my < m2 andmilq +

1 — =1 ) N Y A 2(¢>=1
cmalg + 1. We set m3 = =, mg = T—=, M = m3 + mg — = === For each
ko+1

positive integer d in the range2 < d < |-2k2+1 (g —1)+ 1], thereis alength M q-ary
quantum MDS code with minimum distance d.
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Table 2 [[(m] +mp —2)(2" —

1), (my +my — 2)(2h o Quantum MDS code h,my,my, k

2k(~1k + Ul quantum MDS [[372, 340, 17113 5,3,11,16

codes
[[1008, 942, 34]]64 6,5,13,32
[[5588, 5460, 6511128 7,3,43, 64
[n[22484, 21956, 265]]512 9, 19,27, 264

2 2
¢° =1 L g7 =1 _

Table 3 [[ mj + my Quantum MDS code q,my,mp, k

=1 >l ¢>=1 _

myimy’ mj ny

g>-1
mmy 2k, k + 1]]4 quantum

[[412,412 — 2k, k + 1]]29
[[720, 720 — 2k, k + 11141

29,3,5,1<k<16
41,3,7,1 <k <22

MDS codes [[1624, 1624 — 2k, k + 1150

[[2952, 2952 — 2k, k + 1]1g3

59,3,5, 1 <k <34
83,37, 1 <k <46

From Lemma 2.2 we can generalize our recent results to the case that ¢ + 1 has
several factors my, ... mg, where gcd(my, , my,) = 1fors; # s2. Some quantum MDS
codes coming from Corollary 2.2 are listed in Table 2.

Actually in the case ¢ is an odd prime power we can use equivalent codes to get
new quantum MDS codes as follows. If ¢ is an odd prime power, then 2 is a nonzero
elementin F, C qu. Ifmy =2k1 + 1 < my = 2k + 1 are two odd factors of ¢ + 1,

2 2
then we have the following identity. When ¢ is not divisible by % or 4 mzl ,

21 2

g~=1 [inkl ¥
mp mlt./ my mZ,/I _
zM oM 43 oMt =0

For those indices j’s which are in both summands, that is, j = mmyj’, we have
20mim21j" in the above identity. Since 2 = u9t! for some u € qu, the equivalent code
can be used to get a Hermitian orthogonal code from Lemma 1.2. Hence we have the
following result.

Theorem 2.4 Suppose that q is an odd prime power, m; = 2k1 + 1 andmy = 2k> + 1
are odd positive integers satisfying gcd(my, mp) = 1,m; < mpandmq|qg+1, ma|q+
_ -1 _ -1
1. We set m3 = T ma = o
dintherange2 <d < szkz;ll (g — 1)+ 1], there is a length M g-ary quantum MDS

code with minimum distance d.

2_ .
, M =m3 +my — ff“—mlz. For each positive integer

In Table 3 we give some new quantum MDS g-ary codes from Theorem 2.4.

3 New quantum codes II
3.1 Odd ¢q and even m|q — 1 (Recovery of Theorem 4.11 in [3])
Suppose ¢ is an odd prime power and ¢ — 1 = 2"aja, where a; and a» are odd

numbers. We assume m = 2h1a1 > 6 is an even factor of ¢ — 1 where h; < h. We
first prove the following lemma.
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Table4 [[(m) +my —

1)@myma +2), (my +mo — Quantum MDS code qg,my,moy,d
D@myms +2) =2d +2,dllq 224,224 — 2d 42, d1l 31,3,52<d <17
quantum MDS codes
[[396, 396 — 2d + 2, d]141 43,3,7,2<d <25
[[884, 884 — 2d + 2, d]lg7 67,3,11,2 <d <37
[[792,792 —2d + 2, d]]7; 71,5,7,2 <d <41
[[1196, 1196 — 2d + 2, d]]91 91,5,9,2 <d <5l

Lemma 3.1 When0 <1, < q+1 + 2 =gy — 2 the following equality holds:

2

g-—1 . +1
m jm(t +tzq+q
=76

) =0

Proof From the condition m > 6, 11 + g + 41 < g2 — 1. Thus if (1 + 441) + 1og
is divisible by #, the quotient # < m. In the case #; + qzil < g — 1 we have
u% = thq +t + %. The quotient is #, and the remainder is 71 + %. The
quotient and the remainder have to be the same since u (qm;l) is an integer.

Since 11+ 43 = py is divisible by 21, 1y + 1+ 451 is divisible by 21 = 2" ~T1g,.
Fromt#; > Owehavert;+1 > 1,and#; > 2h_h1a2—1 Ontheotherhandrz = t1+%,
th > "H—I—Zh 1 gy —1. Thisis a contradiction. Thus t+hqg+ isnot divisible
by qz‘l

—1
2h h1+l

In the case 1] + q+l > g we have u =(t+ g+ (1) — —) The quotient
is 7 4+ 1 and the remamder is tl — — These two numbers have to be the same since
u<mThustr +1 =1t —LH—1is d1V1s1ble by = 2h- hlag Fromtn +1 > 1,
we have 1, > 2 1g, — 1. Thus H>t+1+ q_l > q+1 +2/=Mg, — 1. Thisis a
contradiction. ,

The code is the set {( £ (™), f(O¥"), ..., f(©OI™), ...,f(e”%ml) s deg(f) <

mgeh Fiog = (om0, giml

k}. In Lemma 1.2 we can set v =6/

2_

6“7 ™), where 0 < I < k — 1. Thus a [£=1, k],» Hermitian self-orthogonal MDS

code can be constructed from Lemmas 1.2 and 3.1, where k is intherange 1 < k <
2

q+l + 2" =" gy — 1. From Theorem 1.1 we have a length £ quantum MDS g-ary

code with the minimum distance d = k + 1 in the range 2 < d < % + 2h— hlaz. O
Theorem 3.1 If g = 2"aja» + 1 is an odd prime power where ay and a> are odd

numbers and m = 2" ay > 6 is an even factor of ¢ — 1 where hy < h, then for each
integer d in the range 2 < d < qTH + 2" =My, we have a g-ary quantum MDS code

2— . . .
with length qm—l and minimum distance d.

This recovers Theorem 4.11 in [3].
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3.2 Length "’(’1 D quantum g-ary MDS codes

The main idea of the construction in this subsection is similar to the Sect. 2.2. We add
some identities in Lemma 3.1 to get some new identities that some exponential sums
are zero. Thus we can construct some new Hermitian self-orthogonal codes.
Suppose m| = 2’“111 > 6 and my = 2"2p; > 6 are two even factors ofg—1=
2" a1ay = 2"byby where ay, az, by, by are odd numbers. Then we have two identities
from Lemma 3.1. The addition of these two identities gives another identity. For
those indices j which are divisible by both m and m;, we have to use the element

.my(g+1) .mp(q+1)
9/~ i + 6/ 2 € F,. It is obvious that this is a nonzero element in F; when
lem(my,my) = q — 1 (here Icm is the least common multiple). Set M the set
2
of indices m; - {1, . q—_l}and M, = m3 ..., mj} M = M, UM,. Here
M| = [M|+Mz|— —lcm(ml @t h = +q L_(g+1) whenlcm(my, my)

g — 1. The code is the set {(f(x))xeM O < deg(f) < k— 1}, where 1 < k <
=L 4 minf2hay, 20 2py).

Theorem 3.2 Assuming that ¢ = 2" ayas + 1 = 2"b1by + 1 is an odd prime power
as above and ay, ap, b1, by are odd numbers. Suppose also that my = 2h1a1 and
ms = 2"2by are two even factors of g — 1 satisfying lem(my, m2) = g — 1 as above.
Then for each integer d in the range 2 < d < ﬂ + min{Zh’h1 ar, 2""2b,} we have

a g-ary quantum MDS code with length |M| = q i + q — (g + 1) and minimum
distance d.

Corollary 3.1 If2mmy + 1 is a prime power where m| < my are two co-prime odd

numbers, then for each integer d in the range 2 < d < mym + m + 1 we have a

2
length % = (m1+mo — 1)2mimy +2) q-ary quantum MDS code and

the minimum distance d.

We list some new quantum MDS codes from Corollary 3.1 in Table 4.

4 New quantum codes III

Just as in Sect. 2.2 the idea of the construction in this section is that the addition of
two identities in Lemmas 1.1 and 3.1 gives us some new identities showing that some
exponential sums are zero. This leads to some new Hermitian self-orthogonal codes
with different lengths.

Let g be an odd prime power and m; = 2k; + 1 is an odd factor of ¢ + 1.
From Theorem 2.1 we have that the following identity holds when 0 < #1,# <

q—1 g+l
a2

¢?-1

Ejill Qjm1(11+lzt]) ,gjrm(q+1) =0
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From Lemma 3.1 if m3|g — 1 is an even factor of ¢ — 1 we have the following

. . —1 —1
identity when 0 < 11,1, < 45— + '4”72 -1

2
. - my(g+1)
Ejzzl gim2(i+nq)  gi=7— _

We can get the following identity by adding these two identities.

221 a2-1
m . . T .mo(g+1)
Ej:l gjml(tl-i-fzq) ,gﬂm(q-‘rl) + H(ijzl 0Jm2(t1+t217) _9./72 7 )=0

Here H can be any nonzero H € F; and the common #; and #, are in the range

0<t,thp < ’%1 + min{% -2, ’%1 — 1}. At the position ™12 it is clear that

2
) mymat(g+l) . . my
gmim2t@+h) 4 o7 is an element in F,. Since § "1~ 7 Mm@+ can only
be the % nonzero elements in the subgroup of FZ generated by 072@+ D there exists

2
2 mym3rg+) ]
aHe F; such that 61m21@+D L o= is a nonzero element in Fj; for any

possible 7.
. 2 . 2
LetMbetheset {6/ : j=1,..., %}U{Qﬂ”2 j=1,..., %}.Thecodeis

the set {(f(x))xem : 0 < deg(f) < 45° +min{% -2, % — 1}}. This is equivalent
to a Reed—Solomon code.

Theorem 4.1 If q is an odd prime power, m1 is an odd factor 0{‘ q + 1 and m> an even

factor of g — 1, then for each integer d in the range2 < d < 4= +min{%, % +13,

2 2 2 .
we have a q-ary quantum MDS code with length % + % - Z“ mlz and minimum
distance d.

Actually Theorem 4.1 is quite general as illustrated in the following results.

Corollary 4.1 Let g be an odd prime power. If there exists an odd integer m|q + 1

such that m — 1 is an even factor of ¢ — 1. Then for each integer d in the range
2

2 <d < % + % we have a length % q-ary quantum MDS code with

minimum distance d.

There are many such odd prime powers ¢ as illustrated in Table 5.

The lengths of some quantum MDS g-ary codes in Table 5 have the form 4(g — 1)
where ¢ is an odd prime power such that (¢ + 1) is not divisible by 4. This case is not
covered in the previous results (see the table in page 1482 of [3]).

Corollary 4.2 If g is an odd prime power of the form q = 1 mod 4, then for each
integer d in the range 2 < d < % we have a length 4(q — 1) g-ary quantum MDS
code with minimum distance d.

From the main result in [9] (or see 3 in the table in page 1482 of [3]), only the range
3<d< % is allowed. Our result gives a quantum g-ary MDS [[4(¢ — 1), 3q —
3, %]]q code when g = 4k + 1 is an odd prime power.
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Table 5 Quantum MDS codes

] 2g2—1) Quantum MDS code qg,m,d
with lengths =*—=

[[48,48 —2d +2,d]1]13 13,7,2<d <7
[[48,48 —2d + 2, d]l»5 17,9,2<d <9
[[56,56 —2d + 2, d]lx9 29,15,2<d <15
[[144, 144 — 2d + 2, d]]4; 37,19,2<d <19
[[192,192 —2d + 2, d]l4a9 49,25,2<d <25
[[960, 960 — 2d + 2, d]]a9 49,5,2<d <29
[[288,288 —2d + 2, d]l73 73,37,2<d <37
[[1760, 1760 — 2d + 2, d]lg9 89,9,2 <d <49

Table 6 Quantum MDS codes with lengths (2‘7,;]1) “(g+D

Quantum MDS code q.k,d

[[56 - 170, 9520 — 2d + 2, d]l169 169, 1,2 <d < 101

[[96 - 290, 27840 — 2d + 2, d]]»g9 289,1,2 <d <173

[[456 - 1370, 624720 — 2d + 2, d1]1369 1369, 1,2 < d < 821
[[616 - 1850, 1139600 — 2d + 2, d]1]1849 1849,1,2 <d < 1109
[[984 - 6870, 6760080 — 2d + 2, d1]389 6889, 3,2 <d <3709
[[672 - 57122, 38385984 — 2d + 2, d]l57121 57121,42,2 < d < 28729
[[1896 - 24650, 46736400 — 2d + 2, d1124649 24649,6,2 <d < 12817

Corollary 4.3 Let g be an odd prime power. If there exists an even factor 2(2k + 1)
of ¢ — 1 such that 4k + 1 is a odd factor of q + 1, then for each integer d in the range
2<d< % + Z(%Ji]) we have a length % - (g + 1) q-ary quantum MDS code
with minimum distance d.

In Theorem 4.11 of [3] and Theorem 3.1 here m cannot be an odd factor. This
Corollary 4.3 partially solves this case under an assumption on g. However, there are
a lot of such odd prime powers ¢ and odd factors (2k + 1)|¢g — 1 as illustrated in
Table 6.

5 New quantum codes IV

2_
In this section we treat the case that ¢ is an odd prime power and n = qm—l, where
m|g? — 1, and m is neither a factor of ¢ — 1 nor g + 1.

We need the following two lemmas.

Lemma 5.1 Ifm isaneveninteger and mj is an odd integer satisfying gcd(my, my) =
1, there are infinitely many primes q satisfying milqg — 1 and ma|q + 1.

Proof Since gcd(m1, my) = 1 we have two integers /o and kg satisfying lom| + 2 =
komy. Thus ! = lp+mat and k = ko +m ¢ also satisfy Im| + 2 = km for all integers
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Table 7 Quantum MDS codes from Theorem 5.1

Quantum MDS code q,my,my,d

[[1088 - 1995, 2170560 — 2d + 2, d1111969 11969, 176, 105,2 < d < 6041
[[2768 - 5075, 14047600 — 2d + 2, d1130449 30449, 176, 105,2 < d < 15369
[[7758 - 9310, 72226980 — 2d + 2, d]146549 46549, 36, 175,2 < d < 23407
[[9858 - 11830, 116620140 — 2d + 2, d]]59149 59149, 36, 175,2 < d < 29743

t=0=£1,42, ... Itisclear gcd(lom| + 1, m1) = 1. We have lom| + 1 + 1 = koma,
then ged(lpm + 1, mp) = 1.

From Dirichlet Theorem there are infinitely many primes in the arithmetic sequence
mom1t+Igmi+ 1 because of gcd(lpm + 1, mymy) = 1.Itis direct to verify m|q — 1
and ma|q + 1. O

Lemma 5.2 There are infinitely many pairs of positive integers (m1, mo) satisfying
the following conditions.

1) mq is even, my is odd and gcd(m1, m>) = 1;
2) % = % where m is a positive integer satisfying gcd(mi, m) > 1 and
ged(mp, m) > 1.

Proof We consider my = k1ky where k1 and ky are odd numbers. Set k3 and k4 two
un-determined positive integers satisfying k1ky — 1 4+ 2k3ks = k1k3. Then k1ky — 1 =
k3 (k1 — 2k4). From the factorization of k1k; — 1 we get suitable k3 and k4. Hence
m1 = kiky and my = 2k3ky are the integers satisfying the conditions.

For example when k; = 35 and k» = 3, 105 — 1 = 8 - 13 = k3(35 — 2k4), we
can set k3 = 8 and k4 = 11. Then m| = 176 and m, = 105. 12FI6=1 — L. ‘When
ki =35and kp = 5.174 = 6 - 29 = k3(35 — 2k4), we can set k3 = 6 and k4 = 3.

_ _ 175436—1 _ 1
Then m| = 36 and m, = 175. o175 = 30- O

Theorem 5.1 There are infinitely many pairs of integers (m1, m2) as in Lemma 5.2
and infinitely many primes q as in Lemma 5.1 for each such pair (m1, my). For each
such pair (my, my) and the infinitely many primes q as in Lemma 5.1, we have a g-ary
2
g —1
1 -Hm 1
d inthe range2 < d < qT +min{%72, qm_| + 1}

quantum MDS code with length n = and minimum distance d for each integer

Proof The conclusion follows from Lemmas 5.1 and 5.2 and Theorem 4.1 directly.
We list some new g-ary quantum MDS codes from Theorem 5.1 in Table 7.
O

Corollary 5.1 Let k be any positive integer satisfying k = 5 mod 9. If ¢ = 16k> —
12k + 1 is an odd prime power, then we have a g-ary quantum MDS code with length
2
% and minimum distance d for each integer d in the range 2 < d < % + @
Proof Set m| = 4k and my = 3(4k — 1) in Theorem 5.1 we get the conclusion.
For example when k = 14 and g = 2969 is a prime we have a 2969-ary quantum
MDS [[209880, 209880 — 2d + 2, d]]2969 code for each integer d in the range 2 <
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Table 8 Quantum MDS codes

Length Distance Reference
2
CL mlg + 1, m odd 2<d< P+ 41 [3,21][22]
2
qnjl,m\q+1,meven 2§d§‘72;1+qm;1 [21]
2
qrn;],m\q—l,meven 2<d< qzil—i-qm;l [3], Theorem 2.1
2
=L nlg + 1, m odd 2<d< 434 4] Theorem 2.2
4g—1),qg=1mod4 d =2 Corollary 4.2
2(¢°=1) -
i 0ddg.oddmlg 41 2<d <95t 4 4t Corollary 4.1
st.m —1|g —1
% : (q + 1)’ -1 +1
2k +1]g — 1 2=d <5 + 580 Corollary 4.3
s.t.4k + llg +1
(mytmy—1)(g*=1)
2mym »oddmy < my, 2<d< %+m1 Corollary 3.1
ged(my,my) =1,q =2mymy + 1
(mytmy=1(g>=1) 44
2mymy , 0 q+1 q—1
my =2k +1 <my =2k +1, 2=d =5+ 5050 Corollary 2.2
ged(my,mp) =1
2 . s
qT, suitable ¢ and m not dividing ¢ — 1 2<d< % +A Theorem 3.2
org + 1, A > las in Theorem 3.1
24 .
qT,k = Smod?9, for odd prime power 2<d< % + 2k§l Corollary 5.1

g =16k* — 12k + 1

d < 1494. In the above Corollary 5.1 we should note that 3k is not a factor of ¢ — 1
or g + 1. This case has not been treated in the previous works [3,8-13]. O

6 Summary

In this paper we give a direct method constructing ¢2-ary Hermitian self-orthogonal

MDS codes with dimensions k > %. This leads to many new g-ary quantum MDS

codes with minimum distances d > %. Some new g-ary quantum MDS codes with

q > % constructed in this paper are listed in Table 8.
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