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Abstract We propose a new protocol of bidirectional and asymmetric quantum con-
trolled teleportation, using a maximally eight-qubit entangled state as the quantum
channel. We compared the aspects of quantum resource consumption, operation com-
plexity, classical resource consumption, quantum information bits transmitted and
efficiency with other schemes.
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1 Introduction

Quantum information theory as a new discipline has been attracted great attention
both in theoretical and in experimental aspects in recent years. Since Bennett et al. [1]
presented the creative protocol of quantum teleportation (QT) through an entangled
channel of Einstein—Podolsky—Rosen (EPR) pair between the sender and the receiver
in 1993, many theoretical protocols of quantum teleportation have been presented
[2-11], and a number of experimental implementations [12—15] of teleportation have
been reported.

As discussed in Ref. [16] for the bidirectional QT scheme, Alice and Bob can simul-
taneously send an unknown quantum state each other after performing an appropriate
unitary operator. And the bidirectional QT can be used to implement a quantum remote
control or a nonlocal quantum gate, where Alice can transmit an arbitrary single-qubit
state of qubit A to Bob and Bob can also transmit an arbitrary single-qubit state of
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qubit B to Alice. Recently, Zha et al. [17] reported tripartite schemes for bidirectional
controlled QT by using different five-qubit states as the quantum channel. On the other
hand, when Charlie is boss and Alice and Bob are his subordinates who are semihon-
est, Alice and Bob may require to implement the quantum remote control for a specific
task. In this case, Alice and Bob are allowed to implement the quantum remote control
only when Charlie permits them to do so. After that, BQCT has aroused great atten-
tion; meanwhile, some BQCT protocols have been devised based on different kinds
of entangled states [18-22].

In this paper, according to BQCT, we present a scheme of bidirectional and
asymmetric quantum controlled teleportation (BAQCT) via maximally eight-qubit
entangled state. At the same time, we will reveal the advantage of BAQCT from the
quantum resource consumption, operation complexity, classical resource consump-
tion, success probability and efficiency.

The paper is structured as follows: In Sect. 2, we briefly introduce the maximally
eight-qubit entangled state. In Sect. 3, we present a scheme of BAQCT. In Sect. 4, we
show important features of BAQCT about security and compare other protocols from
the five aspects: the consume of quantum resource, the difficulty or intensity of neces-
sary operations, the consume of classical resource, quantum information bits transmit-
ted and the intrinsic efficiency of the schemes. Finally, we conclude the paper in Sect. 5.

2 Eight-qubit maximally entangled state

In 2013, Zha et al. [23] present a generalized criterion for maximally entangled states
of 2-8. In this theory, the eight-qubit maximally entangled state can be described as
follows

1
VM) = ngOOO) +10011) — |1101) 4 |1110))1278 x (|0000) + |0111)

—11001) + [1110))3456 + (—[0001) + [0010) + [1100) + [1111)) 1278
% (|0001) 4 |0110) + [1000) — [1111))3456 4 (J0100) — [0111)
£11001) 4+ [1010)) 1278 X (—|0011) = [0100) + [1010) + |1101))3456
+([0101) 4 [0110) + [1000) — [1011))1278 X (—[0010) 4 [0101)
—[1011) — [1100))3456] ()

It can be obtained that K = 0, and therefore, the state is a maximally eight-qubit
entangled state. The purity of an arbitrary n4 = 4 qubit reduced subsystem can be
calculated as

1 1 1

T136 = —, 045 = —, T1278 = —

1236 4 1245 4 1278 4

1 1 1

T347 = =, 358 = —, 1468 = —

1347 3 1358 3 1468 3
_ 1 _ 1
1567 = g’ Tijkl = 16

ijkl = 1234, 1235,...,1678. )

@ Springer



Bidirectional and asymmetric quantum controlled... 3837

The eight-qubit MMES discovered here has many advantages in teleportation and
dense coding applications. In Eq. (2), we can see that there are many subsystems that
are completely mixed, so it is very convenient to distribute four qubits to Alice and
the other four to Bob, while such a distribution must be elaborate with the GHZ and
other states that are usually used.

3 Bidirectional and asymmetric quantum controlled teleportation

Our scheme can be described as follows. Suppose Alice has an arbitrary single qubit
ain a unknown state, which is described by

lga) = |0) + BI1) (€)

where «, 8 are arbitrary complex numbers and satisfy |« 12+ |B]? = 1, while Bob has
qubit by by in an unknown state

|9b15,) = al00) + b|01) 4 ¢[10) +d|11) “

with |a|>+|b|? +|c|?>+|d|*> = 1. Alice, Bob and Charlie share a maximally entangled
tripartite eight-qubit state. The qubits 1, 3 and 5 belong to Alice, while qubits 7 and 8
belong to Charlie and qubits 2, 4 and 6 belong to Bob, respectively. We assume that
the quantum channel is safe. The quantum channel can be rewritten as

W) A, ArAsB By BsCiC, = (/000000) + [001011) — [010001) + [011010)
+1100101) + [101110) + |110100) — [111111)
—1001101) + [000110) + |011100) 4 [010111)

— 1101000) + [100011) — [111001) — |110010))|00)
— (]100100) — [101111) + [110101) — [111110)
—1000001) — [001010) — |010000) + [011011)
—1101001) + [100010) + |111000) + |110011)
—1001100) + [000111) — [011101) — [010110))|01)
+(]100100) + [101111) — [110101) + [111110)
+1000001) + [001010) + |010000) — [011011)
—1101001) + [100010) + [111000) + [110011)
—1001100) + [000111) — [011101) — [010110))]10)
+ (]000000) + |001011) — [010001) + [011010)
+1100101) + [101110) + [110100) — [111111)
+1001101) — [000110) — |011100) — [010111)
+1101000) — ]100011) + [111001) + [110010))[11) (5)
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The initial state of the total system can be written as

[Vs) = 1@a) @ |0p1by) @ V) A, 424381 BB5C1Ca (6)

In order to realize bidirectional and asymmetric quantum controlled teleportation,
Bob performs an unitary operator on qubits By, B, and B3. The unitary transformation
Up, B, B, 1s given by

=)
R
=
R

)

UB]BzB3 =

cooco—~oo
co—~ocoo
cooc o~
_
cococo |l

I
—_
cococr~roO0~O

oo |

SO~ OO OO~
|

—

SO — OO, OO O
=N eNel ==

o
|
—_

Therefore, the state of the total system becomes

1Ws) = [9a)|@b16,)[(1000000) — [001001) + [100100) — [010010) + [011011)
—1101101) — [110110) + |111111))[00) + (]100110) + [101111)
£ 1110100) + [111101) — [000010) — [001011) — |010000) — |011001))
® [01) + (]100011) — [101010) — [110001) + |111000) — [000111)
—1001110) + [010101) — [011100))[10) + (J000101) + [001100)
£1010111) 4 [011110) + [100001) + [101000) + |110011)
+ [111010))[11)]4, A, 438, B, BsC1 ¢, (8)

Then, Alice performs a Bell-state measurement on particles (a, A1) and broadcasts
her measurement result via a classical channel. At the same time, Bob carries out a
four-qubit Von Neumann measurement on particles (b1b> B> B3) and broadcasts his
measurement result via a classical channel. The Bell states are given by:

{I"), i, j € {0, 1}}

y 1 . .
") = EGAIX(IO(D + (=D [11)qa,. 9

and the four-qubit Von Neumann measurement (|¢"""P?)) is given by

1

| 40000y — 5(|0000) +10101) + [1010) + [1111))p,5, B, B

16°7%) = o) 0, 18" ) bibaan, mon.p.q € {0.1) (10
1

0100y — 7(10001) +[1011) 4 [0100) + [1110)),,,, 5,5,

16°17) = o}, o, 16" Vbups 55, (1
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Table 1 The outcomes of measurement performed by Alice and Bob,

(B1, A3, A3,Cy, C3)

the state of qubits

Alices result

Bob’s result

The state of qubits (By, Ap, A3, C1, C3)

16944,
169 aa,
169 a4,
16944,
16910,
16910,
16910,
169" aa,
1610 aa,
161004,
161004,
161004,

0000
[} b1by By B3

0001
o} b1byByB3

0010
[} b1by By B3

0011
[} b1by By B3

0100
o} b1by By B3

0101
o} b1by By B3

0110
¢ b1by By B3

0111
o} b1by By B3
b1by By B3

1001
o} b1by By B3

11010
R P
|p1100
R P

‘¢1110 b1by By B3

)
)
)
)
)
)
)
)
151000y
)
)
)
)
)
)
)

b1by By B3

00,0000
Ic B1AA3C1Cy

|00-0001 B1A2A3CCa
|¢00-0010 B1A2A3CCy
|¢00-0011 B1A2A3CCy
|¢01.0100 B1A2A3CCa
|¢01.0101 B1A2A3CCy
|¢01.0110 B1A2A3CCy

01,0111
Ic B1AyA3C1Cy

B1A2A3C1Cy

|§10’1001 B1AyA3C1Cy
|§10‘1010 B1A2A3C1Cy
|§-IO,1011 B1AyA3C1Cy
|§ll’1100 B1AyA3C1C
|§ll’1101 B1AyA3C1Cy

)
)
)
)
)
)
)
)
|£10.1000,
)
)
)
)
)
g HA0) g ao a0
| g s aser s

1
|00y = 5(|0010) + 11000) +

10 P _q 1000
|¢ PQ) = Gb O'B3 |¢ )b|b23233

10111) + [1101)

)h1b23233

|¢1100) (|0011) + |1001) + |0110) + |1100))h1b28233

11 17 1100
|¢ pq) = O'blzab21|¢ >h1b23233

(12)

13)

The outcomes of measurement performed by Alice and Bob, and the corresponding
collapse state of qubits By, Ay, A3, C1 and C, are shown in Table 1 (there are sixty-

four results and only sixteen of them to be shown).
For example, if Alice’s measurement outcomes are |$%0)
outcomes are |

00,0000
19 )

¢0000)

= («[0) + B[1)) B, (a]00)

, Bob’s measurement
, the collapsed state of qubits A>, A3, By, C1 and C» is given by

— b|01) — ¢|10) + d|11)) a4,

®00)c,c, + (—[0) + B11)) B, (a|10) + b[11) + ¢|00)
+d|[01)) 4,4;101) ¢, ¢, + (—al1) + B0)) B, (a|11)
—b[10) —¢|01) +d]00)) 4,4;110) ¢y ¢, + (1)

+ B10)) B, (al01) 4 b|00) + ¢[11) + d[10)) s, 4511 1)y, (14)
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Next, Charlie needs to perform a two-qubit von Neumann measurement on qubits
(Cq, C7), and then, he sends the result of his measurement to Bob and Alice. The
two-qubit von Neumann measurement is given by

Uy, Lk=1{0,13), |u'*) = k) (15)

By combining information from the Charlie, Alice and Bob can perform appropriate
unitary operations on particles A», A3 and By, respectively, to reconstruct the original
unknown state. The outcomes of measurements performed by Alice, Bob and Charlie
and the corresponding Alice and Bob’s operation are shown in Table 2 (there are 256
results and only forty of them related to Table 1 are shown). For example, if Alice’s
measurement outcome is |¢00)a A,> Bob’s measurement outcome is |¢0000)b1b2 By B>
Charlie’s resultis |11) ¢, c,, and consequently, the collapsed state of qubits A, A3 and
B will be

ln) g, = (al1) + B10) B,
1) 4,45 = (al01) 4 b|00) + c[11) 4 d[10)) 4, 45 (16)

Carefully analyzing Table 2, we have, for any possible outcomes |£7/-"P4:1K) 'come
up with the general formulae for Rﬁz As and Rgl as

B _ _i®l_Jjokel
Rp, =o0,"0;

A pOkBl kel k®ldg _|
RA2A3 = o Gx® 6Bm)Az ® (o O‘)CGBH)A} a7

4 Discussions and comparisons

Now let us turn to some brief discussions on our schemes. As communication protocol,
their securities should be assured. Actually, controlled teleportation equals to quantum
state sharing [24-28]. In our scheme, we have assumed in advance that quantum
channels are assumed secure. It is the precondition of our schemes. As a matter of
fact, the present quantum channels are very similar to those in Refs. [29-31] to some
extent. Whether they are disturbed during the qubit distribution can be easily checked
by using the mature sampling technique. In this case, any outsiders perturbation can
be detected. Moreover, there have been some other strategies [32—34] for preventing
any insiders cheating, which are applicable for our schemes, too. For simplicity, here
we do not repeat them anymore.

We consider the feasibility of this scheme in experiment. It is found that the neces-
sary local unitary operation in the protocol contains three-qubit unitary operation and
single-qubit operation, the employed measurement includes Bell-state measurement,
two-qubit and four-qubit von Neumann measurement. It is well known that Bell-state
measurements can be decomposed into an ordering combination of a single-qubit
Hadamard operation and a two-qubit CNOT operation as well as two single-qubit
measurements. Up to now, the progress of Bell-state measurement and the single-
qubit unitary operation in experiment in various quantum systems [12,35-37] has
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Table2 The outcomes of measurements performed by Alice, Bob and Charlie and the corresponding Alice

and Bob’s operation

Alice and Bob’s results

Charlie’s results

Alice and Bob’s operations

|¢00>aA] |¢0000>b1 by Br B3

16%)aa, 6% 1,5, B,

00 0010
¢ >aA1 | )b]szzB3

00 0011
¢ )aA1|¢ )b1b23233

|¢)01)aA1 ‘¢0100)b1b23233

169004, 16°1)5, 5, B, B

|¢01>0A| ‘¢0110>b|b23233

|¢01>aA1 ‘¢0111>b1b23233

10 1011
¢ )aA1|¢ )b1b23233

C1Cy
C1Cy
Ci1C
Ci1C
CiC
CiC

)
)
)
!t
)
)
)

C1Cy
IM“)clcz
|MOO)C1C2
|I/«01)C1C2
Iulo)clcz
|M“)C1C2
IMOO)clcz

01
[ )C1C2

10

[ )C1C2

11
[ )C1C2

11199
(1201
110

C1Cy
Ci1Cy
C1Cy
C1Cy
C1C
C1Cy
C1Cy
C1C

C1Cy

OArOA3; ®rI

OAnyx ® _UBIZ
iUAZyiaA3y ® —iUBly
UA}X ® Ule

04y, ®1

OA2, Az, ® —OB,
iJAZyJA3X ® —io‘Bly
iJA3y ® GBIx

OA3; ®1I

io‘Azy ® —0By,
OAs, i0‘A3y ® —io‘Bly
04, A3, D OBy,
I®1

1047,043, ® —0B,
UAZx UA3X ® _iGBI)'
04,1045, ® OB,
UAZziGA3y ® aBlz
UAZX UA3X ® -1
i045,045, ® —0B,
I ® iGBly

OAp, A3y ® OBy
OAy, iUA3y ® —1
iUAzy ® —op,,
OA3, ® iagly

iUA3y ® 0B,
iUA2y0A3x ® -1
OAnyx UA3Z ® “OBx
oAy, ®iop,

OAzyx ® UBIZ
iUAZinASy ® —1
UAZx ® 7Ule
UA220A3Z ® iJBly
UAZX ® Gle

OAyOAs; ® iaBly
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Table 2 continued

Alice and Bob’s results Charlie’s results Alice and Bob’s operations
\Mw)clcz OA3, ® 0B,
' ec 104y, 1005, @ 1

16" an; 10" b1, B, B3 11%¢,c, A, A3, @0
\MOI)CICZ UAZinAS_V ® 0B,
1%e ¢, IQ1
\M“)clcz 104;,045, ® 0By,

Table 3 Comparison between five protocols

S QRC NO CRC QIBT n

S Six-Q MES 2 BSM, 2 SM, two QUO 6 2 1/6
D Seven-Q MES 2 BSM, 3 SMtwo QUO 7 2 177
C Six-Q ES 2BSM, 2 SM 6 2 1/6
Y Six-Q CS 2 CONT, 6 SM, 6 2 1/6
Our Eight-Q MES BSM, four-Q VNM, three QUO, 2 SM 8 3 3/16

The SDCY, in turn, on behalf of Ref. [19-22]. The intrinsic efficiency of the communication scheme is
defined [38] as n = g5 /(qu + bt), where g5 is the number of qubits that consist of the quantum information
to be exchanged, g, is the number of the qubits which are used as the quantum channel (except for those
chosen for security checking), b; is the classical bits transmitted

ORC quantum resource consumption, NO necessary operations, BS Brown state, CS cluster state, CRC
classical resource consumption, BSM Bell-state measurement, SM single-qubit measurement,QIBT quan-
tum information bits transmitted, Q qubit, MES maximally entangled state, UO unitary operation, PM
projection measurement, VNM von Neumann measurement, QCPG quantum controlled phase gate, CNOT
controlled-NOT operation

been reported. In addition, the maximally eight-qubit entangled state and four-qubit
von Neumann measurement in our scheme have not been reported in experiment, but
when combined with the advances in quantum information technology, we hope that
our scheme will be implemented in the future.

Now let us make some comparisons among our scheme and other schemes [19-22].
Comparisons are made from the five aspects, namely the quantum resource consump-
tion, the necessary operation complexity including operation difficulty and intensity,
the classical resource consumption, transmitted quantum information bits and the
intrinsic efficiency. They are summarized in Table 3.

From Table 3, one can see that the quantum resource consumptions in S, C and Y
schemes are equal. As for their operation complexities, they are almost same except
that the two-qubit unitary operation in the S scheme is more difficult than the single-
qubit operation in C and Y schemes. In addition, the quantum resource consumption,
quantum information bits transmitted and efficiency are equal in S, C and Y schemes.
Comparison with the D scheme, S, C and Y schemes have consumed fewer quantum
and classical resources, and possessed higher intrinsic efficiency. In all, the Y scheme
is more optimal and economic. Comparing the Y scheme with our scheme, we will be
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readily to see the following three differences: (1) the quantum resource consumption in
the Y scheme is less than it in our scheme; (2) the operation complexity in our scheme
is more difficult than the Y scheme; and (3) the remarkable advantages in our scheme
transmit more quantum information bits and possess higher intrinsic efficiency. In this
sense, our scheme is better for bidirectional quantum controlled teleportation.

At last, comparing our scheme with Ref. [18], our protocol exploits the eight-
qubit maximally entangled state as quantum channel which can improve greatly the
security of the scheme. If the quantum channel is not safe, the probability that the
eavesdropper simultaneously gets the right information of Alice and Bob’s is 1/256,
Ref. [18] is 1/128. What is more, we consider a situation in which there are two
controllers (i.e., Charliel and Charlie2). In this circumstance, the BAQCT can be
completed successfully if and only if every controller carries out proper single-qubit
von Neumann measurement on corresponding particle, respectively.

5 Conclusion

In summary, we have proposed a theoretical scheme for bidirectional and asymmet-
ric quantum controlled teleportation. In our scheme, eight-qubit maximally entangled
state is considered as the quantum channel, while Alice and Bob are not only senders
but also receivers. We have analyzed the scheme security and feasibility. Finally, we
have compared our scheme with other schemes on quantum and classical resource
consumptions, operation complexities, quantum information bits transmitted and effi-
ciencies. We think our scheme is better than other schemes.
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