Public Choice (2009) 139: 53-59
DOI 10.1007/s11127-008-9378-7

The robustness of the optimal weighted majority rule
to probability distortion

Eyal Baharad - Ruth Ben-Yashar

Received: 12 November 2006 / Accepted: 7 October 2008 / Published online: 19 October 2008
© Springer Science+Business Media, LLC 2008

Abstract This study identifies the optimal collective decision rule in a dichotomous sym-
metric setting, allowing for probabilities distortion as originally assumed by Tversky and
Kahneman (Journal of Risk and Uncertainty 5(4):297-323, 1992). We show that previous
results that identified the weighted majority rule as the optimal one, and did not consider
subjective probabilities, are robust to such distortion in the sense that neither the rule nor
the weights are changed.

Keywords Optimal rule - Subjective probabilities - Condorcet jury theorem

1 Introduction

The task of identifying the optimal decision rule (henceforth optimal rule) drew renewed
attention during the last 40 years, starting with the work of Arrow (1951) and Buchanan
and Tullock (1962), later followed by Rae (1969). In the context of dichotomous symmetric
choice, the optimal rule was identified by Nitzan and Paroush (1982) as the weighted major-
ity rule. More general results were obtained in Ben-Yashar and Kraus (2002), Ben-Yashar
and Nitzan (1997) and Ben-Yashar and Paroush (2001). For related studies, see Ben-Yashar
(2006), Ben-Yashar and Nitzan (2001), Nitzan and Paroush (1981, 1984), Sah (1991), and
Sah and Stiglitz (1985, 1986, 1988).

This line of research incorporated, inevitably, some significant aspects of decision mak-
ing under uncertainty. These aspects had been simultaneously and independently studied,
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starting with Kahneman and Tversky (1979) and followed by numerous others, for exam-
ple by Quiggin (1991), Tversky and Kahneman (1992), and Prelec (1998). These scholars
have suggested a new approach for decision-making under uncertainty, based on individ-
uals’ distortion of probabilities, i.e., assignment of subjective probabilities instead of the
objective ones. In particular, these studies share a common view regarding the s-shaped de-
cision weight function; individuals overweigh relatively small probabilities and under weigh
large ones. To the best of our knowledge, these two lines of study (identifying the optimal
rule and considering subjective probabilities) were never intersected. The main objective of
this study is to incorporate subjective probabilities as suggested by Tversky and Kahneman
(1992) into a model of collective decision-making, and testing the robustness of the result
identifying the optimal decision rule to such incorporation.

Our main finding is stated in Theorem 1 that identifies the optimal rule as the weighted
majority rule, allowing for probability distortion. We show that when subjective probabili-
ties are taken into account, the optimal rule as well the optimal weights remain unchanged
relative to the classical setting that does not allow for such probabilities distortion. The im-
plication of this distortion is presented in the context of the Condorcet jury theorem.

2 Dichotomous symmetric choice with distorted probabilities

We assume that there are n (not necessarily homogeneous) members that are facing a com-
mon decision problem. These members have to choose one of two symmetric alternatives,
denoted by 1 and —1, where one (and only one) correct alternative exists. We denote by x;
individual i’s decision, where x; = 1 (support alternative 1) or x; = —1 (support alterna-
tive —1), and a decision profile by x = {x, ..., x,}. The collective decision is based on the
decisions of the individuals. Individual i’s decisional skills are represented by p; (the prob-
ability that individual i chooses the correct alternative). Decisional skills may vary across
individuals, and are assumed to be statistically independent.! We allow for probability dis-
tortion, such that the objective probability p; is different than the subjective probability per-
ceived by the social decision maker that individual i will make a correct decision, w(p;).>
More specifically, in this study we assume a particular form of distortion, as in Tversky and
Kahneman (1992), where w(p;) is given by

Y

w(p) = b
]+ A= pn)

and w(l — p;) is given by

(1= p)"
(= p7 + p)I”

w(l —p;)=

Thus, when y = 1, w(p;) = p;. Note that we do not assume different y values for gains
(correct decision) and losses (incorrect decision). For such a symmetric setting see Tversky
and Wakker (1995). In our setting the primitive probabilities p; and (1 — p;) are assumed
to be distorted. In other words, the primitive probabilities are perceived as subjective ones;
(1 — p;) is one of these probabilities. Figure 1 plots the probability distortion function w(p),
assuming y = 0.61 as in Tversky and Kahneman.

IThe independence assumption is widely used. See, among many others, Sah and Stiglitz (1986, 1988).

2Assuming subjective probability for p; and (1 — p;) is plausible since we assume that individual i’s deci-
sional skills represent a lottery, in which there is a probability of p; for making the correct decision.
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A collective decision is reached by a social decision maker who applies a decisive de-
cision rule, that is a function f that assigns 1 (choose alternative 1) or —1 (choose alter-
native —1) to any x in Q = {1, —1}", f : Q@ — {1, —1}. The collective decision rule that
optimizes the decision making process, i.e., maximizes the collective probability for mak-
ing a correct decision, is weighted majority rule with weights of In lf—’Pl (Nitzan and Paroush
1982). However, this rule is identified in a setting that does not take into account probability
distortion. We focus on identifying the optimal rule, taking into account subjective probabil-
ities; the social decision maker uses his or her subjective probabilities that individual i will
make a correct decision, w(p;) or will make an incorrect one, w(l — p;) (for 0 < p; < 1,
w(p) +w(l = p) # 1),

Let us partition the set of all decision profiles into X (1, f) and X(—1, f), where
X1, f)={xeQ: f(x)=1}and X(—1, f)={x € Q: f(x) = —1}. Denote by T(f : 1)
and by T(f : —1) the collective probability for choosing correctly, given that the cor-
rect alternative is, respectively, 1 and —1, where T(f : 1) = Pr{x € X(1, f) : 1} and
T(f:—1)=Pr{x € X(—1, f) : —1}. Hence, we should find the collective decision rule
f that solves the following maximization problem: MAX ;e T (f : 1) + T(f : —1), where
F is the set of all collective decision rules.’?

3 The optimal decision rule

The optimal rule under non-distorted (objective) probabilities is a weighted majority rule
with the specific weights W} =1In lf_ip" denoted as W*MR (see Nitzan and Paroush 1982).

3Due to the symmetry of the alternatives, it can be verified that this maximization problem is equivalent
to maximizing the expected payoff. Symmetry means that the label of the alternatives does not convey any
information regarding the correctness of the choice.
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Theorem 1 establishes the robustness of this optimal rule to probability distortion of the
sort suggested by Tversky and Kahneman (1992). That is, the optimal rule under subjective
probabilities that are distorted in this way is also W*MR, using weights derived from the
distorted probabilities. Formally:

Theorem 1 The optimal rule f under subjective probabilities is the W*MR. That is,

SN s w(p;) pi
= E Wiex |, here Wi =1 =1 )
f =sign . DX where W; =1In ol — ) n 7
i=1 p p

and sign(m) =1 if m > 0 and —1 otherwise.

Proof For any decision profile x in €2, consider the partition of the group members into
A(x) and R(x) such that i € A(x) if x;, =1 and i € R(x) if x; = —1. Denote by g(x : 1)
and g(x : —1) the probabilities to obtain x given that the correct alternative is 1 or —1,
respectively. Formally:

ge:ly=[] wp) [ wd=p) and gix:=D= [] wpn [] wt = po.

ieA(x) i€R(x) i€R(x) ieA(x)

Hence,

T(f:)= Y g:1) and T(f:—= >  gx:-1).

xeX(l,f) xeX(—1,f)

Thus, the maximization problem on which we focus can be presented as follows:

Max 1)+ c—1).
lax D gD+ > gli-D
xeX(1,f) xeX(=1,1)

Consider the following condition: for any profile of decisions x, x € Q:

1 ifgx:1)>g(x:—1),
f = [ 1 otherwise.*

This condition guarantees that f maximizes the collective subjective probability for making
a correct decision. Put differently, a sufficient condition for identifying the optimal rule, f,
is that it partitions €2 such that:

XL, H=fxeQ: f)=1}={xr:xeQand g(x:1) > g(x: —1)}.

Recall that g(-) uses subjective probabilities. Hence, in seeking to implement the condition
above, the social decision maker will apply the following condition:

{xeﬂand [T wed [Twa=po> [T wen [] w(l—p,-)}

i€A(x) i€ER(x) ieR(x) ieA(x)

4Due to monotonicity of w(-), whenever this condition is satisfied for g(-) it is satisfied for w(g(-)) as well,
thatis g(x: 1) > g(x : =) S w(gx: 1)) > w(g(x: —1)).
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=1{x e Qand Zl w(l(pl Zlnﬂ}

ieAx) - p,) ieR(x) w(l —pi)

= eQandZ(ln w(ps) >xi;1>z<lnM>1;xi}
=l

w(l — p;) w(l — p;)

={xeQand Z(ln %)xi > 0]

i=1
Pi )x,->0 ,
— Di

=1x e Qand Z(lnl
i=1

because the definition of w(-) implies that

w(p;) _ Di
w(l — p;)

This implies that:

X(l,f): x € Q and Z(ln pi )xi >0 and
im1 l—pi
F $ Pi
X(—1, = Q and 1 i <0¢.
( ) {xe an ;(nl_pi>x< }

That is,>

f:sign(Z(ln %)x,) 0O
i=1 !

Interestingly, the optimal weighted majority rule identified in Theorem 1, in which sub-
Jjective probabilities are taken into account, is identical to the one obtained by Nitzan and
Paroush (1982), who considered objective probabilities.

The optimal weight assigned to individual i’s decision, In ; L s positive under the as-
sumption of w(p;) > w(l — p;), i.e., the subjective probablhty of success is greater than
the subjective probability of failure.® This explains why the ass1gned weights might remain
strictly positive, although w(p,) and w(l — p;) may be less than 1 5 (for example, suppose
that p; = 0.55. In such a case, 5 > w(p;) > w(l — p;)). Due to m0n0t0n1c1ty of the welght-
ing function w(p;), when w(p,) > w(l — p;), pi > (1 — p;), which implies that p; >
Specifically,

pi > > -1
lﬂl— =0 — wpH=wl-p) < p=
— Di < < <

\S]|

w(p;) (
w(l—p;) —

6Note that when considering objective probabilities, the requirement for positive optimal weights assigned to

5The weight assigned to individual i’s decision remains unchanged since L)Y,

1- 171

individual i’s decision is that p; > 1 — p;, thatis p; > 5
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Theorem 1 clearly focuses on a specific form of probability distortion, that is the one
suggested by Tversky and Kahneman (1992). Nonetheless, it can be generalized to a family
of probability distortion functions. For example, the functions that share a common property
of symmetry, that is where w(p;) = piy - f(pi,1—p;), v >0 and f is symmetric in the
following sense: f(p;, 1 — pi) = f(1 — p;, pi).”

4 Discussion

We have shown that, somewhat surprisingly, the optimal (weighted majority) rule is robust
to distortion of probabilities that represent decisional skills. This result is strongly related
to the very well-known Condorcet Jury Theorem (CJT). As attributed to Condorcet (1785)
by Ben-Yashar and Paroush (2000), the CJT consists of the formal sufficient conditions for
which the following statements are satisfied:

1. A group of individuals who use the simple majority rule is more likely than any single
member of this group, to select the better among two alternatives, when there is uncer-
tainty regarding which alternative is preferred.

2. When using the simple majority rule, the better alternative will be chosen with a proba-
bility of 1 when the group’s size tends to infinity.

The most popular CJT is referring to a special case of our model, in which individuals’
decisional skills, denoted by p, are identical and pass a threshold of % (skilled individuals,
p> %). It can be verified that in such a case the optimal rule is the simple majority rule,
independent of the assumed probabilities, distorted or not.

Nevertheless, applying the CJT might lead to the use of a non-optimal decision rule, to the
extent that flipping a fair coin might be preferred to consulting a group of individuals. This
case is possible when the individuals’ decisional skills are mistakenly perceived as smaller
than %, that is, w(p) < % whereas p > %.8 Thus, in the context of distorted probabilities,
the social decision maker should adopt 0.4206 (that is w( %)), and not % as the threshold
that discriminates skilled and unskilled individuals. Note that this threshold is irrelevant
when weights are incorporated into the model, as is in Theorem 1, since individuals with
decisional skills that satisfy p > % (p< %) are assigned a positive (negative) weight.
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