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Recent research suggests that there are natural connections between quantum
information theory and the Yang—Baxter equation. In this paper, in terms of
the almost-complex structure and with the help of its algebra, we define the
Bell matrix to yield all the Greenberger—Horne—Zeilinger (GHZ) states from the
product basis, prove it to form a unitary braid representation and presents a new
type of solution of the quantum Yang—Baxter equation. We also study Yang—
Baxterization, Hamiltonian, projectors, diagonalization, noncommutative geome-
try, quantum algebra and FRT dual algebra associated with this generalized Bell
matrix.
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1. INTRODUCTION

Recently, a series of papers!! have suggested there are natural and
deep connections between quantum information theory!!) and the Yang—
Baxter equation (YBE).(!213) Unitary solutions of the braided YBE (i.e.,
the braid group relation):? as well as unitary solutions of the quan-
tum Yang-Baxter equation (QYBE)®# can be often identified with uni-
versal quantum gates.(!¥ Yang-Baxterization! is exploited to set up the
Schrodinger equation determining the unitary evolution of a unitary braid
gate.3-4 Furthermore, the Werner state!!®) is viewed as a rational solution
of the QYBE and the isotropic state!”) with a specific parameter forms a
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braid representation, see Refs. 7,8. More interestingly, the Temperley—Lieb
algebra(!® deriving a braid representation in the state model for the Jones
polynomial!® is found to present a suitable mathematical framework for
a unified description of various quantum teleportation phenomena,?? see
Refs. 9,10.

Based on previous research work(>#9 in which the Bell matrix has
been recognized to form a unitary braid representation and generate all
the Bell states from the product basis, in this paper, a high dimensional
unitary braid representation called the Bell matrix is obtained to create
all the Greenberger-Horne—Zeilinger states (GHZ states) from the prod-
uct basis. The GHZ states are maximally multipartite entangled states
and play important roles in the study of quantum information phenom-
ena.?!-23) More importantly, this Bell matrix has a form in terms of the
almost-complex structure which is fundamental for complex and Kihler
geometry and symplectic geometry. Therefore, our paper is building heu-
ristic connections among quantum information theory, the Yang—Baxter
equation and differential geometry.

We hereby summarize our main result which is new to our knowl-
edge.

1. We define the Bell matrix to produce all the GHZ states from the
product basis, prove it to be a unitary braid representation, and derive the
Hamiltonian to determine the unitary evolution of the GHZ states.

2. We recognize the almost-complex structure in the formulation of
the Bell matrix and refine its algebra in the proof for the Bell matrix sat-
isfying the braided YBE, while we represent a new type of the solution of
the QYBE in terms of the almost-complex structure.

3. We study topics associated with the generalized Bell matrix which
include Yang-Baxterization, diagonalization, noncommutative geometry,
quantum algebra via the RTT relation and standard FRT procedure.(?42%

We focus on the Bell matrix of the type 22" x 22" related to the GHZ
states of an even number of objects, and submit our result on the Bell
matrix of the type 22"*1 x 22"+1 elsewhere.

The plan of this paper is organized as follows. Section 2 sketches the
definition of the GHZ states and represent the Bell matrix in terms of the
almost-complex structure. Section 3 introduces the generalized Bell matrix
and presents a new type of solution of the QYBE in terms of the almost-
complex structure. Sections 4 and 5 deal with various topics around the
Bell matrix: projectors, diagonalization, noncommutative geometry, quan-
tum algebra and FRT dual algebra. The last section concludes with worth-
while problems for further research.
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2. GHZ STATES, BELL MATRIX AND HAMILTONIAN

This section is devised to set up a simplest example to be appreci-
ated by readers mostly interested in quantum information and physics, and
it explains how to observe the Bell matrix from the formulation of the
GHZ states (as well as the almost-complex structure from the Bell matrix)
and how to derive Hamiltonians to determine the unitary evolution of the
GHZ states.

2.1. GHZ States, Bell Matrix and Almost-complex Structure

In the 2V-dimensional Hilbert space with the basis denoted by the
Dirac kets |my,my,...,my), ml,...,mszl:%, there are 2V linearly inde-
pendent GHZ states of N-objects having the form

1
—=(mi,my,....my)£[—my, —ma, ..., —my)) (1)
V2
which are maximally entangled states in quantum information theory.(!!)
In this paper, all the GHZ states are found to be generated by the Bell
matrix acting on the chosen product basis,

|Pr)=Im1,ma,....mn), | Pon_pyq)=|—mi,—ma,...,—mpy), (2)
where 1 <k <2¥-1 One can take a notation similar to,(26’27)
k[m mN]=2N_l+l—i2N_im' (3)
P ;

which has the result at N =2, for example,

11 11 11 11
k= =|=1 == =2, k|-=,=|=3, k|-=,—=|=4, @4
[2’2} ' k[z’ 2} ' [ 2’2} 3’ [ 2’ 2] ' ()

assigned to label the GHZ states of two objects (the well known Bell
states).

The 4 x 4 Bell matrix B4 acts on the product basis |% ) |§_7) and
|5t 1), 152 5) to yield the Bell states, and it has a known form,("#©
1 0 0 1
1 0 1 1 0 1 1
-1 0 0 1
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and the 8 x 8 Bell matrix Bg given by

1 o o0 o0 o0 o0 o0 1
0 1 0o o0 0 0 1 0
0 o0 1 0 0 1 0 0
1 0 0 0 1 1 0 O 0
Bgz(Baz,ﬂm)zz:ﬁ 0o 0 0 -1 1 o0 0 o}
0 0 -1 0 0 1 0 0
0 -1 0o o0 0 0 1 0
1 0 0 0 0 0 o0 1
31 1 3 11
a,ﬂ:z,z,—z,—z, lsmzza_z 6)

creates the GHZ states of three objects by acting on |®), 1 <k <8.

The 2V x 2V Bell matrix generating the GHZ states of N-objects from
the product basis |®;), 1 <k <2V, has a form in terms of the almost-
complex structure* denoted by M,

R b
V2 V2

where 1l denotes the identity matrix, the lower index of B, is suppressed
for convenience, 51./ is the Kronecker function of two variables i, j which
is 1 if i=j and 0 otherwise, and the almost-complex structure M has the
component formalism involving the step function (i),

B=—+M), Biju=BY=—(@"s+M}) (7)

Miju=M{ =e@)s7%s7, e()=1,i=0; e)=—-1,i<0,  (8)

which satisfies M2=—11. In terms of the tensor product of the Pauli matri-
ces, the Bell matrix B and the almost complex structure M for N-objects
have the forms given by

Bze%M’ MZV—10y®(Gx)®(N_1)a (Ux)®(N_l)=0'x®"'®0'x- )
—_—————
N-1

Note that there exist other interesting matrices to produce all the
GHZ states from the product basis, for example, one can choose matrix
entries €(i)B;j« for a new matrix. But so far as the authors know, only
the Bell matrix is found to form a unitary braid representation.

4The almost-complex structure is usually denoted by the symbol J in the literature and it is
a linear map from a real vector space to itself satisfying J 2=_1. More details on geometry
underlying what we are presenting here will be discussed elsewhere.
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2.2. Yang-Baxterization and Hamiltonian

The Bell matrix B satisfies the characteristic equation

(B—€'T1)(B—e'51)=0 (10)

and so it has two distinct eigenvalues et Using Yang-Baxterization,’
a solution of the QYBE with the Bell matrix as its asymptotic limit, is

obtained to be
1 1
V2 V2

As this solution R(x) is required to be unitary, it needs a normalization
factor p with a real spectral parameter x,

Rx)=B+xB '=—(I+x) Il +—=1—-x)M. (11)

B =p *R(x), p=1+x> xeR (12)

As the real spectral parameter x plays the role of the time variable,
the Schrodinger equation describing the unitary evolution of a state ¥ (0)
determined by the B(x) matrix, i.e., ¥ (x)= B(x)¥(0), has the form

0B (x)
0x

m%wu):mxwm, Ha=v=1—=8"'(0).  (13)

where the time-dependent Hamiltonian H(x) is given by
ad N .
H)=V=T—(p R (0 R ==V=Tp7 M. (14)

To construct the time-independent Hamiltonian, a new time variable 6
instead of the spectral parameter x is introduced in the way

X

1
cosf = ——, sinf=——— (15)

V1+x2 V1+x2

so that the Bell matrix B(x) has a new formulation as a function of 0,
B(0)=cosOB +sindB ' = G=M (16)
5See Subsects. 3.1 and 4.1 or Ref. 4 for details. Yang-Baxterization is applied to the Bell

matrix of the type 22" x 22" while Yang-Baxterization of the Bell matrix of the type
221+l 5 22n+1 g 1o be presented elsewhere.
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and hence the Schrodinger equation for the time evolution ¥ (0) =
B(©)¥(0) has the form

ﬁ%w(e) =Hy ), st/—_l%B‘l(eﬁ) =—V-1M,  (17)

where the Hamiltonian® is time-independent and Hermitian together with
the unitary evolution operator U (#)=eM?.

3. GENERALIZED BELL MATRIX AND YBE

This section proves the generalized” Bell matrix B of the type 22" x
22" to form a unitary braid representation with the help of the algebra of
the almost-complex structure M, and presents a new type of solution of
the QYBE in terms of M.

3.1. YBE and Yang-Baxterization

In this paper, the braid group representation o-matrix and the QYBE
solution R(x)-matrix are d? x d? matrices acting on V®V where V is a
d-dimensional complex vector space. As o and R act on the tensor prod-
uct V; ® Vi1, they are denoted by o; and R;, respectively.

The generators o; of the braid group B, satisfy the algebraic relation
called the braid group relation,

0i0i410; = 0;4+10i0i+1, 1<i<n—1,

0i0j =o0j0;, li—jl>1 (18)
while the quantum Yang—Baxter equation (QYBE) has the form
Ri(x) Ri1(xy) Ri () = Ri11(y) Ri(xy) Ri1(x) (19)

with the spectral parameters x and y. In addition, the component formal-
ism the QYBE (or the braid group relation) can be shown in terms of
matrix entries,

e e e
R0, RGey) ;i RO = RO ROy ROOJE (20)

6The Hamiltonian®% has an additional numerical factor % compared to (17), which makes

it possible that the action of exp%@M on the product basis is equivalent to a product of
two unitary rotations of Wigner functions of the Bell states. Note that no boundary condi-
tions are imposed on the Schrédinger equations (13) or (17).

THere “generalized” means that the object has deformation parameters.
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In view of the fact that R(x =0) forms a braid representation, the
braid group relation is also called the braided YBE. Concerning relations
between braid representations and x-dependent solutions of the QYBE
(19), the procedure of constructing the R(x)-matrix from a given braid
representation o-matrix is called Yang—Baxterization.” For a braid rep-
resentation o with two distinct eigenvalues A; and A, the corresponding
R(x)-matrix obtained via Yang-Baxterization has the form

]é(x):a +xk1A20_1 2D

which has been exploited in Subsection 2.2, see (11).

3.2. Generalized Bell Matrix as a Solution of YBE

The generalized Bell matrix B has the form by the almost-complex
structure M with deformation parameters g;;,

i
V2

where g;jq—;— ;=1 is required for M?=—11 and the generalized step func-
tion €(i) is defined by

Bff =— 68+ M), MY =e(i)gi;s;787", (22)

e(e@)=1, e(@)e(—-i)=-1, (23)
which has solutions €(i) ==+1, e(—i)=F1.
We label B by familiar indices for the angular momentum theory in
quantum mechanics,

(BN pov=a =1 =0, ab=J =1 =)y (24)

where B’/ denotes the generalized Bell matrix B associated with the GHZ
states of an even number of objects, for example,

l

1 ~

~ ~ ~33 ~ 7

1, (25)
but the same type of genqgllized Bell matrix may be labeled differently, for
example, both B22 and B22 belong to the same type of Bg.

In the following, we study the generalized Bell matrix of the type B’/
denoted by B, and leave our result on B/12, J, +# J, elsewhere.

In the proof for B’/ forming a braid representation (18) in terms of
its component formalism (22), deformation parameters ¢;; are found to
satisfy
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iy j19—iv—j1 =4 jik D—ji—ky» I JLki=J, 0 =1,...,—=J,
1 =71 J1K] J1 1 (26)

djiky =4i 19— jk9—ivjis 9ivh =49k di—in9i—k
where no summation is imposed between same lower indices and which is
simplified by g;,;,g—i,—j, = 1. Furthermore, the unitarity of B leads to a

constraint on M, namely,
M1‘EM*T=M—1=_M:>q;‘jqij=1, (27)

where the superscript * denotes the complex conjugation and the symbol
T denotes the matrix transpose operation.
As J is a half-integer, we obtain solutions for Eqs. (26) and (27) by

J+ %)-number of independent angle parameters ¢, ¢j_1, ..., @1,
2
. Q1 +om
qlm=el 2, $—1=—9I, OSISJs (28)

where the method of separation of variables has been used by choosing
qr=e'% and then deriving qi, =qiqm.

For example, deformation parameters for the generalized Bell matrix
B22 have the form

£ =, q—;—lZE_i”"’ qi_1=q_11=1, (29)

1 1_
2 2

Dl
Dl
DIl
D=

which are the same as 3‘(131056,(3’4’6) and deformation parameters of the gen-
eralized Bell matrix B22 are given by

. -91 T S91—92
gyz=¢e, ¢ =7, q =5

I
Q
=

3
2

([0
B —

[SI[0%}
(1[5}

;=1
o (30)
1, q%7 =e 2

i¢’1+¢’2 i
3=e 2, qr1=e%, q1
2 2

w

q

[N']

=
D=
[SSI[0%}

2
In the 22"_dimensional® compelx vector space, the almost-complex

structure M is found to satisfy the algebraic relations,
M? =11, M1 M; =—M; M1, 1)
MiM;=M;M;, li—jl=2,i,jeN,

which define an algebra different from the Temperley—Lieb algebral® or
the symmetric group algebra and where deformation parameters g;; have
to satisfy

qij9—i—j=1, qijq-ij =9qjkqj—k- (32)

8Here we have 22 = 2J+ 1)2, for example, n=1, J=% and n=2,J = %, see Ref. 25.
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With the help of this algebra (31), the generalized Bell matrix B can be
easily proved to satisfy the braided YBE (18) in the way

B;Biy\B; =2M; +2M 41 + M;M; 1 + M; 1 M; =B 11 BBy (33)

Additionally, the almost-complex structure M and the permutation
operator P satisfy the following algebraic relation

PiMi 1 Pi=P M P, P=_lij)jil, (34)
ij
which is underlying algebraic relations of the virtual braid group, i.e., the

braid B and permutation P forming a unitary virtual braid representation,
see Refs. 7,8.

3.3. New Type of Solution of QYBE Via Reparameterization
Similar to the rational solution of the QYBE (19),

v

Rrational(w) =1 +uP, P2 =1 (35)

with the permutation matrix P, we have a solution of the QYBE in terms
of the almost-complex structure,

Ruw)=1+uM (36)
satisfying the equation of Yang—Baxter type,

u-+v
1 +uv

) Ri(v)=Ri+1(v) R; (%) Rit1(w), (37)

Ri(u) Ri g1 (
which has been firstly exploited® and where new spectral parameters u, v
are related to original spectral parameters x, y in the way

1—x ; -y l—xy u-+v
1,[:—’ = , = .
1+x I+y l+xy 14uv

(38)
Using reparametrization of u, v in terms of angle variables ©1, ©,,

u=——Ttan @), v=—/—Ttan Oy, I“Jri=—\/—1tan(®1+®2), (39)
uv

the modified Yang-Baxter equation (37) has the ordinary form

Ri(©1) Ri41(01 +©2) Ri(©2) = R;1(02) Ri(©1 +02) Ri11(01).  (40)
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with the solution given by
RO)=1—+/—1tan®M, or R(®)=1+tanh® M. (41)

Note that physical models underlying this type of solution of QYBE will
be explored elsewhere.
4. PROJECTORS, DIAGONALIZATION AND GEOMETRY

This section and the next one are aimed at introducing selective topics
related to the generalized Bell matrix (i.e., the almost-complex structure),

for example, associated noncommutative geometry, quantum algebra and
FRT dual algebra.

4.1. Projectors and Yang—Baxterization
In terms of M, two projectors ﬁ+ and P_ defined by
Po= (4 V=TiD, Po=1(—VTih) @)
satisfy properties of two mutually orthogonal projectors,
P,+P =1, P}=P., P, P =0. (43)

The generalized Bell matrix B has two distinct eigenvalues e 7 and
it satisfies the same characteristic equation as (10),

(B—A_1)(B—ryl)=0, A,p=e'%, Ar_=¢'7. (44)

With the projectors Pi and eigenvalues Ay, the generalized Bell matrix
and its inverse have the form

B=i,P,+i_P_, B '=)_P 4+, P_. (45)

Using Yang-Baxterization, the R(x)-matrix as a solution of the
QYBE (19) has a form similar to (11),

RO =0t 44 )P+ (o4 rsx)P_ =B +xB ", (46)

and hence the Schrodinger equation has a form similar to (13) or (17)
except that the Hamiltonian is determined by M instead of M.
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4.2. Diagonalization of B

The diagonalization of the generalized Bell matrix B is performed by
a unitary matrix D via the unitary transformation,

DEDT:%Diag(I—F«/—_I,...,l—x/—_l) (47)

where the diagonal matrix Diag has the same number of matrix entries
14++—1 as | —+/—1. Assume D to have the form by a Hermitian
matrix N,

1 )
D=—++—=1N), N'=N, N?=1 48
ﬁ( + ) (48)

and then this N is found to satisfy an additional constraint,
NM=—MN =Diag(l,—1,...,1,-1), (49)

where the diagonal matrix Diag has the same number of matrix entries 1
as —1 but the ordering between 1 and —1 is flexible.
After some algebra, a formalism of the N is given by

N = fgis7 s, fOfO =1, fO=f=D=r*G)  (50)

where g;; are the same as unitary deformation parameters g;; in the gen-
eralized Bell matrix B. It gives rise to the diagonalization form of B,

(DEDT)f.']’."z%(l+x/—_1f(i)e(—i))8;"8’?, (51)

where f(i)=e€(—i), i >0 and f(i)=€(i), i <0 leads to

~ 1
DBDTzﬁDiag(l+x/—l,...,1+«/—1,1—«/—1,...,1—«/—1). (52)

2N-1 2N-1

For example, the Bell matrix By is diagonalized in the way

1
D4B4DZ=EDiag(1 — V=1L 14V =1, 1=V, 1 +V/=1), Ny=—0,®0,,
(53)

where B4 can be also diagonalized by unitary transformations of the
Malkline matrix (or the magic matrix),262® or the diagonaliser,® and
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the generalized Bell matrix B, can be diagonalized with a given Ny i,

1 0 g¢g 0O 0 0 -—g
1| 0 110 0 0 -1 0
Bi=751 o 11 o] M=o 1 0 o

-1 0 0 1 gV 0o 0 o0

~ 1
D4 1B4Dy ZEDiag(l +v=114+v=-1,1=-+v-1,1=+/=1). (54

As a remark, calculation for noncommutative geometry and quantum
algebra associated with the generalized Bell matrix can be greatly simpli-
fied once the above diagonalization procedure is exploited.

4.3. Associated Noncommutative Geometry

In view of the standard procedure of setting up associated non-
commutative geometry with a given braid group representation,3%:3D) we
denote coordinate operators X and differential operators & in the way

X' =, x,mn), EN=(E1, 6, Eov) (55)
and demand them to satisfy constraint equations,
P.(X®X)=0, Pi(E®§=0, X@&=@uPi—-IE®X) (56)

where u is a free parameter. Note that these equations can be chosen in
the other way by exchanging P, with P_.

More essentially, noncommutative differential geometry generated by
X and & is determined by the equations in terms of the almost-complex
structure M,

X®X=v-IM(X®X), £R&é=—+/-1IME®E),

_ (57)
X@t=(5-1)EQX+5V/-1IME®X),
which have the formalism of component,
xixj=~—le()qgijx_ix_j, &&j=—v—le(@)qgijé_i&;, 58)

xigj=(5—1)&xj+ 5V =Te()qijé-ix—;.

with the significant geometry at pu =2. Note that noncommutative plane
related to the Bell matrix B4 has been already briefly discussed.3?
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5. QUANTUM ALGEBRA VIA THE FRT PROCEDURE

For a given solution R of the braided YBE (18), there exists a stan-
dard procedure*2% using the RTT relation and RLL relations to respec-
tively define associated quantum algebra and FRT dual algebra. In this
section, we present quantum algebra and FRT dual algebra specified by
the BTT relation and BLL relations.

5.1. Quantum Algebra Using the MTT Relation

In the well known RTT relation: R(T ® T) = (T ® T)R, all matrix
entries of the T-matrix are assumed to be noncommutative operators. As
the R-matrix is the generalized Bell matrix B, the BT T relation is essen-
tially the MTT relation,

BIT®T)=(TRT)B=M(TRT)=(TRT)M, (59)

where M is a 22 % 22" matrix and T is a 22"~ ! x 22"~ matrix. By matrix
entries of M, T and the convention (A® B);jx = AixBj;, the MTT rela-
tion has the component formalism,
Tiy—iy Tj— j, + €€ )iy jy Gin jo T-iyis T- jy j =0,
(60)
i1, i, j1, o=J,J—=1,...,=J.

Note that this MTT relation (60) lead to eight simplified equations,

T;iTii =T-i—iT-i—i, LT =T1-;-iTi,
TiiTii=—qiT T i, TiiTii=—T T, 1)
LiiTi—i =qiiT-i—i T—ii, TiiT-ii=q-i—iT-i—iTi—i,
Ti-iTii=—qiiT-iiT-i—i, Ti—iT-i—i=—qiiT-iiTii
which completely determine the quantum algebra related to Bs.
With the help of a new T-matrix given by
Tij=e)T;j+Toij, T_j—j=—e(@)T—i—j+Tij, (62)

where ¢;; is chosen to be unit for convenience, the MTT relation (60) is

replaced by the MTT relation having the algebraic relations,
i]*izfj']sz=_T7i1i2Tfj|j27 if 6(i1)€(i2)=1, E(iZ)E(j1)=19
T}]fiszj]jz=T7i1i2Tj|7j27 lfé(ll)e(l2)=la 6(i2)6(j1)=_1
Tiy—iy Tjy—jy = T=iyiy T—jy > if e(ipelin)=—1, e@e(jp=1,

Til—izT—jljg:_T—iligle—jza if G(il)é(iz):—l, E(iz)f(jl)Z—l,

" (63)



376 Zhang and Ge
which give rise to four simplest algebraic relations,

T?,=0, T;T_; ;=0 T,T_;=0, T,_;T;=0. (64)

5.2. Example: The Quantum Algebra from the B,TT Relation

The Bs-matrix and T-matrix take the forms,

1 0 0 ¢ R

~ 0 1 10 a b

By= 0 11 0l T:(é a) (65)
g~} 0 1

and the B4TT relation leads to the quantum algebra generated by a, b,é,d
satisfying algebraic relations,
aa =dd, ab=qdé, bb=—q%¢¢, aé=q'db, ©6)
ad = da, ba=—qéd, bé=—¢b, ta=—q 'bd,

where the deformation parameter ¢ can be absorbed into the generator ¢
by a rescaling transformation. With the new operators a, b, ¢, d®? speci-
fied by

a=a+d, b=b+é, i=b-é, c=a—d, (67)

d=da=0, bb=ac=0, aé=db=0, ba=éd=0. (68)

Q)

Note that the quantum algebra from the B4TT relation and its rep-
resentation theory has been presented,®? while the same quantum alge-
bra from the B4T T relation, interesting algebraic structures underlying its
representation and its natural connection to quantum information theory
has been explored.(®) Remarkably, quantum algebra obtained from BTT
relation may be higher-dimensional representations of that algebra given
by B4TT relation.

5.3. FRT Dual Algebra Using the MLL Relations

The RLL relations determining the FRT dual algebra can be derived
from the generalized RT T relation which relies on the spectral parameter,

Rxy D(L(x)®L(»)=(L(y)®L(x)R(xy™ ). (69)
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Assume the L(x)-matrix to have a similar form to B(x),
L(x)=LY+xL~, B(x)=B+xB!, (70)
and this leads to the BLL relations for the FRT dual algebra,
B(L*®L*)=(L*®L%B, B(LT®L )=(L"®L"B, (71)

where matrix entries of L* are noncommutative operators. These BLL
relations, i.e., the MLL relations,

M(L*® LY =(L*® L*)M,

~ ~ 72
LTQL —L QLT+ M(LT®L)—(L-®LT)M=0, (72)
have the component formalism,
+ + . . + +
Lil*izlesz +e(l1)6(12)qi1j1q"2j2L*i1i2L*jljz =0,
+ 7- - 7+ . + -
Lilizlejz - Lilizlejz +€(l1)qi1f1L*i1i2L*j1jz (73)
+ e(iz)q_iz_hLi—l_izL;_h=0, it in, j1, jo=J,J—1,...,—J.

Remark that the FRT dual algebra for the Bell matrix By firstly
given® and its quotient algebra with the condition LT ® L~ =L~ QL+
presented.(®) Also, in view of Refs. 6,29,33, further research is needed to
set up representation theories for these quantum algebra and FRT dual
algebra.

6. CONCLUDING REMARKS AND OUTLOOKS

This paper is motivated by recent work,(!#® and it sheds a light on
further research for unraveling deep connections among quantum informa-
tion theory, Yang-Baxter equation and complex geometry. We find that
the GHZ states can be yielded by the high dimensional Bell matrix on the
product basis and prove that the generalized Bell matrix of the type 22 x
22" forms a unitary braid representation with the help of the algebra gen-
erated by the almost-complex structure. The algebraic and diagrammatic
proofs for the generalized Bell matrix of the type 22! x 22+1 satisfying
the braided YBE together with other interesting result will be submitted
elsewhere.

Besides what we have done in the present paper, there still remain
many meaningful topics worthwhile to be explored. For example, almost-
complex structure, classical YBE and symplectic geometry; construction of
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a universal R-matrix*¥ in terms of the generators of the algebra from the
B4TT relation; Yangian, Yang-Baxter equation and quantum information;
new quantum algebra obtained by exploiting methodologies for the Sklya-
nin algebra®%-39 to the generalized Bell matrix. The most important thing
(at least for the authors) is still to look for further connections among
physics, quantum information and the YBE.

ACKNOWLEDGMENTS

Both authors thank C.M. Bai, J.L. Chen, L.H. Kauffman and N. Jing
for stimulating discussions. Y. Zhang thanks K. Fujii for references and A.
Chakrabarti for email correspondence (on the RLL relations for the FRT
dual algebra), and especially thanks Y.S. Wu for stimulating comments on
this manuscript. Y. Zhang is supported in part by the Seed Grant of the
University of Utah, NSFC Grant-10605035, and SRF for ROCS, SEM.

REFERENCES

—_

. H. A. Dye, Quant. Inf. Proc. 2, 117 (2003). Arxiv: quant-ph/0211050.
. L. H. Kauffman and S. J. Lomonaco Jr., New J Phys. 6, 134 (2004). Arxiv: quant-
ph/0401090.

3. Y. Zhang, L. H. Kauffman, and M. L. Ge, Int. J. Quant. Inform. 3(4), 669 (2005). Arxiv:
quant-ph/0412095.

4. Y. Zhang, L. H. Kauffman, and M. L. Ge, Quant. Inf. Proc. 4, 159 (2005). Arxiv: quant-
ph/0502015.

5. J. Franko, E. C. Rowell, and Z. Wang, J Knot Theory Ramif. 15, 413 (2006). Arxiv:
math.RT/0503435.

6. Y. Zhang, N. Jing, and M. L. Ge, Quantum Algebras Associated with Bell States (20006).
Arxiv: math-ph/0610036.

7. Y. Zhang, L. H. Kauffman, and R. F. Werner, Int. J Quant. Inform. 5(4), 469 (2007).
Arxiv: quant-ph/0606005.

8. Y. Zhang, L. H. Kauffman, and M. L. Ge, Virtual Extension of Temperley—Lieb Algebra
(2006). Arxiv: math-ph/0610052.

9. Y. Zhang, J Phys. A: Math. Gen. 39, 11599 (2006). Arxiv: quant-ph/0610148.

10. Y. Zhang, Algebraic Structures Underlying Quantum Information Protocols (2006). Arxiv:
quant-ph/0601050.

11. M. Nielsen and I. Chuang, Quantum Computation and Quantum Information (Cambridge
University Press, 1999).

12. C. N. Yang, Phys. Rev. Lett. 19, 1312 (1967).

13. R. J. Baxter, Annals Phys. 70, 193 (1972).

14. J. L. Brylinski and R. Brylinski, in Mathematics of Quantum Computation, R. Brylinski
and G. Chen (eds.) (Chapman & Hall/CRC Press, Boca Raton, Florida, 2002).

15. V. E. R. Jones, Int. J. Mod. Phys. A 6, 2035 (1991).

16. R. F. Werner, Phys. Rev. A 40, 4277 (1989).

(3]



GHZ States, Almost-Complex Structure and YBE 379

17
18
19
20

21.

22.
23.
24.
25.
26.
27.
28.
29.

30.
31.

32.

33.

34
35
36

Horodecki and P. Horodecki, Phys. Rev. A 59, 4206 (1999).

N. V. Temperley and E. H. Lieb, Proc. R. Soc. A 322, 251 (1971).

H. Kauffman, Knots and Physics (World Scientific Publishers, 2002).

H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres, and W. K. Wootters, Phys.
Rev. Lett. 70, 1895 (1993).

D. M. Greenberger, M. A. Horne, and A. Zeilinger, in Bell's Theorem, Quantum Theory,
and Conceptions of the Universe, M. Kafatos (ed.) (Kluwer Academic, Dordrecht, 1989)
pp. 73-76.

D. M. Greenberger, M. A. Horne, A. Shirnony, and A. Zeilinger, Am. J. Phys. 58, 1131
(1990).

D. Bouwmeester, J.-W. Pan, M. Daniell, H. Weinfurter, and A. Zeilinger, Phys. Rev. Lett.
82, 1345 (1999).

N. Yu. Reshetikhin, L. A. Takhtadjian, and L. D. Faddeev, Algebra i Analiz 1, 178
(1989). English transl.: Leningrad Math. J. 1, 193 (1990).

L. D. Faddeev, in Nankai Lectures on Mathematical Physics, “Integrable Systems”,
(World Scientific, 1987), pp. 23-70.

K. Fujii and T. Suzuki, On the Magic Matrix by Makhlin and the B-C-H Formula in
SO(4), ArXiv: quant-ph/0610009.

K. Fujii, H. Oike, and T. Suzuki, Int. J Geom. Methods Mod. Phys. 4(3), 471 (2007).

Y. Makhlin, Quant. Info. Proc. 1, 243 (2002). Arxiv: quant-ph/0002045.

D. Arnaudon, A. Chakrabarti, V. K. Dobrev, and S. G. Mihov, Int. J Mod. Phys. Al8,
4201 (2003). Arxiv: math.QA/0209321.

J. Wess and B. Zumino, Nucl. Phys. (Proc. Suppl.) 18, 302 (1990).

J. Madore, An Introduction to Noncommutative Differential Geometry (Cambridge Univer-
sity Press, 1999).

D. Arnaudon, A. Chakrabarti, V. K. Dobrev, and S. G. Mihov, Exotic Bialgebra S03:
Representations, Baxterisation and Applications, to appear in Annales Henri Poincare.
Arxiv: math.QA/0601708.

D. Arnaudon, A. Chakrabarti, V. K. Dobrev, and S. G. Mihov, J Math. Phys. 43, 6238
(2002). Arxiv: math.QA/0206053.

. C. Kassel, Quantum Groups (Spring-Verlag New York, 1995).

. E. K. Sklyanin, Funct. Anal. Appl. 16, 27 (1982).

. E. K. Sklyanin, Funct. Anal. Appl. 17, 34 (1983).

. M.
. H.
. L.
. C.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


