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Abstract Quantum entanglement plays an essential role in the field of quantum
information and quantum computation. In quantum network, a general assumption
for many quantum tasks is that the quantum entanglement has been prior shared
among participants. Actually, the distribution of entanglement becomes complex in
the network environment. We present a theoretical quantum network model with good
scalability. Then, three efficient and perfect schemes for the entanglement channel
construction are proposed. Some general results for d-level system are also given.
Any two communication sites can construct an entanglement channel via Bell states
with the assistance of the intermediate sites on their quantum chain. By using the
established entanglement channel, n sites can efficiently and perfectly construct an
entanglement channel via an n-qudit cat state. More importantly, an entanglement
channel via an arbitrary n-qudit state can also be constructed among any » sites, or
even among any ¢ sites where 1 < ¢ < n. The constructed multiparticle entanglement
channels have many useful applications in quantum network environment.
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1 Introduction

Based on the basic principles of quantum mechanics, great progresses have been made
in information science in the past few decades. For example, the quantum key dis-
tribution (QKD) protocols [1-3] can establish an unconditionally secure shared key
between two parties; quantum algorithms can solve certain problems much faster
than any best-known classical algorithms, such as Shor’s algorithm for factoring large
integers [4] and Grover’s algorithm for accelerating data searches [5].

For large scale quantum information processing and quantum computation, it is
necessary to consider the network environment. Generally, a quantum network con-
tains quantum nodes and quantum channels. A node represents a quantum system
that can store or process quantum information in the network and spatially separated
nodes are connected by quantum channels which can transmit quantum states. A typi-
cal implementation of quantum channel is fiber optic. For long distance quantum states
transmission, quantum repeaters [6—8] are proposed to resolve the problem of fiber
attenuation. There are also entanglement channel used for quantum tasks in quantum
network. Entanglement channel is entangled states that each node holds part of the
particles in order to complete the tasks and it is also our subject in this paper. Quan-
tum network has attracted wide attention in recent years and many quantum network
models have been proposed [9-13].

Quantum network is originated from the QKD network which deals with distribution
of the secret keys in network environment. The DARPA quantum network [14, 15] is the
world’s first quantum encrypted functional network that has been running since 2004.
In Europe, the SECOQC QKD network [16,17] has been put into operation in 2008,
which aims at developing a global network for unconditionally secure key distribution.
In 2010, the Tokyo QKD Network was reported [18]. Some researchers are concen-
trating on interconnection of quantum computers and come to the concept of quantum
internet. A complete architecture of quantum internet was reported in Ref. [19]. Lloyd
etal. [20] proposed a robust scheme for constructing a quantum internet which allowed
the reliable transmission of quantum information between spatially separated quan-
tum computers. Kimble [21] pointed out that the quantum network could be fulfilled
by optical interactions of single photons and atoms, thereby achieved entanglement
distribution and quantum teleportation between nodes. Metwally [13] proposed a the-
oretical scheme to generate entanglement network via Dzyaloshinskii-Moriya (DM)
interaction. The entanglements between qubits dynamically change via DM interac-
tion and it is possible to generate entangled channel between two different nodes.

Entanglement is a central notion in quantum information science [22]. However, in
the previous proposals [23-33] using the entanglement channel, it is assumed that the
entanglement has been prior shared among the participants. The problem of how the
entanglement is distributed has been neglected. An intuitional solution to this problem
is that one party prepares the entanglement states and then sends them to the others.
However, it should be noticed that a series of relay transmission is needed in network
environment; thus, the distribution of the entangled particles among the participants
becomes inefficient and unreliable. In quantum network, it is necessary to consider the
transmission of quantum states in an efficient and reliable way. In this paper, we present
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a theoretical quantum network model in d-level system using quantum entanglement.
Accordingly, three entanglement channels are constructed.

By utilizing the rules of entanglement swapping (ES) of generalized Bell states,
we first show a scheme of how to construct a generalized entanglement channel via
Bell states between any two sites. The established Bell state can also be used for two
party quantum communication schemes like quantum cryptography [23], quantum
dense coding [24] or quantum teleportation [25,26], etc. Cat states are commonly
used as multiparticle entanglements in multiparty quantum information processing
and quantum computation [27-30,32]. The construction of an entanglement chan-
nel via an n-qudit cat state among any n spatially separated sites is proposed. And
the scheme is further extended to construct an entanglement channel via an arbitrary
n-qudit state. Unlike the relay transmission of particles from the start site to the end
site where a series of sending and receiving processes are involved, the scheme pro-
vides an efficient and perfect way of entanglement channel construction. Based on the
established multiparticle entanglement, multiparty quantum information processing
and multiparty quantum computation, such as quantum secret sharing [27], reduction
of classical communication complexity [28], secure multiparty quantum computation
[29], controlled teleportation [30,31] and joint remote state preparation [32,33], etc.,
can be implemented in our network model.

The rest of this paper is outlined as follows. In Sect. 2, some basic concepts for
d-level system are given. In Sect. 3, we present the quantum network model. Then
the entanglement channel constructing scheme between any two sites is introduced in
Sect. 4. An efficient construction scheme of entanglement channel via an n-qudit cat
state among any 7 sites is shown in Sect. 5. In Sect. 6, we first show some basic rules
of distribute an arbitrary qudit state by Bell state entanglement channel. Then a more
general construction scheme of entanglement channel via an arbitrary n-qudit state
among any n sites is proposed. We discuss and conclude the paper in Sect. 7.

2 Preliminaries
2.1 Generalized d-level states

The generalized two-qudit Bell state in d-level system is

¢ (1, u2)) = Zw’“' j. J+u2), ey

where @ = ¢27i/4 and uy, uy €{0,1,..., d—1}.For simplicity, we use the notation

(u1,u2) in Zy to represent |¢(u1, uz)) in the following context. The computational
basis can also be expanded in terms of Bell states

d—1

lur, ug) = J_ Zw‘f”l |6(j, 2 — u1)). )
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The symbol “+” and “—” mean the adder and the subtractor modulo d, respectively.
For an n-qudit cat state in d-level system, the cat state and its inverse form can be
written as

d—1

1
|¢(M1, MZs"'a un) ijul|]9 ]+u27-~-7j+ula-"7j+un>v
JZJ —
3)
d—1
|Mlau27~-',uh~--,un \/—Zw_jul |¢(J9u2 ur,...,u _u19”'5ul’l_ul))9
)
where u; € {0, 1, ..., d —1}witht € {1,2, ..., n}. There are a set of " maximally

entangled cat states in Hilbert space H" which form a complete orthonormal basis.
In the d-level system, the generalized Pauli operators X4 and Z; are defined as [34]

Z)? XD a,bef0,1,....d—1}, (5)

where Xq [j) = |j + 1) and Zg | j) = &/ | ).
A well-known set of quantum states are the four two-qubit Bell states in the two-
level system which can be written as

1
¢ 1, u2)) = —= (10, u2) + (=D" [LLua ® 1)) ; w1, u2 € {0, 1},  (6a)
V2
with @& means module 2 adder. Accordingly, the three-qubit GHZ states are
1
|¢(M], uz, M3)) = ﬁ (|07 uz, I/l3) + (_l)ul |17 us @ 17 us @ 1)) )
ui, uz, uz € {0, 1}. (6b)

2.2 Rules of entanglement swapping

Entanglement swapping deals with the basis transformation of two cat states between
the cat states basis and the computational basis, where the states are expanded in the
computational basis, then a subset of particles are swapped and the resulting states are
reexpanded in the cat states. Here, we revise the equation of ES of two generalized
Bell states in Ref. [35] to

d 1

|6 (v, v), b, 1))y, Zwk’ B +k, w' +D), |¢pw—k v =D)yy, (7)

k.l

where the initial state of particles (1, 2) and (3, 4) are (v, v’) and (u, u’). For the ES
of a generalized Bell state and a generalized cat state, there is

@ Springer



Efficient entanglement channel construction schemes 1719

¢ (1. V2V U)o |G )
1 d—1
=2 0 o (o kv L))y 18—k v = D),
k.l

®)

where 1 < ¢ < n. The detailed deducing can be found in “Appendix 1”. It is clearly
that Eq. (7) can be viewed as a specific case of Eq. (8). Notice that the ES is achieved
by using only the Bell basis measurement.

3 Quantum network model

In our quantum network model, each node is a part of the quantum system and rep-
resents a communication site in the network. Every two adjacent sites in the quantum
network share a set of Bell states as the entanglement channel connecting them. The
Bell state can be either in a maximally entangled or in a partially entangled state,
which will be discussed later. The network model can be viewed as an undirected
graph, and there exists at least one path between any two vertices, that is to say, the
graph is connected according to graph theory. We call a path between two sites as a
quantum chain with the chain length L.

A specific case of the network model is shown in Fig. 1, where the quantum network
contains two subnets, i.e., subnet-1 and subnet-2. Node A in subnet-1 and node B in
Subnet-2 act as gateways that interconnect the two subnets. Apparently, the quantum
network is connected. One path from site 1 to site 3is (1 - 2 - A — B — 3)
which is represented by the bold line.

The presented quantum network model has good scalability since new node or new
subnet can be added to the network easily by connecting it to a node of an existed
network. The network model can be used to build up a large scale quantum network
since it can be extended to any scale or any structure theoretically.

In order to communicate with each other in the model, entanglement channel should
be constructed among communication sites. The constructions of three types of entan-
glement channel are presented in our model: the two-qudit Bell state, the n-qudit cat

Subnet-1 Subnet-2

Fig. 1 A quantum network model with two subsystems. Site is represented by a circle. Adjacent sites in
network are linked by a set of Bell states which is represented by lines
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state and an arbitrary n-qudit state. The entanglement channel between any two sites
in the network model can be constructed with the Bell states. Two new schemes of
constructing a multiparticle entanglement channel among multiparty sites are intro-
duced.

4 Entanglement channel construction between two sites via Bell states

An entanglement channel between any two sites can be constructed by using ES
successively in quantum chain with the assistance of the intermediate sites if they
do not have direct connection beforehand. Here, we will give some general results
of constructing an entanglement channel in d-level system via generalized Bell
states.

4.1 Ideal situation

For each two adjacent sites in the network, suppose they share a series of maxi-
mally entangled Bell states. Figure 2 shows that the chain length between two sites is
L = 2. Each site is represented by a big circle. The qudit is represented by a dot and
entanglement qudits are connected by solid lines. The first qudit of a cat state is repre-
sented by black solid dot while the others by hollow dot. The rectangle represents the
Bell basis measurements. The initial states of particles are (u1, u’l)lz and (u>, u/2)34,
respectively.

According to the rules of ES of d-level Bell states, the entangled states shared
among those three sites can be written as

|¢ (”1’ ”/1))12 |¢ (”2ﬂ ”/2))34
| 4!
4 Z“’klll |6 (ur + ki + 1))y |6 (w2 — ki uh = 1))y, - ©)
k.01

If the intermediate site performs a projective measurement on his/her two particles
in Bell basis, the state of particles (1, 4) will collapse into one of the d? Bell states
with equal probability. We denote the measurement result of particles (7, j) by M;;,
the remaining state of particles (i, j) by S;;, where M;;, S;; € {0,1,...,d — 1}2.
Let the measurement outcomes on the qudits (3, 2) be represented by M3y = (12 —k1,
”/1 — 1) = (my, m’l), then the remaining state of particles (1, 4) will collapse into
Sia = (ur + ki, uy+11) = (uy +uy —my, uy+ u) —m)). Thus, if one gets
M3, on qudits (3, 2) labeled by (m, m'), one also gets the initial states of (1, 2) and
(3, 4), then S14 will be deduced simply.

Fig. 2 Quantum chain with > 3
length L =2 1 (uy, u'y) (2, u'5) 4
£ Lo e} O

' N
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1N (g, u'y) @ (u2, u'>) m (u3, u'3) 6

Fig. 3 Quantum chain with length L = 3 where four sites are involved

Suppose L = 3 shown in Fig. 3. If every intermediate site of the chain mea-
sures two particles in his/her possession in Bell basis orderly, the state of particles
(1, 6) will still be one of the d? Bell states. By reusing the result of case L = 2,
one can get

|Gy +ua —my, wy+u) —m))),, | s, u3))s
d—1

1
=7 Zwkzlz |pQur +uz —my 4k, uy + 1)),
ko, 1>
®|¢ (u3 — ko, uy+ul —my — b))y, . (10)

If Msy is set as Msq = (u3 — k», 1/2 + M/l —mi — 12) = (mz, m’z), then Sj¢ will be

St6 = (u1 +uz —mi + ka, uy + )
= (u1 4+ uz 4+ uz —my —ma, u +us +uy —my —mh).

There will be d* x d” different measurement results in the intermediate sites.

An entanglement channel between two remote sites will be established by perform-
ing the above ES operations successively. For n Bell states (n + 1 sites, 2n particles)
that form a quantum chain with length n, if each n — 1 intermediate site measures two
particles in his/her possession in Bell basis, there will be @2~ different measure-
ment results. And the state of particles (1, 2n) will collapse into one of the d? Bell
states and satisfy

n

n n—1 n—1
51,2n=(zu,—zmt, Zu;—zm;), (11)
t=1 =1

=1 t=1

where (u;, u) is the initial state of qudits (2¢ — 1, 2¢) in the chain and (m,, m}) is the
measurement results of (2¢ 4 1, 2¢) in the intermediate site. Here, we give a simple
proof of Eq. (11) by induction.

Proof Initial step: Equation (11) is correct for n = 2 and L = 2 because of Sj4 =
(u1 +us —my, uy) +uj — m’l)

Inductive step: Assume that Eq. (11) is true for n = x (x Bell states among x + 1
sites form a quantum chain with length L = x); that is, if we measure particles (3, 2),
(5,4), ..., 2x — 1, 2x — 2) in Bell basis with results M3y, M54 . .. M2x_1’2x_2, then
S1.2x will be one of the Bell states and matches:
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(uy, u'y) 2x 2x+1 (Mx+13ux+l) 2x+2
oo IO -I
1 (y7 yl)@(u)ﬁ-l? «\+1)@

Fig. 4 Quantum chain with length L = x + 1 where x + 2 sites are involved

X x—1 X x—1
1 ’
Stae =\ 2w =2 me D up = mi ).
t=1 t=1 t=1 =1

The quantum chain with n = x + 1 is shown in Fig. 4.

If one performs ES orderly in first x — 1 intermediate site, particles (1, 2x) will
collapse into an entangled Bell state. Let S; 2, = (v, y’), then the state of quantum
chain can be written as

}d)(y, y/)>],2x |¢ (1, ”;+1))2x+1,2x+2

1 d—1
i kylx
g2
ky Ly

¢ (v + ke wegr + 1))y 2o |6 (e = ke ¥ = L))y,
(12)

Again, if one performs a Bell basis measurement on (2x + 1, 2x) and get outcomes
Maxi12x = (uxg1 — ky, Y —Ix) = (my, m’,), then the state of (1, 2x + 2) will be

Siovir = (yHke e + 1) = (v + g1 —my, ulyy + Y —ml)

X x—1 X x—1
(Zut—th—i-uxH—mx, Zu;—Zm;—l—u;H—m;),
=1 =1 =1
x+1 x+1 t
(zu, Zm,, Zut Zm,) (13)

t=1

which means the Eq. (11) is true for n = x + 1. This completes the inductive step. O

For the two-level system, Eq. (11) can be rewritten as

n n—1 no n—-1
Stam=({{Du )|\ D m).|Du )| D m])) (14)
t=1 t=1 r=1 t=1
An entanglement channel via Bell states between two communication sites is estab-

lished with the above process and each site will hold half of the entangled particles.
For the chain with length L and each pair of adjacent sites share ¢ Bell states, the
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resources needed to construct ¢ entanglement channels between two remote sites are
gL pairs of Bell states, 2q (L — 1) labels information in Z; (one label means one cbit in
the two-level system) for measurement outcomes and 2¢L labels for quantum chain’s
initial state which is unnecessary if the initial states are all in (0, 0).

This scheme is also the basis for achieving the other two schemes. To check the
perfect connection of the established entanglement channel, the two sites can verify
the validity of the Bell state by performing measurement with random Z basis and X
basis.

4.2 Practical situation

In a practical situation, the imperfect Bell state entanglement, the error introduced
by local unitary operation and measurement will necessarily affect the fidelity of the
constructed entanglement. Due to decoherence or noise, the bipartite entanglement
o'/ shared between neighboring sites becomes a noisy mixed state

d?

o = rp i, j)) (@G, j)| + I. (15)

where 0 < A < 1 is the reliability of entanglement between adjacent nodes. The
fidelity of the bipartite entanglement is

- 1—
Fo=(p@, plp 196, ) =1+ 7 =1l (16)

Here, error model of one and two qubit operations are described by [6]

1—p;

UpU' = pyUpUT + tri(p) ® I, (17a)

1 —p>

UpU' = poUpU™ + triz(p) ® I2. (17b)

And single qubit measurement are represented as

Po=3810) (0] + (1 =48 [1) (1], (18a)
Pr=(1-248)10) (0] +4[1) ], (18b)
where pj, p> and § are the reliabilities of the local operations and measurements. It is
well-known that the Bell basis measurement can be represented by a CNOT operation
and two single qubit measurements. In a quantum chain with length L, the fidelity of

the entanglement generated between the start site and the end one after performing
the ES in intermediate sites becomes

L—-1
1 3L [ pipa(482 — 1)
F = — —_— —_—_— . 1
=373 ( 3 {19
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Entanglement purification [36] should be performed to increase the fidelity of the
entanglement. The fidelity of bipartite entanglement at the end of the purification
procedure can be written as

Fy = f(m, L, X, p1, p2,6), (20)

where m is the number of purification steps.

In this case, the resources needed to construct a reliable Bell state entanglement
channel between two remote sites are m times as much as the ideal situation. If the
chain length L is too long to cause F) less than the minimum value required for
purification, we can divide the quantum chain into several segments and perform ES
and purification in each segment respectively. After that, the same procedures can be
performed among those segments to construct the entanglement between two sites.

5 Entanglement channel construction among ~ sites via an n-qudit cat state

Multiparticle entanglements, for example, n-qudit cat states, are crucial quantum
resources for quantum network communications. A basic issue in network model
is how to construct a multiparticle entanglement channel among n spatially separated
sites. An intuitional solution is that one of the sites, i.e., the primary site, prepares
the n-qudit state initially; then he/she keeps one qudit in his/her possession and sends
the others qudits to each other site, namely the secondary site. Each site will hold
one qudit in the end of the process. However, it should be noticed that if the primary
site and the secondary one don’t have direct connection beforehand, a series of qudit
transmission in the intermediate sites is needed.

5.1 Entanglement channel construction among # sites via an n-qudit cat state

Cat states are important kind of multiparticle entanglements with wide applications
[27-30,32]. Suppose the primary site A wants to construct an n-qudit cat state entan-
glement channel with other n — 1 secondary sites B;where t € {1,2,...,n — 1}.
Initially, the primary site prepares a cat state labeled by (vi, va, ..., vy)12..n; While
the primary site also constructs a Bell state entanglement channel (u;, u;);, s; With each
secondary site B; by using the scheme shown in Sect. 4. Here, s; is A’s qudit and s;
is B,’s qudit, while (u,, u}) are two labels in Z; (see Fig. 5). Each site will hold one
particle of the cat state after the construction.

If the primary site performs Bell basis measurement sequentially, the cat state will
be distributed among other n — 1 sites. The following are details of the process.

Step 1: The primary site performs a Bell basis measurement on (s1, 2) which satisfy

(1. 02, V3. V)12 [ ()
1 d—1
=2 2 Motk vs o), 18 — kv = ).
ki,

2
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(Vls V2seee,Vigl 000, Vn)

Fig. 5 Entanglement channel construction via an n-qudit cat state among n sites in the network. The cat
state (1,2, 3, ..., n) is prepared by the primary site and marked by labels (v, vy, ..., v,). Between the
primary site A and the ¢-th secondary site B;, they have established a entanglement channel (s;, s7) whose
initial state is marked by (us, u;) with ¢t from 1 ton — 1

Let My> = (uy — ki, va — 1) = (my,m)), then the state of (1, s1,3,...,n)
becomes

/
Sisi3.n = W1+ ki uyp +1, 03,00, 00)
/ !
= (v1 +uy —my, uy +vy—my, V3,...,0,)

1
= (x]( )7 X2, V3, ..., Un)~

Step 2: The primary site performs a Bell basis measurement on (s>, 3) where

o0, wavs o) (@G, ub)

1 d—1
=2 0"

!
1s{3..n $25)

| (2 — k2, v3 —12)),3

0" + ko x,wy + Lo, un)

o Ls}sy...n
(22)
Let My,3 = (u2 — k2, v3 — ) = (m2, m)), then the state of (1, 5], s}, ..., n)
becomes
1
Siyispn = 1 + kaoxz,uy + Do )
1
= " fus—ma, xa, ub+v3—mb, ..., V)
2
= (xf )1 x21 x37 LI ] Ul’l)'
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Step ¢: The primary site performs a Bell basis measurement on (s;, ¢ 4 1), then

(t—1)
G(xy T, X2y ey Xy Ul s aees Un))
Lsj.s;_qst+1.n

d—1
1 Z -1
ZE wkrlt )¢(XY )+kt’ X2, ..oy Xg, M;+lt,..., Un)>
kel

Qlpur — ke veg1r — 1)), 141

Let My, ;11 = (us —k;, vi1—1;) = (my, my), then the state of (1, 7, ..

..., n) becomes

Slsi..s’

“r—1

(=1 /
S,’...n:(xl ki X2, X, Uy, V)

(t—1) / /
:(xl +Ml_ml7 X2y eey Xty ut+vt+l_mt7"‘

(1)
=(-x1 s X2y ooy Xpy Xpflyonnsy Un)-

| (g, u))),

Is]...s

’
tsr

!’
Sp..n

(23)

t—1

!/
S S

~~

’ Un)

Step n—1(the last step): The primary site performs a Bell basis measurement on

(sn—1, n) and gets

n—2
0", o, s ) o Gun 1,1, ),
Is)...s)_on Sn—15,_1
1 d—1
Kp—1ln— n—2
== D WP RGP ket e Kt i)
kn—lJn—I

® |pn—1 — kn—1, vy — lnfl)%-n_ln-

Let Ms,,_1,n = (Up—1 — kn—1, Vo — 1) = (My—1, m:lfl)’ then
(1, si,...,s,_,,s,_,) becomes
(n—2) /
Sts)s s, = p 7 A knoty X2, ooy Xty Uy 1)

-2
= (.x{n )+un71 —Mu—1,X2, ..., Xp—1, u:’l—l +Un
-1
= (-xfn )7 x27"'3 xn—l, x)’l)'
Here, we conclude that the state of the distributed cat state becomes

n—1 n—1
’ /
Sls;sé..‘sr/’_l ={u+ E Uy — 2 me, v +uyp —my, v3

t=1 t=1

/ / / /
‘uy —my, ..., 0 Fu,_—m,_; |,

S o
1‘Sl Sp—25p—1

(24)

the state of

/
- mn—l)

(25)

where (vi, va, ..., Vy)12.., 1S the initial state of the cat state, (u,, u;)mg is the ini-

tial states of the entanglement channel, (m;, m})s, ;+1 is the measurement outcome of
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Fig. 6 The established n-qudit
entanglement channel among n
sites where each site holds one

qudit. The entangled cat state is

labeled by Sy 1 50 |

qudits with # from 1 to n — 1. And the recursion equation of intermediate variable after
step ¢ satisfies

t 1
13 t—1
i=1 i=1

Xipl = vip1 +u; —mi, i €{1,2,...,1}. (26)

After the above n — 1 steps, an entanglement channel via an n-qudit cat state is
established among n spatially separated sites where each site holds one particle and
the cat state is labeled by S, Shs (Fig. 6). The primary site can calculate the col-

lapsed state according to Eq. (25). The cat state entanglement channel can also be
transformed into other maximally entangled cat states by performing local operators.

5.2 Example of entanglement channel construction via a three-qubit GHZ state

The three-qubit GHZ state can be used for quantum secret sharing (QSS) [27].
To construct this kind of channel, Alice (in subnet A) prepares the GHZ state and
intends to send the two qubits 2, 3 to remote sites Bob (in subnet B) and Charlie (in
subnet C). Alice, Bob and Charlie will hold one qubit of the triplet for the QSS task
finally. In two-level system and for n = 3, Eq. (25) can be reduced to

2 2
Sls;sé = (v1 &) (tG:BI ut) fa) (tezalm,) , V2 D ”/1 @m/l, v3 D u/z @m/z) 27

Alice needs to perform the Bell state construction scheme presented in Sect. 4 to
establish entanglement channels with two remote sites Bob and Charlie. Let the Bell
state established between Alice and Bob be (u1, u}); s =D, and between Alice

and Charlie be (u», u/z) s28) = (0, 1). Here, assume the GHZ state Alice prepared be
(v1, v2, v3)123 = (1, 0, 0). Then Eq. (27) can be rewritten as

2
SlSiSé = ([e_al my, l@m/l, 1@"’1/2) (283)
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In the following, Alice performs two Bell basis measurements to distribute the GHZ
state. The measurement results are My,» = (my,m}) and My,3 = (mp, m)). It
can be seen from Eq. (28a) that the remaining state will be Sls{ s, = 0,0,0) if

m; = my, m’2 = 1 and m’l = 1; which means the desired entanglement channel
has been constructed among three participants for QSS task. For others measure-
ments, the local Pauli operator should be performed to convert the remaining state to
|¢(0, 0, 0)). The QSS task can be performed among subnets A, B and C by using the
constructed channel. These results can also be concluded if we rewrite the quantum
system as

[9(1,0,0)) 123 91, D)5 190, D)y,

1
= 70,0160, 0)) 160, 1. 1)) +16(0. 0)) 6.1, 0)) (1, 1. 1))

+1¢(1,0)) [9(0,0)) [9(1, 1, 1)) + [¢(1, 0)) [$(1,0)) [¢(0, 1, 1))

+19(0,0)) [4(0, 1)) [#(0, 1,0)) — [¢(0,0)) [¢(1, D)) [¢(1, 1, 0))

+1#(1,0)) 190, 1)) [¢(1,1,0)) — |¢(L, 0)) [ (1, 1)) [¢(0, 1, 0))

—1¢(0, 1)) [9(0,0)) [$(0,0, 1)) —[¢(0, 1)) [ (1, 0)) [$ (1,0, 1))

+1o (1, D) [6(0,0)) [¢(1,0, 1)) + o1, 1)) [$(1,0)) [#(0,0, 1))

—[¢(0. 1)) [9(0, 1)) [¢(0,0,0)) + ¢ (0, D)) [ (1, 1)) [¢(1, 0, 0))

+1o (1, D) [¢(0, D) [9(1,0,0)) — [¢(1, D) [¢ (1, D)) (0,0, 00)), 25,2315 55 -
(28b)

It can be viewed that Eq. (28a) is equivalent to Eq. (28b) in a more concise and
compact form.

6 Entanglement channel construction among r sites via an arbitrary
n-qudit state

Besides the cat states, other types of useful entanglement resources, like the W states
[37,38], the cluster states [39,40] and the x -type states [41,42], have been widely used
in multiparty quantum information processing and multiparty quantum computation.

Suppose a primary site wants to construct an arbitrary n-qudit state entanglement
among 7 sites in the network model where each site will hold one particle of the state
after the construction. Using the established Bell state between the primary site and
the secondary site, an arbitrary n-qudit state entanglement channel can be constructed
among n sites. The arbitrary n-qudit state has the following form

d—1

Yadizn = D Ckikgky K1 k2 k)12 (29)
ki1,k2,....kn=0
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where g, k,..k, are complex coefficients and satisfy the normalized condition
Zkl,kz oy =0 |ak1,k2,..4,kn|2 = 1, and the subscribes 1, 2, ..., n denote the qudit of
the state.

Before discussing the details of the scheme, we give some basic rules of distribution
one qudit of the n-qudit state by a Bell state entanglement channel. For an arbitrary
n-qudit state and a Bell state, the following equation works (see “Appendix 2”)

d—1
1 i . .
)12, [0 1) = < > sk @ GG K = ),
kika,.oskn,j. J’
®ik17k27"'aj+u/""’kn>124..j‘/...l’l. (30)

It is clearly that if we measure the qudits (s, ¢) in Bell basis and get the result (m, m');
which will happen with equal probability 1/d? for each labelsm, m’ € Z,, then the
remaining state will collapse into

d—1
alpm.m)] D kgt @ T OG k= ),

ki.ka,okn.,j.j’

@k kayooos il k) o,

= > k@ 80m, 500 K~ )
kiko,....kn,j,

Jkikay k)

Z Wy g e @ T ey ek = k)

€1y

The qudit state can be recovered by performing an appropriate operator based on the
measurement outcome. It means one of the qudit in the n-qudit state is distributed
faithfully from the primary site in position 7 to the remote site in position s’.

6.1 Entanglement channel construction among 7 sites via an arbitrary
n-qudit state

Initially, the primary site prepares the arbitrary n-qudit state |y,);, , and also con-
structs a channel with each secondary site via Bell states. The established Bell state
entanglement channel between the primary site and the ¢-th secondary site is marked
by (uy, “;)st,s,’ with 1 <t <n — 1 (see Fig. 5). Based on Eq. (31), the primary site
needs to perform one-qudit state distribution successively to construct the entangle-
ment channel via an n-qudit state.
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Step 1: Distribute the second qudit of the n-qudit state to the first secondary site.

d—1
1 . o . .
[Vn)123. 0 & (11 M/l))sl,si == Z Uy k. kg @IV |9 (i ke — 20)
ki ks kn s 1,

®|kl,j1 —I—u/], k3’-“’k")1s;3...n' (32)

Let the measurement outcomes be My, = (j{, ko — j1) = (mq, m’l), then the state
of (1,51, 3, ..., n) will collapse into

d—1
_ @ _|,®
Sis(3.n = > o ki, koo ks = (Ve ) o
kika,. ki L

(2

ko—m',) () —
where o) = Oy oy g @ 2T EI=M) and x ) = ky — my 4 u.

,,,,,

Step 2: Distribute the third qudit of the n-qudit state to the second secondary site.

d—1
1 . y
2) / _ . (2 J2(u2—=j3) i ka— 7
Y >1s13...n |¢(u2’ MZ))sz,sé_d Z akl,kz,...‘k,,w 2T |¢(.]2, k3 .12)>s23
ki,ka,..., kn’ijjz/
® [ki x1 j2 +uy, o Knlygrg e (33)

Let My,3 = (j5. k3 — j2) = (m2, m}), then state of (1, 5|, 55, ..., n) will be

d—1
_ z 3 — 1,3
Slsisé...n = Olkl’k2 ’’’’’ kn |k1, x1, x2, ---vkn)lsisé...n = |V Is's) ’
[ $18h..n

3 2 Y (s —ms
where a,ﬁl?b K, = Ok k,,a)zt=l (ki1 =m)@i=mi) and xy = k3 — mb + u.

.......

Step ¢: Distribute the (¢ + 1)-th qudit of the n-qudit state to the 7-th secondary site
where 1 <t < n — 1. After the priori t — 1 step, the n-qudit will become

d—1
) _ ®)
Vn > = Z Qky ko,
15’ ...s" 1,42, 1,K25..sKn
St L ek
: |k11 X1y ooy Xp—1, kt-l—lv kt+27 ey kn>lsi_..s;71,1+],[+2,_n' (34)
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So one obtains
) d—1
(t)> , . Z (1) JeGue—j))
Ur, U == @ @
Vn Lsj..s)_y.0+1,042..n |¢( ! t))slvsr/ d Kk ke
-1t i Jf
ki.k2,...kn, jis i

IV RS )

. /7
<y Xt—1, ]l+u[9kl+27"'skn>ls; s/ ]SI/ t+2..n° (35)
8155t

® |k1,x1, ..

Let My,i+1 = (J/ kig1 — ji) = (my, m}), then the state of (1,s]...s_,,s/,1 +

2...n) will be
d—1
_ (t+1)
Slxi...s;_l,st’,tJrZ.,,n - Z ak],kz,...,kn
ki,ka,....kn
t+1

: |k19 X1y ooos Xe—1, Xty kl+2’ e k”)IS{...S;_],s{,t+2...n = ‘}/n( + )> ,
t+1 ! o I N (s —m
ek = Qo @21 B 7D and s = Ky — ] ).

where o o 4
Step n—1(the last step): Distribute the last qudit of the n-qudit state to the last
secondary site. The n-qudit after the priori n — 2 step is

d—1
(n—1) _ (n—1)
=D Uk KX Ky g e (36)

Vn >1S's’ s’ _n
R W ST 4

So one gets

(n—1) ’

Vn >1sisé..43;,72n }¢(un_1, un_l))sn—l»sr/l—l
1 d—1
— (n—1) ./'nfl(unfl_j,/l, ) i/ ;
- E Z akl,kz,...,k,,w ! |¢)(-]n—1’ kn — ]"_1))s,,_|n
ki ks kns jn—15Jp_
(37

. /
® |k1’ X1o X2, - X2, Jn—1 + ”n—l)lstQ...s;,,zS;ﬁl

Let My, 1n = (j)_y kn — ju—1) = (mu—1,m,_,). Here we get the conclusion that

the n-qudit state will collapse into

S v / ’
Lsysy.8, 08,1

d—1
— (n) = [, ™
- Z akl’kz’_“’kn |k17x19x27 oo ’xn_z,xn_l)lsisé"'x;—Z‘Y;—l = \Vn s (38)
ki,ka,....ky
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n—1 / .
= Uy kg, k2=t B 17O and = kg — m] + u) with
1 <t < n — 1. And the intermediate state after step ¢ is

(t+l)>
Vn Lsj...8)_y.8/.142..n

d—1

t+1)
= Z akl,kz,...,kn |k] R R e R k’+2’ e k”>15{“'5;—|’S;’t+2~-"’ (39)
kl»k2,~~skn

@+1) _ ® (ky1 —m) (up—my) __ L (ki1 —m’) (uj—m;)

where Uy hgkn = Ok K iy @ r1—mp)(ur—me) _ akl,kz,...,knwz’_l ir1—m}) (uj—m;

. 1 1
and x; = kt+l - m; + l/t; with algl?kz,...,k = Qky ky,....kn and yn( )> = |Vn>'

n

6.2 Recovery operators

The n-qudit state can also be recovered to its initial state if necessary. In this case,
the above scheme can be viewed as a distributed teleportation scheme for d-level
system. Each secondary site performs the recovery operator in reverse order, that is,
the last secondary site performs the recovery operator firstly, and so on. Then after
the last (n — ¢t — 1) secondary sites perform their operator, the n-qudit state becomes

(t+1)

‘yn . Itis clearly seen that the ¢-th secondary site can recover the state

>,/ A
Lsjos.8,

from ‘yn(ﬂr])> to ‘y,f”) by performing an appropriate operator, in other words, it makes

the changes |x;) — |k;+1) and @1 — ) in position s,.

Recovery operator X

If the 7-th secondary site performs X ™Mi=U; on his/her qudit, it will make the reverse
change |x;) — |k;41) since

X" |xy) = |xp 4+ m) — ul) = lkrs1) - (40)

Recovery operator Z
After performing the above X recovery operator, the 7-th secondary site performs
P Z"" to achieve the effect *! — o on his/her qudit, then we have

1 1
Wl Z" (oz,?lﬁ{z) b Ikz+1)) =ty o™ (2 k)

.....

= O{](Ctl),kz,...,k,, w(kt+l _mt)(ut_mt)wpra)rtkt+l |kt+l)
’ ’
= al:),kz,..,,k,, (wmtmt_mtutwpt)(wkt+l(ut—mt)wrtkt+l) k1)
()]
= ko ky k1), 41

. U — / —
which means w?! Z"t = ™"t MM ZMe—lr
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So, in the #-th secondary site, the recovery operator to be performed on qudits;
should be

[T _ I
Rt wm,u, mymy 7y =iy =i, . (42)
The recovery process can be explained as follows,

I® QR ®---Q1 (|Vy§t+l)>lsi.. ! s,’,st’ﬂ...s,’,fl)

'Stfl’
d—1
_ (t+1)
= D gk, KL XL D
k],k],..‘,k,,
/ ’
Pt 7l ym,—u
® w VAL Gl |xt>st/ ®|kt+2,...,kn>_q;+l._'s;71
d—1
_ t+1)
- Z Xt ko i k1, x1, s xl—1>1xi.4.s,'71
ki,ky,....k,
®(,()Pt Zrt |kl‘+1>sl, ® |kt+2a ey k”)s’ .
4151
d—1
_ ()
= > o kX k. o Rn)ts) sl st
ki,ky,....k,

(r)>
Vn Is]...s]

’ ! ’
(=155 14151

From a global point of view, the entire recovery process can be written as

(n)

I®R1®R2®"‘®Rt®"'®Rnl(yn

>1s;s£..‘st/‘..sr’l_] ) = lyn) Ls(s)..o87-n8 2
(43)

where R; is the recovery operator of the 7-th secondary site to be performed on qudit
s; with 1 <t < n — 1. It can be seen that the reverse order is unnecessary and the
recovery operator in each secondary site can be performed in other orders. When all
the recovery operations are done, the entire n-qudit has been distributed faithfully
among n sites where each site holds one qudit.

The arbitrary n-qudit state can also be distributed to a set of secondary sites less
than n — 1 where some secondary sites or the primary site holds more than one qudit.
In this case, an entanglement channel with n-qudit states can be constructed among ¢
sites with 1 < < n.

6.3 Example of entanglement channel construction via a three-qubit W state

For the two-level system, after performing the distribution process the state among n
site becomes
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Fig. 7 An example of
entanglement channel
construction via a three-qubit W
state

n)\ _ (n)
Y| = O ko KL X1 X2, s X2 )1y s (44)

..........

with 1 <t <n — 1. And the related recovery operator is
R, = (_1)m;(ut@mt)zmt@ut Xm;EBM;_ (45)

Here, an example of entanglement channel construction via a three-qubit W state
between the primary site and two secondary sites is shown in Fig. 7. The three-qubit
Wstate is

[W3) = ago1 [001) + ap10 [010) + a110 [100), (46)

with complex coefficients subject to |ago; |2 + |ot01o|2+|a100|2 = 1. The entangle-
ment channel shared between the primary site and the secondary one is a Bell state
established by using the scheme related to Section 4.

The primary site measures particles (s, 2) and (s2, 3) in Bell basis and gets result
(mq, m/l) and (mo, m/z), respectively. The remaining state can be written as

1
3) _ 3)
‘W:; >1S/S/ - Z aklkaakS |k1’x1’ -x2>
2 kkoks
! 2
— z Olkl,kz,kg(_1)®’:1(k1+|®m’)(u[®mt)
ki,ka,k3

ki ko @ m @ u ks © mh @ ub)
— aOOI(_1)((m’1)(ul®m|))@((]GBm/z)(quBmz)) |0, m/l @ ”‘/11 1¢ m/z ® ”‘/2)
+aom(_l)((l@mﬂ)(ul63"11))63(("1’2)(142@"12)) |O, 1o m/l ® "‘/1’ m/2 @ ”/2)

+aloo(_1)((’"’1)(m@ml))@((m’z)(MzGBmz)) |1’ m/l ey ”/1 , m/2 ® M/Z) )
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Let the states be (u1, “/I)MQ =(1,1) and (u2, ulz)szsé = (0, 0), then

3 ’ !
’W3< )>1s;s§ = argo1 (—1)(@DASMNSASmNM) [0 1! @ 1,1 @ )

+aom(_1)((163"1’1)(1@"11))69(”!/2"12) |0’ m/l , m’z)

+aloo(_1)((m’1)(1®m1))®(m/2m2) ’17 my @1, m’z) (48a)

Here, a new W state entanglement channel is generated among three parties for
quantum information tasks, such as joint remote preparation proposed in Ref. [33]. If
the task requires the W state to be exact the same state as Alice prepared, a specific
recovery operator I ® R; ® Ry can be performed on secondary sites where

I® R ® Ry = I ® (—1)"(1&m) zm®l ym @1 o (__ymym zma xmy (481

Now we consider two cases of the measurement outcomes:

1. Suppose the measurement results are (m, m}) = (0,0) and (mz, m5) = (0,0),
the resulting state becomes

]w3<3>>“, , = 001 [011) = 010 1000) + at100110).
1”2
The corresponding recovery operatoris I @ ZX ® 1.
2. Suppose the measurement results are (m1, m/l) = (1,0) and (m3, m/z) = (0, 1),
then

‘W3(3)> = a1 [010) + @010 1001) + a0 [111) .

Lsysy

The recovery operatoris I @ X ® X.

7 Discussions and conclusions

Our major concern is the perfect distribution of the entanglement among spatially
separated sites in network environment. A theoretical network model with perfect
connection and good scalability is presented. In the network model, each node can
store and locally manipulate qudits. Each pair of adjacent node is connected by a set
of Bell states. No direct qudit transmissions are involved in our model except for the
priori shared Bell states between two adjacent sites. The entanglements dynamically
change in Metwally’s scheme, while our scheme utilizes ES to generate not only the
bipartite entanglements, but also the multipartite ones.

Three efficient and perfect entanglement channel construction schemes are pro-
posed. Any two sites can construct an entanglement channel via Bell states with the
help of the intermediate sites in quantum chain. The two sites can also verify the per-
fection of the Bell state to prevent outside attacks. This scheme is expressly different
from the way of quantum repeaters. The quantum repeater was designed to resolve the
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problem of fiber attenuation over long distances, while our scheme is for node address
and perfect connection in the network model. Furthermore, the general d-level system
is considered and some general results about constructing entanglement channel are
given in details.

Any n sites in the network model can construct an entanglement channel via an
n-qudit cat state. The n-qudit entanglement channel could be constructed in an efficient
and perfect manner with the established entanglement channel between the primary
site and the secondary one. Compared with relay transmission of the qudit from the
primary site to the secondary one in quantum chain, this scheme only involves Bell
states and Bell basis measurements and it provides a secure transmission of the qudit
states since the qudits are impossible to be intercepted.

More importantly, we extend the scheme to a more general form where an entan-
glement channel via an arbitrary n-qudit state can be constructed among 7 sites. This
can also be viewed as a scheme of secret sharing of quantum information among
n sites. The state can be recovered to its initial state or transformed to other state
by performing appropriate generalized Pauli operators if necessary. The number of
the secondary sites can also be less than n — 1, in other words, an arbitrary n-qudit
state entanglement channel, like W states, cluster states, and x-type states, can be
constructed among any ¢ sites where 1 <t < n.

The network topology determines how the communication sites are connected and
communicated. Our first scheme using generalized Bell state entanglement channel
between two sites could be viewed as a point to point network. If the scheme is per-
formed successively, any type of network topologies can be constructed. In the others
two proposed schemes, the primary site builds a star topology network where the
primary site locates in the center of the model, shares Bell states with each secondary
site and distributes the n-qudit states among n sites which will form a mesh topology
network depending on the entanglement of the n-qudit states.
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Appendix 1: Detailed deduction of Eq. (8)

GBI, V2 s Ve V)12 [ 1))
1 d—1
= —ij'” ljs Jtva, ooy GV, ooy JH U120

d—1
1 P ,
(X e
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d—1
1 T . . o
=7 Zw’“‘w’ e d v AV S i T )
JsJ’
=
D I N T SN R EaS P T Y §
i’
e .
== Z @l V1t gy —wj =’ |¢(w, Varooos AU — v”)>12_,_sa,_n
Jijsw,w’
@', j+v =),
j'=i=l
_—
=
— = Z @l VTG —wj—w' (j+) |¢(w’ Ve + 1, v")>12._s’._.n
Jslw,w’
® o', v D),
=
=7 Z @) Wrtumw=w lu—lw }d)(w, va, ... u +1, .., Un)>]2...s’...n
Jj.low,w’
® o', v =),
| 4=l o dsl
- E Z (E zwj(v1+u—w—w))wlu—lw |¢(w’ Vo, W +1...., ”’1))12,_5/,_”
Lw,w Jj
®|pw’, v —D),
d—1
—d D switu—w—w, 0" pw, va, W L vy o,
Lw,w
®|p’, v =D), A
u—w'=k
_
=
=2 btk v L )y o, B =k v = D)y
1.k

A Here we use the identity % Z‘;;(l) w/" = 8(n, 0).
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Appendix 2: Detailed deduction of Eq. (30)

|Vn) 12...t..n ‘¢(u’ u/))ss’

d—1 d—1
1 TR
= Z akl,kz,...,ky, |k17k29 -'-7k[7 '-'skn>12.‘.f‘..117 zw]u |]7 ] +u/)SS/
4%

ki,ka,....kn
d—1
1 ; ..
== Z Uy ko @ K1 s KK 10 g | T
kika,....kn,j
d—1
1 I .
- ﬁ z akl,kz,...,knw]u |]vk1)st |k1’k2""’] +u/""’k">l2...s’...n
kika,....kn,j
d—1 d—1
l ; 1 —i3 ./ .
=77, 2 e | 75 2 o RG k= D),
ki,k2,....kn,j j'=0
® ki ko, jtu k) o,
d—1
! Jw=i | (i ;
== > hh.ko G ke = D),
kikoso.okn, s J’

® ki kay ooy jtus k) o
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