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1 Introduction and preliminaries

Polynomial time algorithms for prime factorization and discrete logarithms on quan-
tum computers were given by Shor in 1994 [42]. Thus, if an efficient quantum computer
existed (see [5,45], for recent advances), most popular cryptographic systems could
be broken and much computational work could be done much faster. Unlike classical
information, quantum information cannot be cloned [12,49], despite this fact quan-
tum (error-correcting) codes do exist [43,46]. The above facts explain why, in the
last decades, the interest in quantum computations and, in particular, in quantum cod-
ing theory grew dramatically. There exists an extensive literature on quantum codes,
see for instance [3,4,8-10,26,28] for the binary case and [2,6,16,29,33,38] for the
general case.

Classical linear codes and Hermitian and Euclidean inner products are useful tools
to construct codes in a class of quantum codes named stabilizer codes. In this paper, we
introduce J-affine variety codes and use them, together with the Hamada’s general-
ization [30] of the Steane’s enlargement procedure, to derive new stabilizer codes. The
main procedures in the literature we use are collected in Theorems 1 and 2. Further-
more, we introduce and consider a new enlargement that we state in Theorem 3. This
result extends the mentioned Hamada’s generalization and is proved in the “Appen-
dix.” With the above ideas, we obtain binary stabilizer codes which are records in [27]
and nonbinary codes that exceed the Gilbert—Varshamov bounds.

Setq = p” apositive power of a prime number p and let C be the complex numbers.
A stabilizer code C # {0} is the common eigenspace of an abelian subgroup A of the
error group G, generated by a nice error basis on the space C?",n being a positive
integer. The code C has minimum distance d whenever all error in G,, with weight less
than d can be detected or have no effect on C but some error of weight d cannot be
detected. In addition, C is called to be pure if A has not nonscalar matrices with weight
less than d. Finally, a code as above is an [[n, k, d]],-code when itis a qk-dimensional
subspace of C4" and has minimum distance d (see for instance [9,32]). Recall that the
Hermitian inner product of two vectors X = (x1, x2, ..., X,) andy = (y1, 2, .- -, Yn)
in the vector space ]FZ2 is defined as x -, y = inyiq and the Euclidean product of

x and y in IFZ asx -y = > x;y;. Given a linear code C in IFZ2 (respectively, F;), the

Hermitian (respectively, Euclidean) dual space is denoted by C (respectively, C).

Theorem 1 [1,32] The following two statements hold.

(1) Let C be a linear [n, k, d] error-correcting code over I, such that ct cc
Then, there exists an [[n, 2k — n, > d]|, stabilizer code which is pure to d. If
the minimum distance of C- exceeds d, then the stabilizer code is pure and has
minimum distance d.

(2) Let C be a linear [n, k, d] error-correcting code over Iqu such that Cth C C.
Then, there exists an [[n, 2k — n, > d], stabilizer code which is pure to d. If the
minimum distance d* of the code C" exceeds d, then the stabilizer code is pure
and has minimum distance d.

Codes obtained as described in Item (1) of Theorem 1 are usually referred to as
obtained from the CSS construction [10,46]. This last procedure is not only useful for
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quantum error correction but also for privacy amplification of quantum cryptography
[44]. In addition, it has been extended to construct asymmetric quantum codes which
are suitable for quantum mechanical systems where the phase-flip errors happen more
frequently than the bit-flip errors [15,41]. The parameters of the codes coming from
Item (1) of Theorem 1 can be improved with the Hamada’s generalization [30] of
the Steane’s enlargement procedure [48]. Let us state the result, where wt denotes
minimum weight.

Theorem 2 [30] Let C be an [n, k] linear code over the field F, such that cltcc.
Assume that C can be enlarged to an [n, k'] linear code C', where k' > k + 2. Then,
there exists a stabilizer code with parameters [[n, k-+k'—n, d > min{d’, |'qqild”'| Ny,

where d’ = wt(C\C'*) and d” = wt(C'\C'%).

Using the above results, many quantum codes coming from classical codes have
been constructed, see [32] for example. A complete table of parameters corresponding
to known binary quantum codes, up to length 128, can be consulted in [27]. There
is no table for nonbinary quantum codes, although there are some codes with good
parameters, essentially concerning MDS quantum codes, quantum LDPC codes or
quantum BCH codes [1,14,31,33-35,40,50]. Most of the above-mentioned codes
have specific lengths depending on g. A way to get codes with good parameters uses
evaluation (classical) codes [21-25]. In [19,20], the authors consider affine variety
codes which form a class of evaluation codes such that duality can be characterized.
The reader can consult [23] for a lower bound for the minimum distance of these
codes.

The above-mentioned papers [19,20] considered affine variety codes, where we
could compare parameters of our codes with others given by BCH codes and improve
some of them. The evaluation at zero was not considered, and we only used duality with
respect to the Euclidean inner product. This paper is devoted to construct algebraically
generated stabilizer codes from a more general version of affine variety codes (J-
affine variety codes), where we decide which coordinates of the points to evaluate
may be zero. In this way, we get a wider range of lengths for our codes. Moreover,
in this work, both Euclidean and Hermitian duality are considered, which allows us
to obtain a richer family of codes. Notice that our codes are based on cyclotomic
sets and subfield-subcodes, so they can be seen as a natural extension of BCH codes
since these can be constructed with cyclotomic cosets and are subfield-subcodes of
Reed—Solomon codes.

Stabilizer codes derived from the Euclidean inner product and J-affine variety
codes (and their subfield-subcodes) are studied in Sect. 2, and their parameters are
described in Theorem 6. Section 3 develops the Hermitian case; the main result is
Theorem 7, which also gives the parameters of the corresponding codes. To prove this
result, we show that Delsarte theorem [11] also holds in our case, that is, with respect
to Hermitian inner product. Furthermore, we prove in the “Appendix” the following
generalization of the Steane’s enlargement procedure.

Theorem 3 Let C; and C; be two linear codes over the field Iy, with parameters
[n, ki,d] and [n, 121, 31], respectively, and such that Cf- - él. Consider a linear
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code D C IF; such that dim D > 2 and (Cy + 6'1) ND ={0}.SetCy =Ci+D

and 6'2 = CAL 1 + D, that enlgrge g | and C 1, respectively, with parameters [n, ky, d>]
and [n, k, dzl (kp — k1 = ko — k1 =dim D > 1). Set C3 the code sum of the vector

spaces C1 4+ C1 + D, whose parameters we denote by [n, k3, d3]. Then, there exists a
stabilizer code with parameters

. sl +d+d
|:|:n,k2+kl—n,dZminidl,dl,’V$—Hj|j| ,
2

when g = 2. Otherwise, the parameters are

[[n,kz +]€1 —n,d > min {dl,(il, M}]]q s

where M = max{ds + [(d2/q)], d3 + [(d>/q)1}.

In Sect. 4 (see Table 2), we use Theorem 3 to determine stabilizer binary codes
of length 127 which are records in [27]. Within the same section and with the help
of the previously mentioned results, we provide tables with unknown stabilizer codes
over different ground fields that exceed the Gilbert—Varshamov bounds [13,17,39],
[32, Lemma 31]. When comparisons are possible, our codes improve those available
in the literature.

2 Stabilizer J-affine variety codes: Euclidean inner product

In this section, we introduce J-affine variety codes and characterize their duality
with respect to the Euclidean inner product. Our results provide stabilizer quantum
codes, derived from these codes and their subfield-subcodes, whose parameters are
also described.

2.1 Euclidean duality for J-affine variety codes

Set ¢ = p" a positive power of a prime number p and consider the finite field IF,,.
Next we are going to introduce a family of affine variety codes and study their dual
codes.

Consider the ring of polynomials F,[ X1, X5, ..., X;;] in m variables over the field
F, and fix m integers N; > 1 such that N; — 1 dividesg — 1 for 1 < j < m. Fora

subset J C {1, 2, ..., m}, set I, the ideal of the ring F,[ X1, X5, ..., X;,,] generated

by Xj.vj — X whenever j ¢ J and by Xj.vj_l — 1 otherwise, for 1 < j < m. We

denote by R; the quotient ring
Ry =F,[X1, X2, ..., Xpnl/1;.

SetZ; = Z(1y) = {P1, P2, ..., P,,} the set of zeros over [F; of the defining ideal
of R ;. Clearly, the points P;, 1 <i < nj,canhave 0 as a coordinate for those indices j
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which are not in J but this is not the case for the remaining coordinates. Denote ev; :
R; — IFZ’ the evaluation map defined as ev;(f) = (f(P1), f(P2),..., f(Py,),
where ny = ij N; HjeJ(Nj — 1). Denote also T; = N; — 1 except when j € J,
in this last case, T; = N; — 2, consider the set

—{0,1,...., Ty} x {0, 1, ..., 5} x -~ x {0, 1,..., Ty}

and a nonempty subset A € H ;. Then, we define the J-affine variety code given by A,
E ﬁ, as the vector subspace (over ) of IFZJ generated by the evaluation by ev of the
set of classes in R corresponding to monomials X* := X{' X{? - - X, o such thata =
(a1, aa, ...,ay) € A. Stabilizer codes constructed from {1, 2, ..., m}-affine variety
codes were considered in [19,20] because they allowed us to do comparisons with
some quantum BCH codes. In this paper, #-affine variety codes are named evaluating
at zero affine variety codes although in some papers they are simply called affine
variety codes [23]. We will stand H for Hy, and we will also write H' := H{1 2, . m)-
Notice that considering different sets J, we get codes of different lengths

(Nt =DWN2 =1+« (N — ) =np12,..m) <nj <ng=NiNp---Np.

Generalized Reed—Muller codes are a well-known family of evaluating at zero
affine variety codes. Indeed, they can be defined as RM(r,m) := E A(() ; where

N; = g for all j and AO corresponds with the exponents of the monomials in the
set{f € Ry|deg f < r} deg f meaning the total degree of the unique representative
of f of degree less than ¢ in each indeterminate.

The following result extends one given in [7] for N; = ¢, 1 < j < m, and it will
be used for describing dual codes of J-affine variety codes.

Proposition 1 Let J C {1,2,...,m}, consider a,b € Hy and let X* and X% be two
monomials representing elements in R j. Then, the Euclidean inner product ev j(X%) -
ev(X?) is not 0 if, and only if, the following two conditions happen.

e forevery j € J,itholdsthataj+b; =0 mod (N;—1),(i.e,a;j=N;j—1—b;
whenaj+b; >0ora; =b; =0).
e Forevery j ¢ J, it holds that
— eitheraj+bj > 0andaj+b; =0 mod (N;j—1)(i.e,aj = Nj—1-b;if 0 <
aj,bj < Nj —1lor (aj,bj) S {(0, Nj - l), (Nj - 1,0), (Nj - l,Nj — l)}
otherwise),
—oraj=b;=0and p [ N;.
Proof For j =1,2,...,m,pick anelement §; € F, with order N; — 1; the existence
is guaranteed by the fact that N; — 1 divides g — 1. Then (§;) = {E;’, E}, R éjl.vj_l} =

Z(X;Vj_1 — 1 and (§;) U{0} = Z(X;Vj — X ). By the distributive law, one has that

evy (X9 -ev; X =] D2 Via'/+bj [1 Z Via.i+b_/

JjeJ viel§;) Jj¢J yie(§;)u{o}
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Therefore, the previous product is different from zero if, and only if, every factor is
different from zero.

Let us consider j € J and assume that a; +b; > 0Oanda; = Nj — 1 — b, then
aj+b; = N;j — 1, and it happens that Zy,-e(f_,-) yl.aj+bj # 0 because

Z Via" i Z J’iO:Nj_l #0 (inlF,).

vi€(&;) vi€(&;)

The same result holds fora; = b; = 0. Note that N; —1 # 0inF, since p f N; — 1.
Indeed if p | Nj — 1, then, as N;j — 1| p" — 1, p had to divide p” — 1 which is false.
It remains to show what happens when a; + b; # 0 mod (N; — 1). In this case,
aj+bj = ¢ # 0in the ring of congruences modulo N; — 1, which we set ZNFl, and
the following chain of equalities holds:

T e B L
DT =D EY = D@ =#=o,
vie(§;) i=0 i=0 J
which completes the proof for the case j € J. Notice that E; # 1 since ¢ # 0 in
ZNj—1~
To finish, assume j ¢ J. We remark that 0¥ = 0 for k # 0 and 00 = 1. If
aj +b; > 0then

aj+b; aj+b;
Vi = Z Vi

yi €(§;)U{0} vi€())

and the corresponding factor will be different from zero if and only if a; +b; = 0
mod (N; — 1) (by the case j € J). However, if a; = b; = 0, then

Z )/iaj+bj — 14 z yi() — N]

yi€(&;)U{0} vie(&;)
that will be equal to zero if and only if p | N;. O

The above result shows that each monomial X* = X{' X5 --- X", a € H, admits
2¢ard(Q) monomials X? such that ev; (X?) - evy(X?) # 0, where

OQ={jl1<j<mia;=N;—1}.

Now, for a set J as above, consider a subset A of H;. If A € H’, we define AL as
the set

H\N{(N1—1—a;,No—1—ap,...,Nyy—1—ay) | acA}.
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Otherwise, i.e., in our monomials there is an exponent of some X ; equal to N; — 1,
AL is defined as

HJ\{{(NI—l—al,Nz—l—az,...,Nm—l—am)
|a€AﬂH’}U{a’|aeA,a¢H/}},

wherea; = Nj —1—ajifa; # Nj — 1 and a} equals either N; — 1 or O otherwise.
Notice that an element a € A, a ¢ H', determines several values a’.

This definition allows us to state the following straightforward result:

Proposition 2 Consider a set A C Hj as above.

(1) If the following inclusion A € 'H' happens, then the equality of codes (E i)J_ =
Eii holds, where (Ei)J‘ denotes the dual code of Eﬁ.
(2) Otherwise, if A & H', then E* | € (E4)*.

Remark 1 When considering {1, 2, ..., m}-affine variety codes, the defining set A

must satisfy A € H’. Thus the same reasoning as above shows that (E{Al’z"“”"})l =
(1,2,....m}

E, T .

2.2 Subfield-subcodes of J-affine variety codes

In this section, we show some results concerning dimension and self-orthogonality
with respect to Euclidean inner product of subfield-subcodes of J-affine variety codes.

Recall thatg = p” and pick a positive integer s such that s divides r. With the above
notations, consider the set ; and recall that N; — 1 divides ¢ — 1 for all j such that

1 < j < m.Nextwe define three trace type maps which will be useful: trj : Fr — IFps
defined as tr¥(x) = x + x” + .- + x”‘v(%l); tr : ]F';{ — FY;{, determined by tr?
componentwise and 7 : Ry — R;, T(f) = f + f" +--- + fpx(gfl).

For 1 < j < m, consider the above-defined integer numbers 7 and, as before,
denote by Zr; the quotient ring Z/T;Z. In this section, we will consider cyclotomic
sets that are subsets J of the cartesian product Zy, x Z, X --- x Zg, such that
J={p*-a|acT}, where p*-a = (p’ay, p’az, ..., p*ay). A cyclotomic set J
is minimal (for the above given exponent s) whenever all the elements in J can be
expressed as p*’ - a for some fixed element @ € J and some nonnegative integer i.
Consider a set A representing the minimal cyclotomic sets, that is pick a € J for each
minimal cyclotomic set in such a way that J = J, for some a € A. Thus, the set of
minimal cyclotomic sets will be {J;}ac 4. Moreover, set iy := card(J,).

The subfield-subcodes (over I s) of our J-affine variety codes E i are defined as

E i’g =F i D]F';){ . We write C i (respectively, C i’”) the dual code of E i (respectively,
Ei’g). Moreover, an element f € R, evaluates to IF ;s whenever f(a) € F s for all
a € Z;. Notice that this happens if and only if f = 7 (g) for some g € R;. Now we
are ready to state the following result that determines the dimension of the subfield-
subcodes E i’”. It can be proved reasoning as in [19, Theorem 3].
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Theorem 4 Let By be a primitive element of the finite field ¥ ,sia and set Ta:R; — Ry

the mapping defined as Ty(f) = f + f7" +--- + fps(ia_l). Consider a set A C 'H.
Then, the vector space E A’G is generated by the images under the evaluation map ev j
of the following elements in Rj: UaeAD‘agA {’Z’a(ﬂéXa) |0<I<ia— 1}.

Next, we provide a result concerning the dimension of the dual code C i’g.

Theorem S Let A be a subset of H ;. Consider the dual code C i’” of the subfield-
J,o
subcode E'y" . Then:

(1) The dimension of the code Ci’“ satisfies the inequality

dim(Cy) = >
ac A|TaNAL£D

(2) If Ja N AL £ @ whenever 3, C A, then the inclusion Ei’a - Ci’” holds.

(3) Assume that A is a subset of H'. Then we get an equality in (1), and the conditions
given in (2) are equivalent.

Proof We keep the above notation and recall that E i ., <€ (E ﬁ)L. Moreover
(Ei’U)J- = tr(Ei)L holds by Delsarte theorem [11]. Therefore, we get tr(Eil) -
(Ei’”)J-. Set ]Fﬁ,l the vector space over the field IF,r of polynomials generated by
monomials with exponents in A+, which is generated by the set {7 (y X?} ALyeF,

Taking into account that ev o 7 = tr o ev, we deduce that ev (T(Fﬁ,l)) =tr(E i )
which concludes the proof of items (1) and (2). Item (3) follows from the same rea-

soning and the equality EiL = (Ei)L. O

2.3 Results on stabilizer codes

The results and ideas in Sects. 2.1 and 2.2 together with Theorem 1 prove the following
result which, keeping the notations as above, states some results for stabilizer codes
constructed with J-affine variety codes.

Theorem 6 Let Nj, 1 < j < m, be positive integers such that N; — 1 divides g — 1
for all index j. Let A be a subset of the above-defined set H j. Then:

(1) Assume the set inclusion A C AL. Then, a stabilizer code coming from
E£ can be constructed. Its parameters are [[ny,k,> dll;, where n; =
[Tj¢s NiTljes(Nj = 1), k =ny =2 card(4) and d = d ((E})™).

(2) Consider s a positive integer that divides r and subfield-subcodes with respect to
the field F 5. Assume that Ja N AL %+ ) whenever 3, C A. Then, a stabilizer

code coming from Ei’g can be constructed. Its parametersare[[ny, > k, > d]]ps,

where ny is as above, k = zzaeAljamAJ_#g ian—nyandd =d ((Ei’g)l).
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(3) Let s and A be as in (2). Suppose also that A C 'H'. Then, the parame-
ters of the corresponding stabilizer code are [[ny,k,> d]]ps, where nyj =

[jes N3 Ties Ny = Dok =ny =2 X 5,caia andd = d ((E47)*).

Notice that the condition A € A~ for sets A containing the element 0 can only
happen when p | N;, for some j ¢ J.

Later, in Sect. 4, we will provide some examples of quantum codes with good
parameters. Now, without any pretension on parameters and only for ease of reading,
we give a simple example of stabilizer codes constructed with the tools of this section.

Example 1 With the above notation, consider p =2, r =4, m =2, N1 =4, N, =6

and set J = {2} C {1,2}. It is clear that R; = F,[X1, X21/(X] — X1, X5 — 1),

T'=3T=4H;=1{0,1,2,3} x{0,1,2,3,4}and H' = {0, 1,2} x {0, 1, 2, 3, 4}.
If we consider the subset of H

A:={(0,1),(0,2),(0,3),(0.4),(1,2),(1,3),(2,0), 2, ), 2,4},

then it is clear that A C H' and by the paragraph before Proposition 2,
At = AU{(0,0), (3,0)}. Then A C AL, Items (1) in Proposition 2 and Theo-
rem 6 and [36] determine a [[20, 20 — 2 - 9, 4]];6 code because the cardinality of A is
nine.

With respect to subfield-subcodes, set s = 1, then the minimal cyclotomic sets
are: J(0,00 = {(0,0)}, J0,1) = {(0, 1), (0,2), (0, 3), (0,4}, Ta,0) = {(1,0), (2,0)},
Jan ={(1,1),2,2),(1,4),(2,3)}, Ja2 ={(1,2), (2,4, (1,3), 2, D}, I3,0) =
{(3,0)}, 5(3,1) =1{@3,1),@3,2), (3,3), (3,4)}. Consider the set A| = 3(0’1) U 3(1,2),
where i(() 1 = 4, i(l 2) = 4 and as, (0, 1) € j(() nn AJ‘ and (1,2) € 3(1 2 N Al s
the inclusion £, e Cy 19 holds by Item (2) of Theorem 5. Finally, A; € H’ and
Statement (3) in Theorem 6 shows that we can construct a [[20,20 — 2 - (4 +4), 4]]»
stabilizer code.

3 Stabilizer J-affine variety codes: Hermitian inner product

We have just studied stabilizer codes determined by J-affine variety codes which are
self-orthogonal with respect to the Euclidean inner product. Next we describe what
happens when one considers the Hermitian inner product.

3.1 Hermitian duality for affine variety codes

In this section, our ring of polynomials is F2[X1, X2, ..., X;y] where, as above,
g = p" and fix m integers N; > 1,1 < j < m, such that each N; — 1 divides q2 —1.
Following Sect. 2.1, we define the rings R; as quotients of the above ring. Now we
state our first result.

Proposition 3 Let J C {1,2,...,m}, considera, b € Hj and let X* and X? be two
monomials representing elements in R j. Then, the Hermitian inner productev j (X%)-j,
evy (X?) is not 0 if, and only if, the following two conditions happen.
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e forevery j € J, it holds that qa; +b; =0 mod (N; — 1), (i.e, b; = —qa; +
AN — 1), for some A > 0).
e Forevery j ¢ J, it holds that
— either aj + b; > 0 and ga; + b; = 0 mod (N; — 1) (ie, b; =
—qaj + A(Nj — 1), for some . > 0, if 0 < aj,b; < N;j — 1, or
(aj.bj) € {(0,N; — 1), (N; — 1,0), (Nj — 1, N; — 1)}, otherwise);
—oraj=b;=0and p fN;.

Proof Tt follows from Proposition 1 after taking into account that ev;(X?) -5
evy(X?) = evy(X?) - evy(X9?), and aj +gbj = 0 mod (N; — 1) if, and only
if, b = —qga; mod (N; — 1). Notice that this last equivalence happens because
N; — 1 divides g* — 1 and thus g is the inverse of ¢ modulo N;—1. O

Consider a set A C H; and an element a in A as in Sect. 2. Recall that, now,
our field is qu. Suppose that A C H’, and, for each j, set [—qaj]Nj_l a suitable
representant of the congruence class modulo N; — 1 given by —ga ;. Then, we define
ALh as the set

Ho\{(—qailn -1, [—ga2]ln, -1, - .., [=qam]n,,—1) | @ € A}.

Otherwise, AL is defined as

HA\{{(—qailn,—1. [—ga2]ny—1. - . .. [=gam]INn,—D]a
eANH)U(dlae A ag¢ M)},

where a’ is a multi-valued vector defined by a; = [—qaj]Nj_l ifa; ¢ {0,N; — 1},
a;. is equal to N; — 1 ifa; = 0 and a;. admits two values which are N; — 1 and 0 if
aj=N;— L

Next we give a result about Hermitian duality of our codes which can be deduced
from Proposition 3.

Proposition 4 Let A C Hj be as above.

(1) Assume A C 'H'. Then the equality of codes (Ei)ih = EiLh holds.
(2) Otherwise, A ¢ H', it happens that Eilh C (EHH.

A necessary condition for the inclusion of a generalized Reed-Muller code over F >
into its Hermitian dual is given in [40]. We conclude this section with the following
result which proves that such a condition is also sufficient.

Proposition 5§ Set Rqu (r,m) the (r, m)-generalized Reed—Muller code over the

finite field qu. Then, the codes’ inclusion Rqu(r, m) C (Rqu (r, m))Lh holds
if,andonly if, 0 <r <m(qg —1) — L

Proof By [40], it suffices to prove that r > m(q — 1) — 1 implies

RM > (r,m) ¢ (Rqu(r, m))lh )
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Indeed, consider the m-tuple q —1 = (¢ — 1,9 — 1,...,q — 1) that provides
the monomial X9~1. Clearly evy(X9™1) € RM > (r, m), however evg(X91) ¢

(Rqu(r, m))J‘h because ¢ — 1 + g(¢ — 1) = ¢g*> — 1 which, by Proposition 3,
proves that evy(X971) ., evy(X971) # 0. This concludes the proof. O

3.2 Results on stabilizer codes using Hermitian inner product

In this section, we prove that, considering duality with respect to the inner Hermitian
product, an analogous result to Theorem 6 holds. As above, g = p” and s is a positive
integer that divides r. The ground field of our evaluation codes is I >, and we consider
subfield-subcodes over F ;. Recall that N;j — 1 divides g% — 1 for all j. The trace

2s 2.r(%—l)
maps are defined as: tr%f t Fpor = Fpo, tr%ﬁ(x) =x+x +--+xP
tr: F;g, - T 'I;és, determined by tr3* componentwise and 7 : R; — Ry, T(f) =

25(%—1)

2s
f4+fr+--+fP .
Let us state our before-mentioned result for codes constructed using the Hermitian
inner product.

Theorem 7 Let Nj, 1 < j < m, be positive integers such that N j — 1 divides p¥—1
for all index j. Let A be a subset of the above-defined set H .

(1) Assume the set inclusion A € At Then, a stabilizer code coming from E £ can
be constructed, and their parameters can be obtained with the same formulae
given in Item (1) of Theorem 6 but replacing | with L.

(2) Consider a positive integer s dividing r and subfield-subcodes with respect to
the field F p2- Assume that J, N At # ) whenever Jo C A. Then, a stabilizer

code coming from E 2’0 can be constructed. Formulae in Item (2) (respectively (3),
whenever A C 'H') of Theorem 6, replacing | with 1, determine the parameters
of these codes.

Proof Item (1) follows from Statement (2) of Theorem 1 and similar arguments to
those given in Sect. 2. With respect to Item (2), we prove our second statement since
the unique difference with respect to the first one relies in Proposition 4 and we can
only ensure (E{)* = E 1, when A C H/.

Delsarte theorem is stated for Euclidean dual. Let us show that it is true in our
case and so our result is proved with the same arguments given in Sect. 2 and (2) of
Theorem 1. We start by proving the inclusion (Ei’a)J-h D tr(E i)J-h. Indeed, to do
it, it suffices to take a € (E i)i" and b € Ei’” and consider the following chain of
equalities

tr(a) -, b =tr(a) - b? =3 (a-b?) = u (@, b) = a3 (0) = 0.
Finally, we prove that the dimensions of the vector spaces over F s, (Ei’”)“

and tr(E i)Lh, coincide, which concludes the proof. Write A = A; U A, where
Ay is the union of the minimal cyclotomic sets J, which are included in A.
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A, does not contain any complete set J,. Theorem 4 proves that the dimen-
sion of the vector space (Ei’”)“ is ny — card Aj. Now, consider the set
Hi\{([—gai1ln, -1, [—qaz2ln,—1, - .., [—gam]n,,—1) | @ € A} and notice that the
set of tuples ([—qb11n,—1, [—qb21N,—1. - .., [=gbm]N,,—1), defined by the elements
b in a minimal cyclotomic set J,, determine a minimal cyclotomic set of the same
size, which we denote J_;a. Moreover, Ja # Ju implies J_4a # J_ga . Taking into
account that

dim tr(E*)*" = > in
acA|JaNALh £

and that J, N Al = @ if, and only if, a = —qge¢, Jc C Aj, we deduce that
dim tr(Ei)J-" =ny — card Ay and our proof is finished. O

We remark that, as in the previous section, the condition A C Aln for sets A
containing the element 0 can only happen when p | N;, for some j ¢ J.

As above, we give an example only to facilitate the readability of this section.
Examples with good parameters will be found in the next section.

Example 2 With the previous notations, set p = 2,r = 4,5s =2, N =4, N, = 6.
Also, m = 2 and J = {2}. We deduce our example from the second statement in
Theorem 7. The minimal cyclotomic sets are {(0, 0)}, {(0, 1), (0, 4)}, {(0, 2), (0, 3)},
{(LO} {(I,4, A, D}, {(1,3), (1,2}, {2,0} {2, 1,2}, {2,2),(2,3)},
{(3,0)},{(3,2),3,3)},{(3,4), 3, 1)}. The set A in Example 1 cannot be used now,
since (J,0) = {(2,0)H N A+n = (. To prove it, it suffices to recall that s = 2 and to
apply the paragraph after the proof of Proposition 3.

Finally, consider the three minimal cyclotomic sets J,1y = {(0, 1), (0,4)},
J.2 =1(0,2),(0,3)}, T2, = {2, 1), (2,4)}and the set Ay = T (0,1)UT0,2)UT2,1)
which satisfies the requirements in Theorem 7 because, by the above-mentioned para-
graph, to determine the Hermitian dual, each element in A; erases from H; another
one which is not in A,. For instance, (0, 4) and (2, 4), erase (3, 2) and (2, 2), respec-
tively. Each minimal cyclotomic set has two elements and therefore, by [36] and Item
(2) in Theorem 7, we get a [[20, 20 — 2(2 4+ 2 + 2), 3]]» code.

We conclude this section with a short remark on decoding of our codes.

Remark 2 Since classical methods of error correction can be adapted to decode quan-
tum codes [10,38,47], we briefly comment on the decoding of affine variety codes.
The literature contains some decoding procedures for affine variety codes [18,37], a
subclass of J-affine variety codes, which we believe that could be easily adapted to
decode J-affine variety codes as well. More efficient decoding procedures, which cor-
rect up to the Feng—Rao bound, have been described for affine variety codes defined
by order functions (see [25] and references therein). It would be interesting to get
self-orthogonal order domain codes providing good stabilizer codes, and investigate
whether our examples are given by codes of this type.
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4 Some good quantum codes
4.1 Stabilizer codes with Euclidean inner product

We devote this section to give some examples of stabilizer codes obtained applying
Theorems 2, 3 and 6, with the help of [36]. We first provide parameters of some
stabilizer codes over [F». These codes come from subfield-subcodes of J-affine variety
codes. With the above notation, set p = 2,7 = 7,5 = 1, N| = 128 and consider codes
Ci = Cgi, éi = 2_, i=1,2andC3 = 23, where we have omitted the super-index
J = {1}. Table 1 shows their defining sets A and parameters (as linear codes).

Theorem 3 applied to these codes provides the stabilizer code Cy. Table 2 displays
the parameters of this stabilizer quantum code and several expurgations. According to
[27], the parameters of the codes in Table 2 improve the parameters of the best known
binary quantum codes, and thus they are records.

Consider now [F3 as a ground field. Table 4 shows defining sets, values p, 7, s, N;
and sets J as above defined to determine stabilizer codes coming from subfield-
subcodes of J-affine variety codes. They are obtained following Item (3) in Theorem 6.
The corresponding parameters are displayed in Table 3. Parameters of the codes given
by Steane enlargement, SE, can be seen in Table 5. Notice that all these codes exceed

Table 1 J-affine variety codes over F»

Code n k d Defining set A

Cy 127 85 12 Ay ={42,84,41,82,37,74,21,2,4,8,16,32,64, 1, 6,
12,24, 48,96, 65, 3, 10, 20, 40, 80, 33, 66, 5, 14, 28,
56,112,97,67,17, 18, 36, 72, 17, 34, 68, 9}

Cy 127 91 12 Ay =1{0.2,4,8,16,32,64,1,6, 12, 24, 48, 96,
65, 3, 10, 20, 40, 80, 33, 66, 5, 14, 28,
56,112,97,67,7, 18, 36,72, 17, 34, 68, 9}

G 127 99 8 Ay = {42, 84,41,82,37,74,21,2,4,8, 16,32, 64, 1,6,
12, 24,48, 96, 65, 3, 10, 20, 40, 80, 33, 66, 5)

G, 127 105 8 Ay =1{0,2,4,8,16,32,64,1,6, 12, 24, 48, 96,
65, 3, 10, 20, 40, 80, 33, 66, 5

Cs 127 106 7 Ay ={2,4,8,16,32,64, 1,6, 12,24, 48, 96,

65, 3, 10, 20, 40, 80, 33, 66, 5}

Table 2 New records of

Code n k d> Distance in [27]
quantum codes over [y

Cq 127 63 12 11
Cp = Subcode(C1, 62) 127 62 12 11
C3 = Subcode(C1, 61) 127 61 12 11
C4 = Subcode(Cq, 60) 127 60 12 11
Cs5 = Subcode(Cy, 59) 127 59 12 11
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Table 3 Stabilizer codes over F3

Code/subset n k d> Code/subset n k d>
C1/Aq 144 132 3 CalAy 144 126
C3/A3 72 60 2 CylAy 72 62
C5/As 72 56 4 CelAg 72 44

Table 4 Defining sets of J-affine variety codes over F3

Subset p r K Ni—1 Nr —1 N3 —1 Set J
A ={(0,0,0), (7,6, 1), (5,2, 1),
©,3.1), 0, 1, 1), (0, 4, 1)} 32 1 8 8 2 {2.3}
Ay ={(0,0,0), (7,6, 1), (5,2, 1),
0,3, 1), (0,1, 1), (0,4, 1), 3 02 1 8 8 P 2.3)
0,0, 1, (6,3,0), 2, 1,0)}
43 = {0, 4) 34 1 s s . 2)
Ay =1{(0,4),(0,7),(0,5,(7.4).5.4) 3 4 1 8 8 - 2}

A5 ={(0,4),(0,7),(0,5), (7,4,
(5,4),(0,0), (4. 7). 4, 5)}
A6 =1{(0,4),(0,7),(0,5), (7.4, (5, 4),
0,0),4,7),4,5),3,7),(1,5), 3 4 1 8 8 - {2}
0,6),(0,2),(6,5), 2, N}

Table 5 Stabilizer codes over

F3 exceeding the Code " k d= Type

Gllbe.rtharshamov bounds. C7 = SE(Cy, C1) 144 129 4 GV

Obtained from codes C;,

1 <i<6,inTable 3 Cg = SE(Cy4, C3) 72 66 3 GV
Cg9 = SE(Cs, Cy) 72 59 4 GV
C109 = SE(Cg, Cs) 72 50 6 GV

the different known versions of the (quantum) Gilbert—Varshamov bound [13,17,39],
[32, Lemma 31], which is noted in the tables by saying that are of type GV.

Finally, we use Theorem 3 to give a stabilizer code C over the field F4 with para-
meters [[63, 45, >6]]4, which is of type GV. Notice that La Guardia in [33] (see also
[30]) gives two stabilizer codes with parameters [[63, 42, >6]]4 and [[63, 46, >5]]4.
Our code improves the first one and has relative parameters better than the second
one. To construct C, it suffices to take values p = 2, r = 6, s = 2 and N| = 64
and apply Theorem 3 with respect to the affine variety codes C; = C , G = C JA

i=12andC3 = Cg , again the super-index J = {1} is omitted. Table 6 shows the
sets A and their parameters. Notice that codes and parameters in Table 6 correspond
to linear codes.
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Table 6 J-affine variety codes over F4 that produce a [[63, 45, >6]]4 quantum code by Theorem 3

Code n k d Defining set A

C1 63 52 6 Ay =1{0,21,8,32,2,40, 34, 10, 62, 59, 47}
¢ 63 53 6 Ay ={21,8,32,2,40, 34, 10, 62, 59, 47}
C 63 55 5 Ay ={0,21, 8,32, 2,40, 34, 10}

é 63 56 4 Ay ={21,8,32,2,40, 34, 10}

Cs3 63 56 4 Az = {21, 8,32, 2,40, 34, 10}

Table 7 Stabilizer codes over o

Code/subset n k d> Type Code/subset n k d> Type
C1/Aq 225 205 4 GV CylAy 225 197 5 GV
C3/A3 240 222 4 GV
Table 8 Defining sets of the codes over [, in Table 7
Subset P r s Ny —1 Ny —1 Set J
A1 ={12,5),(3,5),9,13),(6,7),
(13,13),(7,7), (5,9), (5, 6), 2 4 2 15 15 {1,2}
9,0), (6,0}
A ={(12,5),(3,5),(9,13),(6,7),
(13,13),(7,7), (5.9, 5, 6),
9.0). (6.0). (10 8). (10,2). S P t.2)
(12,12), (3,3)}
Az ={(4,4),(1,1),(0,9), (0, 6), (0, 14), 2 4 ) 15 15 2

(0,11), (8,4), (2, 1), (0,10)}

4.2 Stabilizer codes with the Hermitian inner product

This section gives examples of stabilizer codes obtained following Theorem 7. They
are constructed from subfield-subcodes of J-affine variety codes, and we have con-
sidered duality with respect to the Hermitian inner product. We group them in tables
corresponding to the same ground field. We display first the parameters and the type
(GV or not) and afterward the defining set A and the corresponding values p, 7, s, N;
and sets J. Tables 7 and 8 (respectively Tables 9 and 10, 11 and 12, 13 and 14, 15 and

16) correspond to stabilizer codes over [, (respectively, F3, Fy, Fs, 7).
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Table 9 Stabilizer codes over F3

Code/subset n k d> Type Code/subset n k d> Type
C1/4Aq 40 32 4 GV Cy/Ay 40 26 6 GV
C3/A3 40 20 7 GV Cy/Ay 40 16 8 GV
Cs5/As 45 33 4 GV Ce/Ag 45 27 5
C7/47 81 73 4 GV Cg/Ag 91 73 6 GV
Table 10 Defining sets of the codes over F3 in Table 9
Subset P r s Ny —1 Ny —1 Set J
Ay =1{2,5,15,18} 3 4 2 40 - {1}
Ay = {19, 11, 15,36, 4, 5, 38, 22} 3 4 2 40 - {1}
Az ={35,18,2,36,4, 14,6, 23,7, 25} 3 4 2 40 - {1}
Agq =1{18,2,15,27,3,24, 16, 36,4, 5, 14, 6} 3 4 2 40 - {1}
A5 ={(0,0), (0,3),(0,2), (6,4),
3 4 2 8 5 2
6.1)..0) )
A6 =1{(0,4), (0, 1), (0,3),(0,2), (1,4),
3 4 2 8 5 2

(1L 1), 2.4). 2. 1). (3,0)) 2
A7 ={0,70,71, 9} 80 - %
Ag = {9, 81, 1, 50, 86, 46, 54, 31, 6} 91 - {1}
Table 11 Stabilizer codes over F4 exceeding the Gilbert—Varshamov bounds
Code/subset n k d> Type Code/subset n k d> Type
C1/4A 51 41 4 GV Cy/Ay 51 39 5 GV
C3/A3 51 37 6 GV Cy/Ay 51 36 7 GV
C5/As 52 44 4 GV Ce/Ag 52 38 5 GV
C7/47 52 36 6 GV Cg/Ag 255 245 4 GV
Co/Ag 54 44 4 GV C1o0/410 54 36 6 GV

We conclude by adding that the codes in Sect. 4 improve the parameters of those
codes in [14] which have the same length. In addition, our code in Table 15 with
parameters [[144, 134, >4]]; also improves the parameters [[144, 132, >4]]; which
can be obtained by applying [34, Theorem 39].
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Table 12 Defining sets of the codes over F, in Table 11
Subset P r K Ny —1 Ny —1 Set J
Ay ={34,32,2,42,9} 2 8 4 51 - {1}
Ay ={32,2,45,6, 10,7} 2 8 4 51 - {1}
Az ={34,29,5, 26,8, 27,24} 2 8 4 51 - {1}
Aq ={23,11, 39, 12, 16, 1, 34, 50, 35} 2 8 4 51 - {1}
As = {0, 34, 26, 8} 2 8 4 51 - %
Aq = {0,32,2,49, 19, 30, 21} 2 8 4 51 - %
A7 = {40,128, 0, 34,48, 3, 26, 8} 2 8 4 51 - 0
Ag = {114,39, 17,241, 31} 2 8 4 255 - {1}
A9 ={(0,0), (0, 1), (0,2), (16,0), (1,0)} 2 8 4 17 3 {2}
A0 =1{(0,0), (0, 1), (13,0,
4,0),(0,2),(12,2), 5,2), 2 8 4 17 3 (2}
s, D, 2, D}

Table 13 Stabilizer codes over F5 exceeding the Gilbert—Varshamov bounds
Code/subset n k d> Type Code/subset n k d> Type
C1/4q 52 36 6 GV Cy/Ay 104 96 GV
C3/A3 112 102 4 GV Cy/Ay 156 148 GV
C5/As 72 62 4 GV Cg/A¢ 96 86 GV
Table 14 Defining sets of the codes over [F5 in Table 13
Subset p r s N —1 Np—1 N3—1 SetJ
Ay ={15,11, 32, 20, 30, 22, 17, 9} 5 4 2 52 - - {1}
Ay ={(3,0), (5,0), (0, 8), (0,5)} 5 4 2 8 13 - {1,2}
43 ={(0,1),(0,2),(0,7),(12,H, (1, H} 5 4 2 13 8 - 2}
A4 ={(1,0), (3,0), (2,6), 2, N} 5.4 2 12 13 - {1,2}
As ={(2,6,2),(1,7,2),(0,5, 1),

(2.2.0).(0.3,2)) o2 0 .23
46 =1{(0,7,2),(0,2,0), (2,5,0),

(0.5.1). (1.2.0)) ot 20 so0 23
Table 15 Stabilizer codes over 7 exceeding the Gilbert—Varshamov bounds
Code/subset n k d> Type Code/subset n k d> Type
C1/4 90 78 4 GV Cr/Ay 80 72 4 GV
C3/A3 144 134 4 GV
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Table 16 Defining sets of the codes over F7 in Table 15

Subset P r K Ny —1 Ny —1 Set J
=1{4,0),(5,5),(5,9), (5,6),

(1,5). (0, 10)} 7 4 2 6 15 {1,2}

Ar ={(1,0), (2,4), (2, 1), (3,0)} 7 4 2 16 5 {1,2}

Az ={(10,2), (15,2), (19, 1), (8,0), (2,2)} 7

[38)

48 3 {1,2}

Acknowledgments The authors wish to thank Ryutaroh Matsumoto and the anonymous reviewers for
helpful comments on this paper.

Appendix

We devote this appendix to prove Theorem 3 which was stated in the introduction and
preliminaries of this paper. To do this, we adapt to our purposes some facts described
in [48] and [30]. Consider the vector space IF[ZI" and the symplectic inner product
(u|v) -s (0'|v') = u-v' —v-u’. Recall that the weight w(u|v) of a word (u|v) as above
is the number of indexes i, 1 < i < n, such that either u; or v; (or both) are not zero,
where the u; (respectively, v;) represent the coordinates of the vector u (respectively,
v). Following [2] (see also [9]), to get our stabilizer code, we only need to find a vector
subspace S in IFZ” such that S+ C S with dimension k> + k1 and minimum distance

larger than or equal to that stated in the statement. Let us describe it. Set G (Gl, s

respectively) generator matrices of the codes C| (C1, D, respectively) and let S be the
code of ]Fg” generated by the matrix

L AL

Gy 0

0 G
where A is a fixed point free square matrix (see [30,48] for its existence). Our hypothe-
ses imply ki + ko = ki + k> and that the rows of the previous matrix are linearly
independent, therefore, for computing the dimension of S, it suffices to see that the
number of rows is ko — ki + k1 + 121 =ky+ 121.

Let H> (I-}z, respectively) be a parity check matrix of the code C, (é‘ 2, respectively),
one can found a matrix B such that

H, H, .
( B ) , (( B ) ,respectlvely)

is a parity check matrix for C; (respectively, for C1). Now defining the matrix K =
BL'(AY)~Y(BL"™!, it is not difficult to prove that

KB B

ag o |,
0 H,
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is a parity check matrix for the code S and therefore one has that S+ C §.

To end our proof, it only remains to study what happens with the weight w(u|v)
for elements (u|v) € S. First assume ¢ = 2, a generic element in S has the form
(viL 4+ vpG|viAL + V3Gl), where vi, va, v3 are suitable vectors with coordinates
in IF,. When v; is the zero vector, u must be in C; and v in C 1, which proves that, in
this case, w(u|v) must be larger than or equal to the minimum of the values d; and d 1
Otherwise, v| # 0, one can use the property

wt(a) + wt(v) + wt(a + v)

wulv) = >

where wt denotes the standard weight of a word in a code in F”, and this concludes

the proof sinceu € Co, v € 6‘2, u + v € Cz and the fact that (C| + 6‘1) N D = {0}
implies that none of the previous vectors are zero.

Let us consider g # 2, we will only study w(u|v) for vi # 0. For convenience,
assume that the coordinates u;4 1, u;42, . . . , u, of the word u are zero and that this does
not happen with the remaining coordinates. As showed in [30], there exists A € F,
such that

wt(u)
w(|v) =71+ Wt(V41, V42, - - -5 Up) = WHV — Au) +

and, symmetrically, w(u|v) > wt(u — A'v) + %(V), for some A/ € IF,, holds. This
finishes the proof because, as before, our hypotheses imply that 0 # v — Au and
0#u—2A'vbelongto C3,0 AZue Crand 0 # v € Cs.

Remark 3 Notice that the Hamada’s generalization of the Steane’s enlargement, The-
orem 2 in this work, is a particular case of Theorem 3 that holds when C| = Cj.
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