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Abstract This paper introduces “swiveled Rényi entropies” as an alternative to the
Rényi entropic quantities put forward in Berta et al. (Phys Rev A 91(2):022333, 2015).
What distinguishes the swiveled Rényi entropies from the prior proposal of Berta
et al. is that there is an extra degree of freedom: an optimization over unitary rotations
with respect to particular fixed bases (swivels). A consequence of this extra degree
of freedom is that the swiveled Rényi entropies are ordered, which is an important
property of the Rényi family of entropies. The swiveled Rényi entropies are, however,
generally discontinuous at « = 1 and do not converge to the von Neumann entropy-
based measures in the limit as « — 1, instead bounding them from above and below.
Particular variants reduce to known Rényi entropies, such as the Rényi relative entropy
or the sandwiched Rényi relative entropy, but also lead to ordered Rényi conditional
mutual information and ordered Rényi generalizations of a relative entropy difference.
Refinements of entropy inequalities such as monotonicity of quantum relative entropy
and strong subadditivity follow as a consequence of the aforementioned properties of
the swiveled Rényi entropies. Due to the lack of convergence at « = 1, it is unclear
whether the swiveled Rényi entropies would be useful in one-shot information theory,
so that the present contribution represents partial progress toward this goal.

B Mark M. Wilde
mwilde @lsu.edu

Frédéric Dupuis
dupuis @fi.muni.cz
Faculty of Informatics, Masaryk University, Brno, Czech Republic

Department of Physics and Astronomy, Center for Computation and Technology, Hearne Institute
for Theoretical Physics, Louisiana State University, Baton Rouge, LA 70803, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11128-015-1211-x&domain=pdf
http://orcid.org/0000-0002-3916-4462

1310 F. Dupuis, M. M. Wilde

Keywords Rényi entropies - Conditional mutual information - Monotonicity of
quantum relative entropy - Strong subadditivity

1 Introduction

In 1961, Alfred Rényi defined a parametrized family of entropies now bearing his
name, by relaxing one of the axioms that singles out the Shannon entropy [34]. This
led to both the @-Rényi entropy and the o-Rényi divergence, defined respectively for
a parameter o € (0, 1) U (1, oo) and probability distributions p and g as

Hy(p) = l—a

log >~ [p(0)1*, M

Dy(pliq) = log D" [p(0)1* [g(x)]'™, )

a—1

where log denotes the natural logarithm here and throughout the paper. The Shannon
entropy and relative entropy are recovered in the limit as o« — 1:

lim Ho(p) = H(p) = =3 p(x)log p(x), 3)

“

lim Da(plla) = D(pllg) = gjp(x)log P (x;

q(x)’

What began largely as a theoretical exploration ended up having many practical rami-
fications, especially in the contexts of information theory and statistics. For example,
it is now well known that the Rényi entropies play a fundamental role in obtaining a
sharpened understanding of the trade-off between communication rate, error probabil-
ity, and number of resources in communication protocols, such as data compression
and channel coding [10,16]. “Smoothing” the Rényi entropies [33] has also led to the
development of ““ one-shot” information theory [32,38], with applications to cryptog-
raphy.

Part of what makes the Rényi entropies so useful in applications is their properties:
convergence to the Shannon and relative entropies in the limit as @ — 1, monotonicity
in the parameter «, and additivity, in addition to others. The convergence to the Shan-
non and relative entropies ensures that, by taking this limit, one recovers asymptotic
information-theoretic statements, such as the data compression theorem or the channel
capacity theorem, from the more fine-grained statements. Monotonicity in the parame-
ter o ensures that Hy (p) gives more weight to low surprisal events for @ > 1 and vice
versa for & < 1, helping to characterize the aforementioned trade-off in information-
theoretic settings. The additivity property implies that the Rényi entropies can simplify
immensely when evaluated for memoryless stochastic processes.

In light of the progress that the Rényi paradigm has brought to information theory,
one is left to wonder if this could happen in more exotic settings, such as quantum
information theory and/or for “multipartite” settings (here by multipartite, we mean
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Swiveled Rényi entropies 1311

three or more parties). This line of thought has led to the development of several non-
commutative generalizations of the Rényi relative entropy in (2), which has in turn
led to a sharpened understanding of several quantum information-theoretic tasks (see
[9,39] and references therein) and refinements of the uncertainty principle [8]. As far as
we are aware, the development of the multipartite generalization of the Rényi entropy
in (1) is less explored, with the exception of a recent proposal [6] for a multipartite
quantum generalization.

With the intent of developing either a multipartite classical or quantum generaliza-
tion of (1), one might suggest after a moment’s thought to replace a quantity which
features a linear combination of entropies by one with the same linear combination of
Rényi entropies. However, this approach is objectively unsatisfactory in at least two
regards: Properties of the original information measure are not preserved by doing so,
and one is not guaranteed to have the powerful monotonicity in & property mentioned
above. For example, take the case of the conditional mutual information of a tripartite
density operator pspc defined as

I(A; B|C), = H(AC), + H(BC), — H(C), — H(ABC),,, 5)

where H(F), = — Tr{or logor} is the quantum entropy of a density operator o on
system F'. One of the most important properties of this quantity is that it is non-negative
(known as strong subadditivity of quantum entropy [22,23]), and as a consequence, it
is monotone non-increasing with respect to any quantum channel applied to the system
A [7] (by symmetry, the same is true for one applied to B). However, if we define a
Rényi generalizationof I (A; B|C), as Hy(AC),+ Hy (BC),— Hy(C), — Hy (ABC) 5,
where H, (F), = [log Tr{aﬁf}] / (1 — «), then explicit counterexamples reveal that
this Rényi generalization can be negative, and monotonicity with respect to quantum
channels need not hold, and neither does monotonicity in « [25].

To remedy these deficiencies, the authors of [6] put forward a general prescription
for producing a Rényi generalization of a quantum information measure, with the
aim of having the properties of the original measure retained while also satisfying
the monotonicity in « property. The work in [6] was only partially successful in this
regard. Continuing with our example of conditional mutual information, consider the
following Rényi generalization [5]:

I4(A; BIC), =

1—a)/2 -1/2 1— -1/2 (1-a)/2
Clog e pentic ook o0l ©)

o —
For @ € [0, 1) U (1, 2], the quantity is non-negative, monotone non-increasing with
respect to quantum channels acting on the B system, converges to 1 (A; B|C), in the
limit as ¢ — 1, and is conjectured to obey the monotonicity in « property (with some
numerical and analytical evidence in favor established) [5]. However, hitherto a proof
of the monotonicity in « property for I, (A; B|C), remains lacking. It is also an open
question to determine whether I, (A; B|C), is monotone non-increasing with respect
to quantum channels acting on the A system—this partially has to do with the fact
that 1, (A; B|C), is not symmetric with respect to exchange of the A and B systems,
unlike the conditional mutual information in (5).
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1312 F. Dupuis, M. M. Wilde

2 Summary of results

In this paper, we modify the recently proposed Rényi generalizations of quantum
information measures from [6] by placing * swivels” in a given chain of operators.'
As an example of the idea, consider that we can rewrite the quantity in (6) in terms of
the Schatten 2-norm as follows:

I, (A; BIC), = (1— oz)/2 (a 1)/2 (1—a)/2 /2 H )

10?:’ HP Pac ~ Pasc
The new idea is to modify this quantity to include swivels as follows:

1,(A; B|O),

2
= max log H,o
a—1V,, €V, .YV

1—a)/2 1)/2 (1 2 2
(Ca2y /2 (-] vacp%ch ®)

where V,, is the compact set of all unitaries V,, commuting with the Hermitian operator
w. Thus, the fixed eigenbases of pc and pasc act as swivels connecting adjacent
operators in the operator chain above, such that the unitary rotations V,. and V,,.
about these swivels are allowed. Of course, such swivels make no difference when the
density operator p4 pc and its marginals commute with each other (the classical case),
or when the C system is trivial, in which case the above quantity reduces to a Rényi
mutual information

2

I(A; B), = max lo ” (-2 (1-a)/2y, oz/ZH o
(A B)p = oy iy dog|Ps o VoAl ©
= - log Hp(l D12 (=02 ot/ZH 10)

We mention that we were led to the definition in (8) as a consequence of the develop-
ments in [45], in which similar swivels appeared in refinements of entropy inequalities
such as monotonicity of quantum relative entropy and strong subadditivity.

The quantity in (8) satisfies some of the properties already established for
Iy (A; B|C), in[5], which include nonnegativity fora € [0, 1)U(1, 2] and monotonic-
ity with respect to quantum channels acting on the B system. However, the extra degree
of freedom in (8) allows us to prove that this swiveled Rényi conditional mutual infor-
mation is monotone non-decreasing in « for « € [0, 1) U (1, 2].

The swiveled Rényi entropies are in general discontinuous at « = 1 and do not
converge to the von Neumann entropy-based measures in the limitas @ — 1. Thus, the
present paper represents a work in progress toward the general goal of find Rényi gen-
eralizations of quantum information measures that satisfy all of the desired properties
that one would like to have. It thus remains an open question to find Rényi quantities
that meet all desiderata.

LA “swivel” is a coupling placed between two objects in a chain in order to allow for them to “ swivel”
about a given axis.
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Swiveled Rényi entropies 1313

The rest of the paper proceeds by developing this idea in detail. We review some
background material in Sect. 3, which includes various quantum Rényi entropies and
the Hadamard three-line theorem, the latter being the essential tool for establishing
monotonicity in « for the swiveled Rényi entropies. We then focus in Sect. 4 on
developing swiveled Rényi generalizations of the quantum relative entropy difference
in (13), given that many different information measures can be written in terms of
this relative entropy difference, including conditional mutual information (see, e.g.,
the discussions in [35,44,45]). Our main contributions are Theorems 2 and 3, which
state that these quantities are monotone non-decreasing in « for particular values. We
then briefly discuss how refinements of entropy inequalities follow as a consequence
of the properties of the swiveled Rényi entropies. Section 5 discusses swiveled Rényi
conditional mutual information and justifies that they possess the properties stated
above. We extend the idea in Sect. 6 to establish swiveled Rényi generalizations of an
arbitrary linear combination of von Neumann entropies with coefficients chosen from
the set {—1, 0, 1}. We finally show how our methods can be used to address an open
question posed in [47]. Section 8 concludes with a summary and some open directions.

3 Preliminaries
3.1 Quantum states and channels

A quantum state is described mathematically by a density operator, which is a positive
semi-definite operator with trace equal to one. A quantum channel is a linear, trace-
preserving, completely positive map. For more background on quantum information
theory, we refer to [27,43]. Our results apply to finite-dimensional Hilbert spaces. For
most developments, we take p, o, and N to be as given in the following definition:

Definition 1 Let p be a density operator acting on a finite-dimensional Hilbert space
'H, o be a nonzero positive semi-definite operator acting on H, and N be a quantum
channel, taking operators acting on H to those acting on a finite-dimensional Hilbert
space /C.

Sometimes we need more restrictions, in which case we take p, o, and AV as follows:

Definition 2 Let p, o, and N be as given in Definition 1, with the additional restriction
that p and o are positive definite, and N\ is such that N'(p) and /(o) are also positive
definite.

We employ the common convention that functions of Hermitian operators are eval-
uated on their support. In more detail, the support of a Hermitian operator A, written
as supp(A), is defined as the vector space spanned by its eigenvectors whose cor-
responding eigenvalues are nonzero. Let an eigendecomposition of A be given as
A= Zi:a;;éo a;ili)(i| for eigenvectors {|i)}. Then supp(A) = span{|i) : a; # 0}. Let
I14 denote the projection onto the support of A. A function f of an operator A is then
defined as f(A) = Zi:a#o flap|iyil-
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1314 F. Dupuis, M. M. Wilde

3.2 Entropies and norms

Let p, o, and \ be as given in Definition 1. The quantum relative entropy [42] is
defined as

D(pllo) =Tr{p[logp —logo]}, (11)

whenever supp(p) € supp(o), and otherwise, it is defined to be equal to 4+00. The
quantum relative entropy is monotone non-increasing with respect to quantum chan-
nels [24,41], in the sense that

D(pllo) = DN (p)IN (o). (12)

Another relevant information measure is the quantum relative entropy difference,
defined as
A(p,o,N) = D(pllo) = DN (p) N (0)). (13)

We can use the Schatten norms in order to establish Rényi generalizations of von
Neumann entropies, which are more refined information measures for quantum states
and channels that reduce to the von Neumann quantities in a limit. The Schatten
p-norm of an operator A is defined as

lAll, = [Tr {1A1}]"7, (14)

where p > 1 and |A| = VATA (note that we sometimes use the notation || A|| »
even for values p € (0, 1) when the quantity on the right-hand side of (14) is not a
norm). From the above definition, we can see that the following equalities hold for
any operators A and B:

Tr{BTATAB} = |AB|2, (15)

P
HBTATABH — | AB|3. (16)
P
The quantum Rényi entropy of a state p is defined for o € (0, 1) U (1, 00) as

Ho(p) = log Tr{p®) =

o
log ol , (17)
o

l—« 1-—

and reduces to the von Neumann entropy in the limit as ¢ — 1:
lim Hy (p) = H(p). (18)
a—1

There are at least two ways to generalize the quantum relative entropy, which we refer
to as the~Rényi relative entropy Dy (pllo) [28] and the sandwiched Rényi relative
entropy Dy (p|lo) [26,46]. They are defined respectively as follows:
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Swiveled Rényi entropies 1315

1
Du(pllo) = — log Tr {p'~| (19)
2
= log Ha(]fa)/zpa/z H . (20)
a—1 2
~ 1 o
Du(pllo) = —— logTr {(a“*“)ﬂ“pa(‘*“)/z") } Q1)
2
_ 2 log Ha(pa)/zapl/z ’ (22)
a—1 20

ifa € (0,1) orifa € (1, 00) and supp(p) < supp(o). If & € (1, 0o) and supp(p) g
supp(o), then they are defined to be equal to +o0. The rewritings in (20) and (22)
are helpful for our developments in this paper and follow from (15)—(16) and the
following:

Tr {pao_lfa} —Tr {pa/Zo,(lfot)/Zo_(1*0{)/2/)0(/2} ’ (23)

Tr {(G(lfa)/Zapaoglfa)/za)a} _ Ha(l—a)/Zapa(lfd)/za o

(24)
o
= [p'25t-0/a y112 “'

(25)

o

Both Rényi generalizations reduce to the quantum relative entropy in the limit as
o — 1[26,28,46]:

lim Dy (pllo) = lim Dy (pllo) = D(plo). (26)
a—1 a—1

The Rényi relative entropy is monotone non-increasing with respect to quantum chan-
nels when « € [0, 1) U (1, 2] [28]:

Dqu(pllo) = Doa(N(p)IN (o)), 27

and the sandwiched Rényi relative entropy possesses a similar monotonicity property
when o € [1/2,1) U (1, 00) [2,18]:

Dy (pllo) = Do (N (p)IN (0)). (28)

By picking particular values of the Rényi parameter «, the quantities above take on
special forms and have meaning in operational contexts, being known as the zero-
relative entropy [11], the collision relative entropy [14], the min-relative entropy [15],
and the max-relative entropy [11], respectively:

Do(pllo) = —logTr |’ | . (29)
Da(plio) = log [po =12, (30)
Dip(pllo) = —log F(p, o), 31)
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1316 F. Dupuis, M. M. Wilde

Dmax(pllo) = alingo 5(1(,0”0') = log H071/2p0‘71/2 Hoo

2
=log [o=1212| ", (32)
o0
2. .
where F(p,0) = | /p+/ ] is the quantum fidelity [40].

3.3 Hadamard three-line theorem

One of the most important technical tools for proving our main result is the operator
version of the Hadamard three-line theorem given in [2], in particular, the very slight
modification stated in [13]. We note that the theorem below is a variant of the Riesz—
Thorin operator interpolation theorem (see, e.g., [3,31]).

Theorem 1 Let S = {z € C: 0 < Re{z} < 1}, and let L(H) be the space of bounded
linear operators acting on a Hilbert space 'H. Let G : S — L(H) be a bounded
map that is holomorphic on the interior of S and continuous on the boundary.* Let

0 € (0, 1) and define pg by

1-6 0
= +—, (33)
po po P1

where pg, p1 € [1, oo]. For k = 0, 1 define

My = sup |G (k +it)]l , - (34)
teR
Then
IG @), = My " M. 35)

3.4 Rényi generalizations of the quantum relative entropy difference

Let p, o, and AV be as given in Definition 1. In [35], two Rényi generalizations of the
relative entropy difference in (13) were defined as follows:

Ag(p.o, N) = Til togTr { p%o 1=\ (N (@)1~ D/2 N ()] = IV (@)1~ D/2) 1=/},
Rap,0. ) = 10g [0 20~ AT (NI 2 IV (1 V@) 2) 0~ 12] . (36)
where o’ = (¢ — 1) /a. Let U be an isometric extension of AV, so that
N() =Trg {U ) U"'} . 37)
We can write the adjoint A’ in terms of this isometric extension as follows:

NGO =U"(HeIp)U. (38)

2A map G : S — L(H) is holomorphic (continuous, bounded) if the corresponding functions to matrix
entries are holomorphic (continuous, bounded).
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Swiveled Rényi entropies 1317

This then allows us to write the definitions above in a simpler form:

Aa(pao—?/\/) =

i I logH(U\/(m]“—“)/2 W)@ g ’E) Uo 1002 Hz ’
(39)

0%
— 2 o ' —o
Balp. 0. N) = = log | (W™ 2 IN@)I* 2 © Ig) Ua™212| . (40)

It is known that the following limits hold for p, o, and \V taken as in Definition 2 [35]:

lim Aq(p, 0, N) = lim Ao(p, 0, N) = Ap, o, N). (41)

The fact that these limits hold for p, o, and N\ taken as in Definition 1 and subject
to supp(p) < supp(o) follows from [45] and the development in “Appendix 17. [12]
proved that for o € [0, 1) U (1, 2],

Ag(p,0,N) >0, (42)
and foro € [1/2, 1) U (1, oo]:
Ao(p, o, N) >0, (43)

when p, o, and A are taken as in Definition 2. The latter inequality was refined recently
in [45] for « € (1/2, 1] and for p, o, and N taken as in Definition 1 and subject to
supp(p) < supp(o). It remains an open question to determine whether these quantities
are non-decreasing in « for any non-trivial range of « (note that [35] argued that they
are non-decreasing in « in a neighborhood of & = 1).

4 Swiveled Rényi generalizations of the quantum relative entropy
difference

In the spirit of the discussion in Sect. 2, we consider different definitions of
Ay(p,0,N) and Ay (p, o, N) in order to allow for unitary rotations about swivels,
i.e., an optimization over unitaries of the form Vs and V:

Definition 3 Let p, o, and N\ be as given in Definition 1. We define swiveled Rényi
generalizations of the quantum relative entropy difference in (13) as follows:

AL (p, o, N) = max

a—1 Vo, VN (o)

log H([_/\/’(p)](l—a)/z VN (o) [N(U)](a_l)/z ® IE) U(r(l—l’l)/ZVU;OOl/2 Hz,
(44)
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1318 F. Dupuis, M. M. Wilde

~ 2
AL (p,o, N) =— max
Ot/ Vg,VN(G)

tog | (LN (01772 Viario) IV (@)1 @ 1) Ua ™2V, 12
(45)

where o’ = (@ — 1) /& and the optimizations are over the compact sets of unitaries
Vo and Vs () commuting with o and N (o), respectively.

This slight extra degree of freedom allows us to establish that A/, and A/, are
monotone non-decreasing in « for particular values (see Theorems 2 and 3).

4.1 Reduction to Rényi relative entropy

Observe that by choosing N' = Tr, we find that A}, reduces to the Rényi relative
entropy whenever supp(p) C supp(o):

Al (p,o,Tr) = log ”0(17"‘)/21)“/2 Hz +log Tr {o} (46)

a—1
= Dy(pllo) +logTr{o}, 47)

and fo to the sandwiched Rényi relative entropy whenever supp(p) C supp(o):

~ 2 /
Ay, (p, o, Tr) = = log Ha_“ /2,01/2”2 +log Tr {o} (48)
o o
= Dy (pllo) +logTr{o}, 49)
just as
A(p,0,Tr) = D(pllo) +1logTr{o}. (50)

4.2 Behavior around o = 1

Here we discuss the behavior of A/, and A/, around « = 1, with the result being that
these quantities are generally discontinuous at o = 1:

Proposition 1 Let p, o, and N be as given in Definition 2. Then

lim AL (p, 0 ) = lim &, (0,0, N) = min £ (1, Vit Vo) (5D

Olll\ml Ay(p, o, N) = 0111{11] Ay(p o, N) = ymax, FLVNGe), Vo), (52)

where
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Swiveled Rényi entropies 1319

F(, Vo), Vo) = Tr {p [log p — log o ]}
Ty {/\/ ([Vng::I) [log [Vj"\'f(a)N(p)vN(g)] —log [N(o)]]} . (53)

As a consequence, we have that

min f(1 Ve Vo) < FL LD = Alp.o. N) < max (1, Vi), Vo),
VN(a)sVU VN(a)sVa
(54)

and there is generally a discontinuity at « = 1.

Proof Let A C [0, 2], which we will choose shortly. Define the function f : A x
Vne) x Vo — Ras

2

f(a, VN (o) Vo) = m

tog | (LN (010772 Vnrio) V@)1~ @ 1) Ua =72V, o2 (55)
whenever o # 1, and f(1, Var(s), Vo) as in (53). One can check that
lim (@ VAo Vo) = f(L Vo). Vo), (56)

for example by performing Taylor expansions to calculate the limit (see “Appendix 3”
for details of this calculation). The function f is then continuous in o, Vi, and Vs (4.
Furthermore, it fulfills the conditions of Lemma 1 in “Appendix 2” if we choose
A=1T1, M forany M € (1,2] and 7 = V /() x V. Hence, we get that

Ay(p,o, Ny = max  f(a, Ny, Vo) (57
VN(a)sVJ

is continuous on « € [1, M] and thus

lim Al (p, 0, N) = max  f(1, VArs)s Vo). (58)
a1 VA (0): Vo

Repeating the same argument with 4 = [0, 1] yields that

A;(paO7N) = min f(aa VN(O')’ VO‘) (59)
VN@©) Vo

is continuous on [0, 1] and thus

lim AL (p. 0 N) = | min, (1, Vo), Vo). (60)

Given that A(p, o, N) = f(1, I, I), we can conclude the following inequality:

min f(lv VN(U)v VO') =< A(p,U,N) < max f(ls VN(U)v Va) (61)
VN(U)sVJ VN(U)vVU
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1320 F. Dupuis, M. M. Wilde

The arguments for the quantity fo (p, 0, N) are similar, so we just sketch them
briefly. Define the function

2a

a—1

g(av VN(O‘)» VU) =

tog | (IN (01172 Vv ) IN @)1/ @ 1) U 1=/, 12

2’

(62)

for o # 1 and set g(1, Var(o), Vo) = f(1, V(o) Vo). One can then compute (again
via Taylor expansions, e.g.) that

ii_r)nlg(as VN(O’)? Vo) = g(l, V./\/’(a)v Vo). (63)

The rest of the argument proceeds as above, which leads to the other equalities in
(51)—(52).
4.3 Monotonicity in the Rényi parameter

This section contains our main result, that both A/, and Z& are monotone non-
decreasing with respect to « for particular values.

Theorem 2 Let p, o, and N be as given in Definition 1. The swiveled Rényi quantity
Afx (p, 0, N) is monotone non-decreasing with respect to o € [0, 1) U (1, 2], in the
sense thatfor0 <a <y <2, a # l,andy # 1

AL(p. 0. N) < A, (p, 0, N). (64)

Proof The main tool for our proof is Theorem 1. We break the proof of inequality in
(64) into several cases. We first consider 1 < o < y < 2. For some Wxr) € V(o)
and W, € V,, pick

G(z) = [N(p)]*Z(V*I)/Z WA (o) [N(U)]Z(V*U/Z UG*Z(V*D/Zng(1+z()/*1))/2’

(65)

Po=2, (66)
p1=2, (67)
=a:ie®JL (68)

which fixes py = 2. Then
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Swiveled Rényi entropies 1321

Mo = sup |G (in)l» (69)
reR
= sup |V (o)1 710~/ Wigp) I (o) 1P2
teR
Uo~itr=D/2y o (+ity=1)/2 H (70)
2
2],
My =sup |G (1 +iD)l, (72)
teR
(+it) +it)
= sup |V (o)1~ F20D Wy, IN ()] 507D
teR
UU—@(V—UWJP(1+<1+i2t>(y—1)> H (73)
2
< max [N Vi, IN ()] 7072 Ua(l_”)/zVapy/ZH
VN(@©): Vo 2
(74)
y—1.,
= exp TAy(p,U,N) , (75)

IG ©)ll2 = |IN @I ™2 W) V@12 Ua 02w, 072 (76)

We then apply Theorem 1 to find that the following inequality holds for all Wps(5) €
VN (o) and W, € Vi

(V12 W) IV @)1 U 102y, por2 |

a—1

y—1

< [exp[yT_lA;,(p,o,./\/')” ) (77)

As a consequence, we can take the maximum over all Wys ) € Var(o) and W, € Vi,
and apply the definition in (44) to establish that

a—1

—1

exp[aT_lA&(P,G,N)]S[CXP[VT_IA;/(‘)’U’N)H - 09

<

We finally apply a logarithm to arrive at the conclusion that (64) holds forall 1 < o <
y <2.

To get the monotonicity for the range 0 < o < y < 1, we exchange « and y
in (65)—(68) and apply the same reasoning as in (69)—(77) to arrive at the following
inequality:

—1
a—

eprVT_lA;(p,G,N)] < [exp[a—_lA&(P’U’N)H - (9

~

2
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Taking a negative logarithm and noting that 0 < o < y < 1 then gives (64) for this

range.
We are now left with proving the case « € [0,1) and y € (1,2] the dual
parameter of «, such that « + y = 2. Notice that « — 1 = —(y —1). Let

f(z,y) =0 —=2z2)(y — 1). We pick

G(z) = [N(p)]*f(zs}’)ﬂ [N(U)]f(m/)ﬂ Ua*f(zs}’)ﬂp(]+f(1,)/))/2’ (80)

Po =2, (81)
p1=2, (82)
6 =12, (83)

so that py = 2. Consider that f (6, y) = 0, so that

IG @), = H [N(p)]—f(&y)ﬂ [N(U)]f(&)/)ﬂ Ug—f(9,)’)/2p(1+f(9,)/))/2 Hz (84)

oo = |- :
” L =P, (35)
We then find that
My = sup ||G (it)ll, (86)
teR
— sup ” [V (0)]~ (=200 =D/2 [ ()] 1-2D 0 =12
teR
Ug—1=200=1/2 ((1+1=2in(y=1))/2 H2 87)
< max [IVEIT2 V) IN@IY D2 Ua 002y, pr 2| (83
VN () Vo 2
y—1,
= exp TAV(,O,O',N) . (89)

Consider that

FU+it,)=0=204it)(y = 1) =—1+2it) (y — 1) = (1 +2it) (@ — 1).

(90)
Thus, similarly, we have
My =sup |G (1+in)] 1)
teR
— sup H [N ()]~ (1H+2D@=D/2 [ Af(gy](1+2iD@=1)/2
teR
Uo ~(142i0@=1/2 ,(+(1+2in(@=1)/2 Hz 92)
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< max (V)12 Vi) V@)1 @ V2 Ua 102y, o2 (93)
V/\/'(o)’va 2
—1
= exp [“TAW, ’, N)] . (94)

Applying Theorem 1 gives

1 fexp[yT_lA;(p,a,N)]exp[%A&(,O,U,N)] 95)

—1 —(y -1
=exp[VTA;(p,o,N>]exp[VTA;@,o,N)], (96)
which implies (64) for @ € [0, 1) and y = 2 — «. Putting the three cases together
along with Proposition 1 gives the inequality in (64) for0 <o <y <2,«a # 1, and
y #L

Theorem 3 Let p, o, and N be as given in Definition 1. The swiveled Rényi quantity
Afx (p, 0, N) is monotone non-decreasing with respect to o € [1/2,1) U (1, 00], in
the sense that for 1/2 <a <y <oo,a # l,andy # 1

Ay(p.o, N) < N, (p.o. N). O7)

Proof We handle the inequality in (97) in a similar way as in the previous proof. First,
suppose that | < o < y.Letoa’ = (¢ — 1) /o and y’ = (y — 1) /y, and note that
o', y’ > 0 for the choices given. For some Wx/(») € Vr(r) and W, € Vi, pick

G (2) = N2 Wario) IN@) Y 2 U™ PW, p'/2, (98)
po =2, (99)
p1 =2y, (100)

0="1c0, (101)
14

which fixes pg = 2«. Then we find the following expression for My

Mo = sup |G (1) (102)
teR

= sup | IV (I 2 Wigio) IN @)Y Uo7 Pw, p 2| (103)
teR

:me:L (104)

and the following ones for M| and ||G (0)]]24:
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My =sup |G (1 +inly, (105)
teR
— sup H V()" HOY 2 Ws o) [N ()] (00772
teR
UU—(1+it)y’/2del/2 Hz (106)
Y
< max [N Vo IN@) 2 Uo7 12V, p12 H (107)
VN (©0)s Vo 2y
/
=exp[%5’y(p,a,/\/)], (108)
IG @)lla0 = | IV Wario V@I 2 U™ PWop! 2| (109)

Applying Theorem 1, we find that the following inequality holds for all War(,) €
Vn) and Wy € Ve

R

Y

[V 2 W) NI 2 U™ W, ! 2

V/ N/
= [CXP [gAy(p, o, N)ﬂ
(110)
We can then take a maximum over all Wxr (o) € Var(o) and W, € V,; and apply the
definition in (45) to establish that

o
7

exp[%zg‘(p,a,f\[)] g[exp[%z;(p,o,]\/’)ﬂy . (111)

The inequality in (97) then follows for 1 < « < y after taking a logarithm.

To get the monotonicity for the range 1/2 < o < y < 1, we exchange « and y in
(98)—(101) and apply the same reasoning as in (102)—(110) to arrive at the following
inequality:

y!
o

expi%z;(p,m]\f)} = [GXP[%Z&(PJ’N)” : (112)

Taking a negative logarithm and noting that 1/2 < o < y < 1, so that &', y’ €
[—1, 0), then gives (97) for this range.

We are now left with proving the case @ € [1/2,1) and y € (1, oo] the dual
parameter of «: such that 1/a + 1/y = 2. Notice that ' = —y’ and we have that
y’ > 0. We pick

G (Z) — [N(p)]—(l—Zz)a’ﬂ [N(U)](l—Zz)a’/Z UU—(]—Zz)a’/2pl/2’ (113)
po = 2a, (114)
p1 =2y, (115)

0=1/2, (116)
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so that py = 2. Consider that

IG ©)ll> = [NV (1= (N (o) (20 2 g =120 212 (117

o -
H P =P, (118)
We then find that
Mo = sup [|G (i1)ll2q (119)
teR
= sup [ [NV ()] 0202 [N ()] =20 2 g g =120 212 (120
teR 2a
< max, V(12 Vavo) IN (@12 Us ™2V, p!2] (121)
o ~,
= exp EAa(p,a,/\/') . (122)
Consider that
(1=2(+it)e =—(1+2i)e = (1 +2i)y. (123)
Thus, similarly, we have
M zsupllG(1+it)||2y (124)
teR
= sup H [N(p)]—(l+2it)y’/2 [N(G)](1+2it)y’/2 UG—(1+2it)y’/2p1/2 H (125)
reR 2y
s max N2 Vv N @)1 2 U™ 120, 12 l,, (126)
Y X/
= exp ?Ay(,o,a,/\/) . (127)
Applying Theorem 1 gives
Ol/ N/ V/ N/
1 <exp ZAa(p,a,N) exp ZAV(,O,O',N) (128)
v < Y <
:exp[—ZA;(p,a,N)]epoZA;(p,o,N)}, (129)

which implies (97) for « € [1/2,1) and 1/y = 2 — 1/«. Putting the three cases
together along with Proposition 1 gives the inequality in (97) for 1/2 <o < y < oo,
a#1l,andy # 1.
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4.4 Bounds for the quantum relative entropy difference

A recent work [45] established refinements of the monotonicity of quantum relative
entropy, strong subadditivity, and other entropy inequalities. In this section, we point
out that these results follow as a consequence of the properties of the swiveled Rényi
entropies and along the way establish two new refinements of these entropy inequali-
ties.

We begin with a brief background. Let P, Ar denote the Petz recovery map [29,30]
(see also [1]):

Pon () =0 2N (IN @12 O IN @)1 71?) 02, (130)
and let R:A‘? denote the swiveled Petz recovery map

Rc\r/,’/\vy(') = (Ws 0 PoN 0 VN (o)) (), (131)

where the partial isometric map Vs () is defined by

VN0 () = VN OV i) (132)

and similarly for W;, so that Vzr(s) (N (0)) = N (o) and W, (o) = o. Observe then
that
RIN N (o) = 0. (133)

Consider that particular values of & for A}, (p, o, N') and Z& (p, o, N) lead to the
following quantities, which can be interpreted as a (pseudo-) distance from the state
p to the state A/ (p) after a recovery channel R:X; is applied:

/ _ . V.w
Ayip o Ny = min Dy (0| RN Vo) . (134)
N/ _ V.W
Riplp. 0. A) = ~log | max F (0. RN OV (o). (135)

These observations combined with the monotonicity from Theorems 2 and 3 and the
facts that Do(pl|Ry"\ (W (p)) = 0 and —log maxv,,, w, F(p. Ry 5 N (0)) =
0 allow us to conclude the following:

Corollary 1 Let p, o, and N be as given in Definition 1 . The swiveled Rényi quantity
A, (p, o, N) is non-negative for a € [0, 1) U (1, 2] and A, (p, o, N) is non-negative
fora € [1/2,1)U (1, oo].

In order to establish the upper bounds in this section, we need to take p, o, and N
as given in the following definition:
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Definition 4 Let pgz be a positive definite density operator and let o5z be a positive
definite operator, each acting on a finite-dimensional tensor-product Hilbert space
Hs ® Hgr. Let N be a quantum channel given as follows:

N ) =Tre {Usps ne05iUse g | (136)

where Ugg/—, pp 1s a unitary operator taking Hg ® Hpgs to an isomorphic finite-
dimensional tensor-product Hilbert space Hp ® Hg, such that N'(p) and N (o) are
each positive definite and act on Hp.

If p, o, and N are taken as in Definition 4, then the following relations hold

Myip. o N) = | max D> (0| RN Vo) . (137)
Rupro Ny =, max iy (0| RYN Vo) - (138)

The main contribution of the recent work [45] was to show that the relative entropy
difference A(p, o, N) in (13) can be bounded from below by (135). In the case that p,
o, and \V are taken as in Definition 4, then A(p, o, ) can be bounded from above by
(138). We find here that these results are an immediate corollary of Proposition 1 and
Theorem 2, and we also obtain two new bounds on A(p, o, ) interms of Ag(p, o, N)
and Ay (p, o, N):

Corollary 2 Let p, o, and N be as given in Definition 1 and such that supp(p) C
supp(o). Then the following inequalities hold

V.w
~log max (. Ry V(o)) = D(pllo) = DN IN(@)), (139

min Do (p | RV W (p)) = D(pllo) = DN()IN(@) . (140)

VN (o), Wo

If p, o, and N are as given in Definition 4, then the following inequalities hold

V.w
Dipllo) = DW@IN@) = | max Dyws (p Ry Vo) . (141
Dipllo) = DN ING) = max, D (p Ry W(en) . (142
o) Wao

As discussed in [45] (see also [4,35]), Corollary 2 can be viewed as providing a
physically meaningful refinement of the monotonicity of quantum relative entropy in
(12). The bound

~log max F (p. Ry OV () < Do) = DNING)  (143)
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shows that if the decrease in relative entropy is small after the channel N acts, then
it is possible to perform the recovery map R:ﬁ such that o is recovered perfectly
from N (o), while the recovery of p from A (p) has a performance limited by the
bound above. This result has far reaching implications in quantum information theory
as discussed in [45] (see also [4,35]).

We mention here that it is also possible to obtain bounds of the form from [45], with
a single “ time” variable ¢ € R. The method of proof is similar to that for Theorem 4
in [45], so we give it in “Appendix 2”. The formal statement is as follows:

Theorem 4 Let p, o, and N be as given in Definition 1 and such that supp(p) C
supp(o). Then the following inequalities hold

inf Do (o | RE v V(o)) = D(pllo) =D N (@IN(@) . (144)
where ’R; NS the following rotated Petz recovery map:

Ry n() = Ui 0 P 0 Un(o).—1) (), (145)

Po, N is the Petz recovery map defined in (130), and Uy, and Up/ (), —; are partial
isometric maps defined from

Up () =" (Yo, (146)

with w a positive semi-definite operator. If p, o, and N are as given in Definition 4,
then

Dipllo) = DWPIN@) = sup D2 (p IRG N (PD) . (14D
te

Remark 1 Note that it is possible to establish “universal” versions of the above

inequalities, by employing Hirschman’s improvement [19] of the Hadamard three-
line theorem, as done in [20].

5 Swiveled Rényi conditional mutual information

In this section, we show how swiveled Rényi conditional mutual information are
special cases of the quantities defined in the previous section. Furthermore, they satisfy
some of the properties that one would expect to hold for a Rényi generalization of
the conditional mutual information. However, they generally do not converge to the
conditional mutual information in the limit as ¢ — 1.

Let papc be a density operator. Following from the observation [21] that

I(A; B|C), = A(p, 0, N), (148)

for the choices
p = paBc, 0 =pac@Ip, N =Tiy, (149)
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we define the Rényi conditional mutual information to be a special case of A}, (p, o, N)
and A/, (p, o, ). That is, by setting

1,(A; B|IC), = A (pagc, pac ® I, Tra), (150)
I.(A; BIC), = AL (pagc, pac ® Ig, Tra), (151)

we obtain the swiveled Rényi conditional mutual information stated in the following
definition:

Definition 5 The swiveled Rényi conditional mutual information are defined for a
density operator p4pc and o € (0, 1) U (1, oo) as follows:

2
I'(A: BIC), = may log e e T P8l I
a—1Vv,,..V
(152)
= 2 2 )2 12
I,(A; B|CO)p = — max log HpBC Vpcpg/ 'OAg/ VPACIOA/BC H ] (153)
o VPAC oc 2a

where @’ = (@ — 1) /a.

We can now easily show that the Rényi conditional mutual information as defined
above satisfy several natural properties, with the exception of convergence to the von
Neumann conditional mutual information.

The following is a consequence of (150 )—(151) and Proposition 1:

Corollary 3 Let pspc be a positive definite density operator. Then

olll/ml IL(A; B|C), = il/vml I.(A; B|C), (154)
< I(A; B|C), (155)
< lim I(A; B|C), (156)
a1
= lim I/(A; B|C),. (157)
a\(1

They are monotone non-decreasing with respect to the parameter v, which follows
from (150)—(151) and Theorems 2 and 3:

Corollary 4 Let pspc be a density operator. The swiveled Rényi conditional mutual
information I,(A; B|C), and IZ (A; B|C), aremonotone non-decreasing with respect
to the Rényi parameter for particular values. For0 <o <y <2, a # l,andy # 1,
we have that

1,(A; BIC), < I,(A; B|C),, (158)

andfor1/2 <a <y <oo,a # l,andy # 1,

I,(A: BIC), < T)(A; BIC),. (159)
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They are monotone non-increasing with respect to a quantum channel acting on the
B system, which follows by invoking [5, Lemmas 13 and 23]:

Corollary 5 Let papc be a positive definite density operator, and let Np_, ' be a
quantum channel such that

oa'c = Npp(pasc) (160)

is a positive definite density operator. Then for all « € [0, 1) U (1, 2], the following
inequality holds
1,(A; B|C), > I,(A; B'|C),, (161)

and forall @ € [1/2, 1) U (1, 00], the following inequality holds

1L(A; BIC), > IL(A; B'|C),. (162)

Corollary 4, Proposition 1, and (150)—(151) then imply the following refinements
of the strong subaddivity of quantum entropy, two of which were already determined
in [45]:

Corollary 6 Let pspc be a density operator. Then the following inequalities hold

—log[ max F(pABc,RZﬁVAC(pB@)}sl(A;B|C>,,, (163)
PC>TPAC
min Do (panc [REY,c (ppe)) < 1A BIO),, (164
Woc-Voac

where RZL}VAC is the following swiveled Petz recovery map:

RgivAc(’) = (VpAc o Pc—ac o Wﬂc) ), (165)

the Petz recovery map Pc— ac is defined as

Peosac() = Poetia() = pyone PO o), (166)

and the partial isometric maps V,,. and W, are defined as in (132). If papc is a
positive definite density operator, then the following inequalities hold

1A BIC), = max Do (panc [REY i (0s0)) . (167)
Wec-Voac

14 BIC), = max  Da (pasc |REY e (pse)) - (168)
Woc-Voac

Note that remainder terms for strong subadditivity were put forward in [17,36]
before the recent developments in [45].
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6 Swiveled Rényi quantum information measures

We now discuss how to extend the approach given here and in [6] in order to construct
swiveled Rényi generalizations of any quantum information measure which consists of
a linear combination of von Neumann entropies with coefficients chosen from the set
{—1, 0, 1}. We repeat some of the discussions from [6] in order to illustrate the method.

Let p4,..4, be a density operator on [ systems and set A = {Aj,..., A;}. Sup-
pose that we would like to establish a Rényi generalization of the following linear
combination of entropies:

L(pa.a)= D, asH(S),, (169)
SeP=1(A)

where P> (A) is the power set of A (excluding the empty set), such that the sum
runs over all subsets of the systems Ay, ..., A;. Furthermore, each coefficient ag €
{—1, 0, 1} and corresponds to a subset S. In the case that a 4 is nonzero, without loss
of generality, we can set a4 = —1 (otherwise, factor out —1 to make this the case).
Then, we can rewrite the quantity in (169) in terms of the relative entropy as follows:

D(/OAL..AI exp[ > as 10gps]) : (170)

SeP’
where P’ = P>1 (A)\ {A1, ..., A;}. On the other hand, if a4 = 0, i.e., if all the
marginal entropies in the sum are on a number of systems that is strictly smaller
than the number of systems over which the state p is defined (as is the case with
H(AB)+H (BC)+ H (AC), for example), we can take a purification of the original state
and call this purification the state p4, .. 4,. This state is now a pure state on a number
of systems strictly larger than the number of systems involved in all the marginal
entropies. We then add the entropy H(A;...A;), = 0 to the sum of entropies and
apply the above recipe (so we resolve the issue with this example by purifying to a
system R, setting the sum formula to be H(ABCR) + H(AB) + H(BC)+ H(AC), and
proceeding with the above recipe). In the case that the resulting density operator p4; .. 4,
is not positive definite, we can mix it with the maximally mixed state 7w 4, .4, as follows:

(1 —¢)pay..a T ETTA A (171)

where ¢ € (0, 1). The resulting density operator is then e-distinguishable from the
original one by any quantum measurement performed on the systems Aj ... A;.

We then define the following swiveled Rényi entropies, which generalize L ( PAL..A ,)
from (169):

2 —ag(a—1)/2 2
L), (pa..a) = —— max log |:H P as@=b/ Vps:| pZ{._A[ , (172)
Vps}s SeP’ 2
= 2 —asa' /2 1/2
L (pa..a) = —; max log [H ps ! Vps} ozl (173)
Vps}s SeP’ 2
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where o’ = (o — 1) /a. The ordering of the marginal density operators in the product
is in general arbitrary, but could be important for some applications (consider, e.g.,
that the choices in Definition 5 lead to the inequalities in Corollary 6, which have a
physical interpretation in terms of recovery).

By the same methods as given throughout this paper, we can establish several
properties of these quantities. It follows from the generalized Lie—Trotter product
formula [37] and the method given in the proof of Proposition 1 that

lim L (par...40) = lim L}, (pay..ar) (174)
<L (IOAI...AI) (175)
< lim L; (par...x1) (176)
= lim L, (pay..ar) - (177)

From the same method as given in the proof of Theorems 2 and 3, for0 < o <y <2,
a # 1,and y # 1, we can conclude that

Ly (pay..a) < L), (0ay..a) (178)
andforl/2 <o <y <oo,a #1l,and y # 1,

L, (pay..a) <L, (pay..a) - (179)
The inequalities above then lead to the following bounds for L (p4,...4,):

L6 (pAl...Al) L (pAl...A[) L/2 (IOAI...AI) s (180)
L

z/1/2 (IOA]...A[) . (10A1...A1) Z/ (pA]“.A]) ’ (181)

which in some cases might have physical interpretations in terms of swiveled Petz
recovery channels (see [45, Sections 5.6 and 5.7] for some examples).

7 Monotonicity of trace quantities

Ref. [47] posed an open question regarding whether the following quantity

1—)/2 /2 /2 (-2 /-0
Tr[[pfw“’/ o2 iz ple Dyl r2] (182)

is monotone in « and never exceeds one. The recent work [12] addressed this open
question, first by generalizing it and then proving that

Tr { I:O-(l—(l)/ZN"' (N(U)(O{—l)/ZN(p)l—aN(U)(a_l)/z) 0-(1—01)/2]1/(1_0[) - 1’
(183)
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fora € (0, 1) and p, o, and N as given in Definition 1. The same work established
that this bound holds for « € (1, 2) if p, o, and A are as given in Definition 1. One
recovers the quantity in (182) by picking p = papc, 0 = pac ® Ip, and N = Try
in (183). It is not known whether the quantity in (183) is monotone with respect to «.

Here, we address this latter question by again taking our approach of allowing for
a unitary swivel. Consider that we can rewrite the left-hand side of (183) as follows
fora € (0, 1):

2/(1—a)

H [N(p)(l_“)/2./\/(0)(°’_l)/2 ® ,E] Ug (-2 H
2/(1-a)

(184)

where U is an isometric extension of the channel A. So we instead consider the
following quantity, which has an optimization over a unitary swivel:

2/(1-a)

max .
2/(1-a)

VN (©)

[/\/ (0) 12V N (@)@ D2 g IE] Uo-0/2 H (185)

To simplify the notation, consider that the above quantity for o € [0, 1) is the same
as the following one for p € [2, 00):

max
VN @)

[N PV N @)V @ 1| Ul Hi . (186)

We can now state our contribution to the open question:

Proposition 2 The quantity in (186) is monotone non-increasing on the interval p €
[2, 00) and has a maximum value of one at p = 2 if supp(p) < supp(o).

Proof This ends up being another application of the Hadamard three-line theorem,
using techniques similar to what we have used previously. For g € [2,00), ¢ < p,
and Vs () a fixed unitary commuting with A (o), pick

G (2) = [N 1Vn N (o)1 @ Ig|Us/1, (187)
po = oo, (188)
pP1=q, (189)

0 =q/p, (190)

which implies that pg = p. Applying Theorem 1 gives

1-6 0
G @I, < [SUP IIG(it)Iloo] [SUP G (1 +it)llq] : (191)
teR teR
So we evaluate these terms to find
IG O, = [N VN N©@) " @ Ig] U] (192)

= [V Vi N @ 1 |Us Hp , (193)
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sup [1G (1)l = sup [ [N(0) 1 Vrry N (@)% @ 1| U6/ (194)
teR teR o0

1, (195)

sup |G (1 + it)||q = sup ‘[N(p)(l—&-it)/q VN(U)N(G)_(I'H[)M ® [E:I UU(1+iz)/€1 H
teR teR

IA

(196)
— sup [N(p)l/‘f VNN (@) N (0) 1 @ IE] Ug'/a H
reR q
(197)
< max [N(p)l/qu(a)N(a)*‘/q®IE] Ua‘/'IH o (198)
WN () q

Putting everything together, we find that for 2 < ¢ < p, the following inequality
holds

max
VN @)

[N PV N (@) 7 @ 1 | U P HZ

< max
N (o)

[N 1 Wrro N (@)1 @ 1| Ua e HZ , (199)

since the inequality from (191) holds for all Vs (). This establishes the first statement
in the proposition.

For the second statement, consider evaluating (186) at p = 2 for any choice of
V/\[ (0)-

IV Voo 1] vo'?|

Ty {a‘/ZU+ [/\/(a)*‘/zV;/(a)/\f(p)VJ\/((,)/\f(or)*‘/2 ® IE] Ua]/z} (200)

—Tr { V27 [N(a)—1/2VJI/(J)N(p)VN(,,)N(a)—I/z] 01/2} 201)
=Tt [N @V (@) 2V N0 VN (@) (202)
=Tr { TN o) Vo)V () Vo) (203)
=Tr {HN(J)N(,O)} (204)
_1 (205)

Corollary 7 Let papc be a density operator. Then the following quantity is monotone
non-increasing for o € [0, 1) and takes a maximum value of one at « = 0:

1/(1—a)
1 2 /2 /2 1 2
max Tr [(p;c o/ Vpcp(a % ,011; ap(ca ) V{C IE\C )/ ) ] (206)

rC

If paBc is a positive definite, then the same quantity is monotone non-decreasing for
o € (1, 2] and takes a maximum value of one at o = 2.
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Proof The first statement follows by applying Proposition 2 for the choices p = papc,
0 = pac ® Ip, and N' = Try. The second statement follows because

1/(1—a)
(1—a)/2 (@—1/2 1—a (@—=1/2y,+ (1-a)/2
('OAC VocPc Ppc Pc VocPac )

_ _ 1/(1-p)
( (1-p)/2 (B— 1)/2 ﬂ (ﬂ 1)/2V a /3)/2) 7 (207)

VocPe ocPac

for B =2 — «a € (0, 1) and then we apply the first statement.

8 Conclusion

The main contribution of this paper is a general method, the ““ swiveled Rényi entropic”
approach, for constructing «-Rényi generalizations of a quantum information measure
that are monotone non-decreasing in the parameter «. The swiveled Rényi entropies
are discontinuous at « = 1 and do not converge to von Neumann entropy-based
quantities in the limit as « — 1. We suspect that the swiveled Rényi entropies might
be helpful in understanding refinements of quantum information-processing tasks, but
this remains unclear due to the lack of convergence at « = 1. At the very least, the
technique recovers the recent refinements [45] of fundamental entropy inequalities
such as monotonicity of quantum relative entropy [24,41] and strong subadditivity
[22,23], in addition to providing new refinements for these entropy inequalities.

The most important open question going forward from here is to determine Rényi
entropies which satisfy all of the desiderata that one would have for Rényi generaliza-
tions of quantum information measures. We find it curious that with the proposal in
[6], one can prove convergence to a von Neumann entropy-based quantity in the limit
as @ — 1, but we are still unable to establish monotonicity in «. However, with the
swiveled Rényi entropies proposed here, the situation is reversed.

One might also consider developing chain rules for the swiveled Rényi entropies,
along the lines established in [13], but it is unclear how useful this would be in practice,
given that the quantities do not generally converge at ¢ = 1.
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Appendix 1: Limitas o« — 1

Definition 6 Let o, o, and A be as given in Definition 1. For o € (0, 1) U (1, 00), let

1
Ad(p707N): _llogQa(pvaiN)v (208)
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where
Qa(p. 0, N = | (N (0) 1™ N (@) @V @ 1) Ug 17012 2 Hj . (209)

Theorem 5 Let p, o, and N be as given in Definition 1 and such that supp(p) <
supp(o). The following limit holds

lim Aq(p, 0, N) = D(pllo) = D N ()N (o). (210)

Proof Let I1, denote the projection onto the support of w. From the condition
supp(p) C supp(o), it follows that supp (N (p)) < supp (N (o)) [32, Appendix B.4].
We can then conclude that

Hollp =11, TN ING) = TN G- 21D
We also know that supp (UpU") < supp (N (p) ® Ir) [32, Appendix B.4], so that

(Mxrpy ® IE) Myt = Mypy (212)

When o = 1, we find from the above facts that

2

010, 0. N) = | (TN T o) @ 1) UTlop' 2 (213)

_ 122

= (M) ® 1) UM ,p ) (214)

12]%
= (I ® 1g) My,yUp Hz @15)
2
= Humep‘/ZHZ 216)
2
|l
=1. (218)

So from the definition of the derivative, this means that

IOgQa(/O’G’N) _long(p707N)

lim Ay (p, 0, N) = lim (219)
a—1 a—1 a—1
d
= 1 [log Qu(p. 0, A)] . (220)
1 1 0u(p. 0. A)] (221)
= i~ a o kl 07
01(p, o, N) dae = -
d
= - [0u(p, 0, \)] (222)
o a=1
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Let o’ = a — 1. Consider that

Ou(p, o, N) = Tr {p“a—“’/WT (N @) PN (0) "% N (a)"//z) o—“/ﬂ} . (223)
Now we calculate Ele Qu(p, 0, N):
d ’ ’ ’ / ’
a TI. {pao,—ot /ZNT (N(O_)Ol /ZN(,O)_a N(O,)Dl /2) O,—Ol /2}
— Ty [[ipa] o2\ (N(a)a//ZN(p)fa’N(o_)a’/Z) 00//2]
da

+ Tr | p° I:io_“//2i| N (N @ PN () N (@) 1) o/
da
+ Tr paa_a//zN,T ([%N(G)a//Z] N(Io)—a’N(O_)o{//Z) o_a//2

+ Tr | p%o PN (/\/(cr)""/2 [%N(p)—“’] N(o)“’ﬂ) a—“’ﬂ]

+ Tr{ p% ¥ 2NT (N(o)“’/%\f(p)a’ [%N(U)“WD o2

+ Tr | p%o @ PNT (N(a)“’ﬂ/\/(p)—“’/v(a)0//2) [%a—‘m” (224)

= [Tr {0 [log p] o= (N (@) PN () N (@) ) 012
- % Tr {p [log o] o~ 2N (N (@) PN () N (@) 1?) o =12
43T Lo~ PN ([log M@ | N o) PN o) N o)) o1
= Tr {po 2N (N (@) /2 [log N ()] N (0) ™ N(0)* ?) o712}
+ % Tr {pa‘“// N (N (@) 2N (0)™ N (o) /2 [log,/\/(o-)]) (,—a’/z}
_ % Tr {pg—a//2NT (N(U)a//ZN(p)—a’N(G)a’/Z) g [logo]} }
(225)

Taking the limit as @ — 1 gives

d
@Qa(ﬁ» o, N) =Tr {:0 [log P] N (HN((T)HN(,O)HN(O‘)) Ha}

a=1

1
-5 Tr {p [logo | e N (M nr(oy TN () TN (o)) HU}

1
+5Tr {,0170/\/T ([log N (o) ] T nr o) TN () TN (@) 170}
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—Tr {,017(,/\/T (Mx (o) [log N (0) | TAr (o) N (o)) 170}
1

+3 Tr {;()170J\/T (MN ) TN () TN (o) [l0g N (0)]) HU}
1 r

—5Tr {pﬂo/\” (TN o) IN ) TN (@) [log o ] 170] :

(226)

We now simplify the first four terms and note that the last two are Hermitian conjugates
of the second and third:

{ [log p] Ao N (M) T (o) TN ) T } Tf{ [log p] V" (”N(m)}
= Tr{W' (o [tog p]) v} = Tr {Up [log o] UT (M) © 1)}

=Tr {HUpUTUP [log p] U’ (Mrrp) ® IE)} =Tr {HUpUTUP [log p] UT}

=Tr{p[logp]}. (227)
T {p [log o] N (M) M) (o)) o | = Tr { o [log ] N (Maree)
= Tr {\ (p [log o)) (Mx)} = Tr {Up [log o] UT (ITxcry @ 1) |

=Tr { My UpU'U [log o] UT (Mnc @ 1) | = Tr {UpU U [l0g o | U]
=Tr{p[logo]}, (228)
Tr {pn(,/\/T ([log N ()] Tnr (o FTnF o) T (o) 17(,}
=Tr { oA ([log N ()] Mnrin) )
=Tr {N(p) [log N'(0)] MTnr(py } = Tr {N(p) [log V(o) ]}, (229)
Tr {pHaN " (Mp o) [log N (0)] Tnr ) TN (o) Hg}
=Tr { N ([log N ()] ) |
=Tr {N(p) ([log N'(0)] MTxr())} = Tr {N (p) [log N'(n)]} (230)

This then implies that the following equality holds

—Qa(,O o, N) l—Tf{,O [log p]} — Tr {p [logo]}

+Tr {N(p) [logN(a)]} Tr {N(p) [log N ()]} . (231)

Putting together (222) and (231), we can then conclude the statement of the theorem.
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Appendix 2: Auxiliary lemmas and proofs

Lemma 1 Let A and T be compact metric spaces, and let f : A x T — R be a
continuous function. Then, g, h : A — R, defined as g(a) = max;c7 f (o, t) and
h(a) = min,e7 f (e, t) are continuous.

Proof By the Heine—Cantor theorem, f is uniformly continuous. Hence, for every
& > 0, there exists a§ > 0 such that |f(a, 1 — fo, t’)| < & whenever D 4(a, &) <
8 and D7 (t,t") < 8, where D4 and Dy are the distance functions on A and 7
respectively. Now, given o € A, let ¢t be such that g(@) = f(«, t). Then, for any
a’ € Awith D 4(a, o’) < 8§ we have that

g@) = fla,n < fle,1)+e< I;lea%f(a/, ) +e=g@)+e

By symmetry, we then have that ] g(a) — g(oz’)] < &, which proves the continuity of
g. A similar argument establishes the continuity of /. O

Proof of Theorem 4 Let p, o, and N be as given in Definition 4. Let
G () = (NN @) @ Ig) Uo™/2p /2, (232)

In the equation

1 0 1-6
— = —+ , (233)
Po Po )4

choose pg = 2 and p; = 2, so that py = 2. Recalling that

My = sup |G (k + it)l,, (234)
teR
for k = 0, 1, we find that
IG @)ll,,, = My~ M]. (235)

For our choices, we find that

Mo = sup |G (i)l (236)
teR
= sup H (N(p)—it/ZN(a)it/Z ® IE) Uo —it/2 p(1+in/2 H (237)
teR 2
=[o2],=1. (238)
My =sup |G (1+it)ll, (239)
teR
= sup H (/\/(p)_(““”)/z]\/'(a)(H”)/z ® IE) Ug —(H+iD/2 51+ (1+i0)/2 H2 (240)
teR
= sup ” (N(,O)_I/ZN(O')iZ/2N(O')l/2 ® IE) Ua—1/2a—"’/2pH2 (241)
teR
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1/2
= [CXP sup Ds (pll (Us,~1 © Po 0 UN(0).1) (J\f(p)))] : (242)
re

Applying the three-line theorem gives
H (N('O)_Q/ZN(‘T)Q/2 ® IE) Ug 01240/ Hz

0/2
< [GXP sup D (pll (Us,~1 © Ponr 0 Unr(o),0) N (p)))] , (243)
te

and after a logarithm gives

glog H (/\/(p)‘e/zj\/(cr)"/2 ® IE) U012 ,(1+0)/2 H2
< 5up D2 (P (Usi—1 © Poux o Unfio)) V(). (244)
te

Take the limit as 6 \ O to get

D(pllo) = D N (0IIN(0)) < sup D2 (pll (Us,—1 © Pon 0 Un'().) N (p))) -

reR
(245)
Now we prove the other inequality. Let p, o, and N be as given in Definition 1 and
such that supp(p) C supp(o). Take

G(z) = (N (0)°N (o) * ® IE) Uoi/?p1-9/2, (246)

Then My = 1 again and

M) =sup |G (1 +it)l, (247)
teR

= sup (N(p)(l+it)/2N(o_)—(l+it)/2 ® IE) Ug (1+in/2 p(1=(1+in)/2 ”2 (248)
teR

= sup (./\/(,0)1/2/\[(0)_”/2N(0)_1/2 ® IE) Uo'Pai/2p0 H2 (249)
teR

1/2
= exp r tlgﬂg Dy (pll (Us,~1 © PoAr 0 Un (o)1) (N(p)))} . (250)

Applying the three-line theorem gives
oo ey,

0/2
=< [CXP I—llglg Dy (/0|| (Z/{a,ft o Py N OUN(J),I) (N(,O)))” , (251
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which after taking a logarithm gives

2
—; log H (/\/(0)9/2/\/(0)*9/2 ® IE) U2 p1-0)2 H2

z inf Do (pll Us—r © Pon 0 Un(o).0) N (0)) - (252)
Take the limit as 6 N\ 0 to get

D(pllo) — D N ()N (o)) = tlgﬂg Do (pll (Us,~t © Ponr o Un(o).1) (N (0))) -

(253)
]
Appendix 3: Taylor expansions
Here we show the following limit:
C{l—inlf(a’ VN(U)vvﬂ):f(l’vN(G)1VU)7 (254)

where f (a, VN (o) Vg) is defined as

1

f (ot, VN () Va) = ﬁ

2
tog | (IV (010772 Vnrio) V@)1~ @ 1) Ua =2V, 2| (255)

and f (1, VN (o) V,,) in (53). From the fact that

=0,
a=I

(256)
we know (from the definition of derivative) that limy—.1 f (a, VN (o) VU) is equal to

2
log H (U\/‘('O)](l_w)/2 V(o) IN (@)@ D2 ® IE) UoU-0/2y e/ Hz

d _ _ B 2
= tog | (IV (01972 Vnri) IN@1 @2 @ 1) U172V, po2|

a=1
d 2
= — | (W 102 Vo) V@12 © 1) U1 =02V, /2

2q=1

(257)

We evaluate the latter derivative by employing Taylor expansions. Substitute = 1+,
so that the quantity inside the derivative operation is equal to

(V@172 Vo) W@ P2 @ 1) Uo 727,002 (st
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which we can rewrite as

. —v/2 (1+1)/2 |12
H([VM)N@)VMJ)] ’ [N(a)]y/zean;) vo 2 [v,pvi]

’

2
(259)
due to the unitary invariance of the norm. Now we use that

002 A2y 12 ; )
[VU,OVJ] - [VapVo] +7Z [VapVa] log [VngG]—i—O (y )

(260)
G_V/2=I—%loga+0(y2), 261)
W@ =1+ Log V@140 (v7). 262)

ViV 0 Vo] =1 - Ziog[Vio NoWno | +0(r?).  @63)

The above implies that

—r/2 (1+y)/2
[V/I/w)/\/’ (») VN(U)] N (0)> Uo7/ [Vgpvj]

= (1= Z1og [Vl Vo) Vnien ) (1 + 2 1oz V)

1/2 1/2 .
xU (I— %logo) ([VUpVJ] + Y [VUpVJ] log [VapVg'D—i-O ()/2) .

2
(264)

By working out the right-hand side above and neglecting terms of second order in y
and higher, we find that

-v/2 _ (+y)/2
(Vi N 0 V| V@2 ua 72 [V, v ]

n 1/2 y . § 1/2
=U [VG,OVG] - E 10g I:V/\/(U)N () VN(U)] U [Vopvd]

y 12
+3 log N (@)1 U [Vg,oVU']
_%U [logo] [VUpV(f]l/z + gU [VU/oV;]l/2 log [V(,,OV;] +0 (yz) )
(265)

The Hermitian conjugate is

v, ovi 120t = 2 v, ovi] P utroe[VEL NV
o o ) o Vg g N(o) P VN (o)

1/2
+§ [Vorvi] " Ut log N ()]
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172 _ _ 12
_r [Vapvj] [logo ] UT + % [1og [Vapvj]] [VUpVJ] Ut +0 (yZ) .

2
(266)
Combining (265) with its Hermitian conjugate and neglecting higher order terms gives
i 1'% i 1172
I:VUIOV(T] -Y I:Vapva] N (IOg [VN(U)N(/O) VN(O’)]) I:VUIOV(T:I

sy VooV Gog V@) [VonVE] oy Vo Vi) Trogol [Vovi]

+% [Vgpvj] log [VopV;] n % (1og [Vgpvj]) [vgpvj] +o ()/2) .67
Taking a trace gives
Tr{p} — yTr{[VopVJ] NT (log [VX/(J)N(/))VN(UJ)}
+yTr {[Vng;] N7 (log [N(a)])} —yTr{p[logo]}

+yTr{plogp} + 0 (v?). (268)
We can now finally use the above development to conclude that

% H ([N (P12 Vs IN (@)1 @ IE) Uo =02y, pe/2 Hz

a=1
= % H([VL(@N O G2 IE) vo " [vopvi] zy_o
(269)
=Tr{p[logp —logo]}
T {N ([Vg oV ]) [log [v/{[(a)/\/ (p)VN(a)] —log [\ (a)]]} (270)
= f(L, VAroys Vo). (271)

A similar development with Taylor expansions leads to the conclusion that (63) holds. However,
here one should employ the method outlined in the proof of [46, Proposition11].
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